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so long as it comes with a polynomial time separation oracle, which is all we need to solve it with the
Ellipsoid method.
Such quests for tighter relaxations can seem neverending, since even simple modifications could conceivably tighten the relaxation.
For certain problems, though, the quest for
tighter relaxations —indeed, the quest for any better approximation algorithms— has ended. Results
using probabilistically checkable proofs (PCPs)
show that for a variety of problems such as MAX3SAT, Set Cover, MAX-2SAT, etc., known approximation algorithms cannot be improved if P 6= NP.
Thus PCP-based techniques provide an explanation
for our inability to provide tighter relaxations for
these problems.
However, for many other problems including all
four problems mentioned in the opening paragraph,
the PCP-based results are fairly weak or nonexistent, and fall well below the integrality gaps of the
best relaxations. The best hardness result for Vertex Cover —due to Dinur and Safra [6], who improved upon a long line of work— only shows that
1.36-approximation is NP-hard. The best hardness result for metric TSP only shows that 1.01approximation is NP-hard [16], yet decades of work
has failed to yield a relaxation with integrality gap
better than 1.5 [20] (or 4/3, if one believes a wellknown conjecture [10]). For graph expansion and
related graph problems essentially no hardness results exist yet we only know relaxations with integrality gap Ω(log n) (Shmoys [18]).
When decades of work has failed to turn up
tighter relaxations, one should seriously investigate the possibility that no tighter relaxations exist. Proving such a statement is, however, tantamount to proving P 6= NP, since linear programming is complete for P. Thus one must necessarily
work with subfamilies of linear relaxations. An integrality gap result for a large subfamily of relaxations
may then be viewed as a lowerbound for a restricted

Abstract
Proving integrality gaps for linear relaxations of NP
optimization problems is a difficult task and usually
undertaken on a case-by-case basis. We initiate a
more systematic approach. We prove an integrality
gap of 2−o(1) for three families of linear relaxations
for vertex cover, and our methods seem relevant to
other problems as well.
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Introduction

Approximation algorithms for NP-hard problems —
metric TSP, Vertex Cover, graph expansion, cut
problems, etc.— often use a linear relaxation of the
problem (see Vazirani [19], Hochbaum [13]). For instance, a simple 2-approximation algorithm for vertex
P cover solves the following relaxation: minimize
i∈V xi such that xi + xj ≥ 1∀ {i, j} ∈ E. One can
show that in the optimum solution, xi ∈ {0, 1/2, 1}.
Thus rounding the 1/2’s up to 1 gives a vertex
cover [15]. This also proves an upper bound of 2
on the integrality gap of the relaxation, which is the
maximum over all graphs G, of the ratio of the size
of minimum vertex cover in G and the cost of optimum fractional solution. Can we write a linear relaxation with a lower integrality gap, say 1.5? Note
that the LP need not even be of polynomial size
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computational model, analogous say to lowerbounds
for monotone circuits [17] and for proof systems [4].
An example is Yannakakis’s result [21] that representing TSP (the exact version) using a symmetric linear program requires exponentially many constraints.
In this paper we prove nonexistence of tighter relaxations for Vertex Cover among three fairly general families of LPs. For all families we prove an
integrality gap 2 − o(1). (Since the complement
of a vertex cover is an independent set, and vice
versa, the results may also be trivially rephrased to
say that the integrality gap of the independent set
problem is unbounded even in graphs whose independent set number is Ω(n).) An interesting aspect
of our result —also the reason for the paper’s title—
is that no explicit description is known for the LPs
in the three families. However, we can show that
they use inequalities that have a fairly local view of
the graph. This lets us construct graphs in which
the minimum vertex cover must contain almost all
the vertices, yet the all-1/2 solution (or something
close to it) is feasible for each inequality.
In all relaxations we allow only the variables
x1 , x2 , . . . , xn ∈ [0, 1] for the vertices and no auxiliary variables. Such a restriction seems necessary
because auxiliary variables would give the LP the
power of arbitrary polynomial-time computations.
The first family consists of linear programs that
can include arbitrary inequalities on any set of ǫn
variables.
The second family consists of linear programs
containing equations with low defect. For an inequality aT · x ≤ b, wherePa is an integer vector,
the defect is defined to be i ai − 2b. The defect of
facets in the independent set polytope varies from 1
to n − 2, and we allow inequalities of defect at most
ǫn. An integrality gap of 2 − o(1) for this family is
a simple corollary of the one for the first family.
The third family consists of linear programs obtained from O(1) rounds of a “lift-and-project”
construction of Lovász and Schrijver [14]. This
is a method that, over many rounds, generates
tighter and tighter linear relaxations for 0/1 optimization problems. It is more round-efficient than
classical cutting plane procedures such as GomoryChvatal [5], since it generates every valid inequality
in at most n rounds. Even in one round it generates nontrivial inequalities for vertex cover. Furthermore, the set of inequalities derivable in O(1)

