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Abstra t

Given a spanning tree T of some graph G, the problem of minimum spanning tree
is to de ide whether T = MST (G). A elebrated result of Komlos shows
that this problem an be solved in linear time. Somewhat unexpe tedly, MST veri ation turns out to be useful in a tually omputing minimum spanning trees from s rat h.
It is this appli ation that has led some to wonder whether a more exible version of
MST veri ation ould be used to derive a faster deterministi minimum spanning tree
algorithm. In this paper we onsider the online MST veri ation problem, where we
are given a sequen e of queries of the form \Is e in the MST of T [ feg?", where the
tree T is xed. We prove that there are no linear-time solutions to the online MST
veri ation problem, and in parti ular, that answering m queries requires (m (m; n))
time, where (m; n) is the inverse-A kermann fun tion and n is the size of the tree.
On the other hand, we show that if the weights of T are permuted randomly, there is
a simple data stru ture that prepro esses the tree in expe ted linear time and answers
queries in onstant time.
veri ation

1 Introdu tion
The minimum spanning tree (MST) problem has seen a urry of a tivity lately, driven largely
by the su ess of a new approa h to the problem. The re ent MST algorithms [20, 8, 29, 28℄,
despite their super ial di eren es, are all based on the idea of progressively improving an
approximately minimum solution, until the a tual minimum spanning tree is found. It is
still likely that this progressive improvement approa h will bear fruit. However, the urrent
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te hniques seem to have been pushed to the limit. For instan e, the te hnique of random
sampling ombined with Komlos's MST veri ation routine, pioneered by Karger, Klein,
and Tarjan [20℄, yields an expe ted linear-time randomized MST algorithm, settling the
randomized omplexity of the problem. Despite some su ess in redu ing the dependen e
on random bits (see the algorithms of Pettie and Rama handran [28℄), it does not seem
possible to fully derandomize the Karger et al. [20℄ algorithm. The MST algorithms of
Chazelle [8℄ and Pettie and Rama handran [29℄ are based on Chazelle's Soft Heap [9℄, a
priority queue that an be onstrued as sampling in a deterministi fashion. Chazelle's
algorithm runs in super-linear O(m (m; n)) time, where m and n are the number of edges
and verti es, respe tively, and is the slowly growing inverse-A kermann fun tion. The
running time of the Pettie-Rama handran algorithm [29℄ is asymptoti ally equal to the
de ision-tree omplexity of MST, and is therefore optimal. In light of Chazelle's algorithm
[8℄ the de ision-tree omplexity of MST is somewhere between (m) and O(m (m; n)).
It is not possible to improve the asymptoti performan e of Komlos's MST veri ation
algorithm [24℄, used in [20, 28℄, nor Chazelle's Soft Heap [9℄, used in [8, 29, 28℄. It is then
natural to ask, assuming that Chazelle's algorithm [8℄ is not optimal, what data stru ture
will be the basis of the next MST algorithm? In [8, p. 1029℄ Chazelle spe ulates on the
subje t:
Given a spanning tree T , to verify that it is minimum an be done in linear time
[Dixon et al. 1992; King 1997; Komlos 1985℄. The problem is to he k that any
edge outside T is the most expensive along the y le it forms with T . With real
osts this an be viewed as a problem of omputing over the semigroup (R ; max)
along paths of a tree. Interestingly, this problem requires (m (m; n)) time over
an arbitrary semigroup [Chazelle and Rosenberg 1991; Tarjan 1978℄. This lower
bound suggests that in order to improve upon our algorithm spe i properties
of (R ; max) will have to be exploited. This is done stati ally in [Dixon et al.
1992; King 1997; Komlos 1985℄. We spe ulate that an answer might ome from
a dynami equivalent.
In this paper we study the omplexity of one su h \dynami equivalent" to MST veri ation, namely the online MST veri ation problem. Whereas the oine MST veri ation
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problem is given a tree T (the alleged MST) and a set of non-tree edges, an online MST
veri er is presented ea h non-tree edge e one at a time. It must de ide, before the next edge
is presented, whether e 2 MST (T [ feg). We prove that there is no linear-time online MST
veri er, ruling out this sort of data stru ture as the basis of a faster expli it MST algorithm.
Theorem 1.1 Any online minimum spanning tree veri ation algorithm performs

(m (m; n)+

n) edge-weight omparisons, where m is the number of queries, n is the size of the xed tree,
and

is the inverse-A kermann fun tion.

Perhaps restri ting the MST veri er to answer one query at a time is too unrealisti . A
simple orrolary of Theorem 1.1 is that giving the MST veri er large bat hes of queries does
not signi antly a e t the omplexity of the problem.
Corollary 1.2 Consider the problem of answering m MST veri ation queries, presented
in k bat hes, where ea h bat h of queries must be answered before re eiving the next. Any
algorithm for this problem performs

(m ( mk ; nk ) + n) edge-weight

omparisons.

For instan e, if queries are grouped into k = log n bat hes, Corollary 1.2 implies that
the omplexity of the problem remains (m (m; n) + n).
1.1

Previous Work

The minimum spanning tree veri ation problem is ostensibly about minimum spanning
trees; however, as Chazelle noted, it an also be viewed as a partial sums (or range sear hing)
problem over the semigroup (R ; max). The range sear hing problem has been the subje t
of intense study for quite some time (see, e.g., the survey of Agarwal & Erikson [2℄). In a
typi al formulation of the problem we are to prepro ess a set system (or range spa e) (X; Q),
where X is a set of weighted elements, whose weights are drawn from some semigroup, and
Q is a olle tion of subsets of X , so that given any query set Q 2 Q we an qui kly determine
the sum of the weights of the elements in Q. In a ommonly studied s enario, the elements
3

