
Saving Comparisons in the Crochemore-PerrinString Matching Algorithm(preliminary version)Dany Breslauer�CWICUCS-052-92AbstractCrochemore and Perrin discovered an elegant linear-time constant-space stringmatching algorithm that makes at most 2n�m symbol comparison. This paper showshow to modify their algorithm to use fewer comparisons.Given any �xed � > 0, the modi�ed algorithm takes linear time, uses constant spaceand makes at most n+ b1+�2 (n�m)c comparisons. If O(logm) space is available, thenthe algorithm makes at most n+ b12(n�m)c comparisons. The pattern preprocessingstep also takes linear time and uses constant space.These are the �rst string matching algorithms that make fewer than 2n �m com-parisons and use sub-linear space.1 IntroductionString matching is the problem of �nding all occurrences of a short string P[1::m] that iscalled a pattern in a longer string T [1::n] that is called a text. To solve the string matchingproblem one has only to be able to compare symbols of the input strings. In this paper westudy the exact comparison complexity of the string matching problem. We assume that theonly access an algorithm has to the input strings is by pairwise symbol comparisons thatresult in equal or unequal answers.Several algorithms solve the string matching problem in linear time. For a survey on stringmatching algorithm see Aho's paper [1]. Most known perhaps is the algorithm of Knuth,Morris and Pratt [20] that makes 2n �m comparisons in the worst case. A variant of theBoyer-Moore [4] algorithm that was designed by Apostolico and Giancarlo [2] also makes 2n��Partially supported by the IBM Graduate Fellowship while studying at Columbia University and by theEuropean Research Consorium for Informatics and Mathematics postdoctoral fellowship. Part of the workwas done while this author was visiting at Universit�a de L'Aquila, L'Aquila, Italy in summer 1991.1



m comparisons. The original Boyer-Moore algorithm makes about 3n comparisons as shownrecently by Cole [7]. All these algorithms work in two steps: in the �rst step the pattern ispreprocessed and some information is stored and used later in a text processing step. Ourbounds do not account for comparisons that are performed in the pattern preprocessing stepthat can compare even all pairs of pattern symbols for free.Research on the exact number of comparisons required to solve the string matchingproblem has been stimulated by Colussi's [9] discovery of an algorithm that makes at mostn+ 12(n�m) comparisons. This bound was improved by Galil and Giancarlo [14], Breslauerand Galil [5] and most recently by Cole and Hariharan [8] who show that the string matchingproblem can be solved using at most n + 83(n �m) comparisons1. Lower bounds given byGalil and Giancarlo [13], Zwick and Paterson [24], and Cole and Hariharan [8] still leave asmall gap between the lower and upper bounds.All the algorithm mentioned above use O(m) auxiliary space. At a certain time the stringmatching problem was conjectured to have a time-space tradeo� [3, 16]. This conjecturewas later disproved when a linear-time constant-space algorithm was discovered by Galiland Seiferas [17]. Their algorithm can even be implemented on a six-head two-way �niteautomaton in linear time. It is still an open problem whether a k-head one-way �niteautomaton can do string matching (for k � 3 the answer is negative [18, 21, 22]).The computation model used in this paper consists of random-access read-only input reg-isters, random-access write-only output registers and a limited number of auxiliary random-access read-write data registers. The number of bits per data register is bounded by someconstant times the logarithm of n +m. The term space in this model refers to the numberof auxiliary data registers used. Namely, a constant-space algorithm can use only a constantnumber of auxiliary registers. This notion of space is di�erent from the one used in [3] sincea constant-space algorithm in our model has a logarithmic capacity.Crochemore and Perrin [11] discovered a simple linear-time constant-space string match-ing algorithm that makes at most 2n �m comparisons. The Galil-Seiferas algorithm usesmore comparisons. Crochemore and Rytter [12] show how to reduce the number of compar-isons made by the Galil-Seiferas algorithm by a better choice of parameters. Crochemore [10]gives another constant-space string matching algorithm. The comparison bounds achievedby Crochemore and Rytter [12] and by Crochemore [10] are larger than 2n �m.This paper focuses on the number of comparisons required by constant-space stringmatching algorithms. It is shown that for each �xed � > 0 there exists a linear-time constant-space string matching algorithm that makes at most n + b1+�2 (n � m)c comparisons. Ourresults are developed in three steps:1. The Crochemore-Perrin string matching algorithm is modi�ed to use the periodicitystructure of the pattern in order to record a pattern su�x that occurs in the text. Themodi�ed algorithm takes linear time and uses O(m) auxiliary space. It makes at most1All the string matching algorithm that are mentioned take linear time. The pattern preprocessing stepswhich are not accounted in the bounds take O(m2) time in Cole and Hariharan's algorithm and linear timein the other algorithms. 2



n+ bmin(�1;m��1)m (n�m)c � n+ b12(n�m)c comparisons, where �1 denotes the periodlength of the pattern.This bound is the same as the bound given by Galil and Giancarlo [14] for Colussi's[9] algorithm. Our analysis is much simpler.2. The periodicity structure of the pattern that is used in the modi�ed algorithm canbe stored in logm memory registers. Thus, the algorithm can be implemented usingO(logm) auxiliary memory registers.3. If only c registers are available to store the periodicity structure of the pattern, thenthe algorithm makes at most n+ b p2c�1p2c+1�1(n�m)c comparisons.This establishes that there exist a linear-time constant-space string matching algorithmthat makes fewer than 2n �m comparisons.The pattern preprocessing step of the modi�ed algorithms can be implemented in lineartime. The amount of space used is proportional to the portion of the periodicity structureof the pattern that has to be stored.We proceed with de�nitions of periods and their basic properties in Section 2. Section3 overviews the original Crochemore-Perrin algorithm and Section 4 presents the modi�edalgorithm. Section 5 gives more properties of periods which are used in Section 6 to savespace. The pattern preprocessing step is discussed in Section 7. We conclude with a list ofopen problems in Section 8.2 Properties of StringsThis sections gives some basic de�nitions and properties of strings.De�nition 2.1 A string S[1::k] has a period of length � if S[i] = S[i+ �], for i = 1::k� �.We de�ne the set �S[1::k] = f�Si j0 = �S0 < �S1 < � � � < �Sp = kg to be the set of allperiods of S[1::k]. �S1 , the smallest non-zero period of S is called the period of S. Notethat by the de�nition of a period, a string S[1::k] has a period of length � if and only ifS[1::k � �] = S[� + 1::k]. We use the terms period and period length synonymously.The following facts about periods are well known and trivial to prove.Fact 2.2 If a string S[1::k] has period length �a, then it has period length �b, such that�a � �b, if and only if the su�x S[�a + 1::k] has period length �b � �a.Fact 2.3 If a string S[1::k] has period lengths �a and �b, such that �a � �b and �a+�b � k,then it also has period length �b � �a.Lemma 2.4 Let �S�; �S�+1 2 �S be period lengths of a string S[1::k] and let � = �S�+1 � �S�.Then, 3



1. �S� + �� 2 �S for non-negative integral values of �, such that �S� + �� � k.2. All other period lengths in �S which are larger than �S� are also larger than k � �.Proof: The proof follows from simple properties of periods:1. By Fact 2.2, the su�x S[�S� + 1::k] has a period length �. Any integral multiple�� � k � �S� is also a period length of this su�x. By Fact 2.2, �S� + �� is a periodlength of S[1::k].2. Let �S
 be the smallest period length in �S which is larger than �S� and is not of theform �S� + ��. Then �S
 � �S�+1 and by Fact 2.2, the su�x S[�S� + 1::k] has periodlengths � and �S
 � �S�.If �S
 � k � �, then �S
