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Abstract. Quadratic optimization comprises one of the most important areas of nonlinear pro-

gramming. Numerous problems in real world applications, including problems in planning and
scheduling, economies of scale, and engineering design, and control are naturally expressed as
quadratic problems. Moreover, the quadratic problem is known to be NP-hard, which makes this
one of the most interesting and challenging class of optimization problems. In this chapter, we
review various properties of the quadratic problem, and discuss di erent techniques for solving various classes of quadratic problems. Some of the more successful algorithms for solving the special
cases of bound constrained and large scale quadratic problems are considered. Examples of various
applications of quadratic programming are presented. A summary of the available computational
results for the algorithms to solve the various classes of problems is presented.

Key words: Quadratic optimization, bilinear programming, concave programming, inde nite
quadratic, quadratic test problems.

1. Introduction
Nonlinear programming problems arise in the mathematical modeling of several
problems in real world applications. A large number of these problems can be
formulated as quadratic programming problems (QP) with a quadratic objective
function and a linear set of equality or inequality constraints. Primarily, quadratic
programming with linear constraints can be viewed as a generalization of the linear
programming problem (LP) with a quadratic objective function. Therefore, it encompasses all LP problems, including applications in scheduling, planning and ow
computations. Moreover, quadratic programming is known to be NP-hard, which
means that some of the most interesting combinatorial optimization problems can
be posed in a quadratic programming framework. In addition, quadratically constrained quadratic programs occur frequently in the engineering modeling, design,
and control.
Apart from these indirect applications, there are several classes of problems that
are naturally expressed as quadratic problems. Examples of such problems can
be found in planning and scheduling, game theory, problems involving economies
of scale, facility allocation and location problems, quadratic assignment problems
(which might also involve mixed 0-1 variables in the quadratic formulation), problems in engineering design, and a number of problems in microeconomics. In the
area of chemical engineering process modeling, quadratic models are often used to
formulate problems in pooling and blending, multiperiod tankage quality problems,
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and problems involving separation sequences. Finally, certain aspects of VLSI chip
design can be formulated as linearly and quadratically constrained quadratic models.
It is clear, therefore, that the quadratic programming problem has great importance both from the mathematical and application viewpoints. This is re ected in
the large number of approaches that have been proposed for the solution of these
problems. Traditionally, quadratic problems have been treated as a subclass of the
general nonlinear programming problem, and methods of solving these problems
have relied on local optimization techniques. However, in recent years, there have
been attempts at developing global optimization algorithms for this class of problems. It should be noted that there are several global optimization algorithms that
have been developed for the more general nonlinear programming problem. A comprehensive review of these algorithms can be found in Pardalos and Rosen (1986),
Pardalos and Rosen (1987) and Horst and Tuy (1993).
Global optimization approaches for the general nonconvex nonlinear problem (including approaches for quadratic optimization) can be primarily classi ed as being
either deterministic or stochastic approaches. In this review, we will restrict ourselves to the deterministic approaches for quadratic optimization. For approaches
for more general nonlinear global optimization, the reader is referred to Tuy (1987),
Floudas et al. (1989), Al-Khayyal (1990), Shor (1990), and Hansen et al. (1991).
Recent developments in global optimization approaches can be found in Floudas
and Pardalos (1992). Discussions on stochastic methods can be found in RinnooyKan and Timmer (1985,1987), Mockus (1989) and Torn and Zilinskas (1989). The
reader is also referred to the chapters on concave minimization, d.c. programming,
stochastic optimization and Lipschitz optimization in this handbook.
The rest of this chapter is organized as follows. In Section 2, we present the
de nition of the general quadratic problem with linear constraints along with a classi cation based upon the structure of the problem. Section 3 discusses the basic
properties of this class of problems (including various forms of the necessary conditions for optimality), and provides the known results that characterize their solution.
In Section 4, we discuss the quadratic problem from the view point of complexity,
and show why these problems are dicult to solve. Sections 5, 6 and 7 discuss the
particular nature of bilinear, concave and inde nite quadratic problems respectively,
and present an overview of the existing algorithmic approaches. Section 8 considers algorithms for solving the most general form of the quadratic problem, namely
problems with quadratic objective functions and quadratic constraints. Section 9
brie y outlines the relations between quadratic programming and linear complementarity problems. Section 10 presents examples from several application areas that
can be formulated in the quadratic programming framework. Finally, section 11 discusses available computational results for bilinear, concave, and inde nite quadratic
programming problems, as well as quadratically constrained problems.

2. The General Quadratic Programming Problem
The general quadratic problem consists of a quadratic objective function and a set
of linear inequality constraints, as shown below:
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Q(x) = cT x + 12 xT Dx
x
s:t: Ax  b
x0
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(1)

where c is an n vector, b is an m vector, A is an m  n matrix and D is an n  n
matrix. Without any loss of generality, it may be assumed that D is symmetric.
If this is not the case, then it can be converted to symmetric form by replacing D
by (D + DT )=2, which does not change the value of the objective function Q(x).
Similarly, any problem where the variables are not necessarily nonnegative can be
converted by a linear transformation to (1).
If the matrix D is positive semide nite or positive de nite, then (1) becomes a
convex programming problem. Since any local optimum is equivalent to the global
optimum in convex problems, (1) can be solved by any of a number of algorithms
for convex quadratic programming. In particular, it is well known that the convex
quadratic problem is in P (the class of problems solvable in polynomial time), and
therefore there exist polynomial time algorithms that can be applied to solve these
problems. For example, when the data for the problem is integers, Chung and
Murty (1981) showed that the ellipsoid algorithm of Khachiyan (1979) could be
used to solve convex quadratic programming problems in polynomially bounded
computation time. A polynomial time algorithm for this problem was also presented
by Kozlov et al. (1979). Other polynomial algorithms (including some interior-point
approaches) for convex quadratic programming have been proposed by Nesterov
(1988), Monteiro and Adler (1989), Ye (1989), Ben-Daya and Shetty (1990), Granot
and Skorin-Kapov (1990), Monteiro et al. (1990), and Goldfarb and Liu (1991).
Moreover, there are a large number of algorithms for convex nonlinear programming
that can be applied to solve (1). Therefore, the cases of interest, from the viewpoint
of global optimization, are when D is not positive semide nite. In such cases, (1)
becomes a nonconvex problem, and the application of local optimization procedures
for this problem can no longer guarantee the identi cation of the global optimum.
2.1. Classification of Quadratic Programming Problems

The main basis for classi cation of quadratic problems of the form (1) comes from
the nature of the quadratic matrix D. Based upon this, quadratic problems can be
classi ed as:
1. Bilinear Problems: Often, the matrix D is such that there exist two subvectors of
distinct variables y and z of x such that the problem is linear when one of these
vectors is xed. Such problems are termed bilinear problems, and are considered
in Section 5.
2. Concave Quadratic Problems: When the matrix D is negative semide nite (i.e.
all its eigenvalues are nonpositive), then problem (1) reduces to one of concave
minimization. This is further discussed in detail in Section 6.
3. Inde nite Quadratic Problems: These problems arise when the matrix D has
both positive and negative eigenvalues. From the view point of solution, this class
of problems is the most intractable among these subclasses, and consequently
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there are not too many methods for solving these problems. The available approaches for solving inde nite quadratic problems are discussed in Section 7.
It should be noted that problems in these categories can often be converted
into the other forms (see Konno (1976) and Hansen and Jaumard (1992) for some
examples of how this can be achieved). Hence, algorithms that address one of these
classes can also be used for problems in the other categories.

3. Optimality Conditions and Solution Characterization
A good starting point for approaching the solution of (1) is to review what can
be gathered from general duality theory for nonlinear programming problems. The
Lagrange function for (1) is given by
L(x; y; u; v) = cT x + 21 xT Dx + uT (Ax ? b) + vT (0 ? x)
where u and v are the Lagrange multipliers for the inequality and nonnegativity
constraints respectively. Using this, the rst-order Karush-Kuhn-Tucker (KKT)
optimality conditions for (1) can be written as follows (Bazaraa and Shetty, 1979):
?Dx ? AT u + v = c
(2)
T
u (Ax ? b) = 0
(3)
T
x v=0
(4)
Ax ? b  0
(5)
x; u; v  0
(6)
Here, (2) is the stationarity condition, (3) and (4) are the complementary slackness
conditions, and (5) and (6) ensure feasibility of the resulting solution. Any point x?
which satis es (2)-(6) is called a KKT stationary point of (1). It can be shown that
if x? is an optimal solution of (1), then x? must be a KKT point of (1) regardless of
whether D is positive semide nite or not. However, the converse is not necessarily
true. In other words, the KKT conditions (2)-(6) are necessary for all quadratic
problems (whether convex or not) but sucient only for convex problems.
3.1. Feasible descent directions and optimality conditions

It is also possible to formulate the necessary and sucient conditions for local optimality for (1) using the concept of a feasible descent direction at a given point. At
any feasible point x? , a vector d 2 <n is a feasible direction if there exists an  > 0
such that x? + td is feasible for all t 2 [0; ]. The vector d is said to be a descent
direction if there exists an  > 0 such that f(x? + td) < f(x? ) for all t 2 [0; ]. A
vector d is a feasible descent direction if it is a feasible direction as well as a descent
direction. Then, the following two conditions are equivalent to the KKT conditions
for (1):

Theorem 3.1 (Necessary and Sucient Conditions for Local Optimality)

If g denotes Dx? +c, the gradient of the objective function at x? and Aa denotes the
subset of constraints that are active at x? , then, a necessary and sucient condition
for x? to be a local minimizer for (1):
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(i) For all d such that Aa d  0; gT d  0
(ii) For all d such that Aad  0 and gT d = 0, dT Dd  0.
Proof. See Theorems 5.2 and 5.3 of Vavasis (1991).

It can be easily shown that condition (i) of the above theorem, when combined
with the feasibility requirement, leads to the KKT conditions (2)-(6). Condition (ii)
is simply an additional second order optimality condition. Moreover, it follows as a
direct corollary from conditions (i) and (ii) that there is no feasible descent direction
at any local optimum x?.
The following theorem shows the equivalence between (1) and a corresponding
linear problem, and can be used as a sucient test of global optimality.

Theorem 3.2 (Murty, 1988) If x? is an optimum solution of (1), then x? is also

an optimum solution of the LP

s:t:

min
(c + x?T D)x
x
Ax  b
x0

(7)

3.2. Active Constraints and Optimality

One of the more interesting results for quadratic problems comes from the consideration of the active set of constraints at the optimal solution. The following theorem,
taken from (Hager et al., 1991), is an adaptation of their original theorem for the
general nonlinear programming problem:

Theorem 3.3 If at some point x? , the matrix Q has s negative eigenvalues (counting

multiplicities), then there must be at least s active constraints at x? .

Theorem 3.3 provides a direct correlation between the geometric structure of the
feasible region and the algebraic structure of the Q matrix. It follows directly that
if at any x? , there are n negative eigenvalues, then x? is an extreme point of the
feasible region. Consequently, for problems where the objective function is bounded
over the feasible set and there is at least one optimal solution, the following results
follow:

(a) For concave quadratic problems, there exists an optimal solution at an extreme
point of the feasible set.
(b) For inde nite quadratic problems, there exists an optimal solution at a boundary
point of the feasible set.
(c) If there exists an optimal solution at an interior point on a facet of the polytope
de ned by the feasible set, then Q must have exactly one negative eigenvalue.

These results can be particularly useful for algorithms that are based upon an
active set strategy for solving (1).

6

CHRISTODOULOS A. FLOUDAS AND V. VISWESWARAN

3.3. Global Optimality Criteria

While there are a large number of necessary and sucient conditions of local optimality that are applicable to the solutions of (1), there are very few results of global
optimality. One of the few criterion that is speci cally directed towards this end is
given by the following theorem
Theorem 3.4 (Warga (1992)) There exist N ? 2 f1; 2; : : :g and c? > 0 such that for
every choice of real numbers N  N ? and c  c? , x? is the optimal solution to (1)
if and only if x? also minimizes cT x + 21 xT Dx + cjAx ? bj1=N over the nonnegative
orthant of <n . Moreover, if ; > 0, Ax? +b = 0 and x? minimizes cT x+ 12 xT Dx+
 jAx ? bj1= , then x? is the optimal solution to (1).
It is not clear how this theorem can be implemented in practice. A more useful
criterion for checking global optimality when Q is negative de nite comes from considering the copositivity of Q, as shown by the following theorem.
Theorem 3.5 (Danninger and Bomze (1993)) Let Q be negative de nite, and let
x? be a feasible point of (1). Let I(x? ) be the sets of active constraints at x?, and
ui = bi ? (Ax? )i > 0 be the slacks for the inactive constraints. Also de ne
Bi = ?ai (Qx? + c)T ? (Qx? + c)(ai )T ;
Q0 = Q;
Qi = uiQ ? Bi ; i = 1; : : :; m;
? = fv 2 <n : (Av)i  0; if (Ax? )i = big;
?0 = fv 2 ? : (Av)i  0; 8i 2 f1; : : :; mg n I(x? )g; and
?i = fv 2 ? : (Av)i  0; and uj (Av)i  ui (Av)j 8j 2 f1; : : :; mg n I(x? )g;
where (ai )T denotes the ith row of A. Then, x? is a global solution of (1) if and only
if:

(a) x? is a KKT point of (1) and Qi is ?i -copositive for all i 2 f0; : : :; mg n I(x? ).
(b) x? satis es vT (Qx? + c)  0 for all v 2 ?0 and Qi is ?i -copositive for all
i 2 f0; : : :; mg n I(x? ).
In practice, this involves m ? 1 problems of checking ?-copositivity. In the worst
case, this still has the exponential complexity of checking local optimality.