are identi ed with points in R d and Q orresponds to the set of all regions of R d with
some ni e stru ture, su h as all d-re tangles, or all simpli es. Under the assumption of an
arbitrary semigroup (S; Æ), the only operation allowed on a semigroup variable x is of the
form x := y Æ z, where y; z 2 S . Thus, for a xed set system (X; Q) any program in the
arbitrary semigroup model must be a straight-line program. However, for the semigroup
(R ; max) (or for that matter (R ; min)), it is most natural to assume the de ision-tree model,
where the program de ides whi h omparisons to make based on the out omes of previous
omparisons.
If we view the MST veri ation problem as a range sear hing problem, the set of weighted
elements X oressponds to the weighted tree edges, Q orresponds to the set of tree paths,
and edge weights are drawn from (R ; max). This is not a geometri problem in general,
although it subsumes one as a spe ial ase. If the input tree is a single path, MST veriation be omes isomorphi to a 1-dimensional range sear hing problem where the query
sets orrespond to intervals. We will all this problem interval maximum if the semigroup
is (R; max) and interval sum under arbitrary semigroups. Similarly, tree sum refers to the
MST veri ation problem when generalized to arbitrary semigroups.
Tarjan [32℄ gave an algorithm for the oine tree sum problem and other algorithms for
ertain online variants of tree sum. All the algorithms in [32℄ are based on the same pathompression te hnique used in the standard union- nd algorithm [30℄ and therefore run in
time (m (m; n)) where n is the size of the tree and m  n is the number of queries. Yao
[36℄ proved that the query time of any online interval sum algorithm is ( (m; n)) if it
uses m  n units of storage. See also [31, 4℄ for related results. Chazelle [7℄ showed that
algorithms on intervals (su h as one solving interval sum) an be systemati ally translated
into algorithms on trees. This yielded an online tree sum algorithm whi h answers queries in
( (m; n)) time using m  n units of storage. Chazelle and Rosenberg [10℄ strengthened the
results of Yao [36℄ and Alon and S hieber [4℄ by showing that oine interval sum is just as
hard as online interval sum. In other words, there exist m queries that an only be answered
X
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using (m (m; n)) operations. Tarjan [34℄ showed that the omplexity of any oine subset
sum problem over an arbitrary semigroup is pre isely the same as its dual.1 Tarjan's result
was used to prove an O(m (m; n)) upper bound on the MST sensitivity analysis problem,
whi h is the dual to MST veri ation. Together with [10℄ it also proves an (m (m; n))
lower bound on any oblivious MST sensitivity analysis algorithm.
The omplexity of all these problems seems to hange when we substitute the spe i
semigroup (R ; max) in pla e of an arbitrary semigroup. Komlos [24℄ gave a simple redu tion
from the (online) interval-maximum problem to the (online) least ommon an estors problem,
whi h, together with Harel and Tarjan's online LCA algorithm [18℄, implies that intervalmaximum queries an be answered in O(1) time after an O(n)-time prepro essing phase.
Compare this with the inverse-A kermann type lower bounds of [36, 4, 10℄. Komlos [24℄,
making use of his interval-maximum algorithm, showed that oine MST veri ation an be
solved with O(m + n) omparisons, where n and m are the number of tree-edges and nontree edges, respe tively. Mu h work has been devoted to nding a simple implementation
of Komlos's algorithm in a simple model of omputation [13, 21, 6, 5℄. The MST sensitivity
analysis problem was investigated in [13℄; they gave two algorithms: a randomized, expe ted
linear-time algorithm and a provably optimal algorithm with unknown running time. A
re ent improvement [27℄ to the split- ndmin data stru ture [15℄ implies that MST sensitivity
analysis an be solved deterministi ally in O(m log (m; n)) time.
Given this history one might be tempted to onje ture that all partial sums/range sear hing problems are signi antly easier under (R ; max), as opposed to an arbitrary semigroup.2
Our main result disproves this onje ture, and it is quite surprising given the known lineartime algorithms for similar problems. Our result represents the rst inverse-A kermann type
lower bound on a purely omparison-based problem.
1 A subset sum problem

an be represented as a zero-one matrix where [ ℄ = 1 indi ates element
is in set . The dual of this subset sum problem is T , i.e. elements be ome sets and sets be ome weighted
elements.
2 This onje ture basi ally holds for random oine partial sums problems: nearly all su h problems on
elements and sets require ( log ) semigroup operations to solve (see [31℄), whereas they require an
expe ted ( logminf mn+n g) omparisons to solve [16℄ when the semigroup is (R max).
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Be ause the elementary operation in our model is the omparison, as opposed to, e.g., the
ell probe [14℄, the matrix query [22℄, or the pointer manipulation [33℄, our proof te hnique
is information-theoreti in nature. This is in ontrast to traditional inverse-A kermann style
lower bounds [33, 36, 4, 10, 22, 19, 14℄, whi h are based on mostly stru tural properties of
the problem or problem instan e. We suspe t that our te hniques will be useful in lowerbounding other problems in a omparison-based model of omputation. We give two su h
andidates in Se tion 5.
1.2

Organization

Se tion 2 de nes our notation and a lass of \hard" problem instan es. The lower bound
proper appears in Se tion 3. In Se tion 4 we give almost mat hing upper bounds for online
MST veri ation, and show that the problem be omes signi antly easier when the input
edge-weights are permuted randomly. We dis uss some open problems in Se tion 5.
2 Preliminaries
The problem is to answer, in an online fashion, a sequen e of m minimum spanning tree
veri ation queries. Ea h is of the form: given an edge e, de ide whether e 2 MST (T [feg),
where T is a xed, edge-weighted tree. By the y le property of minimum spanning trees this
is equivalent to asking whether e is not the heaviest edge on the unique y le in T [ feg.
For the sake of simpler notation we onsider input trees that are vertex-weighted rather
than edge-weighted. (Hen e we de ide if e is heavier than all verti es in the unique y le of
T [feg.) To further simplify matters we restri t the types of inputs and queries, as des ribed
below.
 The xed tree T is a full, rooted binary tree.
 Every query edge will onne t a leaf to one of its an estors.
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It is lear that the query edge must parti ipate in at least one omparison. The parameter
t  1 used throughout the paper represents the desired number of omparisons per query.
We will prove that for ea h t there is an input distribution Distr(t) su h that for some query,
either (a) Answering the query requires at least t + 1 omparisons (worst ase or amortized)
or (b) The veri ation algorithm already performed n log t(n) omparisons pre eeding the
query, where is an absolute onstant and t is the t -row inverse of a fun tion similar to
A kermann's fun tion. By judi iously setting t(m; n) = maxft : n log t (n)  tmg, this
implies that answering m veri ation queries requires m  t(m; n) omparisons. It is then
straightforward to show that t(m; n) is always within an absolute onstant of the traditional
inverse-A kermann fun tion de ned by Tarjan [30℄.
th

