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Abstract
We describe fully polynomial time approximation schemes for various multicommodity ow
problems in graphs with m edges and n vertices. We present the rst approximation scheme
for maximum multicommodity ow that is independent of the number of commodities k, and
our algorithm improves upon the runtime of previous algorithms by this factor of k, performing
in O (?2 m2 ) time. For maximum concurrent ow, and minimum cost concurrent ow, we
present algorithms that are faster than the current known algorithms when the graph is sparse
or the number of commodities k is large, i.e. k > m=n. Our algorithms build on the framework
proposed by Garg and Konemann [4]. They are simple, deterministic, and for the versions
without costs, they are strongly polynomial.
Our maximum multicommodity ow algorithm extends to an approximation scheme for
the maximum weighted multicommodity ow, which is faster than those implied by previous
algorithms by a factor of k= logW where W is the maximum weight of a commodity.
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1 Introduction
A multicommodity ow problem is de ned on a directed network G = (V; E ) with capacities
u : E ! R and k source-sink terminal pairs (si ; ti); 1  i  k. The problem is to nd ows fi from
si to ti that satisfy node conservation constraints and meet some objective function criteria so that
the sum of ows on any edge does not exceed the capacity of the edge. Let jfi j denote the amount
of ow sent from si to ti in fi . For theP
maximum multicommodity ow problem, the objective is
to maximize the sum of the ows: max i jfi j. For the maximum concurrent ow problem, there
are demands di associated with each commodity i, and the objective is to satisfy the maximum
possible proportion of all demands: max ; jfi j  di 8i. If there are costs c(e) associated with a
unit of ow on edge e, the minimum cost concurrent ow problem is to nd a maximum concurrent
ow of minimum cost, where the cost of a ow is the cost of sending ow on each edge of the graph,
summed over all the edges carrying ow.
Our goal is to nd an -approximate solution for any error parameter  > 0. For the maximization
problems, an -approximate solution is a ow that has value at least (1 ? ) times the maximum
value. For versions with costs, an -approximate solution is ow that has value at least (1 ? )
times the maximum value and has cost at most the optimal cost. For each problem discussed in this
paper, we describe a fully polynomial-time approximation scheme (FPTAS) to solve the problem.
A FPTAS is a family of algorithms that nds an -approximate solution in time polynomial in
the size of the input and 1=. Here, the size of the input is speci ed by the number of nodes n,
the number of arcs m, and the largest integer M used to specify any of the capacities, costs, and
demands. To simplify the run times, we use O (f ) to denote f logO(1) m.
There has been a series of papers providing FPTAS's for multicommodity ow problems and generalizations. These approximation schemes are all iterative algorithms modeled on Lagrangian
relaxations and linear programming decomposition techniques. Shahrokhi and Matula [19] give
the rst polynomial time, combinatorial algorithm for approximating the maximum concurrent
ow problem with uniform capacities, and introduced the use of an exponential length function to
model the congestion of ow on an edge. Klein, Plotkin, Stein, Tardos [12] improve the complexity
of this algorithm using randomization. Leighton et al. [13] extend [12] to handle graphs with arbitrary capacities, and give improved run times when capacities are uniform. None of these papers
considers the versions with costs. Grigoriadis and Khachiyan [8] describe approximation schemes
for block angular linear programs that generalize the uniform capacity maximum and minimum cost
concurrent ow problems. Plotkin, Shmoys, and Tardos [17] formulate more general approximation
schemes for fractional packing and covering problems, and describe an approximation scheme for
the minimum cost concurrent ow with general capacities. They also obtain improved run times
when all capacities are uniform. These last three papers all observe that it is not necessary to
exactly solve the subproblems generated at each iteration; it suces to obtain an approximate solution. The most theoretically ecient algorithms discussed in the above references are randomized
algorithms, although several also describe slower deterministic versions. Radzik [18] gives the rst
deterministic algorithm to match the run times of the fastest existing randomized algorithms for
the maximum concurrent ow problem. His algorithm uses a \round-robin" approach to routing
commodities. Karger and Plotkin [11] use this idea to obtain deterministic algorithms for minimum
cost concurrent ow that reduce the dependence on , to improve upon the fastest randomized algorithms. Grigoriadis and Khachiyan [9] reduce the dependence on  further to the current best
known ?2 with a specialized version of their initial algorithm. To get this improvement, they use
the fact that it is sucient to solve the subproblems approximately.
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problem