4. Complexity Issues
What makes the nonconvex quadratic programming problem so hard (and consequently so interesting) to solve? The reason partly can be understood by analyzing
the complexity of these problems. Although such an analysis can only provide rm
results in worst-case scenarios, it can nevertheless give a good idea of the possibility
of developing ecient algorithms for solving the problem.
It has long been known that the general nonconvex nonlinear problem is a tough
problem to solve. For the case of quadratic programming, the rst result in this
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direction was presented by Sahni (1974), who showed that for a negative de nite
matrix Q, the QP is NP-hard. This result was also later proved by Vavasis (1990;
1991) who showed the result by reduction of the QP to the satis ability problem,
and Pardalos (1991), who proved it by reduction to the knapsack feasibility problem.
More recently, several authors have shown that QP is actually in NP, that is, it
is an NP-complete problem. Murty (1988) showed this result for special cases of the
QP. Vavasis (1990; 1991) proved that the decision version1 of the QP is NP-complete.
This is mainly a theoretical result, since it helps to determine the complexity of QP
exactly.
These results are not surprising. In fact, it has also been shown that just checking local optimality for the QP is an NP-hard problem (Murty and Kabadi, 1987;
Vavasis, 1991). Pardalos and Schnitger (1988) showed the same result by proving
that checking for strict convexity (which is a requirement for checking local optimality as part of the second order necessary conditions) in these problems is NP-hard,
with one exception 2 . When this is combined with the fact that there might be a
large number of local minima for the problem, the intractability of the general QP
becomes obvious. Consider, for example, the following QP:
min ?

n
X
i=1

x2i

?1  xi  1 i = 1; : : :; n

This problem has a local minimum at each vertex of the feasible region (that is,
at (1; 1; : : :; 1)T . There are 2n such points. In general, therefore, the QP
cannot be expected to be solved for its global minimum very eciently. In fact,
even nding a local minimum (and proving local optimality of such a solution) may
take exponential time.
Most of the above results concern the general case of QPs. What about cases
when there are a small number of concave variables? It would be natural to expect
that such problems might be easier to solve. However, it was shown by Pardalos
and Vavasis (1990) that even when the matrix Q is of rank one with exactly one
negative eigenvalue, the problem is NP-hard. However, a larger number of negative
eigenvalues does not necessarily make the problem harder to solve. Consider, for
example, the following problem:
min 21 xT Dx + cT x

1 The decision version for the quadratic programming problem (1) can be posed as follows:
Given a number K , does there exist an x such that
xT Dx + cT x  K; and
Ax  b :

2 For concave quadratic problems, each local solution will lie at a vertex of the feasible region.
For any such vertex, its adjacent vertices can be computed in polynomial time. To verify local
optimalityat a vertex, it is therefore sucient to consider the optimalityover the simplex de ned by
the adjacent vertices. This involves solving a linear number of one-dimensionalproblemsminimizing
the objective function over each of the adjacent edges. Hence, for the concave case, local optimality
can be veri ed in polynomial time.
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x0
Suppose that (n ? 1) of the eigenvalues of D are negative. Hager et al. (1991) showed
that there must be at least (n ? 1) active constraints at the optimal solution. In
other words, to nd the optimal solution, it is sucient to solve (n ? 1) di erent
problems, in each case setting (n ? 1) of the constraints to equalities.
In general, if there are n ? k negative eigenvalues, then we need to solve k!(nn?! k)!
independent problems. It can be shown that3 the
total computational time required
to solve this problem is proportional to kk!(n2?knk!)! . Thus, if k is a xed constant
independent of n, then the computational time is bounded by a polynomial in n.
However, if k grows with n (for example, if k = n=2) then the problem solution time
can grow exponentially with n.

5. Bilinear Programming Problems
One of the earliest applications involving a quadratic programming formulation
comes from the class of bimatrix games. These games involve xed sets of strategies
available to two players, each of whom must then select a mixed strategy involving
given payo s. This problem was rst investigated by Nash (1951), who introduced
the concept of the Nash Equilibrium Point (NEP) for these problems. Given probability vectors x and y for the mixed strategies and payo matrices A and B for the
two players, a NEP (x? ; y? ) is the solution to the following problem:
xT Ay?
(8)
x?T Ay? = max
x2X
x? T By
x? T By? = max
y2Y
where X and Y are the sets of permissible strategies for the two players, given by

X = x 2 Rn1 : eT x = 1; x  0

Y = y 2 Rn2 : eT y = 1; y  0
e = (1; 1; : : :; 1)T is the unit vector:
It can be shown that nding a NEP in the bimatrix game is equivalent to nding
the global solution to the following bilinear programming problem:
max xT (A + B)y ? x0 ? y0
x;y;x ;y
0

0

s:t: Ay ? y0 en2  0
B T y ? x0en1  0
x 2 X; y 2 Y
If constraints are now imposed upon the set of available strategies to each player,
this reduces to the classical bilinear programming problem with disjoint constraints.
This problem can be written as:
min
Q(x; y) = cT x + xT Dy + dT y
x;y
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s:t: X  fxjA1x  b1 ; x  0g
Y  fyjA2y  b2 ; y  0g
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(9)

Note that the QP (1) can be reduced to this form by keeping c = d = 21 c; A1 =
A2 = A; b1 = b2 = b and introducing an additional set of constraints x = y. In
addition, several other problems, such as dynamic Markovian assignment problems,
multi-commodity network ow problems and some complementarity problems, that
can be written in this form.
The set X  Y of feasible solutions to this problem is generally a polyhedral
convex set (although it may not be bounded) with each vertex of X  Y being
given by an ordered pair of the vertices of X and Y . It can easily be shown that
if (9) has an optimal solution, then it has an extreme point optimal solution. This
property has been utilized extensively to develop algorithms for solving (9). These
approaches may properly be termed as vertex enumeration methods. Czochralska
(1982a) proposed an algorithm for solving (9) that utilizes a method for maximizing
a linear function over a convex hull of vertices on a convex polyhedral set. In order to
eliminate the vertices for which the linear objective does not increase, the algorithm
uses a method for ranking the vertices of the set proposed by Murty (1968). The
approach was extended by Czochralska (1982b) for solving the standard QP via
reduction to a bilinear formulation.
Some of the earliest methods for solving (9) utilized the use of cutting planes.
These methods were inspired by work done on concave problems by Tuy (1964)
and Ritter (1966). One of the rst such methods was proposed by Konno (1976),
who proposed solving (9) by using Ritter cuts to eliminate Karush-Kuhn-Tucker
points generated during the algorithm. Konno's method could be considered the
natural approach to solving bilinear problems of the form (9). The method consists
in starting with an arbitrary xed x0 2 X, and solving the related linear problem
min
Q(x0; y) = cT x0 + x0 T Dy + dT y
y
s:t: Y  fyjA2 y  b2; y  0g
The solution of this problem, y0 is then used to solve another linear problem:
min
Q(x; y0 ) = cT x + xT Dy0 + dT y0
x
s:t: X  fxjA1x  b1 ; x  0g
This in turn yields a new value for x0. This procedure is repeated until a pair of
values (x; y) is found that solves both these linear programs. Such a point can be
shown to be a KKT point of (9). A linear cut is then constructed to delete x from
X and y from Y , and the process is repeated using the reduced feasible domain thus
obtained. Although Konno (1976) could not theoretically guarantee convergence
for the algorithm, no counterexample has been presented to date to show that the
method fails.
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Vaish and Shetty (1977) proposed using specialized polar cuts to solve bilinear
programs, and showed that these cuts are deeper than those proposed by Konno
(1976). Their algorithm converges to an -approximate solution, and in the limit has
asymptotic convergence, although exact convergence to the global optimum cannot
be guaranteed. Vaish and Shetty (1976) modi ed the algorithm of Tuy (1964) so
as to generate all the facets of the polytope under consideration, and were able to
avoid the problems of cycling that the original algorithm of Tuy (1964) exhibited.
However, since the number of facets that need to be generated can be large, this
approach is not computationally feasible for larger problems. Sherali and Shetty
(1980) improved upon the algorithm of Vaish and Shetty (1977) by simultaneously
employing negative edge extension cuts and disjunctive face cuts, and were able
to prove nite convergence of the overall procedure. This approach is probably the
most ecient algorithm available for the bilinear programming problem with disjoint
constraint sets.
The bilinear programmingproblem (9) can also be approached from the viewpoint
of linear duality theory. It can be shown (Falk, 1973) that this problem can be written as an equivalent linear max-min problem. Using this formulation, Falk (1973)
proposed a branch and bound algorithm to solve (9) (note that this was the rst
algorithm that could guarantee convergence in a nite number of steps) while Gallo
and Ulkucu (1977) developed two algorithms (one based upon the use of cutting
planes and the second upon an enlarging polytope approach) that are modi cations
of the algorithms proposed by Tuy (1964) for concave programming. However, neither of these algorithms has a proof of convergence, and counterexamples exist for
which the second algorithm cycles.
A more general formulation for the bilinear programming problem is to consider
the case when there are joint constraints in x and y. In such cases, the problem can
be written as:
min
Q(x; y) = cT x + xT Dy + dT y
x;y
s:t: Ax + By  b;
x0
y0

(10)

It is easy to show that the general quadratic problem (1) can be converted to the
form (10). Another class of problems that can be converted to this form is the
set of linear complementarity problems. Problems of the form (10) have received
considerably less attention in the literature as compared to problem (9). Primarily,
this is because for these problems, the solution can no longer be guaranteed to lie
at a vertex of the feasible region (although it will still lie on the boundary de ned
by the linear constraint set).
The rst algorithm for solving (10) was proposed by Al-Khayyal and Falk (1983),
who considered a branch-and-bound approach to solving the problem, using convex
envelopes of the objective function. The algorithm utilizes the fact that the minimum
of the bilinear functional over a convex set is the same as the minimum of its convex
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envelope over the same set. The problem (10) is rst converted to the form
T
T 0
min
x;y d y + x y

s:t: Ax + By
y0
x
y

 b;

= Dy + c
0
0

Given a bilinear term xi yi0 and a rectangle Ri = f(xi ; yi0 ) : li  xi  Li ; mi  yi0 
Mi g, the convex envelope of the term over Ri is given by
Ci(xi ; yi0 ) = maxfmi xi + li yi0 ? li mi ; Mi xi + Li yi0 ? Li Mi g
and therefore, the convex envelope of the bilinear objective term xT y0 is given by
C(x; y0) =

n
X
i=1

Ci (xi ; yi0 )

At each iteration of the algorithm, the current rectangular region is partitioned
into four nodes. The convex envelope of the objective function is minimized over
the subset of the feasible region given by the current partition, and this helps to
provide a bound on the global solution. However, the algorithm can only be shown
to converge in the limit. For speci c instances, though, the algorithm can be shown
to have nite convergence. Al-Khayyal (1990) presented some improvements that
enable the direct application of the algorithm for more general problems without
resorting to increasing the number of variables and constraints.
Recently, Sherali and Alameddine (1992) proposed a reformulation-linearization
algorithm for solving the bilinear problem of the form (10). Their approach consists
in generating valid quadratic constraints by using pairwise products of the linear
inequalities (or products of inequalities with variables) and subsequently linearizing
the quadratic constraints by de ning new variables. The bilinear objective term is
similarly linearized. This results in a lower bounding linear program. The resulting
linear program generates a lower bound that theoretically dominates the bound
produced by the algorithm of Al-Khayyal and Falk (1983), and in practice provides
tighter bounds. Moreover, the partitioning process for the algorithm can be modi ed
to generate only two node subproblems instead of four. Computational results for
both these approaches are provided only for small size problems (5-10 variables).
When the matrix D has very low rank (less than 3), problem (10) reduces to
the special form of minimizing a linear multiplicative functional subject to a linear
constraint set. For this class of problems, several ecient approaches have been
proposed for their solution (Konno and Kuno, 1989a; Konno and Kuno, 1989b;
Konno et al., 1990; Konno and Yajima, 1990). These approaches use parametric simplex algorithms to solve the problem, and have computational performances
comparable to similar size linear programming problems.
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5.1. Transformation of Quadratic Problems to Bilinear Problems

The importance of bilinear programmingcomes not only from the direct applications,
but also because the other classes of quadratic problems (namely inde nite and
concave quadratic problems) can be transformed into bilinear formulations. The
easiest way to achieve this is by introducing new variables and constraints (Floudas et
al., 1989; Aggarwal and Floudas, 1990). Recently, Hansen and Jaumard (1992) have
proposed graph theoretic results and an algorithm for the ecient bilinearization
of general quadratic problems. The algorithm provides the set of new variables
that must be introduced in order to convert the problem into bilinear form. The
bilinearization can be achieved with the objective of minimizing either the number
of x (or y) variables or the number of new variables that must be introduced in order
to make the problem completely bilinear. Moreover, given a bilinear problem with
variable subsets x and y, the algorithm can also be used to identify any changes in
these subsets that will result in a smaller number of either the x or the y variables.
Liu and Floudas (1993a; 1993b) have shown using perturbation theory that a large
class of smooth mathematical programming problems can be converted to biconvex
and bilinear form.

