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Abstract
Kernels between ensembles (or a collection of entities) have recently attracted growing interests in the literature on machine learning . In this
paper, we focus on the ‘ensemble’ that is defined as a collection of vectors. One natural way to interpret such an ensemble is through the notion
of matrix. We present two basic reproducing kernels between matrices:
namely trace and determinant kernels that can be interpreted using a ‘vector’ viewpoint as they are in an inner product form between two vectors,
explaining the required positive definiteness for a reproducing kernel.
Using the ‘vector’ viewpoint and generic kernel construction rules, we
are able to construct more kernels between matrices based on the basic
trace and determinant kernels. Further, we also consider column space
matrices, possibly arising from matrices of different column sizes, and
‘kernerlized’ matrices whose columns are mapped to a reproducing kernel Hilbert space.

1 Introduction
Kernel methods play increasingly important roles in the machine learning literature. While
developing novel kernel methods is of theoretical interest, constructing kernel functions
that are dependent on the nature of the problem at hand has a practical impact.
Real applications call for different data representations. While vector is a very conventional way to represent data, alternative representations include ensembles. Here, the term
‘ensemble’ can be loosely understood as a collect of entities with additional structures or
attributes. Depending on the nature of the structure or attribute imposed on the data, examples of ensembles arising in the literature include strings [11], graphs [10], statistical
manifolds [6, 16, 15], probability distributions [7, 9, 12], and so on [3, 19].
In this paper, we consider an ensemble that is a collection of vectors. Roughly speaking, there are three distinct methods to handle such an ensemble. The first is simply to
summarize an ensemble by a vector so that any kernel function between vectors can be
used. The second is to treat an ensemble as a matrix as in reported in [19] and in this paper. The third is to treat an ensemble as realizations generated from a certain underlying
probabilistic model. Kernel functions can be constructed between probabilistic distributions learned from the ensemble. In [7, 9], Bhattacharyya and expected likelihood kernels
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are constructed. In [12], the famous Kullback-Leibler distance has been converted in to a
kernel function.
However, the matrix interpretation of ensemble has not yet been fully explored in the machine learning literature. We attempt to bridge the gap by presenting in Section 2 two basic
reproducing kernels between matrices: namely trace and determinant kernels. Interestingly,
both of these kernels can be interpreted using a ‘vector’ viewpoint since they are in the form
of an inner product between two vectors, explaining the required positive definiteness for a
reproducing kernel.
Utilizing the trace and determinant kernels between matrices as building blocks, we are
able to construct more kernels between matrices, exploiting the following two modalities:
(a) ‘Vector’ viewpoint (Section 3). This viewpoint offers flexible ways to construct new
kernels between matrices. For example, the so-called dot product kernels (see Section 3.1
for definition) and isotropic kernels [5] (see Section 3.2 for definition) can be generalized
to handle matrix inputs.
(b) Matrix structure (Section 4). Matrix can be thought as a structured vector, i.e., the
elements are arranged in a rectangular array. One important concept in matrix theory is
column space that uniquely characterizes an equivalent class of matrices. In other words,
for any two matrices belonging to this equivalent class, they share a common column space.
Thus, we can deal with matrices with different sizes in terms of their column spaces. In
addition, we also process a ’kernelized’ matrix that nonlinearly maps each of its column
vector to a reproducing kernel Hilbert space (RKHS). The problem here is to avoid the need
to explicitly know the nonlinear mapping by casting the computation as a dot product and
then using the so-called ‘kernel trick’.
We proceed by reviewing conditions that a reproducing kernel function must satisfy. Let E
be a set. A two variable function k(x, y) on E × E is a reproducing kernel if for any finite
point set {x1 , x2 , ..., xn } and for any corresponding real numbers {a1 , a2 , ..., an },
n X
n
X

ai aj k(xi , xj ) ≥ 0.