previous best
max multi ow
O(? km ) [10, 4]
max concurrent ow
O(? m(m + k) + k max ows) [4]
O(? kmn) [13, 18]
min cost concurrent ow O ((? m(m + k) + kmn) log M ) [4]
O(? kmn log M ) [9]
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Figure 1: Comparison of multicommodity ow FPTAS. O () hides polylog(m).
All of the above algorithms compute initial ows, and then reroute ow from more congested paths
to less congested paths. Young [21] proposes the rst scheme that does not explicitly use the residual
graph. This is a randomized algorithm. In contrast to the earlier algorithms, the subproblem in
Young's scheme is a shortest path computation, instead of a single commodity minimum cost ow
computation.
Shmoys [20] explains how the framework of [17] can be used to approximately solve the maximum
multicommodity ow problem. The subproblem he uses is also a shortest path problem. Grigoriadis
and Khachiyan [10] reduce the run time for approximately solving this problem by a factor of 1=
using a logarithmic instead of exponential potential function. Their algorithm can also provide
approximation guarantees for the minimum cost version.
Recently, Garg and Konemann [4] give simple, deterministic algorithms to solve both the maximum
multicommodity ow problem and the concurrent ow problems. Like the work in [21], their
algorithms do not maintain a residual graph and use shortest path computations as a subproblem.
For the maximum multicommodity ow problem, their algorithm matches the complexity in [10].
They obtain a small improvement in run time for the concurrent ow problems. Their main
contribution is to provide a very simple analysis for the correctness of their algorithms, and a
simple framework for positive packing problems.
We present faster approximation schemes for both maximum multicommodity ow and concurrent
ow problems. For the maximum multicommodity ow problem we give the rst approximation
scheme with run time that is independent of the number of commodities. It is faster than the best
previous approximation schemes by the number of commodities. For the maximum concurrent ow
problem, we describe an algorithm that is faster than the best previous approximation schemes
when the graph is sparse or there are a large number of commodities. In particular, our algorithm
is faster when k > m=n. See Figure 1 for comparison with previous work. Our algorithms build on
the framework proposed in [4]. They are deterministic and do not use the residual graph.
Fractional multicommodity ow problems can be solved in polynomial time by linear programming
techniques. However, these problems are typically quite large and can take a long time to solve
using these techniques. As discussed below, there are many applications of such problems. For this
reason, developing faster algorithms that deliver solutions that are provably close to optimal is of
interest. Experimental results to date suggest that these techniques can lead to signi cantly faster
solution times. For example, Bienstock [3] has reported speedups on the order of 20 times to obtain
approximate solutions via these methods versus the time needed to obtain similar approximate
solutions using standard linear programming techniques. (The speed up over the time to obtain
exact solutions is on the order of 1000). These experiments build on earlier experimental work
1 The extended abstract [4] makes stronger claims, but the actual achievable run times are correctly stated here [5].
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including [15, 9, 7].
One area of application for obtaining quick approximate solutions to fractional multicommodity
ow problems is the eld of network design. Given pairwise demands, it is desired to build a
network to route all demand. The network design problems encountered in practice are typically
NP-hard, and dicult to solve. In addition, it is often desired to develop many solutions for many
di erent scenarios. A fast multicommodity ow algorithm permits the designer to quickly test if the
planned network is feasible, and proceed accordingly. These algorithms can also be incorporated in
a branch-and-cut framework to optimize network design problems. For example, see Bienstock [2].
Another area of application is interest in solving the dual problems. The integer version of the dual
to the maximum multicommodity ow problem is the multicut problem. The multicut problem is,
given (si ; ti ) pairs, to nd a minimum capacity set of edges whose removal disconnects the graph
so that si is in a di erent component than ti , for all pairs i. Garg, Vazirani, and Yannakakis [6]
describe an algorithm to round the fractional solution to the LP relaxation that is the dual of
the maximum multicommodity ow problem to obtain a solution to the multicut problem that is
provably close to the optimal solution. The integer version of the dual to the maximum concurrent
ow problem is the sparsest cut problem. The sparsest cut problem is to nd the set S so that
the ratio of the capacity of edges leaving S divided by the sum of demands separated by S is
minimized. There have been several approximation results for this problem that again round the
fractional solution to the LP relaxation of the sparsest cut problem, most recently an algorithm of
London, Linial, and Rabinovich [16]. This, in turn can be used to approximate the balanced cut
problem [14]: the problem of partitioning the vertices of a graph into two sets of size at least jV j=3,
so that the total capacity of the edges that have one endpoint in each set is minimized.