6. Concave Problems
Concave quadratic problems arise often in xed charge problems and problems involving economies of scale. Certain aspects of VLSI chip design can also be formulated as concave QPs (Watanabe, 1984). In addition, several other classes of
optimization problems can be reformulated as concave QPs, the classical quadratic
assignment problem, for example. Another example of such problems is the class
of 0-1 integer programming problems, which can be formulated as concave QP with
linear constraints (Raghavachari, 1969). Under certain conditions on the boundedness of the objective function and with Lipschitzian continuity, the general nonlinear
nonconvex mixed integer program can be reduced to a concave program, although
not necessarily quadratic (Giannessi and Niccolucci, 1976). The general bilinear programming problem with a disjoint constraint set is equivalent to concave minimization (Konno, 1976). Frieze (1974) reduced the 3-dimensional assignment problem to
a bilinear formulation, and then to a special concave form.
Concave quadratic problems are by far the simplest of QP, although not necessarily the easiest in terms of solution of QP. As mentioned earlier, all solutions (local or
global) to the concave QP lie at some vertex of the feasible region3 . A considerable
amount of research has therefore focused on utilizing this property in order to solve
the concave QP.
6.1. Extreme Point Ranking Methods

Because the solution of the concave quadratic programming problem lies at a vertex
of the polytope, a natural method to solve this problem is by complete enumeration
of the extreme points.
3 On the face of it, this should make these problems relatively easy to solve; however, it is very
easy to construct concave QPs where each vertex of the feasible set is a local minimum. Hence, in
the worst case, the enumeration of all these vertices can take an exponential amount of time.
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The basic idea in these methods is to use an extreme point ranking. In other
words, the vertices of the polytope de ning the feasible region are ranked in order
of importance regarding the global solution. Starting from one of the vertices of
the polytope, the nearby vertices are ranked using an extreme point approach. This
provides a new vertex to move to, and the process continues until no adjacent vertices
can be found with a decreasing objective function value. At each step, usually a
linear programming problem is solved to provide a bound on the global optimum.
Cabot and Francis (1970) proposed such an approach where a LP is solved (with a
linear underestimator of the concave function being used for the objective function
of the LP), utilizing the extreme point ranking approach proposed by Murty (1968).
Carillo (1977) proposed the use of nonlinear programming duality theory and a
lexicographic ordering of the basic feasible solutions (that is, the vertices) in order
to obtain lower bounds on the objective function, and used this as the basis for a
nitely convergent global optimization algorithm for concave problems.
Several techniques have been proposed for ranking and enumeration of all the
vertices of a polyhedral set. Surveys and comparisons of these methods can be found
in Matheiss and Rubin (1980) or Dyer (1983). The computational e ectiveness of
extreme point ranking algorithms is discussed in McKeown (1986).
In general, extreme point ranking methods are not very attractive, because in
the worst case, these approaches might degenerate to a complete inspection of all
vertices. Consequently, these approaches are not computationally feasible for large
problems.
6.2. Cutting Plane Methods

Over the years, a large number of approaches have been proposed for solving concave
quadratic programming problems; however, most of these approaches (except for a
few recent ones) can be traced back to a seminal paper by Tuy (1964). In that
work, Tuy considered the more general case of minimization of an arbitrary concave
function (not necessarily quadratic) under linear constraints. His approach was
based upon the existence of vertex solutions for these problems. In addition, Tuy
recognized the following property of concave functions:

Property 6.1 With every concave function f(x) de ned on a convex set, there exists
a concave extension F(x) such that F(x)  F(x) 8x 2 <n and any other concave
extension F(x).
This is a useful property in that for the region outside the polytope, the values of
the concave extension can be utilized, thereby restricting the number of vertices of
the polytope that need to be considered.
Tuy's basic approach involved starting from a speci c vertex of the polytope.
The edges of the polyhedron issuing from this vertex are used to de ne a cone that
contains the feasible region. Tuy proposed the use of cuts to successively reduce this
cone. These cuts are essentially used to eliminate parts of the feasible region from
further consideration. At each step, an auxiliary subproblem is solved in the subcone, that gives rise to a new vertex point, and possibly a better candidate for the
global solution. The advantage of such an approach is that at each iteration, the auxiliary problem has the same set of constraints (that is, the constraints corresponding
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to the original polytope) and di er only in the objective function. Moreover, the
objective function at each step can be obtained from the previous iteration by a
simple linear transformation and column replacement. It should be noted that this
method relies on all the vertices being nondegenerate. In the case of degeneracy, a
suitable perturbation method needs to be used.
A similar approach using cutting planes to reduce the feasible region was proposed
by Ritter (1966). However, it was shown by Zwart (1973) that both these proposed
approaches can be nonconvergent. He cited two examples to show that the methods
either fail to converge due to cycling, or need an in nite sequence of cutting planes.
The reason for the cycling behavior as well as nonconvergence of these approaches
lies in the fact that although the approaches generate cones during the algorithm,
they failed to explicitly incorporate these cones into the remaining steps. This is
essential to avoid the reemergence of vertices that have already been considered.
This diculty with the approaches was recognized by Zwart (1974), who proposed
a modi ed -convergent approach where, at each iteration, constraints are added to
ensure that the solution of the LP at each iteration is contained in the cone with the
vertex at the current local minimum and a perturbed set of extreme rays coincident
at that vertex. Similar algorithms have been proposed by Bali (1973) and Jacobsen
(1981). However, it has been shown recently (Tuy, 1991) that for  = 0, Zwart's
algorithm is essentially the same as Bali's algorithm. Moreover, the convergence of
Bali's algorithm is still open to question, depending upon a separation property that
may not hold for the general case.
Several other variants to Tuy's algorithm have been proposed (Glover, 1973;
Krynski, 1979; Bullatov and Kasinskaya, 1982). In general, however, there are several diculties associated with the Tuy-cut approaches. These come from the fact
that to guarantee convergence, the cuts of the feasible region need to be incorporated at each iteration. Moreover, these cuts can generate new vertices that must be
accounted for in a way that they do not multiply inde nitely. However, it is possible
to incorporate a branch and bound scheme to monitor a sequence of subproblems
generated from the local solutions (Thoai and Tuy, 1980). Tuy (1991) has also proposed a normal conical algorithm that avoids the exhaustive subdivision process of
his earlier algorithm.
6.3. Convex Envelopes

A di erent approach to solving the concave quadratic problem can be developed
from the use of the convex envelope of the concave function. This concept was rst
developed by Kleibohm (1967), and can be stated as the following theorem:
Theorem 6.1 (Falk and Ho man (1976)) If F(x) is the convex envelope of a concave function f(x) taken over a convex domain S , then any point that globally minimizes f(x) over S also minimizes F(x) over S .
Proof. The proof of this theorem can be deduced from the fact that the global
minimum of the concave function lies at a vertex. See Falk and Ho man (1976) for
more details.
The applicability of this theorem is not immediately obvious. This is because the
convex envelope of a function is generally extremely hard to generate (often, this is
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as tough as solving the original problem). However, for the case of the quadratic
objective function with a linear constraint set, it is quite easy to generate the convex
envelope, as shown by the following theorem4 :

Theorem 6.2 Let v0; v1 ; : : :; vk be the vertices of a bounded linear polyhedron P .

The convex envelope F(x) of a concave function f(x) de ned over P can be expressed
as

F(x) = 0 ; min
1 ;:::;
s:t:

k
X

ivi

=x

i

=1

i

0

i=0
k
X
i=0

k
X

k

i=0

i f(vi )

i = 0; 1; : : :; k

Proof. See Falk and Ho man (1976).

For the case of concave minimization, this property was utilized by Falk and
Ho man. Their method uses linear underestimating functions (developed using the
convex envelopes) for the original concave function over di erent regions of the
feasible domain, and does not involve any cuts of the feasible region. The algorithm
converges nitely. However, a disadvantage of the approach is that in order to
approximate the convex envelope implicitly, the size of the linear subproblems solved
grows in size from one iteration to the next. However, the maximum number of rows
in these subproblems (and also the number of such subproblems solved) is limited by
the original number of constraints. Hence, the growth of the subproblems is mainly
in the addition of new columns.
6.4. Reduction to Bilinear Programming

The concave quadratic program can also be solved by reduction to (and solution
of) an associated bilinear programming problem. This was rst shown by Konno
(1976), who proved that when Q(x) in (1) is negative de nite (with the constraints
being equalities) then that problem is equivalent to the following bilinear problem:
min
cT x + dT y + xT Qy
x;y
4 The approach of using convex envelopes of the nonconvex function has also been proposed by
several other authors. Originally, Falk and Soland (1969) proposed such an approach to solve the
general nonconvex separable programming problem. The branch and bound type approach solves
a series of subproblems in which a linear or convex objective function is minimized over successive
partitions of the feasible domain. This approach was also used by Falk (1972), who replaced the
original function with its piecewise linear convex envelope over di erent regions, again employing a
branch-and-bound approach to minimize these functions and derive new underestimating functions
in the case that convergence is not yet achieved.
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s:t: Ax = b
Ay = b
x; y  0

(11)

Then, (11) and (1) are equivalent in the following sense: If x? is an optimal solution
of (1), then (x? ; x?) solves (11). Conversely, if (x? ; y? ) is optimal for (11), then
both x? and y? are optimal for (1). This property enables the application of all the
bilinear programming algorithms discussed in Section 5. Moreover, it also enables
the development of specialized bilinear programming algorithms for application to
the concave quadratic problem.
Konno (1976) used this approach to propose a cutting plane algorithm for bilinear
programming, which he then used to solve the concave quadratic problem. See also
Konno (1980) and Konno (1981) for other problems and methods of solution using
a similar approach. Similarly, Czochralska (1982b) used his previous approach for
bilinear problems (Czochralska, 1982a) to address the nonconvex quadratic problem.
The resulting bilinear problem is greatly simpli ed because of the problem structure,
and also since the veri cation of necessary and sucient conditions for the existence
of an optimal solution is reduced to the solution of an LP in this case.
6.5. Solution of Large Concave QPs With Linear Terms

Because of the existence of a large number of local solutions, it cannot be expected that the concave QP could be solved eciently for anything other than small
size problems. Computational results from the literature (Heising-Goodman, 1981;
Rosen, 1983) point this out, indicating that it would be impractical to solve problems
where the number of variables appearing in quadratic terms is over 50.
Until recently, all approaches for concave QPs had essentially treated the problem
assuming that all the variables may appear nonlinearly in the problem formulation.
However, as observed in numerous problems of practical interest, a large number
of variables appear linearly in the mathematical formulation. The number of such
variables usually far exceeds the number of quadratic variables. Hence, it is natural
to attempt to take advantage of the fact that only a small fraction of the variables
appear nonlinearly. In such cases, a good solver such as MINOS (Murtagh and
Saunders, 1988) that treats the linear variables in a di erent way than those variables
appearing nonlinearly, can be used very eciently. A major portion of the research
in recent years in this area has consequently focused on problems of the form:
minQ(x; y) = cT x + 12 xT Dx + dT y
s:t: Ax + By  b
x; y  0