(1)

i=1 j=1

2 Trace and Determinant Kernels between Matrices
Suppose X and Y are two d × c matrices belonging to a certain matrix space Ωd×c (so here
E = Ωd×c ). We are interested in defining a kernel function k(X, Y).
The proposed kernels, namely trace and determinant kernels, are based on the so-called dot
product matrix (or Gram matrix). The dot product matrix between two matrices X and Y is
given by XT Y.
2.1 Trace kernel between matrices
Suppose X = [xij ]d×c and Y = [yij ]d×c , the trace kernel between matrices X and Y (or
matrix trace kernel or trace kernel) is defined as
d

c

XX
k• (X, Y) = tr(XT Y) =
xij yij = tvec(X)T tvec(Y),

(2)

i=1 j=1

where the operator tvec : Ωd×c → Rdc converts a d × c matrix to a dc × 1 vector by
arranging all the elements of the matrix according to a fixed order, say the lexicographic
order.

The function k• (X, Y) is a kernel function because
n
X
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(3)
The ‘vector’ viewpoint raises the question about the originality of this kernel function.
However, the operation of ‘vectorization’ damages the structure of a matrix. In order to
differentiate the matrix trace kernel from a conventional kernel for vectors, we will bring
back the matrix structure in Section 4, offering additional advantages. Incidentally, the
trace of the dot product matrix has been used in [4] to perform an alignment of the Gram
matrix to an ideal case.
2.2 Determinant kernel between matrices
Further suppose that the matrix dimension d and c satisfying d ≥ c, the determinant kernel
between matrices X and Y (or matrix determinant kernel or determinant kernel) is defined
as
k? (X, Y) = det(XT Y) = dvec(X)T dvec(Y).
(4)
d
where the operator dvec : Ωd×c → Rp with p = (
) defines the Grassman vector
c
of a matrix of size d × c whose elements are the cth -order minors of X constructed in a
lexicographic order. The Grassman vector is also known as the cth compound of the matrix.
The second equation in (4) is guaranteed by a special case of the Binet-Cauchy theorem
[1, 19]. Using the same argument as in (3), the function k? (X, Y) is positive definite.

3 Generalized Trace and Determinant Kernels between Matrices
To generalize the trace and determinant kernels to arrive at more kernels between matrices,
we exploit their common ‘vector’ viewpoint and several generic kernel construction rules
[5], among which the followings are of particular interest:
R1 (summation). If k1 (x, y) and k2 (x, y) are two kernels defined on E × E, and a1 and a2
are nonnegative real numbers, then k(x, y) = a1 k1 (x, y) + a2 k2 (x, y) is a kernel function.
R2 (product). If k1 (x, y) and k2 (x, y) are two kernels defined on E × E, then k(x, y) =
k1 (x, y)k2 (x, y) is a kernel function.
R3 . If g : E → E 0 and k0 (x, y) is a kernel function defined on E 0 × E 0 , then k(x, y) =
k0 (g(x), g(y)) is a kernel function.
3.1 Dot product kernels
There are many kernel functions of the following form:
k(x, y) = kD (xT y).
(5)
Since the input to kD is a dot product, we call this type of kernels as dot product kernels.
A list of kD functions is provided in Table 1. The positive definiteness of these kernels 1
can be verified by applying the aforementioned kernel construction rules.
By letting g be a mapping g : Ωd×c → Rdc such that g(X) = tvec(X) and kD be an Rvalued function satisfying (5), we know from rule R3 that the function kD• (X, Y) defined
below is a kernel function:
kD• (X, Y) = kD (tvec(x)T tvec(Y)) = kD (k• (X, Y)).
(6)
1

The neural network kernel, albeit widely used, is in fact not a positive kernel.

Name of kernel
Dot product
Polynomial

The kD function
kD (a) = a
kD (a) = (a + θ)p ;

Name of kernel
Neural network
Polynomial (generic)

The kD function
kD (a) = tanh(a + θ)
PN
kD (a) = n=1 αn an , αn ≥ 0;

Table 1: A list of dot product kernels.
Name of kernel
Exponential
Inverse multiquadratic

The kI function
a
kI (a) = exp(−
)
θ
√
2
kI (a) = 1/ a + θ2

Name of kernel
Gaussian (RBF)
Thin plate splines

The kI function
a2
kI (a) = exp(− 2θ
2)
kI (a) = a2 log a

Table 2: A list of isotropic kernels.
Likewise, we can construct the following kernel function:
kD? (X, Y) = kD (dvec(X)T dvec(Y)) = kD (k? (X, Y)).

