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Abstract

A new algorithm is presented for filling-sided holes.
The algorithm generates a subdivision surface which con-
nects smoothly@*') with the surface around the hole. The
data to the algorithm consists afboundary curves and
cross boundary derivatives, given in any parametric form.
The algorithm is based on Sabin’s variant of Catmull-
Clark scheme [1], which operates in the surface inte-
rior. Near the boundary we introduce new subdivision
rules that involve the given boundary curves and cross-
boundary derivatives. The generated subdivision surface
is G2-continuous except at one extraordinary point. In
the neighborhood of this point the surface curvature is . )
bounded. Figure 1: A 5-sided surface.

The proposed subdivision scheme falls into the cate-
gory OT combined subd:y:sron_schemeghlch combm_e bination of 3D constituents. In the former case triangular
operations on control points with operations on functions

The theory ofcombined subdivision schemisused to or rectangular e'e_”?e_”ts are put together [_2’ 6, 12, 20, 23]
. - . or recursive subdivision methods are applied [5, 8, 24]. In
derive the scheme and to establish its properties.

the latter case either the known control-point based meth-
ods are generalized or a weighted sum of 3D interpolants
1 Background gives the surface equation [1, 3, 4, 22, 26].

This paper presents a subdivision schemes specially de-

The problem of constructing N-sided surface patches g&gned for the task of filling—gided holes, WhiCh. belon_g_s
curs frequently in computer-aided geometric design. T the former case. Subdivision schemes provide efficient

N-sided patch is required to connect smoothly to giv orithms for the design, representation and processing

surfaces surrounding a polygonal hole, as shown in fig(fleSmooth surfaces of arbitrary topological type. Their

1. simplicity and their multiresolution structure make them
Referring to [10, 25, 26};-sided patches can be genelgttractive for applications in 3D surface modeling, and in

ated basically in two ways. Either the polygonal domaiﬁ?mpmer grf”‘?h'cs [7.9.11, 13,19, 27'_28]'_

which is to be mapped into 3D, is subdivided in the para—The subdivision scheme presented in this paper falls

metric plane, or one uniform equation is used as a colfit¢ the category otombined subdivision schemidst,
15, 17, 18], where the underlying surface is represented

*adilev@math.tau.ac.il, http://www.math.tau.acitlilev not only by a control net, but also by the given boundary




conditions. The scheme repeatedly applies a subdivisioB. For each old vertex, make a new vertex-vertexv)
operator to the control net, which becomes more and more at the point given by the following linear combina-
dense. In the limit, the vertices of the control net converge tion, whose coefficients,,, 3., v, depend on the va-
to a smooth surface. Samples of the boundary conditions lencyn of v:

participate in every iteration of the subdivision, and as a
result the limit surface satisfies the given conditions, re-
gardless of their representation. Thus, our scheme per-
forms so-called transfinite interpolation.

The motivation behind the specific subdivision rules,
and the smoothness analysis of the scheme are presented
in [16]. In the following sections, we describe Catmull-
Clark's scheme, and we present the details of our scheme.

an,- (the centroid of the new edge vertices of the
edges meeting at v) #,- (the centroid of the new
face vertices of the faces sharing those edgeg) +-

2 Catmull-Clark’s scheme

AnetN = (V, E) consists of a set of verticds and the
topological information of the neE, in terms of edges
and faces. A net is closed when each edge is shared by
exactly two faces.

Camull Clark's subdivision scheme is defined over Figure 2: Catmull-Clark’s scheme.
closed nets of arbitrary topology, as an extension of the )
tensor product bi-cubic B-spline subdivision scheme (see! "€ topologyE” of the new net is calculated by the
[5, 8]). Variants of the original scheme were analyzed fgllowing rule:
Ball and Storry [24]. Our algorithm employs a variant
of Catmull-Clark’s scheme due to Sabin [21], which gen-
erates limit surfaces that afé?-continuous everywhere
except at a finite number of irregular points. In the neigh-
borhood of those points the surface curvature is bounded.
The irregular points come from vertices of the original We present the procedure for calculating the weights
control net that have valency other than 4, and from faa@gntioned ir§2, as formulated by Sabin in [21].