(12)

where y 2 <k is a new vector of variables with k  n.
A common approach to solving (12) is to obtain upper and lower bounds on the
optimal solution through linear programming problems and iterate between these
bounds until convergence is achieved. An easy formulation for the upper bound
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problem involves solving a linear programming problem where the terms in x are
ignored, that is, the following problem:
min dT y
s:t: Ax + By  b
x; y  0
The solution of this problem will give a vertex (xl ; yl ) and an upper bound Q(xl ; yl )
on the globally optimal solution Q? of (12). When the linear terms dominate in the
objective function of (12), then the global minimum of (12) is given by Q(xl ; yl ) and
these approaches terminate immediately.
Most approaches for large scale concave quadratic minimization (with most of
the variables being linear) are based upon the original approach proposed by Rosen
(1983). The basic idea of this approach (which was proposed for ordinary concave
global minimization) is to take advantage of the ellipsoid like level surfaces of the
objective function to nd a \good" initial vertex and to eliminate a rectangular
domain (enclosed in a level surface) from further consideration. The approaches
start by nding the global maximum point x of the objective function (in (1)) in
the given feasible domain. Then, a set of orthogonal vectors ui ; i = 1; 2; : : :; n at x
(these vectors could be the eigenvectors of the Hessian of Q(x) at x) are obtained.
Using ui, a multiple cost row linear program with 2n rows is solved:
max
uTi x
x

x2D
The vertex solution for x corresponding to the minimum of all of these problems is
then a candidate for the global minimum (or at least gives a good upper bound on
the global minimum).
Next, a rectangular domain R 2 <n is constructed with the level set using the
minimum objective value obtained from the multiple cost row programs. For the
concave quadratic case, this can be done by using the eigenvalues and eigenvectors
of the Hessian of the objective function in such a way that the value of Q(x) at each
of the 2n vertices of R is the same as the minimum objective function value. This
involves using the level ellipsoid given by Q(x) = Q where Q is the minimum value
from the multiple cost row linear programs. The main e ect of such a partition
is that it can be used to exclude R from all further consideration. Moreover, the
remaining part of the feasible region is partitioned into at most 2n subregions, most
of which might actually be empty. Then, a method such as the approach of Falk
and Ho man (1976) can be used to solve the concave problem in that subdomain.
For the case of large scale concave problems of the form (12), the same idea has
been extended by several authors. In all the approaches, as a rst step, a multiple
cost row linear program is solved in order to determine Rx , a subdomain of <n
which contains the projection of the feasible region in the space of the x (nonlinear)
variables. Linear underestimating functions to the original concave function are then
constructed and minimized, giving initial vertices to start the algorithms from. After
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that, the region Rx is partitioned and a branch-and-bound scheme is followed that
successively eliminates partitions and obtains tighter bounds.
Several methods have been suggested for the partitioning of Rx . Kalantari (1984)
proposes bisecting Rx using a cut parallel to one of its faces. For each of the two
rectangular subdomains, a linear underestimator is found, and an LP is solved for
each region. This procedure is repeated in a branch and bound scheme with improved
bounds at each step. Zilverberg (1983) proposes partitioning Rx into 2n pyramids,
where each pyramid has as its base one of the 2n faces of Rx and the predetermined
vertex as the apex, with the union of all these pyramids giving the original partition
Rx. Kalantari and Rosen (1987) proposed a similar branch and bound algorithm
using linear convex envelopes.
These methods are -approximate, since they successively partition the domain
and may therefore end up close to, but not exactly, at a vertex of the original feasible
region. A good comparison of these methods is given in Rosen (1984), in which it
is shown that the time taken to obtain an -approximate solution increases linearly
with the number of linear variables, and as O(m2 ) with the number of constraints.
This indicates that when the number of nonlinearly appearing variables is small,
these approaches can be reasonably e ective.
6.6. Reduction To Separable Form

It is possible to reduce the concave quadratic problem to a separable quadratic form.
One way to achieve this was proposed in Rosen and Pardalos (1986), as follows5.
Given the matrix Q, compute the real eigenvalues 1 ; 2; : : :; n of ?Q and the corresponding eigenvectors [u1; : : :; un] so that Q = UDU T ; U = [u1; : : :; un]; U T U = I
and D = diag[1 ; : : :; n] (the eigenvalues and eigenvectors can be easily computed
because ?Q is a positive semide nite matrix for concave QP). Once these values are
computed, then a multiple-cost row linear program with 2n rows is solved. Using
the solutions of these programs, the QP can then be reformulated in a separable
form:
min

n
X
i=1

qi (xi)

s:t: A0 x  b0
x0
1
2
0
0
where qi(xi ) = cixi ? 2 i xi and A and b are produced from A and b through linear
transformations using U.
Assuming that the feasible region is bounded, each concave separable function
qi(xi ) can be easily underestimated over the bounds by linear functions. Usually,
these underestimators are generated so that they meet qi (xi) at the bounds of xi.
For example, the function i = (ci ? 21 i i )xi (where i is the upper bound on xi )
is a good underestimator of qi(xi ) over the region xi = [0; i].
Rosen and Pardalos (1986) utilized this approach to solve large-scale concave
programs. The rst step is to obtain a bound on the relative error of the approx5 This is not the only method for converting the concave QP to a separable form. However, it
has the advantage that it preserves the eigenstructure of the quadratic form. This can be useful in
error analysis of algorithms that may address the original or the separable form.
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imation used (where the relative error is the di erence in the approximation from
the original objective function). In general, the relative error is guaranteed to be
at most 0.25. If the approximate solution obtained is not satisfactory, then a single
mixed 0-1 problem is solved. This problem is formulated by a single piecewise linear
underestimator of the separable objective function.
More recently, Phillips and Rosen (1988) proposed a parallel algorithm for large
scale concave quadratic problems. This algorithm also rst reduces the concave objective function to a separable form. At each iteration, it combines a heuristic step
that attempts to eliminate part of the feasible region, with a parallel implementation
of the 2n multiple cost row linear programs. The algorithm has a guaranteed convergence in a nite number of steps to a -approximate solution, and the number of
subproblems that need to be solved is bounded above by (4n=)n=2. The algorithm
performs quite eciently for large problems, with the maximum size of 50 nonlinear
and 400 linear variables being considered. The eciency of the algorithm primarily comes from the e ectiveness of the heuristic step in practice, and the parallel
solution of the multiple-cost row linear programs.

7. Inde nite Quadratic Problems
The case when the matrix D has eigenvalues of mixed sign presents the toughest
problems of quadratic optimization. While many algorithms have been developed for
the more particular cases of bilinear and concave quadratic problems, few approaches
have been proposed for globally optimizing (1) for the case of the inde nite quadratic
objective. Most e orts at solving this dicult class of problems have focused on
rst reducing the inde nite quadratic problem to either a bilinear or a concave
minimization problem. However, there are a few algorithms for directly solving this
class, and we discuss them here.
7.1. Quadratic Problems With Box Constraints

When the only constraints on the variables are lower and upper bounds, then (1)
reduces to the following form, which is probably the simplest problem of global
nonconvex minimization:
(13)
min
Q(x) = cT x + 21 xT Dx
x
s:t: xL  x  xU

It may be assumed without loss of generality that xL = 0 and xU = 1 (if necessary,
a linear transformation can be used to convert the problem to this form). This gives
a direct relationship of the QP with box constraints to one of the fundamental problems of combinatorial optimization, namely minimizing a quadratic function of 0-1
variables. As a special case, if the matrix D has zero diagonal entries, then it can
be shown (Rosenberg, 1972) that if (13) has a fractional solution, then there also
exists an optimal integer solution with the same objective function value, and the
integer solution can be easily derived from the fractional one. Moreover, problems
of the form (13) appear frequently in the solution of partial di erential equations,
discretized continuous time optimal control problems, and linear least squares prob-
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lems, and also as subproblems in successive quadratic programming methods. It is
clear, therefore, that the solution of (13) has a special importance.
Due to the presence of only bound constraints in the problem, it is possible to
develop an alternate simpli ed set of necessary conditions and sucient conditions
for local optimality for (13). Let Dii represent the ith diagonal entry of D, Di
represent the ith row of D, and let
gi (x) = Di x + ci
be the partial derivative of Q(x) with respect to xi . Then, the following theorem
(Hansen et al., 1991) holds6 :

Theorem 7.1 (Necessary Conditions for optimality for (13)) If a point x?
is a local minimum of (13), then

(a) For all i such that Dii  0,
gi(x? ) > 0 and x?i = 0; or
gi(x? ) = 0 and 0  x?i  1; or
gi(x? ) < 0 and x?i = 1.
(b) For all i such that Dii < 0,
gi(x? ) > 0 and x?i = 0; or
gi(x? ) < 0 and x?i = 1.
Proof. See Propositions 1 and 2 of Hansen et al. (1991).
If the point x? is nondegenerate (that is, there is no component x?i of x? such
that it lies at either the upper or lower bound and also has the gradient gi (x) equal
to zero), then the above conditions are also sucient to ensure local optimality. If
x? is degenerate, then even determining whether it is a local solution is NP-hard
(Murty and Kabadi, 1987).
Most algorithms for solving (13) have used the conditions in Theorem 7.1 to
develop some kind of active set strategy approach. One such method can be found
in Hansen et al. (1991). In their branch-and-bound method, branching is done
according to the sign of the rst order derivatives gi(x). Branching is possible either
dichotomously (gi (x) < 0 or gi(x)  0) or trichotomously (gi (x) < 0, gi (x) = 0 or
gi (x) < 0). For example, if gi(x) = 0, then this can be used to eliminate one of
the variables (not necessarily xi). Branching can also be done based upon whether
a particular variable lies at a bound or not. The use of these conditions result
in auxiliary subproblems that are solved at each node. They also provide various
optimality tests at each node of the tree.
The above algorithm is (to the best of our knowledge) the only approach speci cally aimed at solving (13). Most other approaches for solving (13) have concentrated
6 Similar necessary conditions and sucient conditions for x? to be a local minimum can be
found in Coleman and Hulbert (1989).
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on nding local solutions in the hope that they would be global. Given this circumstance, it is important to be able to check if a particular local minimum is the global
one for this problem. Fortunately, it is possible to deduce a sucient condition for
this to occur.
Suppose that x is a nondegenerate local solution to (13). Let  and  be the
corresponding vectors of multipliers for the lower and upper bound constraints in
(13) respectively. Let yi = i ? i ; i = 1; : : :; n. Given the solution x, we may
assume without loss of generality that
xi = xUi or xLi; i = 1; : : :; m
xLi < xi < xUi ; i = m + 1; : : :; n
Then, the matrix D can be partitioned as


DA DB
D= D
T
B DC
where DA 2 <mm , DB 2 <m(n?m) , and DC 2 <(n?m)(n?m). Then, let
F = DA ? DB DC?1 DBT
and H be a diagonal matrix with positive entries constructed so that F +H is positive
semide nite. If such a matrix can be constructed, then the following theorem can
be proved:
Theorem 7.2 Let ai = Hii=2yi ; i = 1; : : :; m. Then,
(Dx + c)T (x ? x)  0
and
If

m
X
T
Q(x) ? Q(x)  (Dx + c) (x ? x)(1 ? ai (xi ? xi ))
i=1

=

m
X
i=1

jai (xUi ? xLi )j  1

then x is a global minimum of (13). If

=

m
X
i=1

jai (xUi ? xLi )j < 1

then x is a unique global minimum of (13).

Proof. See Han et al. (1992).

Various other active set methods have been proposed for solving (13) to local
optimality. Of these, the most ecient is the approach of Coleman and Hulbert
(1989) for problems with large sparse matrices. At the start of the algorithm, the
matrix D is subject to Cholesky factorization. At each step of the factorization,
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if a particular diagonal entry becomes positive, then that variable is taken out of
the matrix and set to zero. If the diagonal entry is nonpositive, then the variable
is set to its lower or upper bound depending on the solution of a trivial quadratic
problem in one variable. At the end of the factorization, a free set of variables (that
is, variables that are at neither bound), the submatrix of D corresponding to this
free set, and starting point for the algorithm is obtained. Starting from this point,
a Newton direction is computed and used to switch variables between the free and
bound sets until a constrained stationary point of the problem is obtained. Then, a
check is done to see if the constrained point is locally optimal. In the event of nonoptimality, a new variable that is currently at one of its bounds is switched into the
free set, and the process is repeated. The algorithm is guaranteed to converge to the
solution only for convex quadratic problems. However, the implementation of this
algorithm is probably among the most ecient, and for a large number of inde nite
quadratic problems involving very big problem sizes, the algorithm performs very
well.
One of the problems with active set strategies for solving (13) is that most such
algorithms (like the above one) only allow for the addition or dropping of one constraint per search direction computation. For large problems, this could be prohibitively slow. This can be overcome by using projection steps that allow for several constraints being dropped without much overhead. However, projected methods
usually drop constraints only after having solved some reduced problem to optimality, and therefore might end up doing a signi cant amount of work in a restricted
subspace of the original problem. The best method for solving (13) should therefore
seek to balance between these two extremes. One such method, which uses projected
gradient directions when the active constraint set changes, and conjugate gradient
directions otherwise, can be found in Dembo and Tulowitzki (1984).
When (13) contains an additional ellipsoid constraint in the variables, then it
can be solved in polynomial time (Ye, 1990). This has been used by Han et al.
(1990; 1992) to develop an interior-point algorithm for solving (13). The algorithm
starts from a point x0 that is strictly in the interior of the feasible domain. Then,
they construct an ellipsoid with center at x0 that is inscribed in the feasible domain,
and solve the quadratic problem with this constraint. The solution of this problem
yields a new point x1. The procedure is repeated, yielding a sequence of points
x0; x1; : : :. After a sucient number of steps, a stationary point of (13) is obtained.
Although the procedure cannot guarantee convergence to the global solution, it
seems to perform well on randomly generated test problems with known global
solutions, nding the global solution in most instances.
It is also possible to solve (13) by conversion to an unconstrained minimization
problem. Consider the following problem, equivalent to (13):
min
Q(x) = cT x + 21 xT Dx
x
s:t: xi ? XiU + yi2 = 0; i = 1; : : :; n
(14)
?xi + XiL + zi2 = 0; i = 1; : : :; n
(15)
An augmented Lagrange function for this problem, with the multipliers for the two
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sets of constraints replaced by the approximation functions u(x) and v(x), can then
be written as follows (Grippo and Lucidi, 1991):
L(x; y; z; ) = Q(x) +

n 
X
i=1



ui(x)(xi ? xUi + yi2 ) + vi (x)(?xi + xLi + zi2 )


U
22
L + z 2 )2 
i
i
+ 1 (xi ?axi(x)+ yi ) + (?xi +b x(x)
i
i
where the bound constraints have been added as penalty terms with  as the penalty
parameter, and ai (x) and bi(x) are barrier weighting functions for the constraints.
The following theorem establishes a direct relationship of the minimum of this
penalty function and the solution of (13):

Theorem 7.3 Let

P(x; ) = min
L(x; y; z; )
y;z

Then,
(i) There exists a computable bound ? for the penalty parameter such that for all
 2 (0; ?], if x? is a point satisfying rP(x; ) = 0, the corresponding triple
(x? ; u(x?); v(x? )) is a Karush-Kuhn-Tucker point for (13).