(7)

3.2 Isotropic kernels
An important class of kernels is the stationary kernels [5], which are characterized by the
translation invariant property: k(x, y) = kS (x − y). Stationary kernels can be elegantly
analyzed using a spectral representation [5]. One special subclass of the stationary kernel
is isotropic kernel (or homogeneous kernel), which is only a function of the distance:
k(x, y) = kI (||x − y||).

(8)

A list of kI functions is provided in Table 2.
By utilizing the following fact that
{tvec(X)−tvec(Y)}T {tvec(X)−tvec(Y)} = k• (X, X)+k• (Y, Y)−2k• (X, Y), (9)
we generalize the isotropic kernels to handle matrix inputs. By letting g be a mapping
g : Ωd×c → Rdc such that g(X) = tvec(X) and kI an R-valued function satisfying (8),
we know from rule R3 that the function kI• (X, Y) defined below is a kernel function:
p
kI• (X, Y) = kI (||tvec(x) − tvec(Y)||) = kI ( k• (X, X) + k• (Y, Y) − 2k• (X, Y) ).
(10)
Similarly, we can construct the following kernel function:
p
kI? (X, Y) = kI ( k? (X, X) + k? (Y, Y) − 2k? (X, Y) )

(11)

4 Trace and Determinant Kernels between Column Space Matrices
and ‘Kernelized’ Matrices
4.1 Column space matrix
In real applications, it is often the case that we have heterogeneous matrices with different
column sizes. Typically, the matrices Xd×cx and Yd×cy have the same number of rows
but different number of columns, i.e., cx 6= cy . To compare such matrices, we need to
summarize them using meaningful quantities of the same size. For example, a naive way
is to summarize a matrix by its column mean. We propose to use the column space matrix
since matrices are deemed equivalent if they span the same column space.
Therefore, for matrices of different column sizes, we can just use their column spaces. To
find the column space, we invoke the singular value decomposition (SVD). Suppose that the

SVD for Xd×cx is given by X = UDVT , the matrix U characterizes the column space of the
X matrix and is a unique representation up to a diagonal matrix Rc×c = D[r1 , r2 , . . . , rc ]
whose diagonal elements are either one or minus one. In other words, UR is also a valid
matrix from the SVD. In practice, we keep only those column vectors (or left singular
vectors) in U corresponding to the top c (c ≤ cx ) singular values and store them in Ux
called as the column space matrix. Because XXT = UD2 UT , U is also the matrix encoding
the eigenvectors for XXT . In addition, even for matrices of the same column sizes, we can
still summarize them using their column space matrices.
Using Ux for Xd×cx and Uy for Yd×cy , where Ux and Uy are of the same dimension d × c
with c ≤ min(cx , cy ), we define the following kernels:
T
kU• (X, Y) = tr(UT
(12)
x Uy ); kU? (X, Y) = det(Ux Uy ).
We still need to remove the ambiguity in the U matrix since this ambiguity causes different
kU• and kU? values in different implementations. For kU• (X, Y),
T
T
(13)
kU• (X, Y) = tr(RT
x Ux Uy Ry ) = tr(RUx Uy );
T
where R = Ry Rx and it is hence not unique. To make kU• (X, Y) unique, we redefine it,
using the fact that RR = I, as
∧2
kU• (X, Y) = tr({UT
(14)
x Uy }. ),
∧2
2
where {◦}. is a MATLAB operator that squares every element . It is easy to show that
the above function kU• (X, Y) is positive definite.
Similarly for kU? (X, Y),
T
T
q
kU? (X, Y) = det(RT
(15)
x Ux Uy Ry ) = (−1) det(Ux Uy )
where q is an arbitrary integer. To make kU• (X, Y) unique, we redefine it as
2
kU? (X, Y) = {det(UT
(16)
x Uy )} .
Again, it is easy to show that the above function kU? (X, Y) is positive definite.
4.2 ‘Kernelized’ matrix
Directly applying the ‘kernel trick’ to tvec(.) and dvec(.) has been investigated in Section 3. We now explore another possibility of applying the ‘kernel trick’ to the matrix
(rather columns of the matrix).
Suppose that the mapping ϕ : Rd → Hl maps a vector in Rd to a RKHS induced by a
kernel function l defined on Rd × Rd and the cardinality of the RKHS is f (f could be ∞).
In other words, for any two vectors x, y ∈ Rd , we have l(x, y) = ϕ(x)T ϕ(y).
Define a ‘kernelized’ matrix as
ϕ(Xd×c ) = [ϕ(x1 ), ϕ(x2 ), . . . , ϕ(xc )]f ×c ,
(17)
where xi ’s are column vectors of the matrix X. The Gram matrix between two ‘kernelized’
matrices is given by
L (X, Y) = ϕ(X)T ϕ(Y) = [l(x , y )] .
(18)
ϕ