rounds —this could be an exponentially large set—
has a polynomial-time separation oracle, thus allowing the Ellipsoid method to optimize over this
set. Characterizing the set of inequalities obtained
in O(1) rounds has proved difficult; even the case of
2 rounds is open. (Our
√ integrality gap of 2 − o(1)
actually extends to Ω( log n) rounds.)
Our techniques seem applicable to problems
other than vertex cover and should be the subject
of future work. Extending our ideas to semidefinite
relaxations as well as to the semidefinite programming analog of the Lovász-Schrijver procedure is an
interesting open problem.
The recent paper [9] by Feige and Krauthgamer
proves bounds on how well the iterated lifting procedure, with semidefiniteness constraints included,
approximates the maximum clique on a random
graph with edge probabilities 1/2. However, this result does not give directly any lower bound on the
approximability of vertex cover, since in this case
both the vertex cover and the relaxations considered are about n.

2

The first family

In this section we prove integrality gaps for linear
programs in {x1 , x2 , . . . , xn } that allow any constraint of the form aT · x ≤ b, where the coefficient
vector a is nonzero for only ǫn coordinates. In other
words, each constraint only involves ǫn variables.
The linear program may have exponential size, and
may not have a polynomial-time separation oracle.
(In fact, there are linear programs in this family for
which finding such an oracle would imply P = NP.)
We only require that all 0/1 vertex covers in the
graph are feasible for the relaxation.
To exhibit the integrality gap we will construct
a special graph by the probabilistic method (Theorem 1). This result appears to be new, although it
fits in a line of results starting with Erdős [8], showing that the chromatic number of a graph cannot be
deduced from “local considerations” (see also Alon
and Spencer [1], p. 130).
A fractional γ-coloring of a graph G is a multiset
C = {U1 , . . . , UN } of independent sets of vertices
such that every vertex is in at least N/γ members
of C. The fractional chromatic number of G is
χf (G) = inf{γ : G has a fractional γ − coloring} .
2

(1+δ)/(2+δ). Thus we have shown that the all- 1+δ
2+δ
vector is feasible for the entire LP. 2

Theorem 1 Let 0 < α, δ < 1/2 be constants.
Then there are constants β = β(α, δ) > 0 and
n0 = n0 (α, β, δ) such that for every n ≥ n0 there
is a graph with n vertices and independence number
at most αn such that every subgraph induced by a
subset of at most βn vertices has fractional chromatic number at most 2 + δ.

Note that the same construction also proves
that the integrality gap for independent set is unbounded: for any ǫ, δ > 0 there are graphs with
independence number αn and for which every linear relaxation in our family has integrality gap at
least 1/α(2 + δ).

Let H be the graph constructed in Theorem 1
with α, δ arbitrarily close to 0 and β be as given by
the theorem.

2.1

The proof uses standard random graph theory supplemented with a couple of new ideas. Let us recall
the standard part (see [1]). If we pick a random
graph G using the familiar G(n, p) model and choose
p appropriately, then in G the largest independence
set has size at most αn and yet the induced subgraph on every subset of βn vertices has an independence set of size close to βn/2. By deleting a
few edges —too few to disturb anything else — we
can assume that G has no small cycle (i.e., has high
girth).
To prove an upperbound of 2+δ on the fractional
chromatic number of every induced subgraph with
at most βn vertices, we use induction on the subgraph size. The main idea in the inductive step is to
exhibit a long path inside every subgraph. (To do
this we need a sparsity condition in addition to high
girth; see Lemma 6.) Peeling away the path gives a
smaller subgraph that is colored (fractionally) using
the inductive assumption. Extending this fractional
coloring to the path vertices is easy (see Lemma 5),
and this completes the induction (see Lemma 7).
Now we give details. The next Lemma concerns the “standard random graph theory” mentioned above, together with a sparsity condition,
which appears to be new.