 � �S� + � � k � �S� and by Fact 2.3, the su�x S[�S� + 1::k] hasalso a period of length �S
 ��S� � �. By Fact 2.2, S[1::k] has a period length �S
 � � incontradiction to the minimality of �S
 . 2A substring or a factor of a string S[1::k] is contiguous block of symbols S[i::j]. Afactorization of S[1::k] is a way to break S into few factors. In this paper we only considerfactorizations of a string into two factors: a pre�x S[1::l] and a su�x S[l + 1::k]. Such afactorization is said to be non-trivial if neither of the two factors is equal to the empty string.Note that a factorization can be represented by a single integer which is the position at whichthe string is partitioned.De�nition 2.5 Given a factorization (S[1::l];S[l+1::k]), a local period of the factorizationis de�ned as a non-empty string that appears on both sides of the factorization. That is, astring that matches the pre�x S[1::l] aligned at its end and also matches su�x S[l + 1::k]aligned at its start.The shortest local period of a factorization is called the local period of the factorization.See Figure 1 for an example.De�nition 2.6 A non-trivial factorization of a string S[1::k] is called a critical factorizationif the local period of the factorization is of the same length as the period of S[1::k].The following theorem states that critical factorizations always exist. It is the basis forthe Crochemore-Perrin string matching algorithm.Theorem 2.7 (The Critical Factorization Theorem, Cesari and Vincent [6, 23]) Let �S1 bethe period length of a string S[1::k]. Then, if we consider any �S1 � 1 consecutive non-trivialfactorizations, at least one is a critical factorization.4



a j b a a a b ab a b a(a) a b j a a a b aa a a b a a a b(b)a b a j a a b aa a(c)Figure 1: The local periods at the �rst three non-trivial factorizations of`abaaaba'. Note that in some cases the local period can over
ow to eitherside; this happens when the local period is longer than either of the two fac-tors. The factorization (b) is a critical factorization.3 The Crochemore-Perrin AlgorithmCrochemore and Perrin [11] used the Critical Factorization Theorem to obtain a simple andelegant linear-time constant-space string matching algorithm. The pattern preprocessingstep of their algorithm also takes linear time and uses constant space. It is discussed isSection 7. In the rest of this section we assume that the period length of the pattern and acritical factorization (P[1::�], P[�+ 1::m]) of the pattern, such that � < �P1 , are given.The Crochemore-Perrin string matching algorithm tries to match the pattern aligned ata certain text position. It compares symbols starting from the middle of the pattern andtries �rst to match the pattern su�x P[�+1::m]. Only then, after this su�x was discoveredin the text, the algorithm tries to match the pattern pre�x P[1::�] that was skipped.Lemma 3.1 (Crochemore and Perrin [11]) Let (P[1::�];P[�+ 1::m]) be a critical factor-ization of the pattern and let � � min(�;m � �) be the length of a local period of thisfactorization. Then � is a multiple of �P1 .Theorem 3.2 (Crochemore and Perrin [11]) There exist a constant-space linear-time stringmatching algorithm that makes at most 2n �m comparisons.Proof: The Crochemore-Perrin algorithm is given is Figure 2. We prove it correctness andshow that is makes at most 2n �m symbol comparisons.The algorithm aligns the pattern starting at some text position � and tries to matchthe pattern su�x P[�+ 1::m]. Initially � = 1. The algorithm maintains the invariant thatT [�+�::��1] = P[�+1::���]. There are two conditions in which the while loop terminates:1. If the while loop terminated with � < � + m, then there was a mismatch T [�] 6=P[� � � + 1]. Obviously there can be no occurrence of the pattern starting at textposition �. 5