2.1

A Variation on A kermann's Fun tion

In the eld of algorithms & omplexity, A kermann's fun tion [1℄ is rarely de ned the same
way twi e (see e.g., [1, 33, 14, 10, 11, 8, 12℄). We would not presume to bu k su h a wellestablished pre edent. Here is a slight variant:
A(1; j )

= 2j
A(i + 1; 0) = A(i; 1)
A(i + 1; j + 1) = A(i; 22

A(i+1;j )

)

Let i(n) be the inverse of the i row of A, de ned as:
th

i (n)

= minfj : A(i; j )  ng
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2.2

The Input Distribution

Distr(t)

We denote nodes of the xed tree T with lower ase letters. If q is a tree node we let w(q) be
the weight of q and size(q) be the number of leaf-des endants of q. Sin e T is a full binary
tree, size(q) is always a power of two. Note also that A(i; j ) is always a power of two. The
input distribution Distr(t) is fully hara terized by De nitions 2.1 and 2.2 and Property 2.3.
De nition 2.1 In Distr(t), a non-leaf node p is an i-node if size(p) = A(i; j ) for 1  i  t

and some j , and an i-node if it is an i-node but not an (i + 1)-node. In Distr(t), leaf-nodes

are (t + 1)-nodes by de nition.

De nition 2.2 Let p be an arbitrary (i + 1)-node and let q be the nearest (i + 1)-node
an estor of p. We de ne the set Cp to be those i-nodes that lie on the path between p and q .

Property 2.3 Let p be a tree node. If p is a 1-node then w(p), the weight of p, equals the

= w(Xp), where
Xp is a tree node sele ted uniformly at random from Cp, and independent of fXq gq6=p | see

height of p in T , i.e.

log size(p).

If p is an i-node, for i > 1, then w(p)

Figure 1.

In our analysis we will assume that the online MST veri ation algorithm knows that
the permutation of tree weights was drawn from Distr(t). Therefore, a statement of the
form \it is known that w(p) < w(q)" means the inequality w(p) < w(q) follows from the
inequalities dis overed by the algorithm and the inequalities impli it in Property 2.3. For
instan e, Property 2.3 implies the following Lemma.
Lemma 2.4 Suppose p1 is an i1 -node, p2 is an i2 -node, i1  i2 , and p1 appears at a lower
level of T than p2 . Then w(p1 ) < w(p2 ).

Noti e that all 1-nodes at the same level are assigned the same weight. We de ne
span(q) to be the set of 1-nodes r for whi h the equality w(q) = w(r) ould possibly hold,
given Property 2.3. So, if q is a 1-node then span(q) onsists of all nodes on q's level in
Proof:
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size = A(i−1, h+1)

q

size(q) = A(i, j+1) = A(i−1, h)
size = A(i−1, h−1)
size = A(i−1, h−2)

w(p) = w(Xp )

Cp

X p selected from C p

size = A(i−1, h−3)
.
.
.

size = A(i−1, g+3)
size = A(i−1, g+2)
i−node
arrow points to
heavier node

size = A(i−1, g+1)

(i−1)−node
p

size(p) = A(i, j) = A(i−1, g)

size = A(i−1, g−1)

Figure 1: An i-node p, where i > 1, and its asso iated set Cp. Cp onsists of the (i 1)-nodes
between p and q, its nearest i-node an estor. The weight of p is equal to that of some node
in Cp sele ted uniformly at random.
T.

We prove the following laim: that if q is an i node, span(q) lies stri tly below3 any
i-nodes above q . This will imply the Lemma sin e, by Property 2.3, any 1-node is lighter
than any 1-node an estor. The laim learly holds for 1-nodes; assume indu tively that it
holds for all j -nodes, where j < i. Let q be an arbitrary i-node and q0 be the next i-node
above q. By Property 2.3, span(q) = Sr2C span(r) and by De nition 2.2 Cq lies stri tly
below q0. Therefore, by our indu tive assumption, Sr2C span(r) lies stri tly below q0 , sin e
Cq onsists of (i 1)-nodes and q 0 is, by virtue of being an i-node, an (i 1)-node as well.
This proves the laim and the lemma. 2
A onsequen e of Lemma 2.4 is that, on any leaf-to-root path, the weights of the i-nodes
are monotoni ally in reasing, for any i. This implies that any query an be answered in at
q

q

3 We think of the root being at the \top" of the tree.

Therefore statements like \ lies (stri tly) below "
should be interpretted as \ is (stri tly) loser to the root than ".
y

x

x
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y

most t + 1 omparisons. If a query edge e onne ts a leaf to one of its an estors there are
at most t + 2 andidate maxima on the y le in T [ feg: the most an estral i-node, for
1  i  t + 1, plus the edge e itself.
2.3

A Measure of Information

Before the veri ation algorithm performs any omparisons it knows, by Property 2.3, that
w(q ) = w(Xq ), where q is any i-node, i > 1, and Xq is uniformly distributed over Cq . We
de ne, with respe t to the urrent moment, the set Dq  Cq as:
Dq

= fp 2 Cq : w(q) = w(p) is onsistentg

That is, Cq Dq onsists of those p 2 Cq for whi h the equality w(q) = w(p) is impossible,
given Property 2.3 and all the inequalities dis overed by the veri ation algorithm up until
the urrent moment. It follows from Property 2.3 that Dq is non-empty. We will use the
sizes of the Cq and Dq sets to roughly measure how mu h information is known about Xq .
De ne  as:
(q ) =

8
>
>
>
>
<
>
>
>
>
:

log jCq j + 2(t + 1)2 if jDq j = 1 and log jCq j  2(t + 1)2
log jjDC jj

otherwise

q

q

De ne  as:
=

X
q2T

(q ):

It would be preferable to de ne (q) as simply log(jCq j=jDq j). However, we need to di erentiate between the ase when Xq is ompletely known and when there is a little un ertainty
left in Xq ( orresponding to jDq j = 1 and jDq j > 1, respe tively.) Therefore, we add to (q)
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a little \bonus" of 2(t + 1)2 whenever jDq j rea hes 1. Lemma 2.5 relates the  measure to
the number of bits of information learned about the veri ation algorithm.
Lemma 2.5 =2 is a lower bound on the information learned about the tree-weights, as

drawn from Distr(t).