1+δ
is
Theorem 2 The vector with all coordinates 2+δ
feasible for any linear relaxation for H in which each
constraint involves at most βn variables. (Conse2+δ
.)
quently, the integrality gap is ≥ (1 − α) · 1+δ

Proof: Suppose the linear relaxation contains, for
each I ⊆ {1, . . . , n} of size βn, the constraints
AI · x ≤ bI

Proof of Theorem 1

(1)

where AI is an arbitrary constraint matrix with
nonzero entries only in columns corresponding to
I. (We emphasize that AI may depend upon the
input graph H.) Then the polytope PI associated
with these constraints is the cross-product of some
polytope QI on the coordinates in I and the unit
cube [0, 1]n−|I| in the other coordinates. The polytope describing the entire relaxation is ∩I PI .
1+δ
We show the all- 2+δ
vector lies in all PI ’s and
hence is feasible. Let I be any subset of at most βn
vertices and {U1 , . . . , UN } be its fractional (2 + δ)coloring. Each vertex in I is contained in at least
1/(2+δ) fraction of Ui ’s, but we can assume without
loss of generality —by deleting the vertex from a
few Ui ’s if need be—that it is contained in exactly
1/(2 + δ) fraction of Ui ’s. Notice, each I \ Ui is
a vertex cover in the subgraph induced by I and
hence can be extended to a vertex cover of the entire
graph. Thus any vector in ℜn that has 1I\Ui (the
characteristic vector of I \ Ui ) in the coordinates
corresponding to I is feasible for AI · x ≤ bI .
Consider the vectors v1 , v2 , . . . , vN ∈ ℜn where
vi is 1I\Ui in the coordinates corresponding to I
and (1 + δ)/(2 + δ) otherwise. Each such vector
satisfies AI · x ≤ bI , so convexity implies that the
same is also true for the average vector N1 (v1 + v2 +
· · · + vN ). Since each vertex in I lies in exactly
1 − 1/(2 + δ) = (1 + δ)/(2 + δ) fraction of the vertex
covers, this average is the vector with all coordinates

Lemma 3 Given an integer g ≥ 3 and real numbers α, η with 0 < α < 1/2 and 0 < η < 1/2, let
λ > e2 and β > 0 be such that
2

log λ
≤α
λ

(2)

and
β < (eλ)−2/η .

(3)

Then there is an integer n0 = n0 (λ, η, g) such that
for every n ≥ n0 there is a graph H of order n,
girth at least g and independence number at most αn
such that every subgraph of H with ℓ ≤ βn vertices
contains at most (1 + η)ℓ edges.
3

Remark. Condition (2) is satisfied if we take

(iii) Call a cycle in Gn,p short if its length is less
than g. The expected number of short cycles is less
than
 ℓ X
g−1
g−1
X
λℓ
nℓ λ
=
= s.
n
ℓ
l

λ = (3/α) log(1/α).
Proof: Let us consider the space of random graphs
G(n, p) with p = λ/n. Let 0 < α0 < α be such that
1 + log(l/α0 ) < λα0 /2.

ℓ=3

(4)

Therefore, with probability 1 − O(n−1/2 ), Gn,p has
at most n1/2 short cycles. Deleting an edge of each
of these cycles, we get a graph of girth at least g.
Consequently, with probability 1 − O(n−1/2 ), a
random graph Gn,p is such that no set of ℓ ≤ βn
vertices spans more than (1 + η)ℓ edges, and if we
delete an edge from each short cycle then the independence number of the new graph H = G′n,p is at
most
√
α0 n + n < αn.

Inequality (2) implies that we can choose such an
α0 .
In order to avoid unnecessary clutter, in what
follows, we shall drop the integrality signs (in particular, we shall write α0 n instead of ⌈α0 n⌉); this
slight inaccuracy will not endanger the validity of
the arguments. Also, as usual, we shall assume that
n is large enough to make our inequalities hold.
(i) The probability that for some ℓ, 4 ≤ ℓ ≤ 1/η,
some ℓ-set spans at least ℓ + 1 edges is at most
⌊1/η⌋ 

X
ℓ=4

n
ℓ



This graph H has the required properties. 2
Now we establish some basic properties of χf .
Note that if G has a k-coloring with color classes
U1 , . . . , Uk then C = {U1 , . . . , Uk } is also a fractional
k-coloring of G. Consequently, χf (G) ≤ χ(G). It
is easy to check that a path with at least one edge
has fractional chromatic number 2. The proof of the
next lemma is left to the reader.

