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Abstra t
In this paper, we study the distan e

hoosability - the list

ounter-

part of the distan e labelings. In parti ular, we show that the AlonTarsi theorem for
the

hoosability in graphs has an analogous version for

hoosability of distan e labelings, a notion stemming from

nel assignment. We apply this result on paths and
with a

1

han-

y les for labeling

ondition at distan e two.

Introdu tion

One of the main issues on erning the eÆ ient use of radio spe tra in
tele ommuni ation is the design and analysis of eÆ ient algorithms for frequen y assignment. The main task is to assign transmitters frequen ies
from the shortest possible range while maintaining an adequate quality of
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the signal. The signal larity depends on the possible interferen e of simultaneous transmitting from lose sour es. The level of interferen e depends
mainly on distan e of transmitters, but also on other fa tors, i.e. on the
hilliness of the terrain (see [5℄).
The graph theoreti model of the frequen y assignment transforms the
geometri instan e into a dis rete stru ture. In the most simplest ase we
draw a graph whose verti es represent transmitters and adja ent transmitters should use di erent frequen ies. Clearly, it is a graph oloring but in
this simple version the oloring approa h for hannel assignment provides
only rough level on hannel separation. In pra ti e there are used several
levels on hannel separation so we adopt a notion of distan e onstrained
labeling [11, 12℄, where lose verti es should have labels separated by a
spe i ed parameter that depends on the graph distan e. These labelings
were investigated in [10, 14, 16, 19℄ also for their interesting graph-theoreti
properties.
Moreover we onsider a situation, where transmitters my support only
a limited list of frequen ies (due to physi al or organizational reasons).
Then our aim is to sele t labels for verti es from the given lists su h that
all distan e onstraints are met. We all this the distan e onstrained list
labeling problem (we omit the term distan e onstrained if no onfusion may
appear).
We note here that list version of graph oloring was introdu ed by Vizing [18℄ and independently by Erd}os, Rubin, and Taylor [6℄ and extensively
studied by many authors, for a surveys see [1, 13, 17, 20℄.
Graph labeling generalizes graph oloring, so we expe t that its omputational omplexity should not be simpler in general. The graph oloring
problem belongs among the hardest ombinatorial optimization problems,
it is strongly NP-hard and also inapproximable within the fa tor n1=7 " ,
where n denotes the number of verti es of the graph [4℄.
On the other hand, the First- t oloring heuristi might bring satisfa tory results for restri ted lasses of graph that might appear in pra ti e [8℄,
and is also easily extendible for the list oloring problem. The First- t
method, sele ts olors for verti es of a graph G as follows: Order verti es
arbitrarily, pro ess them one by one and assign to a vertex the smallest
available olor, that means the least number from the assigned list that has
not been yet used on an adja ent vertex.
It is well known, that if the verti es of the graph an be ordered su h that
ea h vertex is adja ent to at most d prede essors, then the lists of size d + 1
assure that the First- t algorithm nds a suitable oloring. This ordering
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an be transformed to an a y li orientation with maximum indegree at
most d, where edges are oriented towards su essors. Observe that this
approa h on d-regular graphs gives relatively weak bound of d + 1 olors on
ea h vertex, whi h is very lose to the maximum degree.
Alon and Tarsi [2℄ extended this result to spe ial orientations (see Theorem 1). In spe i
ases a suitable orientation might bring twi e better
upper bound than the First- t method, e.g. in the ase of bipartite k-regular
graphs. However, the proof is not onstru tive, that means, that we only
know that su h list oloring with bounded number of olors exists, and there
is not known a tool whi h nds it in polynomial time yet.
We reprodu e the statement of Theorem 1 in Se tion 3. The hard part
of its pra ti al appli ation is the proof of the inequality between the number of even and odd Eulerian subgraphs for a parti ular orientation of the
underlying graph. Even from graphs derived from y les it might not be an
easy task. On the other hand, this method is up to now the only way to
prove a statement that every 4-regular graph omposed of a Hamiltonian
y le and a set of disjoint triangles is 3- hoosable [9℄.
The main ontribution of this paper is the proof of an analogon of the
Alon-Tarsi theorem for distan e onstrained list labelings. A similar approa h for so alled T - olorings was shown in [3℄. Furthermore, as an example for the appli ation for the extended theorem we provide sharp upper
bound on the sizes of lists for the list labelings of y les and paths with
onstraints (2; 1), as an extension of the labeling results of [10℄, also with a
possible appli ation in liear and ir ular transmitter networks.
2

