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Abstract — The main computational stepsin algebraic
soft-decoding, aswell as Sudan-typelist-decoding, of Reed-
Solomon codes are interpolation and factorization. A se-
ries of transformationsis given for the interpolation prob-
lem that arisesin these decoding algorithms. These trans-
formationsreducethe spaceand time complexity toa small
fraction of the complexity of the original interpolation
problem. A factorization procedure that applies directly
to thereduced interpolation problem isalso presented.

I. INTRODUCTION

Reed-Solomon (RS) codes are the most widely used error-
correcting codes in digital communications and data storage.
Recently, major breakthroughs have been achieved in improv-
ing the error-correction capability of Reed-Solomon codes.
Sudan [13] and Guruswami-Sudan [4] have discovered a list-
decoding algorithm, which can correct up to n — v/nk symbol
errors. Their methods were later extended by Koetter and
Vardy [6] to an algebraic soft-decision decoding algorithm
for Reed-Solomon codes. Both list-decoding and algebraic
soft-decision decoding use interpolation and factorization of
bivariate polynomials, which is much more computationally
intensive than hard-decision decoding. Fast interpolation and
factorization algorithms have been studied in [2,8, 11] among
other papers. While polynomial-time, these algorithms fall
short of making the required computation feasible in practical
applications, involving long high-rate Reed-Solomon codes.

Here, we present a series of transformations that drastically
reduce the space and time complexity of the interpolation pro-
cess, by a factor of at least n2/(n—k)?2. The main goal of this
paper is to give a streamlined formulation of this transforma-
tion process and of the corresponding factorization procedure.

I1. BACKGROUND AND PRELIMINARY RESULTS

Let I, be the finite field with g elements. The ring of poly-
nomials over I, is denoted F, [X]. Reed-Solomon codes are
obtained by evaluating certain subspaces of I, [X] in a set of
points D = {z},x3,...,z5} C . Specifically, the RS code
Cy (n, k) of length n and dimension £ is defined as follows:

f * * * *
Cy(mk) & {(F(@5),e., f(@}) 5 i, 0} €D,
f(X) eRIX], deg f(X) <k} (D)
The pointset D is usually taken as If; or as ]Fq* , Where IFq* is the

set of all the nonzero elements of ;. Unless stated otherwise,
we shall henceforth assume that D = Fq*, so thatn = ¢—1.
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Let K, g denote the ring of rational functions in I, (X, Y")
without poles at the point (o, 8) € F, xF,. A rational func-
tion A(X,Y) € K, g has a power-series expansion in basis
functions of type (X — a){(Y — 8)7. Thus

AXY) =3 > ais(X—a) (Y =8 @

i=0 j=0

The function A(X,Y) is said to pass through the point («, 3)

with multiplicity m if a; ; = 0 forall i + j < m in (2). Define
the multiplicity function po 8 : Ko g — Nas follows:

def

/’l/aaﬁ (A(X, Y)) é

where a; ; are the coefficients in (2) and N is the set of natural

numbers. The following observation is obvious: for any two
functions A(X,Y") and B(X,Y) in K, s, we have

ta,8(AB) = pa,s(A) + pa,s(B) 3)

Fix a polynomial g(X) of degree k over F,. Let % be the
set of a € I, such that g(a) = 0. Consider the mapping ¢,:
(F,—%) x B, — F, xF, defined by ¢, (z,y) = (z,y/9()).
The inverse mapping is given by go;l(m, z) = (z, zg(x)). Itis
easy to see that ¢, and cpg_l are birational isomorphisms. We
present the following results without proof. Similar statements
in a more general context of birational isomorphisms defined
on an open subset of plane curves can be found in [12].

Lemmal. Let A(X,Y") be a rational function, and let X be
the set of solutions to A(X,Y) = 0 in (F,—%) x F,. Then
there exists a rational function B(X,Y") such that ¢ ,(X) is the
set of solutions to B(X,Y) = 0 inF, xI,.

max{m € N:a;; =0 Vi+j <m}

We say that B(X,Y") is the image of A(X,Y") under ¢,, and
write B = ¢, (.A), thereby extending ¢, to rational functions.

Lemma 2. For all points (o, 8) € (F,—%) x F,, and for all
AX,Y) € K, p, we have NQ,B(A) = Hog(a,B) ((pg (A)).