{ �P1 is the period length of the pattern P[1::m].{ (P[1::�], P[�+ 1::m]) is a given critical factorization, such that � < �P1 .{ � is the current text position that the pattern is aligned with.{ � is the current text position we have to compare.� = 1� = 1 + �while � � n �m + 1 dowhile � < � +m and T [�] = P[� � � + 1] do� = � + 1if � < � +m then { If there was a mismatch.� = � + 1� = � � �else { The pattern su�x P[�+ 1::m] was matched.{ It remains to match the pre�x P[1::�].{ The original algorithm compares the symbols in the next statement{ from right to left. However, any order can be used.if T [�::�+ �� 1] = P[1::�] thenReport an occurrence of the pattern starting at text position �.� = � + �P1if � + � > � then� = � + �endend Figure 2: The Crochemore-Perrin algorithm.� � + �� � + �6Local period �Figure 3: Applying critical factorizations. If T [�+�::�� 1] = P[�+1::�� �]and there is an occurrence of the pattern at text position �, � < � � � � �,then the factorization (P[1::�], P[�+1::m]) has a local period of length ���.6



Assume that an occurrence of the pattern starts at text position �, � < � � � � �.Then, the critical factorization (P[1::�], P[�+1::m]) must have a local period of length� � �. See Figure 3.Since � � � � m� �, by Lemma 3.1, � � � is a multiple of �P1 . But by the de�nitionof a period, P[�� � + 1] = P[�� � + 1] and T [�] 6= P[�� � + 1], and there can be nooccurrence of the pattern starting at text position �. Thus, the smallest text positionat which an occurrence of the pattern may start is � � �+ 1.The algorithm proceeds by setting � = � � �+ 1.2. If the while loop terminated with � = � +m, then an occurrence of the pattern su�xP[�+ 1::m] was discovered at text position � + �. The algorithm proceeds to matchthe pattern pre�x P[1::�] that was skipped. If an occurrence of the pattern pre�x isdiscovered the algorithm can report an occurrence of the pattern at text position �.In any case, the pattern is shifted ahead with respect to the text by �P1 positions sincean occurrence of the pattern at any text position �, such that � < � < � + �P1 , wouldimply that the critical factorization (P[1::�], P[� + 1::m]) has a local period that isshorter than �P1 .Note that if � + � < � after incrementing � by �P1 , then T [�::�� 1] = P[1::�� �] andin particular T [�+ �::�� 1] = P[�+ 1::�� �]. Therefore, the invariant is maintainedand there is no need to go back and compare parts of the pattern that were alreadycompared.It remains to count the number of comparisons made by the algorithm. There are atmost n�� comparisons made in the while loop since � is incremented after each comparisonand initially � = � + 1. The second comparison statement makes each time at most �comparisons. But then, � is incremented by �P1 and � < �P1 . Thus, there are at mostn�m+ � comparisons made by this statement throughout the execution of the algorithm.Therefore, the total number of comparisons is at most 2n �m. 24 Saving ComparisonsThe Crochemore-Perrin algorithm is oblivious in the sense that it sometimes \forgets" com-parisons that it made and repeats them later. In this section we show how to avoid someof these comparisons. The obvious implementation of the modi�ed algorithm uses O(m)memory registers to store the periods of the pattern. Section 6 shows how to reduce thespace requirements.Theorem 4.1 The modi�ed Crochemore-Perrin string matching algorithm takes linear-timeand makes at most n + bmax(�P1 ;m��P1 )m (n�m)c comparisons.7



{ �P1 is the period length of the pattern P[1::m].{ (P[1::�], P[�+ 1::m]) is a given critical factorization, such that � < �P1 .{ � is the current text position that the pattern is aligned with.{ � is the current text position we have to compare.{ � is the text position of the end of last discovered pattern su�x P[�+ 1::m].{ The algorithm does not compare text symbols at positions smaller than � .� = 1� = 1 + �� = 0while � � n �m + 1 dowhile � < � +m and T [�] = P[� � � + 1] do� = � + 1if � < � +m then { If there was a mismatch.� = � + 1� = � � �if � < � then { Maintain the invariant T [�::� � 1] = P[1::� � �].� = minf� �m + �j� 2 �P and � �m + � � �gif � + � > � then� = � + �endelse { The pattern su�x P[�+ 1::m] was matched.{ It remains to match the pre�x P[1::�].� = max(�; � )if T [�::�+ �� 1] = P[�� � + 1::�] thenReport an occurrence of the pattern starting at text position �.� = � + �P1� = �if � + � > � then� = � + �endend Figure 4: The modi�ed Crochemore-Perrin algorithm.