Preliminaries

We assume that the set of natural numbers does not ontain zero, i.e. N =
f1; 2; : : : g.
Let G = (V; E) be a nite undire ted loopless multigraph
with verti es

V = fv1 ; : : : ; vn g and the multiset of edges E over V2 . We say that a
multigraph H is a subgraph of G if V (H)  V (G) and E(H)  E(G).
The symbols Cn and Pn denote the y le and the path on n verti es.
~ on
An orientation of multigraph G provides a dire ted multigraph D,
~ ontains
the same vertex set V . For ea h edge (u; v) 2 E(G), the graph D
one of ordered pairs [u; v℄ or [v; u℄, where the rst vertex in the pair is alled
tail and the se ond is alled head. We de ne indegree and outdegree of an
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dire ted multigraph as follows:
~ gj
indeg(u) = jf[v; u℄ 2 E(D)

~ gj:
outdeg(u) = jf[u; v℄ 2 E(D)

A dire ted multigraph is alled Eulerian if for every vertex u : indeg(u) =
~ is
outdeg(u). The set of all Eulerian subgraphs of a dire ted multigraph D
~ We also de ne sets Eo (D)
~ and Ee (D)
~ as sets of Eulerian
denoted by E (D).
subgraphs with odd and with even number of edges, respe tively. Thus,
~ = Eo (D)
~ [ Ee (D).
~
E (D)
A list assignment of G is a fun tion L whi h assigns to ea h vertex
u 2 V (G) a list L(u)  N of admissible olors for u. The number jL(u)j we
all the size of list L(u). An L- oloring is a fun tion : V (G) ! N su h that
(u) 2 L(u) for ea h u 2 V (G) and su h that (u) 6= (v) whenever u and
v are adja ent. If G admits a L- oloring, it is L- olorable. We say that G
is k - hoosable, if admits an L- oloring for every list assignment L su h that
jL(u)j  k for ea h u 2 V (G). The smallest k for whi h G is k- hoosable is
alled the hoi e number of G and it is denoted by ` (G).
In this paper we address a generalization of graph oloring alled distan e labelings. For a sequen e P = (p1 ; : : : ; pk ) of positive integers alled
distan e onstraints and list-assignment L of a graph G we de ne an LP labeling as a mapping : V (G) ! N su h that
(1) 8u 2 V (G) : (u) 2 L(u), and

(2)

j (u)

(v)j  pi for every u; v 2 V (G) at distan e at most i  k.

It follows from the de nition that without loss of generality we may assume
that numbers in P appear in the de reasing order. To avoid a possible
misunderstanding we note here that P stands for distan e onstraints only
in Se tion 3, while in Se tion 4 the symbol Pn means the path on n verti es.
The non-list version of the above on ept an be obtained if we sele t all
lists of available labels as the integer interval [1; n℄ for some xed n. Then
the smallest n for whi h G has a labeling satisfying distan e onstraints
P is denoted by P (G). In the literature is also used the graph invariant
P (G) = P (G) 1, but sin e we onsider list labelings we found more
onvenient the invariant P than P .
Similarly, as above, the minimum number k for whi h G has an LP labeling, for every list assignment L with lists of size k, is denoted by `P (G).
Observe that in general P (G)  `P (G).
For only one distan e onstraint P = (1) the L(1) -labeling be omes equal
to the list oloring, i.e. `(1) (G) = ` (G). Similarly for p1 = p2 =    =
4

pk = 1, we get `(1;:::;1) (G) = ` (Gk ), where Gk is the k-th power of G, i.e. a
graph whi h arise from G by adding edges onne ting verti es at distan e at
most k. Therefore, the notion of distan e- onstrained labeling generalizes
the on ept of oloring of powers of graphs as well.
3

Alon-Tarsi theorem for distan e labeling

One of the most interesting results in the theory of list- olorings is the
following result [2℄.
~ be its orientaLet G be a graph and D
~
~
tion satisfying jEe (D)j 6= jEo(D)j. If L is a list assignment of G su h that
jL(u)j  indeg(u) + 1 for all verti es u 2 V (G), then the graph G is LTheorem 1 (Alon and Tarsi)

olorable.