2 Maximum multicommodity ow
Our work builds directly on the simple analysis given in [4]. We use the linear programming path
formulation of the maximum multicommodity ow problem. Let Pi denote the set of paths from
si to ti , and let P := [i Pi. Variable x(P ) equals the amount of ow sent along path P .
P
max PP 2P x(P )
x(P )  u(e)
8e :
(P)
P :e2P
8P : x(P )
 0:
The dual LP problem is to assign lengths to the edges of the graph so that the length of the shortest
path from si to ti is at least 1 for all commodities i. The length of an edge represents the marginal
cost of using an additional unit of capacity of the edge.
P
min Pe u(e)l(e)
l(e)  1
8P :
(D)
e2P
8e : l(e)
 0:
The algorithm starts with length function l   for an appropriately de ned  depending on m
and , and with a primal solution x  0. While there is a path in P of length less than 1, the
algorithm selects such a path and augments ow along this path. The amount of ow sent along
path P is determined by the bottleneck capacity of the path, using the original capacities. Denote
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this capacity by u. The primal solution is updated by setting x(P ) = x(P ) + u. Note that this
solution may be infeasible, since it will likely violate capacity constraints. However, it satis es all
other primal constraints. At the end of the algorithm, we will scale the nal primal solution so
that it is feasible.
After updating x(P ), the dual variables are updated by increasing the lengths of the edges exponentially in relation to the congestion of the edge. For edge e on P , the update is l(e) = l(e)(1+ uu(e) ).
The lengths of edges not on P remain unchanged. This update ensures that the length of the
bottleneck edge on P increases by a factor of (1 + ).
The key to the eciency of our algorithm lies in our selection ofPP . Garg and Konemann [4] show
that if P is selected so that P = argminP 2P l(P ), where l(P ) = e2P l(e), then the following series
of lemmas hold.

Lemma 2.1 The algorithm terminates after O(m log

 ) augmentations.

1+

 

1+

Lemma 2.2 The ow obtained by scaling the nal ow by log
Lemma 2.3 If ft is the nal ow value, then

ft

1+ 1+ 

log

1+
  is feasible.

1+

 (1 ? 2)OPT.

Since k shortest path computations are required to determine the minimum length path in P , this
implies an O (?2 km2 ) time approximation scheme for maximum multicommodity ow.

2.1 Our Improvement
We improve upon this algorithm by selecting P in a less costly manner. Instead of nding the
shortest path in P , we settle for some path within a factor of (1 + ) of the shortest, and show
that we can obtain a similar approximation guarantee. Given a length function l, de ne (l) :=
minP 2P l(P ). Denote the length function at the end of iteration i by li , and for ease of notation
let (i) = (li) . We show below in Theorem 2.4 that by augmenting in iteration i along a path P
such that l(P )  (1 + ) (i), the number of iterations is unchanged, and the nal scaled ow has
value at least (1 ? 4)OPT.
This enables us to modify the algorithm by reducing the number of shortest path computations.
Instead of looking at all commodities to see which source sink pair is the closest according to the
current length function, we cycle through the commodities, sticking with a commodity until the
shortest source to sink path for that commodity is above a 1+  factor times a lower bound estimate
of the overall shortest path. Let ^ (i) be a lower bound on (i). To start, we set ^ (0) =  . As
long as there is some P 2 P with P  minf1; (1 + )^ (i)g, we augment ow along P , and set
^(i +1) = ^ (i). When this no longer holds, we know that the length of the shortest path is at least
(1 + )^ (i ? 1), and so we set ^(i) = (1 + )^(i ? 1). Thus, throughout the course of the algorithm,
^ takes on values in the set f (1 + )i gi2N . Since (0)   and (t ? 1) < 1, (t) < 1 + . Thus,
when we stop, ^ (t) is between 1 and 1 + . Since each time we increase ^, we increase it by a 1 + 
factor, the number of times that we increase ^ is log1+ 1+  (which implies that the nal value of i
is log1+ b 1+  c).
Between updates to ^ , the algorithm proceeds by considering each commodity one by one. As
long as the shortest path for commodity j has length less than the minimum of 1 +  times the
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Input: network G, capacities u(e), commodity pairs (si; ti); 1  i  k, accuracy 
Output: primal (infeasible) and dual solutions x and l
Initialize l(e) =  8e; x  0.
for i = 1 to log   
for j = 1 to k do
P shortest path in Pj using l.
while l(P ) < minf1; (1 + )ig
1+