As in [4,6,8,11], we define the weighted degree of a poly-
nomial as follows. Let A(X,Y) = 3777, 3777 a;,; X*Y7 be
a bivariate polynomial over F, and let wx,wy be real num-
bers. Then the (wx,wy)-weighted degree of A(X,Y), de-
noted deg,, . ., A(X,Y), is defined as the maximum over all
real numbers iwx + jwy such that a; ; # 0. For reasons
that will soon become clear, we do not restrict the definition of
weighted degree to the usual case [4, 6, 8] where wx , wy are
nonnegative integers. Thus the weighted degree of a polyno-
mial A(X,Y") can assume negative values.



I1l. THE INTERPOLATION PROBLEM

Our interest in the foregoing definitions and results is mo-
tivated by the fact that, as a consequence of Bezout’s the-
orem [12], two polynomials A(X,Y) and B(X,Y’) cannot
both pass through an arbitrary large number of points with-
out having a common factor. In particular, the polynomial
Y —f(X), with deg f(X) < k, passes through the n points
(x},c1),(x5,¢2),. .., (x},cn), Where ¢; = f(xF) may be
thought of as the n transmitted symbols. Then Bezout’s theo-
rem implies that any nonzero polynomial Q(X,Y") such that

ZNZ:,C,(Q) > degl,k—l Q(X,Y)
i=1

is divisible by Y — f(X). This leads to the interpolation-
based decoding algorithms of [4, 6, 8, 13]. The central idea
of all these decoding algorithms is to construct a polyno-
mial Q(X,Y") that passes through a prescribed set of points
P ={(z1,v1), (®2,92), .-, (Ts,ys) }, Where z1,...,xs € D
and y1,y2, - - -,ys € K, with prescribed multiplicities mg, 4, ,
Mapg,yss--+>Ma,,y, € N If these points and multiplicities ag-
ree “sufficiently well” with the n points (z},c¢;) that define
the transmitted codeword, then the divisibility of Q(X,Y") by
Y — f(X) is guaranteed [6]. How should the two sets P and
M = {my, y,, Masys,---,Ma, y, } be determined from the
channel output? Various answers to this question can be found
in [4,6,7,9,10]. In all cases, a key part of the decoding algo-
rithm consists of solving the following interpolation problem.

Original interpolation problem: Given a set of points
P = {(z1,y1), (x2,92),- .-, (zs,ys) } and a set of multi-
plicities M = {mg, 41, Mzy,yss- -+ Mz, ,y, }, find a non-
zero polynomial Q(X,Y") of minimal (1, k—1)-weighted
degree, such that pg; 4, (Q) = Mg, fori=1,...,s.

We shall refer to this interpolation problem as Py ;1 (P, M),
and say that Q(X,Y") isasolutionto 1Py ;_1 (P, M). Observe
that z; and z; inthe set P = {(z1,y1), (z2,y2),-- -, (®s,¥s)}
do not have to be distinct, all we require is that they belong
to D. In fact, in soft-decision decoding, we often interpolate
through different points having the same X -coordinate [5, 6].

By definition, requiring that a polynomial Q(X,Y") passes
through a point with multiplicity m imposes Ym(m+1) linear
constraints on the vector space of polynomials in two variables
(cf. (2)). Hence, solving I P 1 (P, M) is tantamount to solv-
ing a system of N(M) = 137 | Mg,y (Mg, + 1) linear
(although not necessarily linearly independent) equations. As
shown in [4, 6], there are

v —1(0) = Lfill-‘ (5_ k;1 {kilJ +1>

monomials X Y7 with i + (k—1)j < 8. Hence, choosing § to
be large enough will guarantee a solution to 1Py ;_1 (P, M).
Let 6* be the smallest integer such that vy 1 (6*) > N(M).
Then deg; ;,_; Q(X,Y’) < 6%, and the Y-degree of Q(X,Y))
can be estimated as r = |6*/(k—1)].

In principle, 1Py x_1 (P, M) is a simple linear problem that
can be solved in a number of ways. Fast algorithms for this
purpose can be found in [1-3,8]. These algorithms com-
pute Q(X,Y) in time O(rN2), where N = N(M) is the

total number of linear equations. While this is substantially
faster than straightforward Gaussian elimination, the problem
is that the number of equations IV is often too large to make
an O(rN?) computation feasible in practice. The following
example sheds some light on the magnitude of this problem.