Through this se tion we assume that P = (p1 ; : : : ; pk ) is a xed k-tuple
of distan e onstraints. Denote by GP the multigraph with the same vertex
set as G su h that every two verti es of distan e i 2 f1; : : : ; k g are onne ted
with a luster of 2pi 1 multiple edges.
We extend Theorem 1 for the on ept of distan e onstrained list labelings as follows:
Theorem 2 Let L be a list assignment of a graph G and P be a tuple of
~ of GP it holds that
distan e onstraints. Suppose that for an orientation D
~
~
~ .
jEe (D)j 6= jEo (D)j and indeg(u) + 1  jL(u)j for every vertex u 2 V (D)
Then, G admits an LP -labeling.

We follow the ideas from [2, 3℄. Assign to every vertex u a variable
xu and onsider a polynomial in N jV (G)j :

Proof:

fGP =

k
Y

pY
i 1

i=1

j =1 pi

Y

2

(xu

xv

j):

u;v V (G)
dist(u;v)=i

In the de nition of polynomial fGP as well as in the forth oming de nition
P , we assume that verti es of G are linearly ordered, and
of polynomial gG
that u is a prede essor of v. If is an LP -labeling of G then due to the
statement (2) of the de nition of LP -labeling , the polynomial fGP evaluated
at xu = (u) has a nonzero value, sin e every term in the produ t has a
5

nonzero value as well. Moreover, from (1) follows that for ea h vertex
u 2 V (G) there exist a polynomial ru (xu ) in xu of degree at most jL(u)j 1
su h that
Y
(xu s) = 0 = xujL(u)j ru (xu ):
s2L(u)

We expand fGP into a linear ombination of monomials and re ursively repla e every o urren e of xujL(u)j by ru (xu ), until the degree of every variable
xu in every monomial of the modi ed polynomial hPG is at most jL(u)j 1.
Observe that the new polynomial hPG retains its value of fGP for all sele tions
xu 2 L(u).
~ and a polynomial
Now onsider the multigraph GP , its orientation D
P =
gG

Y

(xu

u;v)2E (GP )

xv );

(

P as many times as the edge (u; v) in
where the term (xu xv ) appears in gG
E(G). It follows from the onstru tion of GP that every monomial with a
P appears also with the same oeÆ ient in f P .
nonzero oeÆ ient in gG
G
P , the oeÆ ient by
Corollary 2.3. of [2℄ shows, that in the polynomial gG
Q
~ j jEe (D)
~ j, perhaps
the monomial M = u2V xuindeg(u) is equal to jEo (D)
with the multipli ative ( 1) fa tor. By our assumptions, M has nonzero
P , f P , and hP , sin e:
oeÆ ients in all polynomials gG
G
G

(1) M was not redu ed, be ause it ontains no xujL(u)j , and

(2) monomial
M annot be obtained by su h redu tion from
P other monoQ
mial xud , be ause the redu tion de reases the value du  jE(GP )j
and the sum of degrees in M attains the upper bound jE(GP )j.
u

We may summarize that in this moment we know that hPG ontains a
nonzero oeÆ ient by monomial M, and the degree of every variable in
every monomial is at most indeg(u) = jL(u)j 1.
If we assume that the value of hPG is zero for all possible sele tions xu 2
L(u), we get a ontradi tion with Lemma 2.1. in [2℄, sin e su h polynomial
hPG  0.
We on lude the proof by the argument that any sele tion of variables
xu 2 L(u) having a non-zero value of hPG is in one-to-one orresponden e
with a feasible LP -labeling of the graph G.
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Figure 1: Orientations of graphs P3(2;1) and P4(2;1) .
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Distan e

hoosability for paths and

y les

It is not diÆ ult to show that for k distan e onstraints (1; : : : ; 1) and
the path Pn on n verti es (1;::: ;1) (Pn ) = `(1;::: ;1) (Pn ) = min(n; k). Reently, Prowse and Woodall [15℄ proved that the equality (1;::: ;1) (Cn ) =
`(1;::: ;1) (Cn ) holds also for y les.
In this se tion we apply Theorem 2 for L(2;1) -labelings and prove that
the equality (2;1) (G) = l(2;1) (G) holds for both paths and y les.
Proposition 3