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Proof: The modi�ed Crochemore-Perrin algorithm is given is Figure 4. In addition to theinvariant that T [� + �::� � 1] = P[� + 1::� � �] the modi�ed algorithm maintains that if� < � , then T [�::� � 1] = P[1::� � �]. The correctness of the algorithm follows similarlyto Theorem 3.2. We show that the algorithm makes at most n + bmax(�P1 ;m��P1 )m (n � m)ccomparisons and takes linear time.Partition the execution of the algorithm into phases. A phase ends after the algorithmhas found an occurrence of the pattern su�x P[�+ 1::m] in the text and it tried to matchthe pattern pre�x P[1::�], or when the end of the text is reached. The following phasestarts immediately after the algorithm has incremented � by �P1 . Let ��E be the value of �at the end of the phase number �. Then, in the �rst phase �1E � 1 and in the last phase�lE � n�m+ 1. In any phase � � 2, ���1E + �P1 � ��E . De�ne �� = ��E � ���1E .Recall that after the pattern su�x P[�+1::m] was discovered in the text, the algorithmtries match the pattern pre�x P[1::�]. The main observation in the modi�ed algorithm isthat if this pattern pre�x overlaps with a previously discovered pattern su�x, then it isnot necessary to compare the overlapping parts. Namely, if we de�ne � = ���1E +m, thenif � < � , then T [��E ::� � 1] = P[1::� � ��E ] and it su�ces to compare T [�::��E + � � 1] toP[� � ��E ::�].We use a simple policy of charging comparisons to text symbols: each comparison ischarged to the text symbol that is compared. However, the charge might be later transferredto a smaller text position. Using this charging policy it is clear that at the beginning ofphase number � all text positions that are larger than or equal to � are not charged withany comparison.The credits are transferred as follows. The comparisons that were charged during phasenumber � to text positions between � and ��E +� are transferred � positions back. Note thatthe number of these comparisons is bounded by ����P1 and only the m��P1 text positionsthat are larger than or equal to ���1E +�P1 might be charged with a second comparison. Thischarge transfer has the advantage that all text symbols at positions between max(��E ; � ) and��E + � do not have a comparison charged to them. Each of these text positions are chargedwith at most one comparison when the algorithm tries to match the pattern pre�x P[1::�].Clearly, a second comparison might be charged to a text position only when the chargesare transferred. We obtain an upper bound on the number of text symbols that are chargedwith a second comparison in phase � by bounding the ratio between the number of thesesymbols to ��. If this ratio can be bounded by a constant c in all phases, then there are atmost bc��c text symbols charged with a second comparison in phase � and the total numberof text symbols charged with two comparisons is bounded by bcPli=2 ��c � bc(n �m)c.There are two cases:1. There are at most �� � �P1 text positions charged with a second comparison in phase�, but in any case no more than m� �P1 . The ratio min(����P1 ;m��P1 )�� is maximized for�� = m and is bounded by m��m .2. If m� �P1 > �P1 , then it is possible to achieve better bounds. If ��E = ���1E + �P1 , thenthere are clearly no text symbols charged with a second comparison in rounds � since9



there were no charges transferred.Otherwise, there was at least one mismatch while the algorithm was trying to matchthe pattern su�x P[� + 1::m]. By Lemma 2.4, �� > m � �P1 . The number of textsymbols charged with a second comparison in round � is bounded by ��+�P1 �m andonly text symbols that are larger than or equal to � � �P1 might be charged with asecond comparison. Thus, in any case there are not more then �P1 such symbols. Theratio min(��+�P1 �m;�P1 )�� is maximized for �� = m and is bounded by �P1m .Therefore, the total number of comparisons made by the modi�ed algorithm is boundedby n+ bmin(�P1 ;m��P1 )m (n�m)c.It remains to show that the algorithm takes linear time. The only part which might takelonger is the search for the smallest period length of the pattern which is larger than or equalto �� � +m when � < � . It is possible to precompute a table in the preprocessing step thatwould provide this information in a single step. In Theorem 6.1 we show how this step canbe implemented without precomputing such a table. 