Examplel. Let C,(n, k) be a Reed-Solomon code of length
n = 255 and dimension k& = 239 over Fa56. A typical inter-
polation problem arising in the algebraic soft-decision decod-
ing [6] of C, (n, k) might involve the following multiplicities:

multiplicity | 10 9 8 7 6 54 3 2 1

236 6 52432354

# of points

foratotal of N = 13,807 linear equations. The corresponding
value of 6* is 2446, and the required Y-degree of Q(X,Y) is
r = 10. Computing Q(X,Y") with the fast algorithms of [1-
3, 8] thus takes about 1.9 - 10° finite-field operations. O

This example illustrates a major problem with interpola-
tion-based decoding. While, for a fixed maximal multiplic-
ity, the complexity of decoding is bounded by a polynomial
in the length of the code, the actual complexity of computing
Q(X,Y) is prohibitively large in practice. In the next section,
we will drastically reduce this complexity.

IV. A COMPLEXITY REDUCING TRANSFORMATION

Rather than seeking an efficient way to solve 1Py 1 (P, M),
we will modify the interpolation problem itself, by means of
a shift and a coordinate transformation. Our approach is simi-
lar to the re-encoding idea of the Berlekamp-Welch [14].
Given the set P = {(z1,y1), (z2,92),---, (zs,us)}, We
will Identlfy some k pOintS (xh ) y’i1)7 ($i2 ’ yiz)) sty (wik ’ ylk)
in P such that z;, , z;,,...,x; € D are all distinct. Define
R ={(®i,Yi,)s (TisrYis),- - -» (Tir»,Yir ) }. Observe that if P
contains at most n — e < k points with distinct X -coordinates,
then the resulting polynomial Q(X,Y’) will have at least
q¢~ (") factors of type Y — f(X). This situation corresponds
to e > n—Fk erasures, in which case the transmitted codeword
cannot be uniquely determined. This shows that, unless the in-
terpolation problem Py ,_1 (P, M) is ill-conditioned by too
many erasures, a set R with the required property always ex-
ists. In fact, there will usually be exponentially many ways to
choose R from P. As far as the theory developed in this paper,
the choice of R is arbitrary. In practice, the set R will be cho-
sen to consist of the points with the highest possible multiplic-
ities (cf. Example 2). To simplify notation in what follows, we
assume without loss of generality that R consists of the first &
points of P, thatis R = {(z1,v1), (z2,¥2),-- -, (Tk, yx)}-
The set R = {(z1,41), (%2,92),- .., (xk, yx)} determines
the re-encoding polynomial h(X) of degree < %, defined by

h(z;) = y;  forall (z;,y;) € R 4)
Note that the codeword ¢’ obtained by evaluating A(X) at
xi, x5, ...,z agrees with the “given” values yy, ya, - . .,y at

the k positions correspondingto z, xs, . . . , . Thus comput-
ing h(X) is equivalent to re-encoding through & given values
at some k positions. If these & positions are consecutive and
C, (n, k) is cyclic, this can be achieved through division by



the generator polynomial for C, (n, k). Otherwise, such re-en-
coding is tantamount to correcting n—k erasures in C, (n, k).
Various efficient algorithms for this purpose are known.

Given the set P = {(z1,v1), (z2,¥2),--.,(zs,ys)} and
the re-encoding polynomial (X)), we define

P déf{(ml,yl—h(xl)),..., (a:k,ys—h(zs))} (5)

Notice that, by the definition of A(X) in (4), the first k£ points
in P’ are of the form (z1,0), (22,0), ..., (z, 0).

Theorem 3. Let Q'(X,Y") be a solution to | Py 1 (P, M).
Then Q'(X,Y —h(X)) is a solution to | Py x—1 (P, M).

Sketch of proof. Consider an arbitrary point («, 8) € P.
By (2), (5), and the definition of 1Py ,_1 (P, M), the polyno-
mial Q' (X, z) can be written as

DRI

=0 j=0

— (8-h())’

where g; ; = 0 forall i + j < ma,g. Since h(X) — h(a) va-
nishes at «, the function h,(X) = (h(X) — h(a))/(X — @)
is a polynomial. Let Q(X,Y) = Q'(X,Y—h(X)). Then