   ℓ+1
λ
= O(n−1 ).
n
ℓ+1
ℓ
2

Also, very crudely, for 1/η < ℓ < βn, the expected
number of ℓ-sets spanning at least (1 + η)ℓ edges is
less than
   (1+η)ℓ
 
ℓ
λ
n
2
n
ℓ
(1 + η)ℓ
"
1+η  1+η #ℓ

 en 
λ
eℓ
≤
ℓ
2(1 + η)
n

ℓ
≤ e2 (ℓ/n)η λ1+η = Sℓ .

Lemma 4 1. If Ck denotes the cycle of length k
then χf (C2ℓ ) = 2 and χf (C2ℓ + 1) = (2ℓ + 1)/ℓ.
2. If |V (G1 ) ∩ V (G2 )| ≤ 1 then χf (G1 ∪ G2 ) =
max{ χf (G1 ), χf (G2 ) }.
The next Lemma concerns χf of a graph that
contains a long path (the vertices on the path’s interior have no edges outside the path edges).

Since e2 β η λ2 < 1,

⌊βn⌋

X

Sℓ = O(n−1 ).
Lemma 5 Let ℓ ≥ 2 and let G be a graph obtained
by adding a path x0 x1 . . . xℓ+1 to a graph G′ , where
x0 , xℓ+1 ∈ V (G′ ) and xi 6∈ V (G′ ) for 1 ≤ i ≤ ℓ.
2ℓ
}.
Then χf (G) ≤ max{χf (G′ ), ℓ−1

ℓ=⌈1/η⌉

Hence, with probability 1 − O(n−1/2 ), every set of
ℓ ≤ βn vertices spans at most (1 + η)ℓ edges.
(ii) Let I = I(Gn,p ) be the number of independent sets of ⌈α0 n⌉ vertices. Note that

′
} be a multiset of
Proof: Let C ′ = {U1′ , . . . , UN
′
independent sets in G such that every vertex of G′
is in at least γN of these sets. Let C1′ , . . . Cℓ′ be copies
′
′
, UN
}.
of the multiset 2C ′ = {U1′ , U1′ , U2′ , U2′ , . . . , UN
For 1 ≤ i ≤ ℓ and j 6= i, let Cj be obtained from Cj′
by extending each Uh′ ∈ Cj′ to an independent set Uh
in G \ {xj } (i.e., the graph with xj removed) in the
trivial way. Thus every xk , k 6= j, is in at least N
sets of Cj . Then 2C = ∪ℓj=1 Cj is a multiset of 2ℓN
independent sets of G such that every vertex of G′


 αn
λ (2)
n
1−
α0 n
n
 
α0 n
e
≤
= γ0α0 n
e−λα0 /2
α0

E(I) =

ℓ=3



Inequality (4) implies that γ0 < 1, so the probability that Gn,p contains an independent set of α0 n
vertices is exponentially small.
4

G is 2-connected. If it is a cycle then its length
must be at least 2h, and hence χf is at most 2 + h1
by part 1 of Lemma 4. So assume G is not a cycle.
But then, by Lemma 6, G contains a path of length
h+2 whose internal vertices have degree 2 in G. Let
G′ be the graph obtained from G by deleting these
internal vertices (together with the edges incident
with them). Since, by assumption, χf (G′ ) ≤ 2 + h1 ,
by Lemma 5 we have χf (G) = χf (G′ ) ≤ 2+ h1 . This
completes the induction and the Lemma is proved.
2

is in at least 2ℓγN of these sets and every vertex
xi , 1 ≤ i ≤ ℓ, is in at least (ℓ − 1)N of these sets.
Consequently, every vertex of G is in at least
min{γ,

ℓ−1
}
2ℓ

proportion of the sets 2C. This shows that χf (G) ≤
2ℓ
}, completing the proof. 2
max{ γ1 , ℓ−1
For a positive real k > 1, call a graph k-sparse
if it has no subgraph with ℓ vertices and more than
kℓ/2 edges. This concept is closely related to that of
degeneracy: if k is a natural number and ǫ > 0 then
a ( k+1
2 −ǫ)-sparse graph is k-degenerate; conversely,
every k-degenerate graph is 2k-sparse.

Now we can prove the main theorem.

Lemma 6 Let ℓ ≥ 1 be an integer and 0 < η <
1
3ℓ−1 , and let G be a 2-connected (1+η)-sparse graph
which is not a cycle. Then G contains a path of
length ℓ + 1 whose internal vertices have degree 2 in
G.