i

j

c×c

So, the kernels between ‘kernelized’ matrices are given by
c
X
kϕ• (X, Y) = tr(Lϕ (X, Y)) =
l(xi , yi ); kϕ? (X, Y) = det(Lϕ (X, Y)).

(19)

i=1

Here we are defining the kernel function k based on another kernel function l. In the
literature, hyperkernels [13] and Bhattacharyya kernels [9] are defined on kernels.
2

In fact, to compute kU• (X, Y), we only need to square the diagonal elements and add them up.

Column space matrix
‘Kernelized’ matrix
Column space matrix of ‘Kernelized’ matrix

Dot product kernel
kDΣ• ; kDU• ; kDΣ? ; kDU?
kDϕ• ; kDϕ?
kDΣϕ• ; kDUϕ• ; kDΣϕ? ; kDUϕ?

Isotropic kernel
kIΣ• ; kIU• ; kIΣ? ; kIU?
kIϕ• ; kIϕ?
kIΣϕ• ; kIUϕ• ; kIΣϕ? ; kIUϕ?

Table 3: Various combinations of constructing kernels between matrices.

(a)

(b)
(c)
(d)

Figure 1: Original texture images of (a) ‘D1’and (b) ‘D2’ with size 512 × 512. Small
patches of ‘D1’ and ‘D2’ of size 32 × 32 drawn from the original texture images.
4.3 Column space matrix of ‘kernelized’ matrix
The key is to cast the involved computation into dot products. We summarize in Appendix
a standard technique [14, 8, 17, 19] to obtain the column space matrix for a ‘kernelized’
−1/2
matrix ϕ(X). The resulting Uϕx is Uϕx = ϕ(X)Vx Λx
with Vx encoding the top eigenvectors of Lϕ (X, X) corresponding to its top c eigenvalues that are further encoded in the
diagonal Λx matrix.
Therefore, the trace and determinant kernels are
2
−1/2 T
kUϕ• (X, Y) = tr({UT
Vx Lϕ (X, Y)Vy Λy−1/2 }.∧2 ).
ϕx Uϕy }.∧ ) = tr({Λx
−1/2 T
Vx Lϕ (X, Y)Vy Λy−1/2 )}2 .
kUϕ? (X, Y) = {det({UT
ϕx Uϕy })} = {det(Λx
The kernel function kUϕ? (X, Y) is the choice proposed in [19].

(20)
(21)

Finally, we can use the same construction techniques presented in Section 3 to construct
more kernels between matrices of different column sizes, ‘kernelized’ matrices, and ‘kernelized’ matrices of different column sizes. For example, the isotropic trace kernel between
‘kernelized’ matrices of different column sizes using the column space representation is defined as
q
kIUϕ• (X, Y) = kI ( kUϕ• (X, X) + kUϕ• (Y, Y) − 2kUϕ• (X, Y) ).
(22)
Table 3 lists all possible ways of constructing a variety of kernels between matrices.

5 Experiments
We conducted preliminary texture classification experiments using the two textures ‘D1’
and ‘D2’ (as shown in Figure 1) extracted from the Brodatz’s album [2]. Each original
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Figure 2: (a) The recognition accuracy obtained by SVM with the following kernel: (1) k•
as in Eq. (2); (2) k? as in Eq. (4); (3) kU• as in Eq. (14); (4) kU? as in Eq. (16); (5) kI•
as in Eq. (10); (6) kDϕ• as in Table 3; (7) kIϕ• as in Table 3. (b) The Gram matrix for the
7th kernel kIϕ• .