1+

u mine2P u(e)
x(P ) x(P ) + u
8e 2 P; l(e) l(e)(1 + uu(e) )
P shortest path in Pj using l.

end while
Return (x; l).

Figure 2: FPTAS for maximum multicommodity ow
current value of ^ and 1, ow is augmented along such a shortest path. When minP 2Pj  (1 + )^,
commodity j + 1 is considered. After all k commodities are considered, ^ is updated. Between
each update, there is at most one shortest path computation per commodity that does not lead
to an augmentation. We charge these computations to the update of ^. Thus a total of at most
k log1+ 1+  shortest path computations are used to update over the course of the algorithm.
This algorithm is presented in Figure 2.
We prove Lemmas 2.1 and 2.2 for this modi ed algorithm.
Proof of Lemma 2.1: At start, l(e) =  for all edges e. The last time the length of an edge is
updated, it is on a path of length less than one, and it is increased by at most a factor of 1+ . Thus
the nal length of any edge is at most 1 + . Since every augmentation increases the length of some
edge by a factor of least 1 + , the number of possible augmentations is at most m log1+ 1+  .

Proof of Lemma 2.2: Every time the total ow on an edge increases by a fraction 0 < ai  1
of its capacity, its length
P a is multiplied by 1 + ai. Since 1 + a  (1 + )a for all 0  a  1,
i (1 + ai )  (1 + ) , when 0  ai  1 for all i. Thus, every time the ow on an edge increases
i i

by its capacity, the length of the edge increases by a factor of at least 1 + . Since initially l(e) = 
and at the end l(e) < 1 + , the total ow on edge e cannot exceed u(e) log1+ 1+  .

Let L be the maximum number of arcs in an augmenting path used in the algorithm. We will use
 = (1+ )=((1+ )L)1=. Thus, these lemmas together with our observations on the number of times
^ is recomputed, imply a runtime of O (?2 (m2 + km)). This can be reduced to O (?2 m2) by

observing that for this problem we can group commodities by a common source node, and compute
shortest paths from the source nodes, both in our computation of ^ , and in our selection of an
augmenting path. Below, we show that this algorithm actually nds a ow that is close to optimal
by comparing the scaled primal solution to the dual solution that is a byproduct of the algorithm.
Our choice of  is determined by getting this ratio to be at least (1 ? ).

Theorem 2.4 An -approximate maximum multicommodity ow can be computed in O( 2 m(m +
1

n log m) log L) time.
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Proof: We show that the scaled ow in Lemma 2.2 has value within 1=(1 + 4) of the dual optimal

value, and hence the optimal value for the primal. By choosing an initial value 0 = =4, this then
implies the theorem. At the end of iteration i, (i) is the exact shortest
path over all commodities
P
using length function li . Given length function l, de ne D(l) := e l(e)u(e), and let D(i) := D(li ).
D(i) is the dual objective function value of li and = minl D(l)= (l) is the optimal dual objective
value.
For each iteration i  1,

D(i) =

X l (e)u(e) = X l
e

i?1 (e)u(e) + 

i

which implies that

Xl

e2P

i?1 (e)u  D(i ? 1) + (fi ? fi?1 )(1 + )

i
X
D(i)  D(0) + (1 + ) (f
j =1

j ? fj ?1 )