(ii) For all  2 (0; ?], any global minimum point of (13) is a global minimum point
of P(x; ) and vice-versa.

Proof. See Propositions 3.3 and 4.1 of Grippo and Lucidi (1991).

From a computational point of view, this equivalent formulation permits the use
of standard unconstrained minimization algorithms for di erentiable functions to
solve (13). In particular, Newton-type algorithms can be de ned that make use of
consistent approximations to the Newton's direction for the penalty function. Grippo
and Lucidi (1991) present one such algorithm that converges in a nite number of
iterations to a solution of the constrained problem. Under suitable assumptions, it
can also be shown that there exists some neighborhood around the solution where
the algorithm converges in a single step.
7.2. Decomposition Techniques

Over the years, several decomposition based approaches have been proposed for
solving (1). Although these approaches are usually for the more general global optimization problems, the nature of the quadratic problem makes them quite attractive
as a method of solution. In particular, decomposition approaches can circumvent
one of the main diculties associated with the solution of (1), namely problem size.
Decomposition enables the solution of the problem through smaller, and possible
more tractable, subproblems, whereas the original problem might be of a size that
prohibits its direct solution.
Most of the decomposition approaches are based upon the so-called Benders'
cuts, which were proposed by Benders (1962) for the solution of mixed integer 0-1
problems. The approach was subsequently generalized to the continuous biconvex
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case by Geo rion (1972). To better understand this approach, consider the following
special inde nite quadratic problem, rst tackled by Kough (1979):
min
xT x ? y T y
(16)
x;y
s:t: Ax + By  b
A natural decomposition for this problem can be derived from the separability of
the objective function. If the y variables are xed to yk , then the following problem
(variously called the subsidiary problem or primal problem) is obtained:
T
kT k
min
x x x?y y

(17)

s:t: Ax  b ? Byk
This problem provides an upper bound on the global solution of (16), and also gives
multipliers k for the constraints. Given the solution xk to this problem, then the
projection v(y) of (16) in the space of y can be de ned by
v(yk ) = xk T xk ? yk T yk
It is then obvious that the solution to (16) is equivalent to
min
v(y)
x;y
s:t: y 2 fy : Ax + By  b for some xg
The solution of this problem is nontrivial, since normally v(y) is an implicitly de ned
function. However, the solution of (17) can be used to provide a Benders' cut vk (y)
that can be used to approximate v(y):
vk (y) = xk T xk ? yT y + k T (Ax + By ? b)
(18)
If the primal problem were infeasible, then an alternate problem with a arti cial
objective can be solved and the corresponding multipliers k can be used to generate
a feasibility cut:
gk (y) = k T (Ax + By ? b)
The use of these two types of cuts leads to a \master" (or dual) problem which
provides a lower bound on the global solution:
min
y v
s:t: v  vk (y)
0  gk (y)
The typical generalized Benders' approach then involves iterating between the master and primal problems until convergence is reached.
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It is the solution of the master problem itself that is the major hurdle in this
approach, since this problem can be considered as the minimization of a piecewise
concave quadratic function over a linear set. For the separable case above, Kough
(1979) proposed solving a set of linear subproblems, each involving the minimization
of one of the Benders' cuts. The resulting algorithm provides successively tighter
lower bounds, and has nite convergence to an -approximate solution. However,
the number of subproblems to be solved increases as the iterations progress, so
that the progress of the algorithm becomes very slow at later iterations. Kough
(1979) also proposed a method for developing exact Benders' cuts for this problem
by representing the solution of the primal problem xk in terms of the y variables.
More recently, Floudas et al. (1989) showed that generalized Benders' decomposition was applicable to a wider class of problems (including the general quadratic
problem, polynomial function problems and mixed integer nonlinear programming
problems) providing methods for converting these problems to a form to which generalized Benders' decomposition was applicable. They also provided a global search
scheme, which although not guaranteed to converge to the global solution, nevertheless proved computationally e ective on a large number of problems. This approach
has been used by Aggarwal and Floudas (1990) for solving quadratic and mixed 0-1
quadratic problems.
A related approach for solving quadratic problems is the GOP algorithm proposed
by Floudas and Visweswaran (1990; 1993), which guarantees convergence (to an global solution) for a large class of problems that includes the quadratic problem as
a special case. This algorithm can also handle quadratically constrained problems,
and it is discussed in more detail in Section 8.1.
7.3. Large-Scale Indefinite Problems

As with the concave quadratic case, it often happens that the nonconvexity in the
objective function is due to a small number of variables. This can happen either
because (i) only a small number of eigenvalues of D are negative, or (ii) the number
of variables appearing in the quadratic terms in the objective function are a small
fraction of the total number of variables. For such problems, it is feasible to solve
larger problems than would normally be the case.
Consider the case when the matrix D in (1) has relatively few negative eigenvalues. Without loss of generality, we may assume that these eigenvalues are given
as
?1 ; : : :; ?m ; m+1 ; : : :; n
where i > 0 for i = 1; : : :; m and i  0 for i = m+1; : : :; n. We are then concerned
with the case where m is relatively small compared to n. In such a case, it can be
useful to reduce the objective function in (1) to a separable form (Pardalos et al.,
1987). As for the concave case (Section 6.6), a multiple cost-row linear program of
the form
min
uT x
x2
can be solved, where is the feasible region for (1), and ui are the orthogonal eigenvectors of Q. Using the solutions of these linear programs, (1) can be reformulated

26

CHRISTODOULOS A. FLOUDAS AND V. VISWESWARAN

as
min
Q(x) = Q1(x) + Q2 (x)
x
Ax  b
x0
Q1(x) =

m
X

i (xi ) =

i=1
n
X

m
X



i=1

ci xi ? 21 i x2i

n
X



(19)




1
2
ci xi + 2 i xi
i (xi ) =
Q2(x) =
i=m+1
i=m+1
Thus, the objective function has a concave part Q1 (x) and a convex part Q2(x).
The main feature of (19) that makes it interesting is that the real complexity of
any algorithm for solving this problem is likely to depend not on the total number
of variables n but rather on m. One such algorithm that tries to take advantage
of this feature was proposed by Pardalos et al. (1987). The basic idea is to obtain
good approximations to the concave part Q1 (x) and use them to? solve the problem
eciently. For each function i (xi ), the linear function i (xi ) = ci ? 21 i i (where
i is the upper bound on xi ) provides an underestimating function that meets i (xi )
at the end points for xi, that is, at its lower and upper bounds. Hence, the function

f(x) =

m
X
i=1

i (xi ) + Q2(x)

is a convex underestimating function to Q(x) in (19). Moreover, it is possible to
show that the maximum error in using this approximation is bounded:

Theorem 7.4

jQ(x) ? f(x)j  18

Proof. See Pardalos et al. (1987).

m
X
i=1

i i2

This theorem indicates that the error in using a linear approximation depends on
the curvature of the concave functions (through the eigenvalues) and the geometry
of the feasible region (as given by the bounds on the variables).
The solution of (19) using the approximation f(x) instead of Q(x) (which is then
a convex quadratic problem) provides a lower bound on the optimal solution of (19).
If this solution is satisfactory, then the procedure can be terminated. Otherwise, a
branch-and-bound bisection technique is used to continuously bisect the rectangle
de ned by the bounds on the concave variables xi ; i = 1; : : :; m. In each of the
subregions, then, better approximations can be obtained to the concave function and
the procedure can be repeated to get tighter lower bounds on the global solution.
Finally, it is also possible to obtain a piecewise linear underestimator to the concave
functions that involves the use of 0-1 integer variables. This requires the solution of
a mixed 0-1 linear program. Such an approach can work very well for large problems
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(as reported by Pardalos et al. (1987)) especially when approximate solutions are
sucient.
Another instance where it might be feasible to solve large scale quadratic problems is when there is a dominance of linear terms in the objective function. Consider
the inde nite instance of (12), which is a quadratic problem with a large number
of variables (y) appearing linearly in the objective function. Phillips and Rosen
(1990) proposed an extension of their previous work for concave quadratic problems
(Phillips and Rosen, 1988) to handle inde nite quadratic problems of this form. As
with the above approach, the algorithm rst reduces the problem to a form with
a separable objective function. A convex quadratic underestimator to the whole
objective function is then developed, and used to solve an auxiliary problem that
provides upper and lower bounds on the global solution. If the bounds are not tight
enough, then the feasible domain is partitioned along the directions of the concave
variables, and tighter bounds are obtained in these subregions. The procedure continues till an -approximate solution has been found to the original problem. The
computational results presented along with the algorithm (for problems having upto
25 concave and 400 linear variables) indicate that this approach works very well
when the number of linear variables dominates at the solution.
7.4. Polynomial Time Algorithms

In Section 4, we mentioned that polynomial time algorithms can be developed for
certain classes of quadratic problems. Naturally, this raises the question of whether
such algorithms can be developed for the general inde nite quadratic problem. It is
obvious that a polynomial algorithm for computing the exact solution of (1) cannot
be expected, since that would imply that P = NP (as the general QP is in NP).
It is still open to question, however, whether an approximation7 algorithm can
be developed that solves (1) in polynomial time. One of the more recent results in
this direction, due to Vavasis (1992), can be stated in the following theorem:
Theorem 7.5 Suppose the matrix D is inde nite, and the feasible region for (1) is
compact. Let t be the number of negative eigenvalues of D. Then, there exists an
t
algorithm to nd an -approximate solution to (1) in O(( n(pn+1)
 ) l) steps. In this
formula, l denotes the time to solve a convex quadratic programming problem of the

same size as (1).

Proof. See Vavasis (1992).
This result indicates that if the number of negative eigenvalues in D is xed,
then a polynomial time algorithm can be developed for the general quadratic problem. One such algorithm was proposed by Vavasis (1992). The approach involves
computing a Lowner-John pair for the constraint region of (1), that is, a pair of

7 One de nition of an approximate solution, due to Vavasis (1992), is as follows. Given an
optimum x? to (1), any feasible point x0 is an -approximate solution if there exists another feasible
point x# satisfying
Q(x0 ) ? Q(x?)  [Q(x#) ? Q(x?)]:
This de nition has the advantage that it is insensitive to translations or dilations of the objective
function Q(x).
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concentric ellipsoids E1 and E2 such that E1   E2 (where is the feasible
region in (1)) and E1 is obtained from E2 by shrinking each dimension by 1=n. Such
a pair always exists, and can be computed for a convex feasible region in polynomial
time. Assume that the ellipsoids are de ned by
E1 = fx 2 <n : (x ? b)T M(x ? b)  1g
E2 = fx 2 <n : (x ? b)T M(x ? b)  (n + 1)2ng
where M is a positive semi-de nite symmetric matrix, and b is some n-vector. Then,
the x variables are translated by b so that the Lowner-John pair is centered at the
origin (this does not a ect the quadratic term in the objective function) and a matrix
X is found so that X T MX = I and X T DX is diagonal. Replacing x by X ?1 x leads
to a new problem that has the form
min
Q(x) = cT x + 12 xT Dx
x
s:t: Ax  b
x0
where D is now diagonal, and the constraint region now satis es S1   S2 ,
where
S1 = fx : xT x  1g
S2 = fx : xT x  n(n + 1)2 g
The matrix D still has t negative eigenvalues (say the rst k), and x can be split into
vectors y and z corresponding to the rst k entries and the remaining n ? k entries
respectively. This enables the problem to be rewritten in a form with a concave and
a convex part. The problem is then projected in the space of the concave (y) variables, and the resulting region is partitioned repeatedly into subcubes,
the number
of partitions being given by mt where m is on the order of n2 =p. Taking a linear
underestimator for the concave terms, convex quadratic subproblems are solved in
each subregion. The resulting solutions provide a lower bound for the optimal solution, and using error analysis on the di erence between the linear approximation and
the concave terms, it is possible to show that convergence to within  is obtained.
Moreover, the algorithm takes exactly the number of steps given in Theorem 7.5.