Proof:(Theorem 1) Set h = ⌈1/δ⌉, g = 2h and
1
η = 3h+3
. Choose λ > e2 and β > 0 to satisfy
inequalities (2) and (3). Let H be a graph of order
n whose existence is guaranteed by Lemma 3. Thus,
H has independence number at most αn, and if G
is a subgraph of H with at most βn edges then G is
(1 + η)-sparse and has girth at least g = 2h. Hence,
by Lemma 7, χf (G) ≤ 2 + h1 ≤ 1 + δ, completing
the proof. 2

Proof: Suppose that G has n vertices and does not
contain a path of length ℓ+1 with ℓ internal vertices
of degree 2 in G. As every 2-connected graph with
more edges than vertices, G is made up of a certain
k ≥ 2 number of branch-vertices (i.e., vertices of
degree at least 3) and induced paths joining them,
say P1 , . . . , Pm , where m ≥ ⌈3k/2⌉. Write ℓi ≤ ℓ for
the length of Pi . Then
Pm
ℓ
e(G)
Pmi=1 i
=
1+η ≥
n
k + i=1 (ℓi − 1)
1
ℓ
,
≥1+
≥ k
3ℓ
−1
+
ℓ
−
1
m
contradicting our assumption that 0 < η <

1
3ℓ−1 .

3

2

Lemma 7 Let h ≥ 2 be an integer and 0 < η <
1
3h+2 . Then every (1 + η)-sparse graph G of girth at
least 2h has χf (G) ≤ 2 + h1 .
Proof: We use induction on the number of vertices. The base case is trivial. Assume the statement is true when the number of vertices is at most
m and G is a graph with m + 1 vertices. If it is not
2-connected, it has a vertex v whose removal disconnects the graph and hence we can complete the
inductive step using part 2 of Lemma 4. So assume
5

The second family

T
The defect of an inequality
P a · x ≥ b, where b is
an integer vector, is 2b − i ai . This number is always non-negative [14]. We generalize the results
in Section 2 to families of relaxations containing inequalities of defect at most ǫn.
Since adding two inequalities gives a new inequality whose defect is the sum of their defects, it suffices in any linear system to look at the defect of
the facets. In a relaxation for vertex cover set,
these facets must be of the type aT · x ≥ b, where
n
, b ∈ Z+ .
a ∈ Z+
Let H be the graph constructed in Theorem 1
for α, δ > 0 arbitrary constants. Let the defect of
some relaxation be at most ǫn where ǫ = βδ/(2+δ).
We show that the vector xδ with all coordinates
(1 + δ)/(2 + δ) is feasible.
P
There are two types of facets. If i ai ≤ βn then
the constraint only involves βn variables and so the
feasibility
of the vector xδ follows as in Section 2. If
P
a
>
βn
then the feasibility of this vector follows
i
i

It can be shown that every valid inequality is
generated in at most n rounds. The set of inequalities derivable in one round are exactly the oddcycle inequalities, but no exact characterization exists for subsequent rounds. However, we do know
that the set of inequalities derivable in O(1) rounds
has a polynomial-time separation oracle. For details
see [14].
To understand our results, however, the reader
only needs to know the next Lemma, taken from
[14]. The notation uses homogenized inequalities.
Let FRAC(G) be the cone in ℜn+1 that contains
a vector (x0 , x1 , . . . , xn ) iff it satisfies the edge constraints xi + xj ≥ x0 for each edge {i, j} ∈ G. (All
cones below will be in ℜn+1 and we’re interested in
the slice cut out by the hyperplane x0 = 1.) Denote
by N r (FRAC(G)) the feasible cone of all inequalities obtained from r rounds of the [LS] lifting procedure. The lemma defines the effect of one round.

by direct substitution:
X

ai

i

4

1X
δ
1+δ X
=
+
ai
ai
2+δ
2(2 + δ) 2 i
i
βnδ
1X
>
+
ai
2(2 + δ) 2 i
ǫn 1 X
+
=
ai ≥ b.
2
2 i

(5)
(6)
(7)

The third family

Lovász and Schrijver [14] present a general construction for obtaining tighter relaxations for a 0/1 optimization starting from an arbitrary relaxation. The
idea is to “lift” to n2 dimensions and then project
back to the n-space. We illustrate using the standard relaxation for Vertex Cover.
xi + xj ≥ 1