For each old facg and for each vertex of f, make
a new quadrilateral face whose edges jofif) and
v(v) to the edge vertices of the edgesfo$haringu
(see figure 2).

of the original control net that are not quadrilateral. Letn > 2 denote a vertex valency. Lét:= cos(n/n).
Given a netN, the verticesl’”’ of the new netN' = Letx be the unique real root of
(V', E") are calculated by applying the following rules on 5 )
N (see figure 2): z” + (4k7 = 3)z — 2k =0,
1. For each old facg, make a new face-vertex f) as safisfyingz > 1. Then
the_ weighted average of the old verticesfofwith W, = z°+2kz—3, 1)
weightsW,, that depend on the valeney of each _ 4
vertex. Gn = 5
_ kx+ 2k% —1
2. For each old edge, make a new edge-vertexe) T = 2 (kz +1)

as the weighted average of the old vertices ahd

the new face vertices associated with the two faces
originally sharinge. The weightd¥,, (which arethe  The original paper by Sabin [21] contains a mistake:
same as the weights used in rule 1) depend on the formulas for the parametets3 and~ that appear in
valencyn of each vertex. 84 there, areg := 1, v := —a.

Bn = —Yn



| Wy | Yn | We say that the input datads? compatible if the curves
1.23606797749979..]. 0.06524758424985..]] {c;} have Hilder continuous second deriatives, the func-
1 0.25 tions {d;} have Hlder continuous derivatives, and the
0.71850240323974. .| 0.40198344690335..] following twist condition is satisfied:
0.52233339335931..| 0.52342327689253..
d5(2) = ~dj, (0). )

0.39184256502794. .| 0.61703187134796..

In [16] we prove that our scheme generates surfaces that
pre C?-continuous near the boundary f6¥-compatible
data. However, the algorithm is applicable also for data
which is notC?-compatible, as demonstrated by the ex-

~Nolog M w||S

Table 1: The weights used in Sabin’s variant of Catmu
Clark’s subdivision scheme

amples ing5.
The weightsi¥,, and~,, forn = 3,...,7 are given in
table 1. .
4 The algorithm
3 N-sided input data In this section we describe our our algorithm for the de-

sign of an N-sided patch satisfying the boundary condi-
tions described i§3. The key ingredients of the algorithm
are two formulas for calculating the boundary vertices of
the net. These formulas are giver§f3 ands4.4.

In the following we denote by the iteration number,
wheren = 0 corresponds to the first iteration.

4.1 Constructing an initial control net

The algorithm starts by constructing an initial control
net, whose faces are all quadrilateral, w2l bound-

ary vertices and one middle vertex, as shown in figure 4.
The boundary vertices are placed at the parameter values
0,1,2 on the given curves. The middle vertex can be ar-
bitrarily chosen by the designer, and it controls the shape
of the resulting surface.

Figure 3: The data to the N-sided hole-filling problem.
4.2 An iteration of subdivision
The input to our scheme consists/éfsmooth paramet-
ric curvese; : [0,2] — R?® defined over the parametric in
terval[0, 2], and corresponding cross-boundary derivative]. Relocate the boundary vertices according to the rules
functionsd; : [0,2] — R? (see figure 3). We say that the given below in§4.3 -§4.4.
input data isC°® compatible at thej-th corner, if

In then-th iteration we perform three steps:

2. Apply Sabin’s variant of Catmull-Clark’s scheme to

¢j(2) = ¢j1+1(0). calculate the new net topology and the position of
the newinternal vertices. For the purpose of choos-
The conditions folC'! compatibility are ing appropriate weights in the averaging process, we
consider the boundary vertices as if the all have va-
d;(0) = —c;_1(2), lency 4. This makes up for the fact that the net is not
dj(2) = c;14(0). closed.
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Figure 5: A smooth boundary rule.

3. Sample the boundary vertices from the given curves 9—n
at uniformly spaced parameter values with interval

length2—(»+1),

4.3 A smooth boundary rule

Figure 6: A corner rule.