The number log(jCq j=jDq j) measures the bits of information learned about the variable Xq , in the spe ial ase when Xq is uniformly distributed over Dq and independent of
fXpgp6=q . This is ertainly a lower bound on the a tual number of bits of information learned
about Xq . By de nition, (q)  2 log(jCq j=jDq j). Therefore  = Pq (q) is at most twi e
the number of bits of information learned about the tree-weights. 2
Our lower bound proof uses the  and  values to argue about the existen e of \hard"
queries and to quantify their exa t hardness. We show that if  is suÆ iently small, where
small is a fun tion of n and t, then there exists a query that requires t + 1 omparisons
to be answered in the worst ase. However, there is a danger in ontinually for ing worstase behavior. In so doing we may inadvertantly expose signi antly more than one bit
of information per omparison. Therefore, we might no longer be able to laim that, on
the average, the number of bits of information learned about the input distribution is at
most the number of omparisons performed by the algorithm. We prove amortized bounds
by showing that either (a) the veri ation algorithm answers the query in at least t + 1
omparisons or (b) after the query is answered, =2 in reases by some amount mu h larger
than t + 1. Theorem 2.6 shows that if su h a di hotomy exists then with high probability
the amortized ost of the query is lower bounded by t + 1 minus some small quantity.
Proof:

Theorem 2.6 Let  be an unknown permutation drawn from some known probability distribution. An algorithm performs a sequen e of m operations by omparing elements of  .
Let

i



i 1

be a

lower bound on the amount of information learned about  just before

the ith operation. Suppose that it is known that the ith operation either performs at least 
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 . Let amort(; ; ) =  (1 + (1 + )=) 1. Let C be the total
omparisons made in m operations and M = m  amort(; ; ). Then:

omparisons or
number of

i+1

i

Pr[C  M ℄  1 2

M

Let I denote the number of bits of information learned about  after C omparisons.
We have m+1  I . It is simple to prove by indu tion that Pr[I > (1 + Æ)C ℄ < 2 ÆC .
Therefore, if C < M then Pr[I > (1 + )M ℄ < 2 M . Let m be the number of operations
that perform  omparisons, and let m = m m be the number of operations that in rease
by at . We have the following inequalities:

Proof:

m

=


m  + m
C= + I=

< M (1= + (1 + )=)

=

M (amort(; ; )) 1

(with prob. greater than 1 2
= m

M

)

Therefore, M > C only with probability less than 2 M . 2
In our lower bound proof =2 will take the role of in Theorem 2.6 and if we sele t the
input from Distr(t) then  will be t +1. We are basi ally free to set the other parameters. For
 = 1=t and  = (t + 1)2 , Theorem 2.6 says that the a tual amortized ost (C=m) is at least
amort(t + 1; (t + 1)2; 1=t) = t with probability 1 2 m. By in reasing  or de reasing  the
lower bound on the amortized ost an be driven arbitrarily lose to t + 1, with probability
at least 1 2 (m) . For the sake of spe i ity, let the term amortized ost be w.r.t.  = 1=t.
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3 The Lower Bound
Theorem 1.1 will follow very easily from Lemma 3.1, given below. The remainder of this
se tion will onstitute a proof of Lemma 3.1.
Lemma 3.1 Suppose that  < 81 n log t (n), where it is assumed that t (n) > 23(t+1) . Then
2

there exists a veri ation query whose amortized ost is at least t.

The proof of Lemma 3.1 is stru tured as follows. We de ne a measure ost(q) over the
leaves q of the input tree and show that if any leaf's ost is suÆ iently small, then there
exists a \hard" query edge whose endpoints onne t that leaf to an an estor. In parti ular,
we generate a sequen e of nodes qt+1 ; qt ; : : : ; q1 where qt+1 is a low- ost leaf (re all, leaves
are (t +1)-nodes), and qi is an i-node an estor of qi+1 . The query edge is then e = (qt+1 ; q1).
We show that qt+1 ; qt; : : : ; q1 are all andidate maxima on the unique y le in T [ feg, whi h
immediately implies that in the worst ase, the veri ation algorithm must make t + 1
omparisons to ertify that e is heavier than qt+1 ; qt ; : : : ; q1. We then show that if, somehow,
the veri ation algorithm got by with fewer than t +1 omparisons, then it must have aused
 to in rease by at least 2(t + 1)2. By appealing to Theorem 2.6 we an then show that the
amortized ost of the query is at least t.
De ne ost(q), where q is a leaf, as
X

ost(q) =
p an

estral to q
(in luding q)

(p)
size(p)

That is, we an think of q ontributing (q)=size(q) to the ost of ea h of the size(q)
leaf-des endants of q. Clearly Pq ost(q) = Pq (q) = . We hoose a hard query as
follows:
1. Let qt+1 be a leaf su h that ost(qt+1 ) < 81 log t (n)
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2. For i from t down to 1: let qi be the se ond most an estral node in Dq

i+1

3. The query edge is e = (qt+1 ; q1). We x w(e) to be more than w(q1), but less than any
other weight more than w(q1).
In (1), su h a qt+1 an always be found be ause the average leaf ost is bounded by
log t(n)=8. For (2) we learly require jDq j  2. For our analysis to go through we will
a tually require Dq to have at least 22(t+1) elements. We rst prove bounds on jCq j ; jDq j
and size(qi). We then bound the ost of answering the query (qt+1 ; q1).
i+1

2

i+1

i

i

Lemma 3.2 If q is a leaf then jCq j = t (n). If q is a non-leaf i node and there exists some

i node above q , then jCq j  22size

(q )

1.