QX,Y) = io ¢ (X —a)' (Y = h(X) = (B-h(a))’
a]
Zoq” (X = @) (Y =B) - (h(X)~h(a))’
inJ=
Zoq,g (X = @) (Y =B) - (X—a)ha(X))’
Since ¢; ; :”0 for all i + j < mq,ps, €ach nonzero term

above passes through the point («, 8) with multiplicity at least
i+ j = mqp. Therefore, for each (o, 8) € P, the polyno-
mial 9(X,Y) = Q'(X,Y —h(X)) passes through the point
(a, B) with multiplicity at least m, g. It is easy to see that
degy —1 Q(X,Y) = deg; ,_; Q' (X,Y). Hence, the mini-
mality of Q'(X,Y") implies the minimality of Q(X,Y). |

Let the symbol [-]* be defined as [¢{]* = max{7,0}. We can
now proceed with the complexity reducing transformations.

Lemma 4. The polynomial A(X,Y) = Z;";O a;j(X)Y7 pas-
ses through a point («., 0) with multiplicity m if and only if the
univariate polynomials a;(X) are divisible by (X — z)im=i1".

Proof. Expand a;(X) in the basis functions (X — a),
that is write a;(X) as a;(X) = 312, a;,;(X — @)*. Then the
expansion (2) of A(X,Y") at the point («, 0) is given by

Zam (X—a)

%,j=0

AX,Y) = Za”X a) (Y —0)7

%,j=0

Clearly, the polynomial a,;(X) is divisible by (X — a)lm=41"
if and only if a; ; = 0 forall i < [m—j]*. This is just a refor-
mulation of the definition of multiplicity. J

Corollary 5. The polynomial A(X,Y) = 372, a;j(X)Y?
passes through the k points (x1,0), (22,0),..., (zx,0) with
multiplicities mg, .y, , Mgy ,yss - - -, May .y, iFand only if all the
polynomialsa;(X) are divisible by [T¥_, (X — ;) meivi =17

Now, let the auxiliary polynomials g(
“tail” polynomials T; (X
k

X), ®(X), and the
) be defined as follows:

g(x) = J[X - a) (6)
iil

B(X) E [ —ayymeen 7)
iil

T;(X) € J[X =zl m=owl™ forj=0,1,...,r

i=1
where r = |6*/(k—1)] is the Y-degree of Q(X,Y), as de-
fined in Section Ill. From Corollary5, we know that the so-
lution Q'(X,Y’) to the interpolation problem | Py 1 (P', M)
must have the form

r k
QXY) = (bj(X) [ _;c,.)[mm,-,yim) yi
Jj=0 i=1
T Y ]
X)jz:;)bj(X T;(X) (m) (8)

for some polynomials b;(X). Computing Q'(X,Y") and the-
reby solving both [Py ;1 (P’, M) and 1Py x—1(P, M) (in
view of Theorem 3) thus reduces to finding b;(X). The fol-
lowing two propositions show that computing b;(X) is tanta-
mount to solving a much smaller interpolation problem!

Proposition 6. Let (a, 8) € P’ be such that g(a) # 0. Then
Q'(X,Y) passes through («, 8) with multiplicity m if and
only if the polynomial Q”(X Z) = E o bi(X)T(X) Z7
passes through the point (o, 5/g()) with multlplicitym.

Sketch of proof. We require that pq g(Q'(X,Y)) =
Note that in view of (6) and (7), we have u, g(®(X)) = 0
whenever g(a) # 0. Hence it follows from (8) and (3) that
ta,3(Q"(X,Y/g(X)) must be equal to m. We now consider
the birational mapping ¢4 (z,y) = (z,y/g(z)) with inverse
@, (x,2) = (z,zg(x)). By assumption g(a) # 0, so the
mapping ¢4 (z,y) is well-defined at (z,y) = (o, (). The
proposition now follows immediately from Lemma2.

Proposition 6 works for those points («, 8) € P’ for which
g(a) # 0. The next proposition achieves the same goal for the
case g(a) = 0. We present this proposition without proof.

Proposition 7. Let (a, 3) € P' be such that g(c)) = 0 while
B # 0 (if 8 = 0, then («, B) is among the first k points of P').
Let

QU(X,2) B S bi(X)(X—a)mesITy(X) 2
j=0

Then the polynomial Q'(X,Y) passes through the point
(a, B) with multiplicity m if and only if QU (X, Z) passes
through the point («, 8/g'(«)) with multiplicity m, where
g'(X) denotes the formal derivative of g(X) in (6).