4.4 A corner rule

Letv denote a boundary vertex corresponding to the point
¢j—1(2) = ¢;(0). Letw be the unique internal vertex
sharing a face witly (see figure 6). we calculate the posi-
tion of thewv by the following formula:

5 1 n -n
v o= §cj(0) + W (c;(27™) 4+ ¢ (2-27")) +
§ @ F e -2 ) +
29
18 (4i(0) +dj-1(2)) -
271111_2 (dj(Zin) + dj71(2 - 27n)) —
2*”41—8 (d;(2"™) +dj1(2—2""")).

Let v denote a boundary vertex corresponding to the pa-

rameter0 < u < 2 on the curvec;. Let w denote the
unique internal vertex which shares an edge witfsee
figure 5). At the first step of the-th iteration, we calcu-
late the position of the by the following formula:

v o= 2(u) - w-
1ot s o (u-27) -
27 (A (w427 (0= 27) +
2_”§dj(u).

5 Properties of our scheme

In [16] we prove that the vertices generated by the above
procedure converge to a surface whiclCis-continuous
almost everywhere, fo€2-compatible data (as defined
in §3). The only point where the surface is n6t-
continuous is a middle-point (corresponding to the middle
vertex, which has valenclV), where the surface is only
G'*-continuous. In the neighborhood of this extraordinary
point, the surface curvature is bounded.

The limit surface interpolates the given curves,@r
compatible data. Fo€'!-compatible data, the tangent
plane of the limit surface at the poin}(u) is spanned



by the vectors’;(u) andd;(u), thus the surface satisfies [3] W. Boehm. Triangular spline algorithm€omputer
C*-boundary conditions. Aided Geometric Desigr2(1):61-67, 1985.
Due to the locality of this scheme, we have that the limit
surface isC? near the boundaries except at points wheré4] W. Boehm, G. Farin, and J. Kahmann. A survey
the C'2-compatibility condition is not satisfied. For the  Of curves and surface methods in cagdomputer
examples in figures 7 - 10 we used data which is @iy Aided Geometric Desigri(1):1-60, 1984.
compatible since it does not satisfy the twist condition (2)
at the corners. Thus, the limit surfaces @fecontinuous [5] E. Catmull and J. Clark. Recursively generated
near the boundary except at the corners. b-spline surfaces on arbitrary topological meshes.
Figures 8-10 demonstrate that the limit surface behaves Computer Aided Desigri0:350-355, 1978.

mederately even in the presence of wavy boundary condi- ) . ) .
tions. [6] H. Chiokura.  Localized surface interpolation

method for irregular meshes. In L. Kunii, editéw-
vanced Computer GraphicProc. Comp. Graphics,
Tokyo. Springer, Berlin, 1986.

Figure 11 shows the limit surface resulting from re-
peated application of our scheme to data which is(het
compatible. The surface (3*-continuous on its boundary

except at two of its corners, where the tangent-plane is not L
defined. [7] T. DeRose, M. Kass, and T. Truong. Subdivision

surfaces in character animation. 8IGGRAPH
98 Conference Proceedingsnnual Conference Se-
ries, pages 85-94. ACM SIGGRAPH, 1998.

In figure 12 we show that the surfaces generated by our
algorithm can be easily deformed by editing internal ver-
tices of the net at some level of the subdivision. Smale-
scale deformations can be done by moving internal ve[-
tices in an advanced iteration of subdivision, while large ]
scale deformation corresponds to moving vertices in one
of the first subdivision iterations. Thus, our approach al-
lows free-form multiresolution editing, which is natural to
subdivision schemes [28]. [°]

D. Doo and M. Sabin. Behaviour of recursive di-
vision surface near extraordinary pointSomputer
Aided Design10:356-360, 1978.

N. Dyn, J. A. Greogory, and D. Levin. A butter-
fly subdivision scheme for surface interpolation with
tension control. ACM Transactions on Graphigcs
9:160-169, 1990.
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. . Figure 9: A 5-sided surface.
Figure 7: A 3-sided surface.

Figure 10: A 5-sided surface with wavy boundary condi-
Figure 8: A 3-sided surface with wavy boundary condiions.
tions.



Figure 11: A 5-sided surface with boundary conditions
that are noC'! compatible.

Figure 12: A 5-sided surface deformed by modifying ver-
tices after the first iteration of subdivision.