25 The Periodicity StructureThe following theorem shows that the periodicity structure of a string can be representedeconomically.Theorem 5.1 Given a string S[1::k], it is possible to represent all period lengths �S� 2 �S,such that �S� � k � bk=p2cc, by specifying only c period lengths. Furthermore, it is possibleto compute this representation from the periods of S[1::k] and to compute the periods fromthis representation in linear time and constant space.Proof: We show how to construct the representation �Sr1 � � ��Src inductively. The constructionuses constant space in addition to the c memory registers that store the representation. Theidea is to use Lemma 2.4 to generate larger period lengths from small ones. Periods whichcan be generated by smaller periods do not need to be stored.The theorem obviously holds for c = 0. Initially de�ne �Sr0 = �S0 = 0 and let �Sr1 = �S1and c = 1. Since the induction is in double steps, the base must show that the theoremholds also for c = 1. By Lemma 2.4, if �S� is a period of S[1::k] which is not a multiple of�S1 , then �S� � �S1 + 1 and �S� > k � �S1 . Therefore, �S� > dk2e � k � b kp2c.Assume that the remaining periods of S[1::k] are given in an increasing order startingwith �S2 . Let �S� be the next period length.� If �S��1� �S��2 = �S� � �S��1, then �S� is given by the period lengths �S��2 and �S��1 andit does not have to be stored.Thus, all period lengths of S[1::k] which are smaller than or equal to �S� are speci�edby the c periods �Sr1 � � � �Src. 10



� Otherwise, �S� is not given by the period lengths �S��2 and �S��1. Note, that it mightbe given by previous periods, but it is more convenient not to check for this condition;e.g. the string `aabaaabaa' a period of length 8 which is given by the period lengths 0and 4, but 7 is also a period length of this string, 7� 4 6= 4� 0 and the representationof all periods will consists of the period lengths 4, 7 and 8. 0 and k are always periodlengths of a string S[1::k] and do not need to be speci�ed in the representation.By Lemma 2.4, �S� > k � (�S��1 � �S��2). But �S� � �S��1 + 1 and by the inductionhypothesis �S��2 � �Src�1 > k � bk=p2c�2c. Therefore,2�S� > �S��1 + 1 + k � (�S��1 � �S��2) > 2k � bk=p2c�2c+ 1and �S� > k � bk=p2cc. Thus, all period lengths which are smaller than or equal tok � b kp2c c are given by the c periods �Sr1 � � � �Src.If there is space to store more periods, then set �Src+1 = �S� , and increment c by one.Given �Sr1 � � ��Src, one can obviously generate all periods �S�, such that �S� � k�bk=p2cc,in an increasing order, in time that is linear in the number of periods generated and usingconstant space. Sometimes, it is possible to generate larger periods, but when generatingperiods that are larger than �Src, other periods which are not speci�ed by this representationmight be skipped. 2The bounds in the last theorem are obviously not tight. It is easy to see that if c = 1,then all periods �S� � dk=2e are represented and if c = 2, then all periods �S� � d2k=3e arerepresented. It is also possible to show that all periods �S� � k � b(23)ckc are represented.Corollary 5.2 All periods of a string S[1::k] can be represented by b2 log kc periods.Remark. The compact representation of periods of a string is not new. Galil and Seiferas[15] used similar arguments in a variant of the Knuth-Morris-Pratt string matching algo-rithm that uses only O(logm) space. Guibas and Odlyzko [19] characterized all possibleperiodicity structures of a string of length k and showed that there are �(klog k) such struc-tures, independent of the alphabet size. Thus, any encoding of the periodicity structurerequires 
(log2 k) bits and our representation can not be uniformly improved by more thana constant factor.6 Saving SpaceThis section shows how to use the economic representation of the periodicity structure ofthe pattern in the modi�ed Chrochemore-Perrin algorithm that was given in Section 4.Theorem 6.1 The modi�ed Crochemore-Perrin algorithm can be implemented in linear-time using only O(logm) auxiliary memory registers.11