Propositions 6 and 7 are the cornerstone of our complexity
reducing transformation. We can now summarize all of the
above in terms of the reduced interpolation problem below.



Reduced interpolation problem: Suppose we are given
asetofpointsP' = {(z1,v1), (x2,y2),- .., (zs,ys) }, Such
thatyy = yo = ... = yx, = 0 and xy,x2, ...,z are all
distinct. We are furthermore given a set of associated mul-
tiplicities M = {mg, y,, May,ys, - - -, Ma, y, }. Let the po-
lynomials h(X), g(X), and T;(X) be defined follows:

e h(X) is the least degree polynomial such
that h(xz;) = y; fori =1,2,... k.

o TH(X) = 1, (X — z;)li=—meinl®

o 9(X) = [T, (X — =)
Then the reduced interpolation problem consists of finding
a nonzero polynomial Q" (X, Z) = 377 _ b;(X)T}(X)Z’
of minimal (1,-1)-weighted degree, such that for all
(Tht1,Yh+1), (Tht2, Ynt2), - - -5 (25, Y5), we have

o ifg(z;) # 0, then

Mg, 2 (Q”(X,Z)) Z Ma,y,

g(z;)

o ifg(z;) =0, then

Hwi,i ((X_xi)mmi’yi Q” ()(7 %)) 2 mzi,yi

g'(=3)

where g'(X) is the formal derivative of g(X).

We shall refer to the reduced interpolation problem above as
RIP;y,_1(P',M). The next theorem summarizes our results
and establishes the connection between RIP; _; (P, M) and
the original interpolation problem [Py ;_1 (P, M).

Theorem 8. Let Q" (X, Z) be a solution to RIPy,_;(P', M).
Then a solution to 1Py x—1 (P, M) is given by

Y—h(X))

e = 90X)

3(X) Q" (X, ©)

Proof. Follows from Theorem 3 and Propositions 6, 7. J

Observe that the efficient interpolation algorithms of [1-
3,8] can be easily adapted to solve RIP; _; (P, M). While
RIP;,_1(P’, M) appears to be more convoluted than the orig-
inal problem IP; ,_1 (P, M), its complexity is often orders
of magnitude lower. This is due to the fact that we do not
even need to consider the first k& points of P’ in computing
Q"(X, Z). These k interpolation points (which are chosen to
have the largest multiplicities) are effectively pre-solved!

Example2. Consider again the situation of Example 1. Ju-
diciously choosing the re-encoding set R, we can eliminate
the 236 interpolation points of multiplicity 10, plus another 3
points of multiplicity 9. In other words, rather than solving
the 13,807 linear equations, we have reduced the problem to
efficiently solving only 692 equations, which is a feasible task.
This reduction in complexity by a factor of 400 is augmented
by a corresponding reduction in memory requirements, due to
the fact that the polynomials b, (X) have very small degree. 0O

V. THE FACTORIZATION PROCEDURE

The reductions in complexity obtained in Section 1V would be
less significant if we were forced to actually compute the orig-
inal polynomial Q(X,Y") (using (9), say) in order to find a fac-
tor of type Y — f(X). Thus, rather than factoring Q(X,Y"), we
will directly factor the much smaller polynomial Q" (X, Z).

Suppose that Q'(X,Y") contains a factor Y —e(X). Note
that due to re-encoding, e(X) evaluates to zero in exactly
those positions z; where y; was the transmitted symbol, for
alli = 1,2,..., k. Thus, with the substitution Z = Y/g(X),
a factor of type Y—e(X) in Q'(X,Y) translates into a fac-
tor of type g(X)Z—e(X) in Q"(X, Z). Using, say, the fac-
torization procedure of [11] will reveal the power-series ex-
pansion of the rational function e(X)/g(X). Upon canceling
common terms, we can therefore determine a power-series ex-
pansion for the function w(X)/o(X), where o(X) is a clas-
sical error-locator polynomial, locating errors in positions z;
fori =1,2,...,k. The corresponding error values are found
by observing that the function Z equals w(X)/o(X) on the
curve at hand. This implies, under the birational morphism
07! (z,2) = (z,29(x)), that Y/g(X) = w(X)/o(X). Thus
the error values are given by the L’Hdpital rule as

Ti

whenever o (z;) = 0. Note that w(X), o(X) can be found from
the power-series expansion of w(X) /o (X) by a Padé approx-
imation procedure, such as the Berlekamp-Massey algorithm.
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