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Abstract

We have recently proposed an extension @aB0OOST to regression
that uses the median of the base regressors as the finalgegrasthis
paper we extend theoretical results obtained fonB00sTto median
boosting and to its localized variant. First, we extend nécesults on ef-
ficient margin maximizing to show that the algorithm can cenge to the
maximum achievable margin within a preset precision in adinumber
of steps. Then we provide confidence-interval-type boumdsie gener-
alization error.

1 Introduction

In a recent paper [1] we introduced EMWBOOST, a boosting algorithm that trains base
regressors and returns their weighteeédianas the final regressor. In another line of re-
search, [2, 3] extended B’AB0OOST to boostlocalizedor confidence-rateégxperts with
input-dependent weighting of the base classifiers. In [4pvapose a synthesis of the two
methods, which we call .cMEDBOOST. In this paper we analyze the algorithmic con-
vergence of MDBoosTand LOcCMEDBOOST, and provide bounds on the generalization
error.

We start by describing the algorithm in its most general faanmd extend the result of [1] on
the convergence of thebust (marginal)training error (Section 2). The robustness of the
regressor is measured in terms of the dispersion of the egppulation, and with respect to
the underlying average confidence estimate. In Section Znafy/ze the algorithmic con-
vergence. In particular, we extend recent results [5] ogieffit margin maximizing to show
that the algorithm can converge to the maximum achievabigimavithin a preset preci-
sion in a finite number of steps. In Section 4, we provide cemia-interval-type bounds
on the generalization error by generalizing results oletdifor ADABOOST[6, 2, 3]. As

in the case of AABOOST, the bounds justify the algorithmic objective of minimigithe
robust training error. Note that the omitted proofs can henfbin [4].

2 The LocMEDBOOST algorithm and the convergence result

For the formal description, let the training databg = ((x1,41), ..., (X5, ys)) Where
data pointsx;,y;) are from the seR? x R. The algorithm maintains a weight distribu-
tion w(t) = (wgt), e ,wﬁf)) over the data points. The weights are initialized uniformly



LocMEDBOOST(D,,, Cc(y',y), BASE(D,,, w), 0,T)
1 w— (1/n,...,1/n)
2 fort —1toT
3 (R, k®) — BASE(D,,, w) > see (1)
4 fori— 1ton
5 0; — 1 —2C (M (x;),y;) > base rewards
6 ki — KO (x4) > base confidences
7 alt) — arg min e?® Z w(t) —aridi
i=1
if ¥ = o0 >kl > poforalli=1,...,n
return f(-) = medg, () (h(-))

10 if alt) <0 > equivalent toz wg%ei <o
=1
11 return f=1(.) = medy () (h(-))
12 fori— 1ton
13 w£t+1)<_w§t) exl(at() aWk;0;) :wgt)w
> w; exp(—ak;6;) Z
14 return f) () = medg 4y (h("))

Figure 1. The pseudocode of theoEMEDBOOST algorithm. D,, is the training data,
Ce(y',y) > I{jy—y|>e is the cost function, BSg(D,,, w) is the base regression algo-
rithm, o is the robustness parameter, ahds the number of iterations.

in line 1, and are updated in each iteration in line 13 (FiglireWe suppose that we are
given abase learnemlgorithm Basg(D,,, w) that, in each iteration, returns abase hy-
pothesisthat consists of a real-valudshse regressoh(!) € H and a non-negativbase
confidence functior(*) € K. In general, the base learner should attempt to minimize the
base objective

(D) =23 Wk () C (hO (), 1) - &, M)

whereC.(y,y’) is ane-dependent loss functiaatisfying

Cey,y) > COV(y,y) =I{ly—y/| > e}, )

and .
R = Z wirt (x;) 3

=1

is the average confidencef x(*) on the training set. Intuitivelyegt) (D,,) is a mixture
of the two objectives of error minimization and confidencexmmazation. The first term
is a weighted regression loss where the weight of a pejnis the product of its “con-

stant” Weightwgt) and the confidence® (x;) of the base hypothesis. Minimizing this

The indicator functionl { A} is 1 if its argumentd is true and) otherwise.



term means to place the high-confidence region of the bases®ay into areas where the
regression error is small. On the other hand, the mininmozatif the second term drives the
high-confidence region of the base regressor into denss.afdter Theorem 1, we will
explain the derivation of the base objective (1).