Let Pn be a path on n  2 verti es. Then,
`(2;1) (Pn ) =

8
<
:

3;
4;
5;

n=2
n = 3; 4
n  5:

Sin e `(2;1) (Pn )  (2;1) (Pn ) and the above equality is satis ed for
`(2;1) (Pn ) repla ed by (2;1) (Pn ) (see [10℄) it will be enough if we prove
`(2;1) (Pn ) is smaller than or equal to the right side of the above expression.
Assume the the verti es of the path Pn appear in order v1 ; v2 ; : : : ; vn . When
n = 2 the statement is straightforward. In the ase n  5, the Firstt algorithm works assuming that every vertex has 5 available olors and
verti es are ordered as they appear on the path.
For n = 3 or 4, let D~3 ; D~4 be the oriented graphs obtained from P3(2;1)
and P3(2;1) as depi ted in Fig. 1.
Both graphs D~3 and D~4 have maximum indegree 3. It is easy to al ulate
that jEo (D~3 )j = 9 and jEe (D~3 )j = 1. Graphs from Eo (D~4 ) may have only
3 or 5 edges. Their number is 15 and 21, respe tively. Similarly, graphs
from Ee (D~4 ) may have 0,2,6, or 8 edges. Their number is 1,2,18, and 9,
respe tively. Thus, jEo (D~4 )j = 36 and jEe (D~4 )j = 30. Now, the statement
follows by Theorem 2.

Proof:
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Figure 2: Orientations of graphs C4(2;1) and Cn(2;1) .
In [10℄ is proven that (2;1) (Cn ) = 5 for y les. We will extend this
result for distan e onstrained list labelings.
Theorem 4

If Cn is a y le on n  3 verti es, then `(2;1) (Cn ) = 5.

Sin e `(2;1) (Cn )  (2;1) (Cn ) = 5 it will be enough if we prove
`(2;1) (Cn )  5. Assume that the verti es in the graph Cn appear in the
order v1 ; v2 ; : : : ; vn = v0 ; v1 .
Suppose rst that n = 3. Let L be a list assignment of C3 with lists of
size 5. Then assume that a1 is the smallest olor in L(v1 ) [ L(v2 ) [ L(v3 )
and a1 2 L(v1 ). Now let a2 be the smallest olor from L(v2 ) [ L(v3 ) greater
than a1 + 1. We may assume that a2 2 L(v2 ). Finally, let a3 be the greatest
olor from L(v3 ). Now it is easy to see that labeling with (vi ) = ai for
ea h i = 1; 2; 3 is an L(2;1) -labeling.
Consider the ase n  4. Let C~ be the digraph onstru ted from Cn(2;1)
so that every edge is oriented towards the vertex with greater index by one
or two. All omputations on indi es i of vi are done modulo n with the
only ex eption that for diagonals of C4 we use the lassi al addition. These
orientations are depi ted in Fig. 2. We all the edges of form [vi ; vi+1 ℄ short,
while those of type [vi ; vi+2 ℄ are long. We use the following simpler notation
~ i.e. Ee = Ee (C)
~ and Eo = Eo (C).
~
without the argument C,