(Edge constraint)
(8)
In this relaxation xi ’s are real numbers in [0, 1], and
we wish to tighten the relaxation to force the the
xi ’s to 0, 1. To this end, we can introduce any constraints satisfied by 0/1 vertex covers. For instance,
the xi ’s can be required to satisfy, for every oddcycle C,
X
i∈C

xi ≥

∀ {i, j} ∈ E

|C| + 1
2

(Odd-cycle constraint)

Lemma 8 ([14]) If K is a cone in ℜn+1 , then
α ∈ N (K) iff there is an (n + 1) × (n + 1) symmetric matrix Y satisfying (notation: ei is the ith
unit vector and hence Y ei is the ith colum of Y )
1. Y e0 = diag(Y ) = α.
2. For each i, both Y ei and Y (e0 − ei ) are in K.
Let yγ denote the vector (1,

(9)

γ).

Many other families of inequalities are known, but
a complete listing will probably never be found because of complexity reasons. Lovász and Schrijver
give an automatic method to generate all valid inequalities.
Notice, 0/1-valued vertex covers satisfy
x2i = xi
(1 − xi )(1 − xj ) = 0

∀i
∀ {i, j} ∈ E

Theorem 9 The vector yγ is in N r (FRAC(G))
2
provided girth(G) ≥ 4rγ .
The following result is essentially due to
Erdős [7]; see Bollobás [3], Theorem 4, Ch VII.
Theorem 10 For any α > 0 there is an n0 (α) such
that for every n ≥ n0 (α) there are graphs on n vertices that girth at least log n/3 log(1/α) but no independent set of size greater than αn.

(10)
(11)

We can derive inequalities starting from only (10)
and (11) and using the following two rules to eliminate nonlinear terms:
α1 , . . . , αm ≥ 0 ⇒ c0 +

k
X
i=1

1
1
1
+ γ, + γ, . . . , +
2
2
2

In such graphs, the 1/2 + γ vector
is feasible for
p
N r (FRAC(G)) for r up to Ω( γ log n/ log(1/α)),
and hence the integrality gap is at least 2(1−α)/(1+
2γ).

ci αi ≥ 0 ∀c0 , . . . , cm ≥ 0

4.1

(Linear combination)
α > 0 ⇒ xi α ≥ 0, (1 − xi )α ≥ 0 ∀i
(Restricted multiplication)

Proof of Theorem 9

We prove the Theorem by induction, where the inductive hypothesis requires a set of vectors other
6

than just yγ to be in N m (FRAC(G)) for m ≤ r.
These vectors are essentially all-(1/2 + γ), except
possibly for a few vertices and small neighborhoods
around those vertices, for which the vector could
take arbitrary nonegative values so long as it satisfies edge constraints.

show α ∈ N m+1 (FRAC(G)) it suffices by Lemma 8
to exhibit an (n + 1) × (n + 1) times matrix Y that
is symmetric and satisfies
A : Y e0 = diag(Y ) = α,
B : For each i such that αi = 0, we have Y ei = 0.
For each i such that αi = 1 we have Y e0 = Y ei .
Otherwise Y ei /αi and Y (e0 − ei )/(1 − αi ) are
(S ∪ {i} , Rm , γ)-vectors.

Definition 1 Let S ⊆ {1, . . . , n} and R be a positive integer and γ > 0. Then a nonnegative vector (α0 , α1 , . . . , αn ) with α0 = 1 is an (S, R, γ)vector if the entries satisfy all edge constraints, and
1
αj =
+ γ for each j 6∈ ∪w∈S Ball(w, R). Here
2
Ball(w, R) denotes the set of vertices within distance
R of w.

We represent conditions A and B as a linear
program, and show that this linear program is
feasible, thus proving the existence of Y . The
proof technique is similar to the proof in [LS] that
N (FRAC(G)) contains exactly those vectors that
satisfy odd-cyle constraints.
The notation below assumes symmetry, namely,
Yij is really Y{i,j} .
The edge constraints for Y ek /αk and Y (e0 −
ek )/(1 − αk ) require

These vectors have a simple but important property:
Lemma 11 If α is an (S, R, γ)-vector, then along
any path of length L that contains at least 2/γ
edges whose endpoints lie outside ∪w∈S Ball(w, R),
L
the sum of the αi ’s along the path exceeds ⌈ ⌉ + 1.
2

αk ≤ Yik + Yjk ≤ αk + αj + αi − 1
∀k ∈ {1, . . . , n} , {i, j} ∈ E
Ykk = αk
∀k ∈ {1, . . . , n}