(i ? 1);

(j ? 1):

(1)

Consider the length function li ? l0 . Note that D(li ? l0) = D(i) ? D(0). For any path used by the
algorithm, the length of the path using li versus li ? l0 di ers by at most L. Since this holds for
the shortest path using length function li ? l0, we have that (li ? l0)  (i) ? L. Hence
 D((lli ?? ll0))  D((i)i)??DL(0) :
i 0
Substituting this bound on D(i) ? D(0) in equation (1) gives
i
X

(1
+

)
(fj ? fj ?1 ) (j ? 1):
(i)  L +
j =1

Observe that, for xed i, this right hand side is maximized by setting (j ) to its maximum possible
value, for all 0  j < i. Call this maximum value 0 (i). Hence
(i) 

0 (i) =

=



i?1
X

(1
+

)
L +
(fj ? fj ?1 ) 0 (j ? 1) + (1 + ) (fi ? fi?1 ) 0(i ? 1)
j =1
0(i ? 1)(1 + (1 + )(fi ? fi?1 )= )
0(i ? 1)e(1+)(fi ?fi?1 )= ;

where this last inequality uses the fact that 1 + x  ex for x  0. Since 0 (0) = L, this implies
that
(i)  Le(1+)fi =

(2)

By the stopping condition,
1  (t)  Le(1+)ft =
and hence

(1 + ) :

ft ln(L)?
1

(3)
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Let be the ratio of the dual and primal solutions. := ft log1+ 1+  . By substituting the bound
on =ft from (3), we obtain
log 
 (1 +ln()L
)?
1+
1



1+



(1 + ) ln 1+  :
= ln(1
+ ) ln(L )?1

Letting  = (1 + )((1 + )L)?1= , we have
(1 + )
(1 + ) :
+ )


 (1 ?(1) ln(1
2
+ ) (1 ? )( ?  =2) (1 ? )2
This is at most (1 + 4), for  < :15. The choice of  together with Lemma 2.1 and the discussion
of the algorithm then give the run time.
Above, we have shown that the framework of Garg and Konemann [4] can be modi ed to obtain
a more ecient algorithm, by showing that on average, it is sucient to solve the shortest path
subproblem for a single commodity. We note that the same is not easily said of the algorithm
described in [10]. This algorithm requires that the shortest path subproblem for each commodity
be solved (albeit approximately) at each iteration.
Although it is simple to extend this algorithm to approximately solve the minimum cost maximum
multicommodity ow problem, the technique for doing so does not di er from the technique of
extending the maximum concurrent ow problem to the minimum cost concurrent ow problem.
For this reason, we omit this discussion and refer the reader to the section on minimum cost
concurrent ows.

2.2 Maximum Weighted Multicommodity Flow
The maximum multicommodity ow approximation scheme can be extended to handle weights in
function. Let wj be the weight of commodity j . We wish to nd ows fj maximizing
Pthej wobjective
j jfj j. By scaling, we assume minj wj = 1, and then the maximum ratio of weights of any two
commodities W can be taken to be equal to maxj wj .

Corollary 2.5 A solution of value within (1 ? ) of the optimal solution for the weighted maximum
multicommodity ow problem problem can be computed in O (? m minflog W; kg) time.
2

2

Proof: We alter the FPTAS for maximum multicommodity ow by rede ning (i) = min jk
1

(length of shortest path connecting commodity pair j )=wj , where wj is the weight for commodity
j , and halting the algorithm when  1=W . For this modi ed algorithm, we choose  = (1 +
)=((1 + )LW )1=. The rest of the algorithm remains unchanged. The analysis of the algorithm
changes slightly, now that we have modi ed . Now, the value of (0) can be as low as =W , and
as large as (1 + )=W . Hence, the number times can increase by a factor of (1 + ) remains the
same function of  as before, log1+ 1+  . The length of an edge starts at  and can be as large as
1, so the number of iterations, and the scale factor to create a feasible solution do not change as
a function of  . To obtain the guarantee on the ratio of feasible dual and primal solutions, we set
 = (1 + )=((1 + )LW )1= . This implies an O (?2 m2 log W ) run time.
The strongly polynomial run time follows directly from the analysis of the packing LP algorithm
in [4].