To simplify the notation in Figure 1 and in Theorem 1 below, dedine thebase rewards

61@ and thebase confidencesgt) for each training pointx;,y;), ¢ = 1,...,n, base re-
gressorh(*), and base confidence functieff), t = 1,...,T, as
0 =1 —20C.(h(x;),y;) and k! =k (x,), 4)

respectively

After computing the base rewards and the base confidencegem3 and 6, the algorithm
sets the weight(Y) of the base regressaf?) to the value that minimizes thexponential
loss

E(f — oo Z w) —am@,,, (5)

wherep is arobustnesparameter that has a role in keeping the algorithm in its atpey
range, in avoiding over- and underfitting, and in maximizthg margin (Section 3). If

k:0; > o for all training points, them® = oo and E{” (a®) = 0, so the algorithm
returns the actual regressor (line 9). Intuitively, thisame that the capacity of the set of
base hypotheses is too large, so we are overfitting.!lf < 0, the algorithm returns the
regressor up to the last iteration (line 11). Intuitivelyistmeans that the capacity of the
set of base hypotheses is too small, so we cannot find a hewrégisssor that would
decrease the training loss. In generdl!) can be found easily by line-search because of

the convexity ofEét) («). In some special cases{) can be computed analytically.

In lines 9, 11, or 14, the algorithm returns the weighted raedf the base regressors.
For the analysis of the algorithm, we formally define the firggressor in a more general

manner. First, lef(t) = ZT al® — be the normalized coefficient of the base hypothesis
(h®, k®), and let

T T ) ,.(t
<ﬂ@:2a%w@22§gﬁﬁﬁ ©
— Zt:l alt)

be theaverage confidence functidafter theT'th iteration. Letfg)(x) andf () (x) be the

i 1+p/cM(x) ) 1-p/cM () - i
weighted 5 and 5 quantiles respectively, of the base regressors
M (x), ..., hT)(x) with respective weighta™ k(M (x), ..., oM k(1) (x) (Figure 2(a)).
Formally, for anyp € R, if —c(™)(x) < p < M) (x), let

P x) = min{h(j)(X): S a0 IR < B0} _ 1w } (7)

j ST ag0)(x) 2
T .
£ ) = mix {19 ) : Dz @RIV > hOG9) L g |
- j S a®Wk(x) 2

otherwise (including the case wheff) (x) = 0) let fg) (x) = p - (4+00) andf(T)( )
p- (—o0)*. Then theweighted mediais defined ag'™)(-) = meda (. (h(-)) = £ ().

Note that we will omit the iteration inde%) where it does not cause confusion.
3Not to be confused witik*) in (3) which is the averageaseconfidencever the training data
“In the degenerative case we defineco = 0/0 = oo



N \ ~yi+€

(b)

Figure 2: (a) Weighteté%%) -and (%m(x))—quantiles, and the weighted me-

dian of linear base regressors with equal weights = 1/9, constant base confidence
functionsk(x) = 1, andm = 0.25. (b) p-robuste-precise regressor.

To assess the final regressif) (), we say thatf()(-) is p-robuste-preciseon (x;, y;)

if and only if f( )(xz) < y; + ¢, andf(T)(xl) > y; — €. Forp > 0, this condition is
equivalent to both quantiles being in thetube aroundy; (Figure 2(b)).