Proof: The vector α satisfies all edge constraints, and for edges whose endpoints do not lie in
∪w∈S Ball(w, R), it oversatisfies them by 2γ. There
are at least 2/γ such edges on the path. 2

(12)
(13)

Now we write constraints implying for every i
that if t 6∈ ∪w∈S∪{i} Ball(w, Rm+1 + 2/γ) then in
Y ei /αi and Y (e0 − ei )/(1 − αi ), the tth coordinate
is 1/2 + γ.
We say a pair of vertices i, t is a distant pair if
t 6∈ ∪w∈S∪{i} Ball(w, Rm+1 + 2/γ). (Notice, such a t
satisfies αt = 1/2 + γ.) For such a pair, we require

The following Corollary is immediate:
Corollary 12 If α is an (S, R, γ)-vector, and
girth(G) > 2(R + 1) · |S| + 2/γ, then α satisfies
all odd-cycle constraints.
Now we are ready to prove the Main Theorem.

1
Yit = αi αt = αi ( + γ).
2

Proof:(Main Theorem) Let γ = ρ, Rr = 0 and
Rm = Rm+1 + 2/γ. We note that the girth is large
enough that Rm + 2/γ ≤ girth(G)/r for all m.
We prove the following claim by induction; note
that the Theorem is a subcase of the claim for m =
r.
inductive claim for N m (FRAC(G)): For every
set S of r − m vertices, every (S, Rm , γ)-vector is in
N m (FRAC(G)).
Base case m = 0. Trivial since the (S, Rm , γ)vector α satisfies edge constraints and hence lies in
FRAC(G).
Proof for m + 1 assuming truth for m: Let α be
an (S, Rm+1 , γ)-vector where |S| = r − m − 1.
Since the inductive hypothesis guarantees that every (S ∪ {i} , Rm , γ)-vector is in N m (FRAC(G)), to

(14)

By definition, distant pairs have the property that
every path in the graph connecting them contains
at least 2/γ − 1 edges whose endpoints were not in
∪w∈S Ball(w, Rm+1 ), and hence are oversatisfied in
vector α by 2γ.
To show that the desired Y exists we prove the
consistency of the family of constraints in (12), (13),
(14). This uses a combinatorial version of Farkas’
Lemma adapted from [LS].
Lemma 13 (Special case of Farkas’ Lemma)
Let H = (W, F ) be a graph and let two values
0 ≤ a(u, v) ≤ b(u, v) be associated with each edge
(u, v) in F . Let U ⊆ W be also given, and let
7

β(u) ≥ 0 be associated with each u ∈ U . Then the
linear system
a(u, v) ≤yu + yv ≤ b(u, v)
∀ {u, v} ∈ F
(u ∈ W )
yu ≥ 0
(u ∈ U )
yu = β(u)

are oversatisfied by 2γ in vector α. Then the arguments of [LS] together with Lemma 11 rule out all
of the cases listed in the Lemma statement. (The
reader can also verify this using the ideas below.)
So assume both v0 , vp are distant pairs. For convenience let us pick case 3; the others are similar.
Let w be a vertex in G. Vertex w could become
an element of vi for i ≥ 1, stay an element of subsequent vj ’s for a while and then drop out. Say this is
repeated f (w) times. Then the contribution of αw
to the sum is f (w)αw . Then the sum in condition
case 3 is

(15)
(16)
(17)

has no solution if and only if there exists a walk
v0 , v1 , . . . , vp (the walk could visit a node multiple
times) in the graph H such that one of the following
holds:
1. p is odd and b(v0 , v1 ) − a(v1 , v2 ) + b(v2 , v3 ) −
· · · + b(vp−1 , vp ) < 0;

p+1
−β(ij)−β(rt)
2
w
(18)
(Note that i, j, r, t may appear in the interior of the
walk, and also have an f () count; the extra terms
are due to their appearance in the first and last
edge.)
Every w that is not an element of v0 and vp appears in exactly 2f (w) bracing edges in the walk.
Summing the edge constraints for all p bracing edges
appearing in the walk gives
X