When q is a leaf Cq onsists of all t-node an estors of q, of whi h there are t(n), by
the de nition of t. In the general ase q is an i-node, where i > 1. (If i = 1 then there is no
set Cq .) By the de nition of Cq this means that for some j , size(q) = A(i; j ) = A(i 1; j1).
The rst i-node an estor of q, say p, satis es size(p) = A(i; j +1) = A(i 1; j2 ). The set jCq j
onsists of the j2 j1 1 (i 1)-nodes between q and p. If j = 0 then by the de nition of A,
jCq j = 22
2. If j > 0 then jCq j = 22
22
1. In either ase jCq j  22size 1
sin e A(i; j 1) < 21 A(i; j ) when i > 1. 2
Proof:

A(i;0)

A(i;j )

A(i;j

1)

(q )

Lemma 3.3 Let p be an arbitrary leaf des endant of an i node q , where i > 1. Then

j
jDq j  2 ostj(Cp)qsize
(q)

By de nition of , jDq j  jCq j=2(q). By the de nition of ost(p) we have ost(p) 
(q )=size(q ). The lemma follows. 2

Proof:

Lemma 3.4 For 1  i  t, size(qi )

 t(n)  23(t+1) .
2

Sin e qi is an an estor of qi+1 , implying size(qi) > size(qi+1 ), we need only prove
the lemma for i = t. We sele ted qt+1 for satisfying (qt+1) < log t (n)=8. Therefore, it

Proof:
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follows from Lemmas 3.2 and 3.3 that jDq j  (t (n))7=8 . We hose qt to be the se ond
most an estral node in Dq . Therefore, size(qt)  A(t; (t (n))7=8 2), whi h is at least
t (n) sin e A(t; j )  2j and (t (n))7=8 2  log t (n) for all but small onstant values of
t (n). (Re all that we assumed t (n)  23(t+1)  212 . 2
t+1

t+1

2

Lemma 3.5 For 1 < i  t + 1, jDq j  22(t+1) .
2

i

It was already shown in the proof of Lemma 3.4 that Dq  (t(n))7=8  22(t+1) .
Consider qi, for i  t. We have the inqualities:

Proof:

2

t+1

jCq j

jDq j  2size(q ) ost(q
i

i

i

+1 )

t

2



2size(

qi )

1



size(q ) log  (n)  size(q )  22(t+1)
i
i

t

2

The rst inequality follows from Lemma 3.3. The se ond follows the inequality ost(qt+1 ) <
log t(n)=8 and Lemma 3.2. The third and fourth follow from Lemma 3.4. 2
Lemma 3.6 Answering the query e = (qt+1 ; q1 ) requires t + 1 omparisons to answer in the
worst ase.

Consider the unique y le in T [ feg. We will show that among the weighted
elements on this y le (weighted verti es and the edge e), the set of possible maxima is
pre isely fe; qt+1 ; qt; : : : ; q1g. Therefore, on rming that e is indeed the heaviest element will
require t +1 omparisons in the worst ase sin e for any omparison made by the veri ation
algorithm, at least one out ome eliminates at most one possible maximum. Suppose that
before the query algorithm began it was already known that w(qi)  w(qj ), ruling out qi as
a potential maximum. We onsider two ases, depending on the ordering of i and j . Assume
rst that j < i, that is, qj is an an estor of qi . Let p be the most an estral element in Dq . By
our sele tion of qi 1 from Dq , qi 1 lies stri tly below p, whi h implies qi 1; qi 2 ; : : : ; qj ; : : : ; q1
lie stri tly below p | see Figure 2 for a diagram. This leads to a ontradi tion sin e p 2 Dq
implies w(p) = w(qi) is onsistent with any known inequalities. However, we know that
w(qi )  w(qj ) < w(p), where the rst inequality is by assumption and the se ond by Lemma

Proof:

i

i

i
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p

w(q i ) < w(q j )

qi

w(q j ) = w(p)
implies

implies
qj

q i−1

w(q i ) < w(p)

q j−1

contradicting

r

p in D q i

p

qi

w(r) < w(q i )
contradicting
w(q i ) < w(q j )

qj
j < i

w(q j ) = w(r) for some i−node r
between p and qj−1

i < j

Figure 2: Before answering the query the veri ation algorithm annot know that w(qi) 
w(qj ). The two situations, i < j and j < i, are diagrammed. Some of the nodes depi ted
may a tually represent the same node, as in the ase when j = i 1 (left) or i = j 1
(right).
2.4. The other ase, when i < j , is similar but not exa tly symmetri al. Let p be the
least an estral element in Dq . By our hoi e of qj 1 and Lemma 3.5, we know that p lies
stri tly below qj 1. If w(qj ) = w(p), whi h is possible sin e p 2 Dq , then by Property 2.3
w(qj ) = w(r) where r is some i-node between p and qj 1 . By Lemma 2.4 w(r) < w(qi ),
giving us the inequalities w(r) < w(qi)  w(qj ) = w(r), a ontradi tion. 2
In Lemmas 3.7 and 3.8 we show that if the query (qt+1 ; q1 ) is answered in fewer than t +1
omparisons, then  must in rease by at least 2(t + 1)2 . Let  denote the hange in ,
measured before and after the query.
j

j

Lemma 3.7 Either   2(t + 1)2 or w(qt+1 )  w(qt )      w(q1 ) < w(e).

Let high(i) denote the event that w(qi) = w(p) where p is the most an estral
node in Dq . Re all that qi 1 was hosen to be the se ond most an estral node in Dq and
that w(e) > w(q1). Therefore, it must be the ase that w(qt+1 )  : : :  w(q1) < w(e) or
high(t +1) _ high(t) _  _ high(2). The event high(j ) o urs i w(qj ) > w(q1), whi h implies
w(qj ) > w(e). Sin e, by Lemma 3.6 the only possible maxima on the y le in T [ feg are
qt+1 ; qt ; : : : ; q1 ; e, if e is not maximal then the veri ation algorithm must have dis overed
that w(qj ) > w(e) for some j , i.e. it must have dis overed that high(j ) holds. A ording to
Lemma 3.5 jD(qj )j  22(t+1) before the query e is issued. However, after the query high(j )
Proof:

i

i

2
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holds, whi h implies jDq j = 1. A ording to the de nition of , (qj ) must in rease by at
least 2(t + 1)2, implying  is at least that mu h. 2
j

Lemma 3.8 Either   2(t + 1)2 or ea h omparison made by the veri ation algorithm
eliminates at most one andidate maximum from the set fqt+1 ; qt ; : : : ; q1 ; eg.