Proof:
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Suppose now that n = 4. Then indeg(v1 ) = indeg(v2 ) = 3 and indeg(v3 ) =
indeg(v4 ) = 4. Observe that ea h Eulerian subgraph with odd number of
edges ontains at least one of the ar s [v1 ; v3 ℄ and [v2 ; v4 ℄. Now it is easy to
evaluate that the Eulerian subgraphs from Eo may have 3, 7, or 11 edges.
The number of su h subgraphs are 18, 162, and 18, respe tively. The number of Eulerian subgraphs with 0, 4, 6, 8, 10, or 12 edges is 1, 81, 27,
81, 27, 1, respe tively. Thus, jEe j = 218 and jEo j = 198, and the equality
`(2;1) (C4 ) = 5 follows dire tly from Theorem 2.
We now prove the ase of y les of length at least 5. The basi idea
is as follows: We derive re ursive formulas for the numbers of Eulerian
subgraphs with spe i ed degrees. Then we provide an expli it formula for
the di eren e of number of even and odd Eulerian subgraphs and show that
it never attains zero. Be ause the indegree of every vertex in the proposed
orientation C~ is 4, we on lude, that for lists of size 5 a feasible L(2;1) labeling of Cn always exists.
Suppose that n  5. Let S  f0; 1; 2; 3; 4g. We denote by EeS and EoS the
Eulerian subgraphs of C~ with indegrees in S and with even and odd number
of edges, respe tively. Moreover, we assume that for every number from S
there exists at least one vertex in C~ with indegree equal to this number.
For simpli ity, in the expression E S we write the set S without bra es, thus
E 0;1 means the same as E f0;1g .
Observe that whenever S ontains i; j with ji j j  2, then no su h
Eulerian subgraph exists, hen e EeS = EoS = ;. The total number of edges
in C~ is even. The omplement operation  : E ! E with (H) = C~ E(H)
is one-to one mapping between sets Eei and Ee4 i , or Eei;i+1 and Ee4 i;3 i .
Due to this omplementarity we get that jEe0 j = jEe4 j, jEe0;1 j = jEe3;4 j, et .
The same equalities hold for odd subgraphs as well. Thus, it is suÆ ient to
onsider only graph lasses Ee0 ; Ee0;1 ; Ee1 ; Ee1;2 ; Ee2 , and their ounterparts for
odd Eulerian subgraphs.
The subgraph with no edges is even Eulerian, hen e jEe0 j = 1 and jEo0 j =
0. The number of edges of a 1-regular digraph is equal to the number of
its verti es, hen e jEo1 j = 0 for n even and jEe1 j = 0 for n odd. In the
other ase there are 3n y les omposed of short edges and one Eulerian
subgraph omposed by all long edges. We have jEo1 j = 3n + 1 for odd n and
jEe1 j = 3n + 1 for n even.
~ we remove the edge
Now, we al ulate the order of Ee0;1 and Eo0;1 . In C,
[vn 1 ; v1 ℄, and ut the vertex vn = v0 into two new verti es v0 ; vn su h
that the new v0 is in ident with all outgoing edges and the new vn with all
9

in oming. The remaining graph P~ is isomorphi to the uniform orientation
;1) . Denote by xe (and by xo ) the number of dire ted paths
of the graph Pn(2+1
n
n
of even (and of odd) length from the vertex v0 to vn in P~ . The numbers xen
and xon are de ned by the re ursive relations:
xe1 = 0; xe2 = 9; xen = 3xon
xo1 = 3; xo2 = 1; xon = 3xen

+ xon 2
e
1 + xn 2 :

1

Observe that the number of graphs from Ee0;1 [Ee1 (resp. Eo0;1 [Eo1 ) whi h
ontain an edge in ident with the vertex v0 and do not ontain [vn 1 ; v1 ℄ is
xen (resp. xon ). Similarly, there are xon 2 (and xen 2 ) graphs from Ee0;1 [ Ee1
(and Eo0;1 [ Eo1 ) whi h ontain the long edge [vn 1 ; v1 ℄ and no edge in ident
with v0 . Finally, only the subgraph indu ed by all n long edges has the
property that ontains both the edge [vn 1 ; v1 ℄ and an edge in ident with
the vertex v0 . In total we got that