2. p is even, v0 = vp and b(v0 , v1 ) − a(v1 , v2 ) +
b(v2 , v3 ) − · · · − a(vp−1 , vp ) < 0;
3. p is odd and v0 , vp ∈ U and b(v0 , v1 ) −
a(v1 , v2 ) + b(v2 , v3 ) − · · · + b(vp−1 , vp ) − β(v0 ) −
β(vp ) < 0;
4. p is even, v0 , vp ∈ U and b(v0 , v1 ) − a(v1 , v2 ) +
b(v2 , v3 ) − · · · − a(vp−1 , vp ) − β(v0 ) + β(vp ) < 0;
5. p is odd, v0 , vp ∈ U and −a(v0 , v1 ) + b(v1 , v2 ) −
a(v2 , v3 ) + · · · − a(vp−1 , vp ) + β(v0 ) + β(vp ) < 0;
6. p is even, vp ∈ U and b(v0 , v1 ) − a(v1 , v2 ) +
b(v2 , v3 ) − · · · − a(vp−1 , vp ) + β(vp ) < 0.

f (w)αw +αi +αj +αr +αt −

2

X
w

In our system, W is the set of all pairs i, j; two
pairs (i, k) and (j, k) are connected by an edge in H
iff {i, j} ∈ E. For such a pair, b(ij, jk) = αi + αj +
αk −1, a(ij, jk) = αj . Set U consists of two types of
pairs (a) (i, i) for which β(i, i) = αi . (b) (i, j) where
i, j are a distant pair. One of them, say j, satisfies
αj = 1/2 + γ, in which case β(ij) = αi (1/2 + γ).
To prove feasibility we have to rule out all six
cases mentioned in the Lemma. The cases where
both v0 , vp are not distant pairs are ruled out as in
[LS], whose proof only needs that the αi ’s satisfy
the odd-cycle constraints, which they do thanks to
Corollary 12. So assume that at least one of v0 , vp
is a distant pair.
Following [LS], for (ij, jk) in F call {i, j} ∈ E the
bracing edge. We call a pair (i, i) a diagonal pair.
Assume that we have one of the cases 3,4,5. If
only one of v0 , vp is a distant pair, and the other is
a diagonal pair, then the distant pair is connected
by the walk formed by the bracing edges. By definition of distant pair, every path in the graph that
connects them contains at least 2/γ − 1 edges that

f (w)αw + αi + αj + αr + αt ≥ p.

(19)

Since both ij and rt are distant pairs, assume
i, r are such that αi = αr = 1/2 + γ and that j, t
are connected by a path of bracing edges. Then
β(ij) = αj (1/2 + γ) and β(rt) = αt (1/2 + γ). Also,
i, r must be connected by a path of bracing edges,
and all edges on this path are oversatisfied by 2γ
in α. If this path has nonzero length, then this
contribution of 2γ greatly simplifies the calculations
below. The nontrivial case is when the path has zero
length (i.e., i = r) and hence the path connecting
j, t has odd length.
Let D denote αj + αt . There are two cases:
D > 1 and D ≤ 1. If D > 1 then actually we
can strengthen (19) to
2

X
w

f (w)αw + αi + αj + αr + αt ≥ p + D − 1. (20)

(This just says that if the two endpoints sum to
D > 1 then some edge(s) along the path must be
oversatisfied by D −1.) Now rewrite the sum in (18)
8

as
X
w

that they may be seen as complementary to PCPbased results. Even if it were shown using PCPs
that (2 − ǫ)-approximation to vertex cover is NPhard, the proof would probably involve even more
complex reductions than those in [6]. Thus it might
reduce 3SAT formulae of size n to vertex cover on
graphs of size nc , where c is astronomical. Even if
we assume 3SAT has no 2o(n) time algorithms, such
a reduction would not rule out integrality gap of 1.1
(say) for the relaxations in Section 2.
In other words, even in a world with PCP-based
results, our methods may be useful for ruling out
subexponential approximation algorithms that use
linear programming approaches.

1
f (w)αw + 2 · (αi + αj + αr + αt ) − αi αj
2
p+1
(21)
2
p+D−1 1
+ (αi + αj + αr + αt ) − αi αj
≥
2
2
p+1
(22)
− αr αt −
2

− αr αt −

by substituting values,
1
D−2 1
+ (1 + 2γ + αj + αt ) − ( + γ)(αj + αt )
2
2
2
(23)
D
1
D−1
+γ+
− D( + γ)
(24)
=
2
2
2
1
= (D − 1)( − γ)
≥0
(25)
2
=
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We conclude that the sum in case 3 cannot be negative if D > 1. If D ≤ 1 on the other hand, then we
can also rewrite the sum in (18) using (19)
X
w
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