Suppose that there exists a omparison that eliminates two or more andidate maxima from the unique y le in T [ feg. By Lemma 3.6 the set of andidate maxima initially
in ludes fqt+1 ; qt; : : : ; q1; eg. Suppose that the omparison reveals the inequality w(qi)  w(x)
and suppose that it is already known that w(x)  w(qj ); w(qk ), where qj and qk are andidate
maxima at the time of the query. Let x be an `-node. There are several ases, depending
on the ordering of i; j; k and `. Lemma 3.7 lets us restri t our attention to the ase when
w(qt+1 )  w(qt )  : : :  w(q1 ) < w(e), whi h immediately implies i < j < k. The proof
is stru tured as follows. Let p be the next (k 1)-node above qk 1, i.e. at the time the
query e was issued, p was the most an estral node in Dq . We will show that either p 62 Dq
just before the omparison, or the omparison auses  to in rease by at least 2(t + 1)2,
whi h implies  is at least that mu h. The ase p 62 Dq leads to a ontradi tion be ause
it implies, by the de nition of Dq , that w(qk )  w(qk 1), meaning qk was not a andidate
maximum just before the omparison.
We will rst show that `  k and x is at the same level in T as q` . Suppose that
` < k. If the inequalities w(qk )  w(x)  w(qi ) were a possibility before the omparison was
made then x must lie in the band of T between the levels of qk and p: any nodes outside
that band are, by Lemma 2.4, de nitely lighter than qk or heavier than qi. However, the
inequality w(x)  w(qk ) then implies, by Lemma 2.4, that w(p) > w(qk ), that is, p 62 Dq ,
a ontradi tion. This shows that `  k. We now onsider the height of x in T . We annot
have x lower in T than q` , for this would imply by Lemma 2.4 that w(x) < w(q`)  w(qk ).
It also annot lie above q` , as this implies w(qi) < w(x), again by Lemma 2.4. We de ne
x` ; x` 1 ;    ; x1 to be the an estors of x at the same levels as, respe tively, q` ; q` 1 ; : : : ; q1 ,
where x = x` | see Figure 3. Noti e that if w(qj ); w(qk )  w(x) = w(x`)  w(qi), it must
Proof:

k

k

k

k

k
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p

w(qk ), w(qj ) < w(x) < w(qi)
implies

qi

xi

qj

xj

q k−1

x k−1

w(xk−1) = w(x) > w(qk )

qk

xk

implies

ql

xl = x

w(p) > w(qk ), i.e., p not in Dq k

w(xl) = w(xl−1 ) = . . . = w(xj )

Figure 3: It was dis overed that w(qj ); w(qk )  w(x)  w(qi), ruling out qj and qk as
potential maxima. The node x = x` is proved to be at the same level as q`, for some `  k.
The nodes x` 1 ; : : : ; x1, are by de nition the an estors or x at the same levels as q` 1 ; : : : ; q1.
be the ase that w(x`) = w(x` 1) =    = w(xj ), implying that jDx j = jDx j =    =
jDx j = 1. If any one of these D-sets, say Dx , had stri tly more than 1 element before the
query e was issued then we argue that   2(t + 1)2. Sin e xr is at the same level as qr , it
follows from Lemma 3.5 that jCx j  22(t+1) . Given this lower bound on jCx j, the transition
from jDx j > 1 to jDx j = 1 auses (xr ) to in rease by at least 2(t + 1)2, whi h auses 
to in rease by at least that mu h. Therefore, if jDx j > 1 before the query was issued then
  2(t + 1)2. The last situation to onsider is when jDx j = jDx j =    = jDx j = 1
before the query e was issued. In this situation the known inequality w(x) = w(x`)  w(qk )
implies w(xk 1)  w(qk ) sin e j  k 1. However, Lemma 2.4 implies that w(p) > w(xk 1),
and onsequently, that p 62 Dq just before the omparison was made. This ontradi ts the
laim that qk was a andidate maximum. 2
Lemma 3.8 implies that the query e is answered in t + 1 omparisons or else in reases 
by at least 2(t +1)2. By invoking Theorem 2.6 with = =2,  = 1=t,  = t +1,  = (t +1)2,
the amortized ost of the query e is at least t. In the next se tion we prove that Lemma 3.1
implies Theorem 1.1.
`

j +1

`

1

r

2

r

r

r

r

r

`

k
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`

1

j +1

3.1

Proof of Main Theorem

In this se tion we de ne a fun tion t(m; n) and prove a lower bound on the online MST
veri ation problem in terms of m, n, and t(m; n). We then show that t(m; n) is within
an absolute onstant of the inverse-A kemann fun tion as de ned by Tarjan [30℄. De ne
t(m; n) as:
t(m; n)

= max

n

t

: t (n)  216t dm=ne
2

o

It is true that t(m; n) is unde ned when 1 (n)  216dm=ne . For the sake of ompleteness,
assume t(m; n) = 1 in this situation.
Lemma 3.9 Any algorithm answering m MST veri ation queries on an n-node tree makes,
on a worst ase input, maxfm  t(m; n); ng omparisons with probability at least 1

2

(m) .

If t(m; n) = 1 or m  t(m; n) < n then the lemma is trivial. Any MST veri ation
algorithm must perform 1 omparison per query and in the ase where T [ feg onsists of
a single y le, on rming that e is the heaviest edge requires n omparisons. We assume
that t(m; n) > 1. Suppose that the lemma is false, that the veri ation algorithm makes
fewer than m  t(m; n) omparisons with probability greater than 2 (m) . By the de nition
of t(m; n) it follows that 161 n log t(n)  2  m  t(m; n). If the MST veri ation algorithm
made fewer than m  t(m; n) omparisons it follows from Lemma 2.5 that  < 81 n log t (n)
with probability at least 1 2 mt(m;n) . It also follows from the de nition of t(m; n) that
t (n)  23(t+1) . Therefore, the pre onditions of Lemma 3.1 are met with high probability.
By Lemma 3.1 the amortized ost of ea h query is at least t, and by Theorem 2.6 the
probability that the amortized osts ex eed the a tual osts is no more than 2 mt = 2 m.
Proof:

2

2

In [30℄ Tarjan de ned a variant of A kermann's fun tion and a ertain inverse whi h we
denote by B and , respe tively. They are de ned as:
19

B (0; j )

= 2j
B (i; 0) = 0
B (i; 1) = 2
B (i; j ) = B (i 1; B (i; j 1))

for j  0
for i  1
for i  1
for i  1; j  2

(m; n) = minfi : B (i; 4d mn e) > log ng
Lemma 3.10

(m; n) 3  t(m; n)  (m; n) + 1.