In the rest of this section we show that the algorithm mingsizhe relative frequency
of training points on whichf(™)(.) is not p-robuste-precise. Formally, let thg-robust
e-precise training errorof f(7) be defined as

LP (1)) = ZI{ (xi) >yi+e V f(T)(x1)<yl—e}5 9)

If p =0, LO(f(T)) gives the relative frequency of training points on which tegressor
™) has a larger; error thare. If we have equality in (2), this is exactly the average loss
of the regressof (™) on the training data. A small value f@r® (f(7)) indicates that the
regressor predicts most of the training points witprecision, whereas a small value for
L) (1)) with a positivep suggests that the prediction is not only precise but alsosbb
in the sense that a small perturbation of the base regressargheir weights will not
increaseL(”)(f(T)). For classification with bi-valued base classifiers R? — {—1,1},

the definition (9) (withe = 1) recovers the traditional notion of robust training erhiat

is, L) (f(T)) is the relative frequency of data points witiarginsmaller tharp.

The following theorem upper bounds therobuste-precise training errof.(*) of the re-
gressorf(") output by LOCMEDBOOST.

Theorem 1 Let L) (£(T)) defined as in (9) and suppose that condition (2) holds for the
loss functionC' (-, -). Define the base reward?ét) and the base confidenceg) asin (4).

Let wgt) be the weight of training poink; after thetth iteration (updated in line 13 in
Figure 1), and leta® be the weight of the base regresgdf)(-) (computed in line 7 in
Figure 1). Then for alp € R

T
L(P) H E (t) (10)

t=1

whereE” (a®) is defined in (5).

SFor the sake of simplicity, in the notation we suppress the factifdtdepends on the whole
sequence of base regressors, base confidences, and weighbislyran the final regressgf?’.



The proof is based on the observation that if the median obése regressors goes further
thane from the real responsg at training pointx;, then most of the base regressors must
also be far fromy;, giving small base rewards to this point.

The goal of LocMEDBOOSTIs to minimizeL(®) (f(T)) atp = ¢ so, in view of Theorem 1,

our goal in each iterationis to minimizeEét) (5). To derive the base objective (1), we
follow the two step functional gradient descent procediie that is, first we maximize
the negative gradient £, (a) in a = 0, then we do a line search to determim@ . Using

this approach, the base objective becomé®,,) = — Z?:l wg%az-, which is identical

to (1). Note that sincéZ} (a) is convex andES” (0) = 1, a positiveat) means that

min, Eﬁf)(a) = Eét)(ow) < 1, so the condition in line 10 in Figure 1 guarantees that the
upper bound of (10) decreases in each step.

3 Setting o and maximizing the minimum margin

In practice, AbABoosTworks well with o = 0, so settinge to a positive value is only
an alternative regularization option to early stopping. the case of bCMEDBOOST,
however, one must carefully choogeo keep the algorithm in its operating range and to
avoid over- and underfitting. A too smallmeans that the algorithm can overfit and stop in
line 9. In binary classification this is an unrealistic sttaa: it means that there is a base
classifier that correctly classifies all data points. On ttieeohand, it can happen easily
in the abstaining classifier/regressor model, whén(x) = 0 on a possibly large input
region. In this case, a base classifier can correctly clagsifa base regressor can give
positive base reward% to) all data points on which it does not abstain, sp i 0, the
algorithm stops in line 9. At the other end of the spectrunaygdo can make the algorithm
underfit and stop in line 11, so one needs tosedrefully in order to avoid early stopping
inlines 9 or 11.

From the point of view of generalizatiop,also has an important role as a regularization
parameter. A largep decreases the stepsia€’) in the functional gradient view. From
another aspect, a largedecreases the effective capacity of the the class of basdteges
by restricting the set of admissible base hypotheses tethaging small errors. In general,
o has a potential role in balancing between over- and undedisb, in practice, we suggest
that it be validated together with the number of iteratidhand other possible complexity
parameters of the base hypotheses.

In the context of AABOOST, there have been several proposals toset an adaptive
way to effectively maximize the minimum margin. In the rektios section, we extend the
analysis ofmarginal boosting5] to this general case. Although the agressive maxinorati
of the minimum margin can lead to overfitting, the analysis peovide valuable insight
into the understanding ofdcMEDBOOSTand so it can guide the setting @fn practice.