jEo ; [ Eo j
jEe ; [ Ee j
01

1

01

1

= xon
= xen

+ xen
o
1 + xn

1

+ (n mod 2)
(n mod 2);
2 +1

2

where (n mod 2) is 1 for n odd and 0 for n even.
Sin e every 2-regular digraph has even number of edges, it follows that
Eo2 = ;. Now we show that Ee2 ontains pre isely 2  3n graphs. Sin e, we
an onne t vi and vi+1 with two edges in three di erent ways, it follows
that the number of graphs from Ee2 whi h ontains only short edges is 3n .
If a graph from Ee2 ontains a long edge then it ontains all long edges of
~ Similarly as above, we obtain that Eo2 ontains exa tly 3n su h graphs.
C.
Thus, jEe2 j = 2  3n .
We pro eed by al ulating jEo1;2 [Eo2 j. Denote by Pn the set of subgraphs
in P~ , that de ne an 2- ow from v0 to vn with even number of edges. More
formally su h graphs satisfy outdeg(vi ) = indeg(vi ) for all i = 1; : : : ; n 1
and indeg(vn ) = outdeg(v0 ) = 2. We all su h graphs even 2-paths.
Note that every even 2-path starts/ends with either two short edges or
one short and one long edge. In what follows pn (a; b) (where a; b 2 fl; s; g)
denotes the numbers of graphs from Pn with the following property: if a = l
then this 2-path starts with one long and one short edge, if a = s then it
starts with two short edges and if a =  then the type of the edges by whi h
this 2-path starts is not important. Similarly b denotes the way this graph
ends. For example, pn (; ) = jPn j and pn (s; l) is the number of graphs
from Pn whi h start with two short edges and ending with one long and one
10

small edge. For simpli ity, we write pn = pn (; ). Observe that for every
x 2 fl; s; g and n  2:

pn (x; l) = pn (l; x) = pn (; x) 3pn 1 (; x)
pn (x; s) = pn (s; x) = 3pn 1 (; x):
From these relations we derive that for n  3:
pn (l; l) = pn 6pn 1 + 9pn
pn (s; l) = 3pn 1 9pn 2
pn (s; s) = 9pn 2 :

2

In a similar way as above de ne an odd 2-path in P~ . Denote by Qn the
set of odd 2-paths in P~ . We de ne a similar parameter qn (a; b) for graphs
from Qn and obtain the similar equations as above for pn (a; b). Similarly
we write qn = qn (; ).
Now onsider an even 2-path in P~ . The three possible ways of building
of su h path as an extension of shorter one are depi ted in Fig. 3. This
dire tly implies two re ursive relations between pn and qn :
pn = 3pn

1

+ qn

1

+ 6qn

2

and

qn = 3qn

1

+ pn

1

+ 6pn 2 :

Note that p1 = 3, p2 = 9, q1 = 0, and q2 = 9. Thus, the above two
relations provide the re ursive de nition of sequen es (pn ) and (qn ).
We now fo us our attention ba k to graphs from Ee1;2 [Ee2 and Eo1;2 [Eo2 .
In exa tly pn graphs from Ee1;2 [ Ee2 the vertex v0 has outdegree two. Now
we ount the number of graphs from Ee1;2 [ Ee2 , in whi h v0 has outdegree
one. Su h graphs ne essarily ontain the long edge [vn 1 ; v1 ℄. Denote by
e+ (resp. e ) the edge whi h goes out (resp. in) from v0 . The number of
graphs in whi h both e+ and e are short is exa tly qn (s; s). Similarly the
number of graphs for whi h e+ and e are long edges is qn (l; l)=9. Finally
the number of graphs in whi h e+ is long and e is short or vi e-versa is
qn (l; s)=3 + qn (s; l)=3. Thus, we obtain that
q (l; s) + qn (s; l) qn (l; l)
+
= pn + qn (s; s) + n
3
9
4
1
= pn + qn + qn 1 + 4qn 2 :
9
3
In a similar way one an show that
jEo1;2 [ Eo2 j = qn + 91 pn + 34 pn 1 + 4pn 2:

jEe ; [ Ee j
12

2

11

vn

vn

3

vn

2

vn

1

pn

1

qn

2

3

9

3
3 (qn 1

qn

3

2)

Figure 3: Composition of a 2-path from shorter 2-paths.
Now, the term jEe j

jEe j jEo j

jEo j

an be expressed as

= 2 + 2(xen 1 + xon 2 + 1 (n mod 2)) +
4
1
+ 2(pn + qn + qn 1 + 4qn 2 ) 2  3n
9
3
h
i
1
4
2(xon 1 + xen 2 + (n mod 2)) + 2(qn + pn + pn 1 + 4pn 2 )
9
3
h
n
e
e
o
= 2 2 3
2(n mod 2) + xn 1 xn 2 xn 1 + xon 2 +
i
8
4
+ (pn qn ) + (qn 1 pn 1 ) + 4(qn 2 pn 2 )
9
3

To simplify above expression de ne xn = xon xen for every n. Then,
we infer that x1 = 3, x2 = 8, and xn = 3xn 1 xn 2 . Hen e, one an
al ulate
xn =