texture image of size 512 × 512 is divided into 256 small non-overlapping patches of size
32 × 32. The image intensities are normalized to [0,1]. We randomly selected 128 data
points per class for training and the remaining 128 for testing. We trained a support vector
machine (SVM) [18] using the training data and used it to classify the testing data. For
comparison, different kernel functions are used in the SVM implementation. We repeated
this random division 20 times and Figure 2(a) reports the average recognition rates with
their standard deviations.
The parameters associated with each kernel are just empirical choices. To derive optimal
choices, a systematic study e.g. cross-validation can be employed. The actual choices used
are the following. There is no parameter involved in the 1st and 2nd kernels; For the 3rd
and 4th kernels, we set c = 4; For the 5th kernel kI• , we set kI as the Gaussian kernel
with kernel width θ = 32. This is equivalent to the RBF kernel based on vectors of size
1024 × 1 by ‘vectorizing’ the images of 32 × 32; For the 6th kernel kDϕ• , we set kD as
the polynomial kernel kD (a) = a6 and the kernel function l(x, y) (where x, y ∈ R32 )
associated with the nonlinear function ϕ as the RBF kernel with θ = 4; For the 7th kernel
kIϕ• , we set kI as the RBF kernel with θ = 1 and the kernel function l as the RBF kernel
with θ = 4.
Using the raw matrix kernels (the 1st and 2nd kernels) yields classification accuracy equivalent to equiprobable choice. Using the 3rd and 4th kernels that involve summarization
by the column space matrix does not increase accuracy. By using the RBF kernel between
vectors, i.e. the 5th kernel, we increase the accuracy to above 80%. However, the ‘vectorization’ operator loses the spatial distribution of pixels. Using the 6th and 7th kernels, i.e.,
kernels between the ‘kernelized’ matrices, the classification accuracy is above 90% (95%
for the 7th kernel). The Gram matrix of all data points for the the 7th kernel is given in
Figure 2(b). It is possible to increase the accuracy by tuning the parameters. Since the ‘kernelized’ matrix keeps the spatial distribution of pixels, we conjectur that kernel functions
between ‘kernelized’ matrices capture the spatial statistics that are necessary for texture
analysis.
We are now pursuing substantial investigations on other recognition tasks such as gait
recognition using the proposed matrix kernels. Gait here refers to the pattern presented
when human walks and a walking cycle in gait exhibits the transition between stances (see
Figure 3). Automatic synchronization of the stances of gait video sequences belonging to
different people is crucial for accurate gait recognition but is very difficult. Using the matrix whose columns encode stances exhibited by the video as input, its column space matrix
naturally presents a ‘stance-free’ representation appropriate for gait analysis.

Figure 3: A sequence of 15 stances forming a half walking cycle.

6 Conclusions
We have proposed two kernels between matrices, the trace and determinant kernels, and
subsequently constructed a family of kernels between matrices using the ‘vector’ viewpoint
of two basic matrix kernels and the matrix structure. This family of matrix kernels is very
flexible: (i) a variety of dot product and isotropic kernels can be used; (ii) various methods
of summarizing matrices of different column sizes in a sensible way can be readily adopted
to generate new matrix kernels; and (iii) the kernel functions for the ‘kernelized’ matrix
can be chosen freely.
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Appendix: Deriving column space matrix Uϕx
Suppose that (λx , vx ) with vT v = 1 is an eigenpair for the matrix Lϕ (X, X) = ϕ(X)T ϕ(X),
−1/2
i.e., ϕ(X)T ϕ(X)vx = λx vx . It is easy to check that (γx = c−1
ϕ(X)vx ) is an
x λx , λx
eigenpair for ϕ(X)ϕ(X)T . The matrix Uϕx in fact contains the eigenvalues for the matrix
ϕ(X)ϕ(X)T . Hence, If only the top c components are kept,
Uϕx = ϕ(X)Vx Λx−1/2 ,
where Vx = [vx,1 , vx,2 , ..., vx,c ]cx ×c contains the eigenvectors corresponding to the
top c eigenvalues of Lϕ (X, X) that are contained in a diagonal matrix Λx =
D[λx,1 , λx,2 , . . . , λx,c ] with diagonal elements being {λx,1 , λx,2 , . . . , λx,c }.