8. Quadratic Problems With Quadratic Constraints
The most general class of quadratic problems arises from the inclusion of quadratic
constraints in (1). These problems can be formulated as follows:
min
Q(x) = xT Dx + cT x;
x
s:t:

x T Aj x + B j x  b j ;
x  0;

j = 1; :::; m ;

(20)
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where Aj is an n  n matrix corresponding to the mth quadratic constraint, and
Bj is the j th row of the m  n matrix B. Note that some of the constraints can be
linear due to the absence of the corresponding matrices Aj .
Problem (20) has received far less attention than (1). One of the reasons for this
is that even nding a feasible solution for (20) can be a formidable task. Therefore,
even for the convex case (when D and Am are positive semide nite), there are
very few algorithms for solving (20). However, quadratically constrained problems
constitute an important part of mathematical programming problems, arising in
various practical applications including facility location, production planning, VLSI
chip design, optimal design of water distribution networks, and most problems in
chemical engineering design. Moreover, (20) encompasses all the other categories of
quadratic problems as special instances. It is therefore well worth considering the
few algorithms available for solving (20) in detail.
In the early years since it was rst introduced in the seminal paper of Kuhn and
Tucker (1951), the only case of (20) considered was when there was a single quadratic
constraint in the problem (Swarup, 1966; Panne, 1966). The rst general approach
for solving (20) was proposed by Baron (1972), who considered the following two
Lagrange functions for (20):
m

X
L1 (x; ) = xT Dx + cT x + j (xT Aj x ? Bj x ? bj ); and

L2 (x; ; ) = L1 (x; ) ? i xi

j =1

Here,  and  are the multipliers for the quadratic and bound constraints respectively. Baron (1972) proposed solving (20) by minimizing these Lagrange functions
through a cutting plane algorithm. The algorithm solves a sequence of linear master problems that minimize a piecewise linear function constructed from the Lagrange functions for constant x, and a primal problem with either an unconstrained
quadratic function (using L2 (x; ; )) or a quadratic function over the nonnegative
orthant (using L1 (x; )). The cuts generated by the problems are used to approximate the two dual forms, and convergence (when both primal and dual problems
have equal objective values) is guaranteed if either the objective function is convex,
or the set of active constraints at each iteration have positive semide nite quadratic
matrices.
Falk and Soland (1969) proposed a branch and bound algorithm for solving (20)
(and other more general problems) when the objective function is separable, and the
constraint set is linear. The method involves solving bounding convex envelope approximating problems over successive partitions of the feasible region. The algorithm
was later extended by Soland (1971) to handle nonconvex constraints. Although the
algorithm can be applied to solve (20), it generates a number of infeasible points
during the solution procedure, and does not in general converge in a nite number
of iterations.
Another branch and bound method was proposed by Reeves (1975) to solve (20)
when the objective function and constraints are separable in the variables. The
algorithm uses a similar branching scheme to that of Soland (1971). At each iteration, given a partition of the feasible region, a local minimum of the objective in
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the partition is found, and a small interval surrounding this minimum is eliminated.
The remaining region is then partitioned and the process is repeated for the new
partitions. The algorithm di ers from that of Soland (1971) in that bounding convex polytope problems are solved only to eliminate regions, not to generate base
points for further partition. By deriving local minima at each iteration, the algorithm obtains and veri es in a nite number of iterations, either exactly or to some
arbitrarily small precision, a global minimum of the problem.
BenSaad (1989) proposed an algorithm for the solution of linear problems with
an additional reverse convex constraint, of the following form:
min cT x

x2<n

s:t: Ax  b
g(x)  0
where g(x) is a concave function (it should be noted that by appropriate transformations, any problem of the form (20) can be converted to this form). The algorithm
works by partitioning the feasible region into subsets contained in cones originating
at an infeasible vertex of the polytope formed by the linear constraints while ensuring that an interior point of the feasible region is contained in each partition. The
intersection of the rays forming the cone with the reverse convex constraint are used
to determine whether a particular cone is to be made smaller. At each iteration,
n cones are generated (where n is the number of variables) and successively tightened until the convex hull thus obtained contains the solution to the reverse convex
problem.
Al-Khayyal et al. (1990) proposed two algorithms for the solution of problems
with concave objective functions and separable quadratic constraints. These problems can be given in the following form:
min cT x

x2<n

s:t: gi (x) :=

n
X
k=1

( 21 pik x2k + qikxk + rik )  0; i = 1; : : :; m

M  mk  xk  mk ; k = 1; : : :; n
The rst algorithm is a branch-and-bound algorithm which works by division of the
initial rectangular domain M into increasingly smaller rectangles with the size going
to zero in the limit (one way to achieve this is to use bisections). In each rectangular
subdivision, lower and upper bounds are obtained for the objective function. The
partitions are deleted either if the lower bound for the objective in that region is
greater than the best obtained solution so far, or if the region is infeasible for the
quadratic constraints. The latter condition is checked by use of bounds on gi (x)
in the partition. In addition, to speed up convergence, various linearizations of
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the quadratic constraints are also added to the problem formulation. The authors
also propose a second approach which uses piecewise linear approximation for the
quadratic constraints. The resulting problem is then solved as a mixed 0-1 linear
problem. This approach is similar to the ones used by Pardalos and Rosen (1986)
for concave quadratic problems and Pardalos et al. (1987) for inde nite quadratic
problems.
8.1. Decomposition Techniques

As mentioned in Section 7.2, decomposition techniques have several features that
make them attractive for solving quadratic problems. Foremost among these is that
usually the subproblems solved are of far smaller size than the original problem.
Most of the decomposition approaches for solving the quadratic problem are based
upon the Lagrangian dual formulation. However, one of the main problems with the
quadratic problem (indeed, with all nonconvex programs) is that there can exist a
duality gap between the nonconvex problem and its Lagrangian dual. Consequently,
algorithms that iterate between primal and dual formulations of the original problem
(as, for example, the algorithm of Baron (1972)) can fail to converge except under
special conditions on the problem structure.
Lazimy (1982; 1985) proposed a method based upon the generalized Benders' decomposition to solve mixed-integer quadratic problems. The approach rst converts
the problem to a form where the integer variables are absent from the objective function and the resulting master (dual) problem is linear in the integer variables. The
original problem is then solved through a series of relaxed integer-linear master problems and continuous convex quadratic primal problems. Wolsey (1981) proposed a
resource decomposition algorithm for solving bilinearly constrained problems.
More recently, two decompositions algorithms have been proposed that guarantee
convergence to the global solution for problems of the form (20). The rst of these
approaches, due to Floudas and Visweswaran (1990; 1993), considers the solution of
(20) by reducing it to the equivalent problem
min
Q(x) = xT Dy + cT x;
x;y
xT Aj y + Bj x  bj ; j = 1; :::; m ;
xi ? yi = 0 i = 1; : : :; n ;
x  0; y  0;
which in turn falls under the framework of the following biconvex problem:
min
f(x; y)
x;y
s:t:

g(x; y)  0
(21)
h(x; y) = 0
x 2 X; y 2 Y
where f and g are convex, and h is linear, in x for all xed y and vice-versa. For
a xed value of y = yk , the problem (called a Primal problem) is linear in x, and
s:t:
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provides an upper bound on the global solution. Moreover, the solution of this
primal problem provides multipliers for the constraints which are used to formulate
the Lagrange function:
L(x; y; k ; k) = f(x; y) + k T h(x; y) + k T g(x; y)
It can be shown (Geo rion, 1972) that a relaxed dual formulation for (21) can be
written as
min
B ;
y Y
2

B

s:t: B  min
L(x; y; k ; k ); 8k  0 ; k ;
x

(22)

where B is a scalar. This problem provides a lower bound on the global solution of
(21). Because of the presence of the inner minimization problems, this problem can
be very tough to solve. However, because the primal problem is solved in the space
of the x variables and the relaxed dual problem is essentially solved in the space of
y, they can be used as the basis for an iterative algorithm that alternates between
providing bounds as well as solutions for x and y.
Floudas and Visweswaran (1990; 1993) proposed the following method for solving the relaxed dual problem, which involves linearizing the Lagrange function with
respect to the x variables around the solution xk (of the primal problem corresponding to y = yk ). The linearization ensures that each of the Lagrange functions
independently achieves its minimum at a bound of the x variables. This enables the
solution of the relaxed dual problem as a set of linear problems, with the x variables
being replaced by a combination of their bounds in each of the problems. The basic
algorithm (GOP) then can be summarized as follows:
Step 0 Initialize storage parameters, select a starting point y1 .
Step 1 Set k = 1. Solve the primal problem for y = yk , generate the Lagrange
function using the optimal multipliers from this problem. Update the best
upper bound on the original problem. If the primal is infeasible, then solve a
relaxed primal problem and use the solution to generate a feasibility cut for the
relaxed dual problem.
Step 2 Generate a set of constraints from previous iterations that provide valid underestimators for the current region, and add them to the relaxed dual problem.
Step 3 Solve the relaxed dual problem as a set of linear subproblems, storing all
feasible solutions. Select the best stored solution as the lower bound, and the
corresponding solution for y as yk+1 .
Step 4 Check for convergence between the bounds. Set k = k + 1 and return to
Step 2.
A few points are worth mentioning about the algorithm. At each iteration, the
set of subproblems solved in Step 3 are restricted to a subregion of the y variables.

33

QUADRATIC OPTIMIZATION

This region is de ned by a cone formed by a set of constraints from the previous
iterations. These constraints are generated by setting the x variables in the Lagrange
function for that iteration to a particular set of bounds. The actual set of bounds
to be used is determined by the sign of the gradients of the Lagrange function at
the current yk , and are selected in such a way that the underestimators used are
always valid for the current cone. At each iteration, therefore, Step 3 is equivalent
to partitioning Y into a set of subregions. Thus, the algorithm functions both as a
branch and bound as well as a cutting plane method.
The lower bound found at the end of Step 3 is guaranteed to be nondecreasing as
the iterations proceed. This property, coupled with the presence of constraints from
previous iterations that prevent cycling, give a theoretical guarantee of convergence
of the algorithm to an -global solution in a nite number of iterations.
Visweswaran and Floudas (1990) discussed the application of GOP algorithm to
several classes of problems (including quadratically constrained quadratic problems)
and provided preliminary computational experience for some examples in each class.
Visweswaran and Floudas (1993) proved several properties for quadratic and polynomial problems that signi cantly improve the computational performance of the
algorithm. More recently, Floudas et al. (1993) have proposed solving the relaxed
dual subproblems at each iteration by a single mixed 0-1 linear problem. It has also
been shown by Liu and Floudas (1993a) that the GOP algorithm is applicable to a
large class of smooth optimization problems. The convergence for the algorithm for
these problems has been shown by Liu and Floudas (1993b).
Problem (20) can often be written in the following form (Ben-Tal and Gershovitz,
1992; Ben-Tal et al., 1993):
min f0 (x; y)
x n
2<

y2<p

x 2 X(y) = fx 2 <n : fi (x; y)  0; i = 1; : : :; mg
y 2 Y  <p

s:t:

(23)

where p  n and the functions fi (x; y) are such that for every xed x f0 (:; y) is
convex and X(y) is a convex set. Note that the bilinear problem (and therefore all
quadratic problems by reduction to bilinear form) satis es this condition. A natural
approach for solving this problem is by decomposition:
min
y2Y



(y) =: x2min
f (x; y)
X (y) 0



(24)

Although the function (y) may not be smooth (even though the inner problem is
convex), the availability of good algorithms for non-smooth optimization can overcome this drawback. Therefore, it is the nonconvexity of the outer problem that
poses the main challenge.
The dual form of (23) can be written as
(

max
0

h(y) =: ymin
2Y;x L(x; y; ) = f0 (x; y) +

m
X
i=1

)

i fi (x; y)

(25)
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By weak duality, then, the solution of (25) provides a lower bound to (23). In
particular, when there is no duality gap, then the solutions of (23) and (25) are
identical. However, the presence of a duality gap means that (25) may not provide
a tight lower bound. To overcome this, Ben-Tal et al. (1993) proposed a branch
and bound approach based upon reducing the duality gap by successive domain
partitioning. Consider a partition of the set Y into I subsets Yi ; i = 1; : : :; I. Then,
for the ith partition, the corresponding primal and dual problems are respectively
min f f0 (x; y) : y 2 Yi ; x 2 X(y) g
(26)
x n
y2<p
2<

and



h(y) =: ymin
L(x; y; )
max
2Y ;x
0
i



(27)

Then, the following theorem can be proved:
Theorem 8.1 If Q? is the optimal value of (23), D? is the optimal value of (25),
and Di? is the optimal value for (26), then
Q?  min
f Di? g  D?
i2I
This theorem shows that as the set Y is partitioned, the gap between the primal and
dual problems decreases. For problems of the form (23) which also satisfy an appropriate constraint quali cation, it can be shown that the gap varies directly as the
\size" of the partitions (as measured by, say, the radius of the smallest hypersphere
containing Yi ); when the size of the partitions is zero, then there is no duality gap,
and strict equality holds in the left hand side of the theorem.
In general, the dual problem solved in each partition involves a linear objective
function minimized over a convex set of constraints. However, when the functions
aj (y)T  + cj are quasiconcave (as for bilinear problems, for example) each of these
dual problems can be solved as a linear program. Ben-Tal et al. (1993) have applied
this approach to solve several instances of the pooling problem (see Section 10.2 for
one formulation of this problem).
One particular quadratically constrained problem that has received considerable
attention is the following problem, which involves minimizing a quadratic constraint
over a sphere:
(28)
min 21 xT Dx + cT x
s:t: xT x  1
This problem often comes up as a subproblem in general optimization algorithms.
Often, the objective function in nonlinear programming is approximated locally by
a quadratic function. In such cases, the approximation is restricted to a small region
around the current iterate. If the 2-norm is used to de ne this region, then we end
up with (28). Such methods are referred to as model trust region methods.
Because of the presence of the sphere constraint, the solution of (28) is likely
to be irrational, which implies that it is not possible to exactly compute the solution. However, there exist polynomial time algorithms to eciently compute the
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approximate solution to this problem given a desired precision. Sorensen (1982)
proposed a general algorithm using model trust regions, while Ye (1990), Ye (1992)
and Karmarkar (1990) proposed strongly polynomial algorithms for solving (28).