Proof: The algorithm uses constant space except for storing of the periods of the pattern.By Corollary 5.2, the periods can be represented in O(logm) memory registers. By Theorem5.1, the periods can be generated from this representation in an increasing order, in timethat is linear in the number of periods generated and using constant space.The periods are used only in one place in the algorithm where the smallest period of thepattern that is larger than or equal to � � � + m is needed. But � only increases duringthe execution of the algorithm, so as long that � is �xed, the periods that are needed alsoincrease and can be found by scanning the periods in an increasing order. The time is clearlybounded by the amount of increase of �.However, � increases each time an occurrence of the pattern su�x is discovered in thetext. In this case the algorithm returns to generate the periods in an increasing order startingfrom the smallest period. Note, that in this case � = � +m � �P1 , the algorithm will needonly periods that are larger than �P1 , and the time to generate the periods will be boundedby the amount of increase of �. 2Theorem 6.2 If c � 1 registers are available to store the periodicity structure of the pat-tern, then the modi�ed Crochemore-Perrin algorithm can be implemented in linear time andconstant space. It makes at most n + b p2c�1sqc+1�1 (n�m)c comparisons.Proof: Since the period �P1 is used in the original algorithm, the c registers are used tostore other periods. Thus, by Theorem 5.1 all period lengths �P� � m � b mp2c+1 c can berepresented.Recall the proof of Theorem 4.1. If �� � m � b mp2c+1 c, then the algorithm can proceedas in Theorem 6.1. The problem arises when if � < � and �� > m � b mp2c+1 c. Since thealgorithm cannot maintain the invariant that T [�::� � 1] = P[1::� � �] it will behave as theoriginal algorithm of Section 3.This may cause second charges to min(�P1 ;m � �P1 ) text symbols while m � �� >m � b mp2c+1 c. Thus in phase �, the ratio between the number of text symbols that arecharged with a second comparison to �� is bounded by,min(�P1 ;m� �P1 )m� bm=p2c+1c � p2c�1p2c+1 � 1establishing the claimed bound. 27 The Pattern PreprocessingThe pattern preprocessing step of the Crochemore and Perrin algorithm takes linear time,uses constant space and make at most 5m comparisons. However, it uses order comparisonsthat may result in less-than, equal-to, or greater-than answers. This preprocessing is notsu�cient for our purpose since it does not �nd all periods of the pattern. In fact, if the12



period of the pattern is longer than half of its length, then the Crochemore-Perrin patternpreprocessing algorithm does not compute it at all.Theorem 7.1 The pattern preprocessing step of the algorithms presented in this paper takeslinear time and uses constant space. It uses order comparisons to �nd a critical factorizationof the pattern.Proof: The preprocessing consists of two parts:1. A critical factorization of the pattern is computed by Crochemore and Perrin's patternpreprocessing algorithm. This computation requires the use of order comparisons.2. Galil and Seiferas [17] and Crochemore and Rytter [12] show that their linear-timeconstant-space algorithms can �nd all overhanging occurrences of the pattern in thetext and therefore �nd all period lengths of the pattern.These algorithms �nd the period lengths in an increasing order as required in Theorem5.1. The construction of the economic representation of the periods proceeds as theperiods are found.The number of comparisons made is obviously linear (the constant is not very large). 28 Open ProblemsThere are several open problems about the exact comparison complexity of string matchingand of related string problems. Many of the problems listed in Breslauer and Galil's paper[5] can also be asked in this context. Two problems which are related to this work are:1. What is the exact number of comparisons required by a constant-space string matchingalgorithm? Is there a space vs. comparisons tradeo� for this problem?2. Is it necessary to use order comparisons to �nd a critical factorization in linear time?9 AcknowledgmentsI am indebt to Alberto Apostolico for several discussions and comments on early versions ofthis paper.References[1] A. V. Aho. Algorithms for �nding pattern in strings. In J. van Leeuwen, editor,Handbook of Theoretical Computer Science, pages 257{300. Elsevier Science PublishersB. V., Amsterdam, the Netherlands, 1990.13
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