8

3 Maximum concurrent ow
As with the maximum multicommodity ow, we let x(P ) denote the ow quantity on path P . The
maximum concurrent ow problem can be formulated as the following linear program.
max P
8e :
x(P )  u(e)
PP
:e2P
x(P )  dj
8j :
P 2Pj

8P : x(P )

 0:

The dual LP problem is to assign lengths to the edges of the graph, and weights zj to the commodities so that the length of the shortest path from sj to tj is at least zj for all commodities j ,
and the sum of the product of commodity weights and demands is at least 1. The length of an edge
represents the marginal cost of using an additional unit of capacity of the edge, and the weight of a
commodity represents the marginal cost of not satisfying another unit of demand of the commodity.
min

8j; 8P 2 Pj :
8e :
8j :

Pe u(e)l(e)
P l(e) 
e2P
P
dj zj 
j k

1

l(e)
zj

zj

1
 0
 0

When the objective function value is  1, Garg and Konemann [4] describe an O (?2 m(m + k))
time approximation scheme for the maximum concurrent ow problem. If the objective is less
than one, then they describe a procedure to scale the problem so that the objective is at least
one. This procedure requires computing k maximum ows, thus increasing the runtime of their
algorithm, to match previously known algorithms. We describe a di erent procedure that requires
k maximum bottleneck path computations which can be performed in O(m) time each, and thus
produces an algorithm to solve the problem in O (?2 m(m + k)) time. For the cost bounded
problem, the required subroutine in [4] is a minimum cost ow, whereas in our case, it is a cost
bounded maximum bottleneck path, which can be solved in O(m log m) time. Thus our procedure
improves the run time for the minimum cost concurrent ow problem as well.
We rst describe the approximation algorithm in [4]. Initially, l(e) = =u(e), zj = minP 2Pj l(P ),
x  0. The algorithm proceeds in phases. In each phase, there are k iterations. In iteration j , the
objective is to route dj units of ow from sj to tj . This is done in steps. In one step, a shortest
path P from sj to tj is computed using the current length function. Let u be the capacity of
this path. Then the minimum of u and the remaining demand is sent along this path. The dual
variables l are updated as before, and zj is set equal to the length of the new minimum length
path from sj P
to tj . The entire procedure stops when the dual objective function value is at least
one: D(l) := e u(e)l(e)  1. Garg and Konemann [4] prove the following sequence of lemmas, for
 = ( 1m? )?1=.

Lemma 3.1 If  1, the algorithm terminates after at most t := 1 +  log

m
 1+ phases.

1+

9

Input: network G, capacities u(e), vertex pairs (si; ti) with demands di, 1  i  k, accuracy 
Output: primal (infeasible) and dual solutions x and l
Initialize l(e) = =u(e) 8e; x  0.
while D(l) < 1
for j = 1 to k do
d0j

dj

while D(l) < 1 and d0j > 0
P shortest path in Pj using l
u minfd0j ; mine2P u(e)g
d0j d0j ? u
x(P ) x(P ) + u
8e 2 P; l(e) l(e)(1 + uu(e) )

end while
end while
Return (x; l).

Figure 3: FPTAS for maximum concurrent ow

Lemma 3.2 After t ? 1 phases, (t ? 1)dj units of each commodity j have been routed. Scaling the
t?1 .
nal ow by log1+ 1= yields a feasible primal solution of value  = log1+
 1=

Lemma 3.3 If  1, then the nal ow scaled by log  1= has a value at least (1 ? 3) OPT.
1+