We will use several properties of A and B , given in Lines (1) through (5). They are
all simple to prove by indu tion. The proofs, whi h are somewhat tedious, are left to the
reader.
Proof:

A(i; j )
B (i; 3j )
B (i + 1; j )
B (i + 1; 2j )
B (i + 1; j )







B (i; j )

for i  1 and j  0
A(i; j ) for i  1; j  1
2B(i;j) for i  2; j  3
2B(i;j) for i  0; j  1
2B(i;j)=2 for i  1; j  3

We had de ned t(m; n) = maxft :
equivilent to the de nition:
t(m; n)

n

= min t  1 :

t (n)



(1)
(2)
(3)
(4)
(5)

 216t dm=ne g. One an see that this is
2



A t + 1; 216(t+1) dm=ne > n
2

o

whi h is more in line with the de nition of . We will rst show that (m; n)  t(m; n) + 3.
Consider the inequalities below, where t = t(m; n).
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A t + 1; 216(t+1) dm=ne
2






> n

B t + 1; 217(t+1) dm=ne >

m 
B t + 3; 4d e >
n
2

log n
log n

(6)
(7)
(8)

Line (6) follows from the de nition of t(m; n). Line (7) follows from Line (2). Line (8)
follows from Line (3), though not dire tly. Let x " y denote an exponential sta k of x 2's
with a y on top; e.g. 2 " 3 = 22 = 256. One an easily show that B (1; j ) = 2j = 1 " j .
Lines (3) and (5) together imply that B (i; j )  i " (j 1) for all i  1; j  3. Therefore,
B (t + 3; 4d mn e) = B (t + 2; B (t + 3; 4d mn e 1))  B (t + 2; (t + 3) " (4d mn e 2)), whi h is
greater than B (t +2; 217(t+1) dm=ne ) sin e (t +2) " (4d mn e 2) always dominates 17(t +1)2d mn e.
Therefore Line (8) follows from Line (7), and implies, by the de nition of (m; n), that
(m; n)  t + 3 = t(m; n) + 3.
The bound t(m; n)  (m; n) + 1 is proved in a similar fashion. Consider the following
inequalities, where is short for (m; n).
3

2

B
A



B



m 
e > log n
n

; 28dm=ne > n

+ 1; 216

; 4d
2

dm=ne



> n

(9)
(10)
(11)

Line (9) follows from the de nition of (m; n). Line (10) follows from Line (4). Line
(11) follows from Line (1) and the monotoni ity of A and B . Line (11) is not given as
A( ; : : :) > n be ause may be zero while A(i; j ) is only de ned for i  1. Therefore,
t(m; n)  maxf ; 1g  + 1. 2
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4 Upper Bounds
In this se tion we show that the a tual omplexity of online minimum spanning tree veri ation is not too far from the lower bound presented in Se tion 3. We also provide nearly
tight bounds on the average ase omplexity of the problem, where the average is over all
permutations of the tree weights. We will think of the MST veri ation algorithm as divided
into two parts: a prepro essing algorithm that, given T , produ es some xed data stru ture,
and a query algorithm that answers MST veri ation queries by referring only to the xed
stru ture. The omplexities of interest are the number of prepro essing omparisons and the
worst ase number of omparisons per query.
Theorem 4.1 Suppose the tree-weights are permuted randomly. With no more than 2n prepro essing omparisons (expe ted), MST veri ation queries an be answered with no more
than

2

omparisons. If queries must be answered with

pro essing time is

(n log n).

1

omparison then the expe ted pre-

First onsider the 1- omparison ase with randomly permuted weights. Let T be
a star with enter vertex . For every two leaves u and v su h that w(u); w(v) > w( )
the prepro essing algorithm must determine the heavier of u and v (otherwise the query
e = (u; v ) would require 2 omparisons to answer.) Therefore, the query algorithm must sort
n0 elements, where n0 is the number of leaves heavier than . This takes expe ted (n log n)
time sin e n0 is uniform over [0::n 1℄. O(n log n) prepro essing time is also learly suÆ ient
for any tree T . (Remark: If all tree nodes have degree bounded by a onstant, it seems likely
that o(n log n) prepro essing would be required on average.)
For the 2- omparison ase the prepro essing algorithm must redu e the number of andidate maxima on any query to at most 2 (not ounting the query edge). We root the tree
arbitrarily and divide any query (u; v) into two queries (u; LCA(u; v)) and (v; LCA(u; v)),
where LCA(u; v) is the least ommon an estor of u and v. Therefore it will be suÆ ient to
redu e the number of andidate maxima on a query (z; a) to one, where a is an an estor of
Proof:
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z.

For any node z 2 T let z = z0; z1 ; z2; z3 ; : : : be the sequen e of nodes from z up to the
root. We must nd the pre x-maxima of the sequen es f(w(zi))gz2T;i0, whi h is tantamount
to nding the subsequen e L(z) = (zi ; zi ; zi ; : : :) where zi has maximum weight among
(z0 ; : : : ; zi 1). We ompute L(z) from L(z1 ) = (zj ; zj ; zj ; : : :). One an see that L(z)
is derived from L(z1 ) by substituting a (possibly empty) pre x of L(z1 ) with z = z0 . We
nd su h a pre x in the obvious manner, by omparing w(z0) with w(zj ); w(zj ); : : : until
jq is found su h that w(z0 ) < w(zj ). (If there is no su h zj then for the sake of onsistent
notation we let it be the non-existent parent of the root.) The ost of this pro edure, whi h
is performed for every node in the input tree, is no more than q.4 We analyze the behavior
of q and jq under the assumption that the tree edge-weights are randomly permuted. We
have
1

2

3

p

p+1

1

2

3

1

2

q

q

Pr[jq = r℄  1=r(r + 1)
r 1
X
E [q j jq = r ℄  1 +
Pr[w(zi) = 1max
fw(zk )g℄

ki
i=1
= 1 + Hr 1
1
X
E [q ℄ =
Pr[jq = r℄  E [q j jq = r℄
r=1

 1+

= 1+
= 1+

(12)
(13)

1
X

Hr 1
r(r + 1)
r=2

1
X
i=1
1
X

1
i

1
X

1
r(r + 1)
r=i+1

1 = 2
i(i + 1)
i=1

!