For the sake of simplicity, let us assume that base hypaottiése) come from a finite sét
H with cardinality N, and letH® = {(h®), kM), ... (k¥ ")} be the set of base

hypotheses after thh iteration. Let us define thedgeof the base hypothes(g, x) € Hy
as

V() (W) = Zwiﬁiai = Zwiﬂ(xi) (1 —2C (h(xi)vyi))a
i=1 i=1

and themaximum edgén the tth iteration asy*") = max, x)ern Y(ne) (W®). Note
thaty(, ) (w) = —ei(Dy,), S0 with this terminology, the objective of the base leaiser

5The analysis can be extended to infinite base sets along the lines of [5].
"For the sake of simplicity, in the notation we suppress the dependengg ofon D.,,.



to maximize the edge") = v, . (w") (if the maximum is achieved, thef") =

~*(®), and the algorithm stops in line 11 if the edg is less tharp. On the other hand,
let us define thenarginon a point(x, y) as the average rewdrd

_— Zam (g Zam 00 (1- 26, (19 (x).) ).

Let us denote thm|n|mum margirover the data points in thih iteration by

w(t) _ ot
min x, , 11
P i » (") (11)
wherea!!=Y = (a, ..., a(*=1) is the vector of base hypothesis coefficients up to the

(t — 1)th iteration.

It is easy to see that in each iteration, the maximum edge tbhéebase hypotheses is at
least the minimum margin over the training points:
(1) _

(t) > . (tfl) —
T BB 00 V) 2 iy P =

(1)

Moreover, as several authors (e.g., [5]) noted in the cardEADABOOST, by the Min-
Max-Theorem of von Neumann [8] we have
=min ma . max min =p",
7" = mi WA Vn, ) (w) = ax i P (@) =p
so the minimum achievable maximal edge by any weighting thestraining points is equal

to the maximum achievable minimal margin by any weightingrahe base hypotheses.
To converge te* within a factorv in finite time, [5] sets

@ _ min AW —
Orw = jnlllnt’Y v,

.....

and shows that* (") exceedg* — v after Plﬁﬂ + 1 steps.

In the following, we extend these results to the general cdeCMEDBOOST. First we
define theminimum and maximum achievable base rewéyls

Pmin = min min  k(x )(1—2C€(h(x),y)), (12)

(h,k)EHN (x,y)ED,,

puw = max | max () (1= 20(h(9).9) ). 13

respectively. Letd = prax — Pmin, 79 = 7Y — prin, andp® = o) — p 5 9

Lemma 1 (Generalization of Lemma 3 in [5]) Assume thap,,;, < o¥) < ~®). Then

o ) A— A—3®
(t) (t) _ o Y
E n (@) <exp { e log (7()> o0 log<A§(t)>} . (14)

Finite convergence of tcMEDBoOSTboth with o) = o = const. and with an adaptive
o® = 0" is based on the following general result.

Theorem 2 Assume thap®) < ~®) — v, Letp = 71 a®o®), ThenL® (f(T)) = 0o
(sop*® > p) after at mosf’ = [Az logﬂ + 1 iterations.

2u2

8For the sake of simplicity, in the notation we suppress the dependengg pfonH .
°In binary classificationpmin = —1, pmax = 1, A = 2,7 = 1+ v® andg® = 1 + o®.



The first consequence is the convergence ©EM EDBOOSTwWith a constanp.

Corollary 1 (Generalization of Corollary 4 in [5]) Assume that the weak learner always
achieves an edge®™ > p*. If pnin < 0 < p*, thenp*® > , after at mostT” =
{ﬁjf—ﬁ’)ﬂ + 1 steps.

The second corollary shows thatdfis set adaptively t@%%,v then the minimum margin
p* will converge top* within a precisionv in a finite number of steps.