9. Quadratic Optimization and the Linear Complementarity Problem
Closely associated with quadratic problems is the class of linear complementarity
problems (LCP). Given a real matrix M 2 <nn, the pair of vectors (I:j ; ?M:j ) is
called a complementary pair of vectors for M. If we denote a vector from this pair by
A:j , then the cone de ned by fy : y = 1A:1 + : : : + nA:n ; i  0 8 i = 1; : : :; n
g is called a complementary cone of M. Then, given any vector q 2 <n , the LCP
involves nding a complementary cone of M that contains the point q, that is,
nding a complementary set of vectors (A:1 ; : : :; A:n) such that q can be expressed
as a nonnegative linear combination of these vectors. This is equivalent to solving
the following problem8:
Find a feasible solution vector x to the set of constraints
y = Mx + q
x; y  0;
(29)
T
x y=0
or prove that such a feasible solution x does not exist.
Note that the LCP as given by (29) is not an optimization problem in the strict
sense; there is no objective function to minimize. However, these problems have
a close relationship to several of the most important classes of optimization problems, including linear programming, convex quadratic programming, bimatrix games
and mixed integer programming. The following quadratic problem, for example, is
equivalent to (29):
T
min
x Q(x) = x (Mx + q)

Mx + q  0
(30)
x0
Moreover, the LCP is closely related to the optimality conditions for the solution
of (1). Consider, the KKT conditions for the quadratic problem (1), given by (2)-(6).
Then, it can be easily shown that the KKT conditions for (1) reduce to the LCP
(29) with


 
0
?
A
M = AT D
q = bc
 
 
y
y= v
x = ux
s:t:

8 Note that when the vector q is nonnegative, then the problem is immediately solved by setting
x = 0 and y = q. Therefore, the only cases of interest are when at least one component of q is
negative.
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where y and x are the original vectors augmented by v and u respectively. Thus,
the LCP can be considered as a problem of nding a KKT point for the quadratic
problem (1). It can be proved (Theorem 1.13 of Murty (1988)) that any solution x
to the LCP (29) (with the data as given above) is a KKT point for (1). For the case
of positive semide nite D (convex quadratic programming), the LCP (29) can thus
be used to provide the necessary and sucient optimality conditions.
For the more general case of inde nite (nonconvex) quadratic problems, since the
KKT conditions are not sucient to ensure optimality, the LCP cannot directly be
used to obtain a solution to (1). However, even for these problems, the LCP has an
indirect relevance. Consider, for example, the following problem:
(31)
(x; u) = 21 (cT x ? bT u)
s:t: (2) ? (6):
It is well known that at any point (x; y; u; v) that satis es the KKT conditions for
(1), the value of Q(x) coincides with the value of the objective function (x; u) of
the above problem. This leads to the following theorem (Gianessi and Tomasin,
1974):
Theorem 9.1 Let the QP (1) have an optimal solution. Then, any point x solves
(1) if and only if there exist vectors y; u and v such that (x; y; u; v) solves (31).
It should be noted that this theorem holds only when Q(x) is bounded from below.
If this is the case, then the above theorem indicates that it is possible to solve (1) by
minimizing a linear function over the solution set of a linear complementarity problem. Judice and Mitra (1988) present several other equivalences between quadratic
problems and related linear complementarity problems.
It is clear, therefore, that the nature of the linear complementarity problem and
its methods of solution can help provide considerable insight into the solution of
the QP (1). While a detailed treatment of the LCP is beyond the scope of this
chapter, the reader is referred to Mitra (1979), Lemke (1980), Berschanskii and
Meerov (1983), Murty (1988) and Cottle et al. (1992).

10. Applications
In this section, we describe some interesting problems in mathematicalprogramming,
engineering design and control that can be formulated as quadratic programming
problems. Several applications and test problems for quadratic programming, as well
as general nonconvex optimization problems can be found in Floudas and Pardalos
(1990).
10.1. Economies of Scale

Problems involving economies of scale (in production and sales) often can be formulated as concave quadratic programming problems. Consider a case when n products
are being produced, with xi being the number of units of product i and ci being
the cost of production per unit of product i. Usually, as the number of units produced increases, the unit cost decreases. Often, this can be correlated by a linear

37

QUADRATIC OPTIMIZATION
A

Px

3% S

Max. 2.5% S

x

Max 1.5% S

y

Cx

Pool
B

1% S

Py

C

2% S

Cy

Fig. 1. The Haverly Pooling Problem (Haverly, 1978)

functional:
ci = ci0 + ei xi
where ei is a negative quantity. Then, given constraints on the production demands
and availabilities of each product, the problem of minimizing the total production
cost can be written as
min
x

n
X
i=1

(ci0 + ei xi)xi

s:t: x 2 D

where D represents the demand and availability constraints. This is a concave
minimization problem. Similarly, if the pro ts are maximized, the economies of
scale dictate that the pro ts per unit rise linearly with the number of units produced.
Hence, in this case, the problem becomes one of maximization of a convex functional.
10.2. Pooling and Blending Problems

Pooling and blending problems are a feature of the models of most chemical processes. In particular, for problems relating to re nery and petrochemical processing,
it is often necessary to model not only the product ows but the properties of intermediate streams as well. These streams are usually combined in a tank or pool,
and the pool is used in downstream processing or blending. The presence of these
streams in the model introduces nonlinearities, often in a nonconvex manner. The
nonconvexities arise from the interactions between the qualities of the input streams
and the blended products.
A typical pooling problem is shown in Figure 1. It consists of three feed streams
(A, B, and C) being combined in a pool to form two products x and y. In the
absence of the pooling restriction, the problem can be formulated and solved as an
LP. However, when the streams need to be pooled (as, for example, when there is
only one tank to store A and B), the formulation becomes a quadratic one, as shown

38

CHRISTODOULOS A. FLOUDAS AND V. VISWESWARAN

below:
min 6A + 16B + 10(Cx + Cy ) ? 9x ? 15y
s:t:
Px + Py ? A ? B = 0 g pool balance


x ? P x ? Cx = 0
y ? P y ? Cy = 0
p:(Px + Py ) ? 3A ? B = 0 g
p:Px + 2:Cx ? 2:5x  0
p:Py + 2:Cy ? 1:5y  0
x  xU
y  yU




component balance
pool quality
product quality constraints
upper bounds on products

where p is the sulfur quality of the pool; its lower and upper bounds are 1 and 3
respectively.
Traditionally, these problems are solved using successive linear programming
techniques (Haverly, 1979; Lasdon et al., 1979). These methods su er from the drawback of being highly dependent on the starting point. More recently, this problem
has been studied by Floudas and Aggarwal (1990) who applied the global optimum
search method to solve the problem, and by Visweswaran and Floudas (1990), who
successfully applied the GOP algorithm to solve this problem. Similar pooling problems have been studied by Ben-Tal and Gershovitz (1992) and Ben-Tal et al. (1993).
Multiperiod tankage quality problems that lead to similar formulations have been
studied by Visweswaran and Floudas (1990).
10.3. Multicomponent Separation Problems

Like the pooling and blending problems, quadratic models arise in separation of multicomponent process streams in chemical re neries. These problems typically involve
multicomponent feed streams that need to be separated into one or more products,
each of which may have a speci ed composition of the various components. One
method of solving such problems is the superstructure approach. This involves rst
constructing a superstructure containing all possible options for splitting, bypassing
and blending to achieve the desired products. The resulting model is then optimized
to give the actual con guration that will perform the separation. A typical example
of such a problem (Floudas and Aggarwal, 1990) is shown in Figure 2, which concerns the separation of a 3-component feed stream into two products. The resulting
bilinear formulation for the optimization model is shown below:
min 0:9979 + 0:00432F5 + 0:01517F13
subject to
(Overall Mass Balances)

F1 + F2 + F3 + F4 = 300
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9
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100 A
100 B
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2
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P
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C
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3

4

Fig. 2. Multicomponent Separation Example (Floudas and Aggarwal, 1990)

F6 ? F 7 ? F 8
F9 ? F10 ? F11 ? F12
F14 ? F15 ? F16 ? F17
F18 ? F19 ? F20

(Splitter Component Balances)
F5 xj;5 ? F6xj;6 ? F9xj;9
F13xj;13 ? F14xj;14 ? F18xj;18
(Inlet Mixer Balances)
0:333F1 + F15xj;14 ? F5xj;5
0:333F2 + F10xj;9 ? F13xj;13
0:333F3 + F7 xA;6 + F11xA;9 + F16xA;14 + F19xA;18
0:333F3 + F7xB;6 + F11xB;9 + F16xB;14 + F19xB;18
0:333F3 + F7xC;6 + F11xC;9 + F16xC;14 + F19xC;18
(Compositions)
xA;i + xB;i + xC;i = 1 i = 5; 16; 9; 13; 14; 16
(Sharp Split)
xB;6 = xC;6 = xA;9 = xC;14 = xA;18 = xB;18
where all variables are nonnegative.
10.4. The Quadratic Knapsack Problem

The quadratic knapsack problem is given as
min
cT x + 21 xT Qx
x

=
=
=
=

0
0
0
0

= 0 j = A; B; C
= 0 j = A; B; C
=
=
=
=
=

0 j = A; B; C
0 j = A; B; C
30
50
30

=0
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s:t: aT x =
xL  x  x U :

This problem occurs frequently in resource allocation, multicommodity network
ow problems, and problems in logistics among others. In resource allocation,
for example, represents the total amount of resource, and ai is the consumption of this resource by the ith activity. The presence of the \knapsack" constraint in the formulation makes this problem much easier to solve. Various approaches have been proposed for this problem (Pardalos and Kovoor, 1990; Ye, 1990;
Vavasis, 1992). Of these approaches, the interior point algorithm of Ye (1990) is the
only one guaranteed to converge to the global minimum in polynomial time.
10.5. IC Circuit Layout and Compaction

One of the most challenging and error prone parts of IC design is low level cell
layout. Given a logical design, there are several possible ways to map the layout
geometrically. Often, it is desirable to consider this problem in the context of compaction, that is, as the problem of nding the minimum of the area function subject
to linear and nonlinear constraints. Given a two-dimensional layout, variables in
the formulation represent the position of a particular symbol in the logical diagram.
Consider, for example, any two components on the circuit, whose coordinates may
be given by (x1; y1) and (x2 ; y2). The geometric restrictions on layout can then occur
due to separation rules that require that the two components be at least a certain
distance apart. Such constraints then take the form
x2 ? x 1  d 1
or

y2 ? y1  d2
where d1 and d2 are minimum distance requirements. Another form of constraints
can be imposed due to connectivity requirements, which again take the form of linear
inequalities. These and other constraints constitute the feasible region for a set of
points (xi; yi ). The area occupied by a cell composed of several such components
can then be given as
f(x; y) = (Tx ? Sx)(Ty ? Sy)
Thus, the compaction problem becomes one of quadratic minimization:
min f(x; y)

x;y2

where is the feasible region de ned by the set of linear inequalities. For further
discussion on this problem, see Kedem and Watanabe (1983).
A similar model arises in the layout problem, which requires a combination of
space and communication costs to be minimized. This corresponds to the rectangular
dualization problem. An example of such a model, which has quadratic constraints,
is shown below:
min xa ya + xbyb + xc yc + xd yd + xe ye + xf yf
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? x d + xe
?xa + xb ? xd + xe
?xa + xc ? xd + xf
?yc + yf
?ya ? yb ? yc + yd + ye + yf
xb ? x c
ya ? yd
s:t:

=
=
=
=
=

0
0
0
0
0
1
1
xa ya  30
xbyb  20
xc yc  20
xd yd  25
xe ye  15
xf yf  20
xa  5; xb  5; xc  2; xd  4; xe  4; xf  5
ya  5; yb  2; yc  5; yd  4; ye  5; yf  5
For more details, the reader is referred to Maling et al. (1982).
10.6. Optimal Design of trusses

The structural design of trusses typically involves the minimization of the total
weight of the structure. Such problems have a large eld of practical applications
and often result in bilinear models. A typical problem is shown below (Sim~oes,
1987):
min x1 + x2 + x3
s:t: x1x4 + x3 x6
3x1x4 + 1:2x2x5 ? x3 x6
5x4 + x5 + x6
0:1  x1
0:1  x2
0:1  x3
0:0  x4
0:0  x5
?2:5  x6

=0
= 10
 2:5
 5:0
 5:0
 5:0
 2:5
 2:5
 0:0

10.7. Robust Stability Analysis of Feedback Control Systems

Feedback controllers are widely used to stabilize plant operations in various processes. Because of mismatches between the plant model being used and the physical
system, it is important that the controller be designed for robustness, i.e. to satisfy
stability and performance requirements for a range of values for the parameters of
the plant model. A typical example of a problem (de Gaston and Sofonov (1988))
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Disturbances
Controller

e
Set Point

λ+2
λ+10

Plant Model
q

u

y

1

λ(λ+ q 2 ) (λ+ q 3 )

Fig. 3.

involving the analysis of the robust stability of feedback control structures with real
parametric uncertainty is shown in Figure 3. The y variables are the measured variables from the plant output, u are the manipulated variables, and e are the errors
between the measured values and desired set points for the measured variables. 
refers to the variables in the Laplace domain. The variables q1, q2 and q3 are three
parameters in the plant model, with nominal values of 800, 4 and 6, but these values
can vary due to uncertainty. The requirement that the controller be robust leads
to the following quadratically constrained optimization problem (see Psarris and
Floudas (1993) ):
min x6
s:t:

x5 y1 ? (x4 + 10x2 + 10x3)y1 + 2x1
(x2 + x3 + 10)y1 ? 10x4 ? x1
x4 ? y2 x3
x5 ? y1
x2 ? y2
800 ? 800x6 
4 ? 2x6 
6 ? 3x6 

=
=
=
=
=
x1
x2
x3

0
0
0
0
0

 800 + 800x6
 4 + 2x6
 6 + 3x6

x 2 X; y 2 Y
where x1 = q1, x2 = q2, x3 = q3, x4 = q2q3, x5 =  and x6 is the stability margin
for the control problem.
Detailed discussions of the importance of real parameter uncertainty as a tool for
robustness analysis in control systems can be found in Ackermann (1993). See Psarris
and Floudas (1993) for more details on the solution of such quadratic problems.
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Problem
1
2
3
4
5
6
7
8
9
10
11

Problem size
nx ny m
2 4 8
2 4 16
3 5 20
3 5 24
6 3 24
7 4 24
4 7 20
5 4 24
4 5 24
7 6 20
7 7 24
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CPU Times
S-A A-F
4.1 89+
4.4 4.5
5.4 105+
3.7 3.7
7.8
81
14.1 30.0
20.0 25.0
11.0 84+
14.3 14
27.0 28.0
69.0 163+

TABLE I
Random runs of bilinear problems using the
algorithms of Al-Khayyal and Falk (1983)
and Sherali and Alameddine (1992)

11. Summary of Computational Results
The real test of any algorithm comes in how well it performs in an ecient implementation. For most of the algorithms discussed in the preceding sections, very
little computational results have been reported. In this section, we summarize the
best known algorithms for the various classes of quadratic problems in terms of the
computational e ort required. Almost all of the results reported consider randomly
generated test problems. Often, the solution times for the algorithms can vary a lot
depending on the type of problems generated. Therefore, while the results presented
here are indicative of the general performance of the algorithm, they should not be
taken as criteria for evaluating one algorithm vis a vis another algorithm.
11.1. Bilinear Programs and Quadratically Constrained Problems

For problems of the form (10), computational results for three algorithms are available. The performance of two of these algorithms, due to Al-Khayyal and Falk
(1983) and Sherali and Alameddine (1992) is shown in Table I. In Table II is given
the performance of the GOP algorithm as described in Floudas et al. (1993).
Several instances of the pooling problem (which has bilinear constraints) have
been studied by Visweswaran and Floudas (1993) and Ben-Tal and Gershovitz
(1992). The results for these problems are given in Table III.
11.2. Concave Quadratic Problems

For concave quadratic problems, the branch-and-bound algorithm of Phillips and
Rosen (1988) and the GOP algorithm of Visweswaran and Floudas (1993) have been
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Problem Size
nx ny m
5 10 15
5 15 20
5 20 25
5 25 30
5 30 35
5 35 40
5 40 45
5 45 50
10 10 20
10 15 25
10 25 35

Iterations and CPU
Iter.
Cpu.
1.800
0.356
2.400
0.386
4.400
5.192
4.200
1.046
5.400
5.662
4.750
34.000
7.500
306.720
6.333
120.217
3.800
3.566
6.750
11.957
4.000
21.060

TABLE II
Randomly Generated Bilinear Problems Solved Using the GOP Algorithm
(Floudas et al., 1993)

Problem No.
1.
2.
3.
4.

GOP
Ben-Tal & Gershovitz
m Iterations.
Dual Problems
7
7
25
19
19
339
24
47
438
24
42
283

Problem Size

nx
8
15
32
32

ny
1
2
6
6

TABLE III
Pooling Problems From Ben-Tal and Gershovitz (1992)

applied to similar categories of problems. Two classes of problems were considered
- a set of small example problems and a large number of randomly generated test
problems. For both cases, the problems considered have the following form:
min (x; y) = 1 '(x) + 2 dty
x;y2
where
' = 0:5

n
X
i=1

i (xi ? !i )2;

= f(x; y) : A1 x + A2 y  b; x  0; y  0g;
x; ; ! 2 <n;
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<k ;
<mn
<mk
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y; d 2
A1 2
A2 2
1 ; 2 2 <:
Here, m is the number of linear constraints, n is the number of concave variables
(x), and k is the number of linear variables (y). The parameters 1 and 2 are -1
and 1 respectively, and the relative tolerance for convergence between the upper and
lower bounds () is 0.001.
Problem Problem Size GOP Algorithm
P&R
m n k
CPU (HP730) CPU (CRAY2)
example 5 2 0
1.09
0.026
prob1
5 6 0
0.54
0.022
prob2
5 6 0
0.55
0.020
prob3
5 6 0
0.45
0.026
prob10 4 2 0
1.17
0.017
prob11 4 3 0
1.48
0.015
prob12 4 3 0
1.50
0.014
prob13 10 3 0
0.68
0.022
prob14 10 3 0
0.82
0.020
prob15 4 4 0
2.03
0.029
prob20 9 2 1
8.98
0.023

m = Number of constraints
n = Number of concave variables
k = Number of linear variables
TABLE IV
Concave Quadratic Problems from Phillips and Rosen (1988) using the algorithms of Phillips and Rosen (1988) and Visweswaran
and Floudas (1993)

Table IV contains the results for 11 example problems from Phillips and Rosen
(1988). Solution times for the randomly generated test problems are reported in
Table V. In this table, the times of the algorithm of Phillips and Rosen for sequential
and (4) parallel processors are given in columns P&R1 and P&R2. Note that the
cpu times reported for the Phillips-Rosen algorithm are for the CRAY2, while the
times for the GOP algorithm are on an HP730.
11.3. Indefinite Quadratic Problems

For the case of the inde nite quadratic problem with box constraints, computational
results are presented for two algorithms, the global optimization algorithm of Hansen
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Run
1
2
3
4
5

Problem size
CPU Time
m n k P&R1 P&R2 GOP
20 25 100 4.5
1.5
16.508
20 25 200 27.5
9.0
33.149
20 25 400 58.0
19.0 82.026
20 50 100 28.0
7.0
46.761
20 50 200 45.0
15.0 108.968

TABLE V
Random runs for concave quadratic problems using the algorithms of Phillips and Rosen (1988) and
Visweswaran and Floudas (1993)

Density (%)
10
20
30
40
50
60
70
80
90
100

CPU for Problem size
20
30
40
50
60
70
80
0.08 0.13 0.36
1.14 92.32 81.13 488.06
0.13 0.70 8.90 132.30 |
|
|
0.23 3.39 143.0
|
|
|
|
0.51 9.12
|
|
|
|
|
1.07 50.85 |
|
|
|
|
1.15 116.2 |
|
|
|
|
3.81 160.9 |
|
|
|
|
8.82
|
|
|
|
|
|
8.12
|
|
|
|
|
|
17.87 |
|
|
|
|
|
( | indicates problems could not be solved).

TABLE VI
Results of runs of the algorithm of Hansen et al. (1991) for quadratic problems with box constraints

et al. (1991), and the local optimization algorithm of Coleman and Hulbert (1989).
These results are given in Tables VI, and VII. These results indicate that both the
density and type of eigenvalues play crucial roles in the performance. As the number
of negative eigenvalues increases, the problem behaves more like a concave quadratic
problem, with the solution likely to lie at a vertex. Consequently, the solution times
are less for these problems. It can be seen that due to the sparsity of the problems
considered in Table VII (which consider about 4% dense problems) it is possible
to solve much larger problems in reasonable time. As the density of the matrix D
increases to 100%, it becomes impossible to solve any but the smallest size problems.
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No. variables CPU for % Negative Eigenvalues
10
50
90
503
193.76 62.86
34.38
1005
523.36 503.34
461.04
2680
1009.5 1092.96
873.78
TABLE VII
Results of runs of the algorithm of Coleman and
Hulbert (1989) for large sparse quadratic problems
with box constraints

Run

Problem size GOP Algorithm
m n k
Iter
CPU
1 20 25 0
2.61 21.552
2 20 25 50 6.87 50.703
3 20 25 100 11.32 121.718
m = Number of constraints
n = Number of concave variables
k = Number of linear variables

TABLE VIII
Random runs of inde nite quadratic problems for the GOP algorithm (Visweswaran
and Floudas, 1993)

Table VIII gives the results of runs of the GOP algorithm of Visweswaran and
Floudas (1993) for large inde nite quadratic problems. As the number of linear variables increases, the size of the linear relaxed dual problems solved at each iteration
increases.

Conclusions
In this chapter, we have reviewed the proposed global optimization approaches for
quadratic programming and quadratically constrained problems. Starting with the
de nition of the general quadratic programming problem and its classi cation, we
discussed the local and global optimality conditions, as well as complexity issues.
Subsequently, we discussed the theoretical and algorithmic developments in bilinear,
concave, and inde nite quadratic programming. The important class of problems,
from the application point of view, of quadratically constrained problems and decomposition based global optimization approaches for such problems were discussed
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next. After a brief discussion on the relation between quadratic programming and
linear complementarity problems, we presented several examples of important application areas for quadratic programming and quadratically constrained problems.
Finally, we discussed the computational results for a number of global optimization
approaches.
From this review, it becomes clear that there has been a signi cant progress, especially in the last decade, towards the theoretical and algorithmic development of
global optimization approaches for quadratic programming and quadratically constrained problems. At the same time however, the available computational studies
of proposed global optimization algorithms on either randomly generated test problems or actual applications of engineering design and control described in section
11, indicate the current limitations and the need for future work. The diculty of
the reviewed classes of global optimization problems can be attributed to two main
features. The rst characteristic is the degree of nonconvexity which is associated
with the number and balance of the mixed-sign eigenvalues of the Hessian Q for
the general quadratic programming problem for instance. The second characteristic
is related to the sparsity of the the objective function and constraints, as well as
the relative contribution of the nonconvex terms versus the linear or convex terms.
Based on the existing computational experience, there now exist a number of ecient
global optimization algorithms that can address medium to large size sparse concave
quadratic programming problems. The classes of bilinear and inde nite quadratic
programming appear to be more challenging, and the existing global optimization
approaches are e ective only for small to medium size problems that have desirable
sparsity characteristics. The important class of quadratically constrained problems,
for which a few existing global optimization algorithms can be applied, is also very
challenging even though very encouraging computational results have been reported
for application problems whose mathematical structure is exploited e ectively.
The classes of bilinear and inde nite quadratic programming, and quadratically
constrained problems with linear or quadratic objective function deserve serious attention with respect to both new theoretical, algorithmic, and computational studies
so as to succeed in addressing medium to large size global optimization problems
e ectively. Furthermore, it is expected that global optimization approaches that
take advantage of the special mathematical structure exhibited in a number of important application areas may become more ecient and capable of addressing these
problems at the expense however of being less general.
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