1
2

p

3 5
10



Similarly de ne, rn = qn

3

p

2


5 n

+



p

1 3 5
+
2
10



p 
3+ 5 n
:
2

pn for every n. Then, we obtain that r1 = 3,
12

n

3
3.25

jjEe j jEo jj=3n

4
2.86

5
0.12

6
1.57

7
1.71

8
3.18

9
9.02

10
2.06

Table 1: Relative di eren e for small n
r2 = 0, and rn = 2rn


i 5)n +

(1

5

Assume that for ' and

p



pi

1
2

rn =

6rn 2 . Hen e

1

p
i
1
+ p (1 + i 5)n :
2
5




we have

p

p

6ei' = 1  i 5

p3

and

2 5

Now, in turn we have
rn =

p3

2 5

ei =

1
 pi :
2
5

p

)( 6)n :

os(n'

For n < 11 we have evaluated the di eren e of the number of even and odd
Eulerian subgraphs as shown in Table 4.
Now, assume that n  11. For i  10, observe that

jxi j < 0:15
3i

jri j < 0:15

and

3i

By using the following identities
xei
8
(p
9 i
we obtain

xei

1

4
qi ) + (qi
3

jjEe j jEojj 
3n

2

> 2
> 0:

xoi

2

1

1
3n
1
311

1

+ xoi

2

= 4xi

pi 1 ) + 4(qi

2

1

xn

pi 2 ) =

and
14
8
ri + ri 1 ;
9
3

4jxn 1 j jxn j 4jxn 1 j 14jrn j
3  3n 1
3n
3  3n 1  9  3n
4 14 8
4
0:15 + 1 + + +
3
3 9 9

This argument on ludes the proof of Theorem 4.
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L = f1; 2; 4; 5; 6g

L = f1; 2; 3; 4; 5g
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Figure 4: A graph satisfying the stri t inequality (2;1) (G) < `(2;1) (G)
5

Con lusion and open problems

In this study we have proved and analogon of the Alon-Tarsi theorem for distan e labelings and have applied this result on paths and y les and distan e
onstraints (2; 1). Sin e this method brings a non onstru tive improvement
up to the fa tor at most two the list sizes against the lassi al First- t algorithm, we believe that the methods and al ulations involved for omputing
odd and even Eulerian subgraphs are interesting in the theoreti al sense
rather than appli able in pra ti e.
On the other hand, by use of this method we proved that the equality
(2;1) (G) = `(2;1) (G) holds for all y les and paths. This is a spe ial ase
of the general inequality
P (G)  `P (G):
It would be interesting to lassify all graphs for whi h the equality holds with
respe t to given distan e onstraints P . For the standard graph oloring
and hoosability, i.e. P = (1), there are known onstru tions of graphs
satisfying the stri t inequality [6℄. The easiest example of su h graph is the
omplete bipartite graph Kk;k satisfying (Kk;k ) = 2 < k < ` (Kk;k ).
We expe t that in the ase of distan e onstrained labeling it would be
easier to onstru t su h examples of graphs as there are more onstraints
on the possible labeling.
As an example we would like to present a graph depi ted in Fig. 4. A
feasible labeling showing (2;1) (G) = 5 is indi ated by the numbers by the
verti es, while the for the indi ated lists it is impossible to nd a feasible
L(2;1) -labeling. Therefore, `(2;1) (G) > 5 = (2;1) (G).
Another possible dire tion of the further resear h would onsider the
relation of distan e onstrained labeling with similar distan e onstraints.
k

k
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k

Observe that in the non-list version we may assume that distan e onstraints
have no ommon divisor [7, 10℄:
Let P = (p1 ; p2 ; : : : ; ps ) and we denote by kP the tuple (kp1 ; kp2 ; : : : ; kps ).
Then for every graph G it holds that
k(P (G)

1) = kP (G)

1:

It ould be an interesting adventure to sear h for some ne essary as
well as suÆ ient onditions under whi h the appli ation of list labeling the
equality is still maintained:
k(`P (G)

1) = `kP (G)

1:

The se ond author is thankful to the host in Kiel of
the EU ARACNE proje t for supporting a visit in April 2001, where the
rst notes of this paper were done.
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