The veracity of these lemmas rely on  1. Notice also that the run time depends on . Thus we
need to insure that is at least one and not too large.
Let j denote the maximum ow value of commodity j in the graph when all other commodities
have zero ow. Let  = minj j =dj . Since at best all single commodity ows can be routed
simultaneously,  is an upper bound on the value of the optimal solution. The feasible solution
that routes 1=k fraction of each commodity ow of value j demonstrates that =k is a lower bound
on the optimal solution. Once we have these bounds, we can scale the original demands so that
this lower bound is at least one. However, now can be as large as k.
To reduce the dependence of the number of phases on , we use a popular technique developed
in [17] that is also used in [4]. We run the algorithm, and if it does not stop after T := 2 1 log1+ 1m?
phases, then > 2. We then multiply demands by 2, so that is halved, and still at least 1. We
continue the algorithm, and again double demands if it does not stop after T phases. After repeating
this at most k times, the algorithm stops. The total number of phases is T log k. The number of
phases can be further reduced by rst computing a solution of cost at most twice the optimal, using
this scheme. This takes O(log k log m) phases, and returns a value ^ such that  ^  2 . Thus
with at most T additional phases, an -approximation is obtained. The following lemma follows
from the fact that there are at most k iterations per phase.

Lemma 3.4 The total number of iterations required by the algorithm is at most 2k log m(log k + 2 ).
1

It remains to bound the number of steps. For each step except the last step in an iteration, the
algorithm increases the length of some edge (the bottleneck edge on P ) by 1 + . Since each
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variable l(e) has initial value =u(e) and value at most u(1e) before the nal step of the algorithm
(since D(t ? 1) < 1), the number of steps in the entire algorithm exceeds the number of iterations
by at most m log1+ 1 = m log1+ 1m? .

Theorem 3.5 Given j , an -approximate solution to the maximum concurrent ow problem can
be obtained in O (?2 m(k + m)) time.
Our contribution is to reduce the dependence of the run time of the algorithm on the computation
of j ; 1  j  k, by observing that it is not necessary to obtain the exact values of j , since they
are just used to get an estimate on . Computing an estimate of j that is at most a factor m
away from its true value increases the run time by only a log m factor. That is, if our estimate ^j
is  m1 j , then we have upper and lower bounds on that di er by a factor of at most mk.
We compute estimates ^j  m1 j as follows. Any ow can be decomposed into at most m path
ows. Hence ow sent along a maximum capacity path is an m-approximation to a maximum ow.
Such a path can be computed easily in O(m log m) time by binary searching for the capacity of
this path. This run time can be improved to O(m) using a linear time median nding algorithm.
In fact, by grouping commodities by their common source node, we can compute all such paths in
O(minfk; ngm) time.

Theorem 3.6 An -approximate solution to the maximum concurrent ow problem can be obtained
in O (? m(k + m)) time.
2

4 Minimum cost concurrent ow
By adding a budget constraint to the multiple commodity problem, it is possible to nd a concurrent
ow within (1?) of the maximum concurrent ow within the given budget. Since there is a di erent
variable for each commodity-path pair, this budget constraint can easily incorporate di erent costs
for di erent commodities.
In the dual problem, let  be the dual variable corresponding to the budget constraint. In the
algorithm, the initial value of  is =B . The subroutine to nd a most violated primal constraint
is a shortest path problem using length function l + c, where c is the vector of cost coecients,
and  is the dual variable for the budget constraint. (This can be easily adapted to multiple
budget
constraints with corresponding dual variables i and cost vectors ci using length function
P
l + i ici .) The amount of ow sent on this path is now determined by the minimum of the
capacity of this path, the
remaining demand to be sent of this commodity in this iteration, and
P
B=c(P ), where c(P ) = e2P c(e) is the cost of sending one unit of ow along this path. Call this
quantity u. The length function is updated as before, and  is updated by  = (1 +  ucB(P ) ).
The correctness of this algorithm is demonstrated in [4] and follows a similar analysis as for the
maximum concurrent ow algorithm.
Again, we improve on the run time in [4] by ecient approximation of the values j . To get estimates
on j , as needed to delimit , we need to compute polynomial factor approximate solutions to
minfn2; kg maximum- ow-with-budget problems. To do this, it is sucient to compute a maximum
bottleneck path of cost at most the budget. This can be done by binary searching for the capacity
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of this path among the m candidate capacities, and performing a shortest path computation at
each search step, for a run time of O(m log m).
To nd a (1 ? )-maximum concurrent ow of cost no more than the minimum cost maximum
concurrent ow, we can then binary search for the correct budget.

Theorem 4.1 There exists a FPTAS for the minimum cost concurrent ow problem that requires
O(? m(m + k) log M ) time.
2
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