(14)

Lines 12 and 13 are inequalities, rather than equalities, due to the niteness of the (zi )i
sequen e. Line 14 follows from Lines 12 and 13 and the identity Pki=1 1=i(i+1) = 1 1=(k +1),
whi h is easily proved by indu tion on k. 2

4 It is usually equal to q, unless zjq
w (e0 ) < w (ejq ) never takes pla e.

happens to be the parent of the root, in whi h ase the omparison
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Any (online) tree-sum algorithm for arbitrary semigroups an be used as an (online) MST
veri ation algorithm. The onstru tions from [4, 7℄ show that a tree T an be prepro essed
in O(nt(n)) time so that the sum of the weights on any path is omputable with 2t 1
semigroup operations. We sket h below how the prepro essing time an be redu ed to
O(n log t (n)) for the online MST veri ation problem, without a e ting the query time. The
[4, 7℄ prepro essing algorithms impli itly generate a set of forests of rooted trees F1; F2 ; : : : ; Ft
with the property that the sum of the weights of any path in T is equal to the sum of the
weights of 2t paths: 2 paths in ea h of T1 2 F1 ; T2 2 F2 ; : : : ; Tt 2 Ft , where T1 ; : : : ; Tt are
trees in their respe tive forests. The paths in T1 ; : : : ; Tt run from a leaf to one of its an estors.
Prepro essing the trees in F1; : : : ; Ft to answer leaf-to-an estor queries is done in the obvious
fashion: for a tree with size s and height h the prepro essing time is O(sh). F1 ; : : : ; Ft 1
are onstru ted so that their prepro essing time is O(n), and Ft is guaranteed to be a single
tree with size at most n and height at most t(n); therefore the total prepro essing time
is O(nt(n)). This algorithm an be improved, slightly, when the semigroup is (R ; max)
and t > 1. Komlos's MST veri ation algorithm [24℄ an be thought of as an O(s log h)time prepro essing s heme for answering leaf-to-an estor queries. Using it to prepro ess Ft
instead of the [4, 7℄ algorithms yields an O(n log t(n)) prepro essing algorithm with query
omplexity 2t (not 2t 1, as in [4, 7℄, be ause the query edge must be ompared against the
tree-weights too!) We an redu e the query omplexity to 2t 1 by prepro essing the the
trees in F1 more e e tively. Any tree T1 2 F1 with size s and height h has the property that
s log s = O(sh). Therefore, we shall prepro ess the F1 trees by sorting their weights rather
than use the [4, 7℄ algorithm. The prepro essing time is una e ted but the query algorithm
may redu e the number of omparisons by 1.
The above onstru tion assumed t > 1, spe i ally that F1 6= Ft. What is the best
prepro essing time we an a hieve for query omplexity 1, 2 and 2t? For 1- omparison
queries the optimal prepro essing time is learly (n log n). For 2- omparison queries there
is a simple algorithm with O(n loglog n) prepro essing time. King [21℄ showed that any
24

tree T ould be easily transformed into a new tree T 0 with several ni e properties. First,
any MST veri ation query on T an be mapped to an equivalent query in T 0. Se ond, T 0
has size linear in jT j and height logarithmi in jT j. Applying Komlos's O(n loglog n)-time
prepro essing algorithm to T 0 lets us answer queries in 2 omparisons. It an be easily shown
that this bound is optimal for 2- omparison queries, using the input distribution Distr(1)
and an argument similar to that of Lemma 3.1. If the query omplexity is xed at 2t,
where t  2, we do not know of any faster prepro essing algorithm than the one for query
omplexity 2t 1. Our results on the worst ase omplexity of online MST veri ation are
summarized in Theorem 4.2.
1 the optimal online MST veri ation algorithm prepro esses the tree in (n log n) time. For query omplexity 2 the optimal prepro essing
time is (n log log n). For query omplexity 2t 1  3 the optimal prepro essing time is
O(n log t (n)) and (n log 2t 1 (n)).

Theorem 4.2 For query omplexity

For query omplexity 2t 1 we suspe t that the upper bound in Theorem 4.2 is tight.
However, for the spe ial ase of leaf-to-an estor queries the lower bound from Se tion 3 is
tight. Therefore, to improve our lower bounds one must ne essarily onsider more general
types of queries.
5 Open Problems
Among natural omparison-based problems there are relatively few whose asymptoti omplexities remain unresolved. The minimum spanning tree problem [20, 8, 29, 28℄ is ertainly
the oldest su h problem, though there are many others whi h seem equally diÆ ult. In
the lo al sorting problem [16℄ one is given a vertex-weighted undire ted graph and asked
to orient all the edges to point to the heavier endpoint. When generalized to hypergraphs
the problem is known as set maxima. There are elegant, optimal algorithms for both lo al
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sorting and set maxima [16, 28℄; however they are all randomized. Surprisingly there are no
known non-trivial deterministi solutions.
Besides online MST veri ation we are aware of no omparison-based problems for whi h
inverse-A kermann type lower bounds are very likely. However, there are a ouple su h
problems for whi h super-linear lower bounds seem at least plausible:
 The split- ndmin problem is a data stru turing problem. We are to maintain a set of

disjoint sequen es of n weighted elements under two types of operations. A de rease-key
operation redu es the weight of some element, and a split operation divides a sequen e
into two disjoint sequen es: one onsisting of elements to the left of some designated
element, and another onsisting of the rest. The problem is to maintain, at all times,
the minimum-weight element in ea h sequen e. This pe uliar data stru ture turns out
to be useful in ertain weighted mat hing algorithms [15℄ and several re ent shortest
path algorithms [35, 17, 27, 25, 26℄. It an also be used to solve the minimum spanning
tree sensitivity analysis problem (see [34℄ for the de nition of MST sensitivity analysis.)
The fastest data stru ture to date [27℄ runs in O(m log (m; n)) time, where m is the
number of operations. It is a slight improvement over Gabow's data stru ture [15℄,
whi h runs in O(m (m; n)) time.

 The problem of nding row-maxima in totally monotone matri es has many appli ations [3℄. For omplete m  n matri es the problem an be solved in O(m + n) time

[3℄. However, for partial matri es (where some elements may be missing) the omplexity of the problem seems to depend on the shape of the non-blank elements. Klawe
[22℄ proved super-linear lower bounds of (n (n)) on the time to nd row-maxima in
an n  n matrix where the non-blank elements are either ontiguous in ea h olumn
(v-matri es) or in ea h row (h-matri es). For the more restri tive lasses of m  n
\stair ase" or \skyline" matri es, there are known upper bounds of O(m (m; n) + n)
[23, 22℄. It is on eivable that these super-linear upper bounds are tight.
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