Corollary 2 (Generalization of Theorem 6 in [5]) Assume that the weak learner always
achieves an edge®) > p*. If pmin < 0 =+ — v, v > 0, thenp*™® > p* — v after at
mostT’ = [Az IOg”W + 1 iterations.

202

4 The generalization error

In this section we extend probabilistic bounds on the gédizetaon error obtained for
ADABOOST[6], confidence-rated BABOOST[2], and localized boosting [3]. Here we
suppose that the data g@f, is generated independently according to a distribuffoover
R? x R. The results provide bounds on the confidence-intervas-gpor

L(F D) =Py [|fD(X) -] > ],

where (X, Y) is a random point generated accordingRandependently from points in
D,,. The bounds state that with a large probability,

L(f™) < L@ (D)) + C(n, p, H, K),

where the complexity ternd’ depends on the size or the pseudo-dimension of the base
regressor sek{, and the smoothness of the base confidence functioks #&s in the case

of ADABOOST, these bounds qualitatively justify the minimization oétrobust training
error L) (1),

Let C be the set of combined regressors obtained as a weightedmeflbase regressors
from H, that is,

C={f() =medgy (s (h(-))[h e HY,a e R*" k € KV, N € Z"}.
In the simplest case, we assume tHaits finite and base coefficients are constant.

Theorem 3 (Generalization of Theorem 1 in [6]) Let D be a distribution ovelR? x R,
and letD,, be a sample ofi points generated independently at random accordin@to
Assume that the base regressor &eis finite, andiC contains onlyx(x) = 1. Then with
probability 1 — ¢ over the random choice of the training sef,, any f € C satisfies the
following bound for allp > 0:

, 1 (lognlog|H 1\'?
L(f)<L<P>(f)+o<%<%§g||+1ogg) >

Similarly to the proof of Theorem 1 in [6], we construct a s&f that contains
unweightedmedians of N base functions froniH, then approximatef by g(-) =
med; (h1(~), .. .,hN(-)) € Cy where the base functions; are selected randlomly ac-
cording to the coefficient distributiotx. We then separate the one-sided error into two
terms by

Pp[f(X)>Y +€ <Pplgsi(X) >Y +e| +Pplge(X) <Y +¢|f(X)>Y +¢,



and then upper bound the two terms as in [6].
The second theorem extends the first to the case of infinite fegsessor sets.

Theorem 4 (Generalization of Theorem 2 of [6]) Let D be a distribution ovelR? x R,
and letD,, be a sample ofi points generated independently at random accordin@to
Assume that the base regressor&ehas pseudodimensign and contains onlys(x) =
1. Then with probabilityl — ¢ over the random choice of the training set,, any f € C
satisfies the following bound for gl > 0:

2 1/2
L(f) < LY(f)+ 0 (;ﬁ (plogpgn/p) +10g(15> ) .

The proof goes as in Theorem 3 and in Theorem 2 in [6] until waenfpound the shatter
coefficient of the sefd = {{(X,y) gs(X)>y+ef:g€eln,p=0,7%,. ., %} by

(N/2+1)(en/p)PYN wherep is the pseudodimension f (or the VC dimension ot{, =
{{(x,y) ch(x) >y} :he H})
In the most general cagé can contain smooth functions.

Theorem 5 (Generalization of Theorem 1 of [3])Let D be a distribution ovelR? x R,
and let D,, be a sample of, points generated independently at random accordin@®to
Assume that the base regressor Bchas pseudodimensiagn and K contains functions
x(x) which are lower bounded by a constantand which satisfy for alk, x’ € R¢ the
Lipschitz conditionx(x) — k(x')| < L||x — x'||s. Then with probabilityl — & over the
random choice of the training sé,,, any f € C satisfies the following bound for all > 0:

2 1/2
L(f) < L9(f) + 0 (1 ((L/(am)dgog 01012 > |

vn
5 Conclusion

In this paper we have analyzed the algorithmic convergehteacMEDBOOSThy gener-
alizing recent results on efficient margin maximizationg @novided bounds on the gener-
alization error by extending similar bounds obtained faABOO0OST.
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