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Abstra t
A kineti priority queue is a kineti data stru ture whi h determines the largest
element in a olle tion of ontinuously hanging numbers subje t to insertions and
deletions. Due to its importan e, many di erent onstru tions have been suggested
in the literature, ea h with its pros and ons. We propose a simple onstru tion
that takes advantage of randomization to a hieve optimal lo ality and the same
time omplexity as most other eÆ ient stru tures.
Key words: kineti data stru tures, heaps, priority queues, omputational

geometry, data stru tures
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Kineti

Priority Queues

A
is a
whi h omputes the largest
element in a olle tion of ontinuously hanging numbers subje t to insertions
and deletions. Kineti priority queues are the most fundamental kineti data
stru tures and have been applied not only to solve kineti problems, but also
to solve the famous k-set problem [6℄ and the onne ted red blue segments
interse tion problem [2℄. Due to its importan e, many di erent onstru tions
have been suggested: the kineti heap [4℄, the kineti heater [2℄, the kineti
tournament [4℄, and a redu tion to dynami onvex hull stru tures [6℄. Ea h
of these stru tures has its pros and ons.
The most important theoreti al evaluation of kineti priority queues onsists
of omparing their time omplexities on a real random a ess ma hine (realkineti

priority queue

kineti

data stru ture
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RAM). We de ne the time omplexity of a kineti priority queue in a given
s enario as the total pro essing time of the stru ture sweeping the s enario.
This sweep line algorithm, omputes the maximum of a set of fun tions of
time along time, that is, the upper envelope of these fun tions. When the
fun tions are only de ned within an interval of time, we all these fun tions
segments. Ea h time a new segment appears, we perform an insertion and
ea h time a segment eases to exist, we perform a deletion. It is important
to noti e that this is di erent from solving the stati upper envelope problem
be ause we do not assume the s enario is ompletely known to the right of the
sweep line. We assume that our model of omputation an al ulate the exa t
interse tion of two real fun tions in O(1) time. The time omplexities of the
stru tures in the literature are summarized in Table 1. We use lg to denote
the binary logarithm, () to denote the inverse A kerman fun tion and Æ (n)
to denote the maximum size of the upper envelope of n Æ-interse ting urves.
We use n/a to denote not available. For details on Æ (n), see [11℄.
# S enario

Heap

1

Lines

2

Line segments

3

Æ-interse ting

O(n lg2 n)
O(n lg2 n)
p
O(m n lg3=2 n) O(m (n) lg2 n)
O(n2 lg n)
O(Æ (n) lg n)

urves

Heater, Hanger and Dynami Hull
Tournament

O(n lg n)
O(m lg n lg lg n)
n/a

O(mn lg n)
O(m=nÆ+2 (n) lg n) n/a
urve segments
Table 1
Time omplexities of the stru tures. Parameter Æ is onsidered onstant. In s enarios 2 and 4, parameter n denotes the maximum number of elements stored in
the stru ture at the same time and m denotes the total number of elements. The
dynami hull onstru tions do not support urves.
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Æ-interse ting

A
is a binary tree, where the priority of ea h node is greater than the
priority of its hildren. We all this property the
. The heap is
balan ed in the sense that all nodes with less than two hildren are in the
last two levels of the tree. It is not hard to perform insertions and deletions
in a heap, and details an be found in [8℄. In a
the priorities
hange ontinuously with time. We all the moment when the priority of an
internal node be omes equal to the priority of one of its hildren an
.
At an event, the stru ture of the heap must be hanged, in order to maintain
the heap property. To nd events eÆ iently, we store potential events in a
eÆ ient priority queue (like a heap), whi h is alled the
. For all
internal nodes, we store a orresponding potential event, s heduled to the time
when the priority of the node would be ome equal to the priority of one of
its hildren if the stru ture of the heap remained un hanged. To advan e in
time, we pro ess the rst o urring potential event in the event queue, whi h
heap

heap property

kineti

heap

event

event queue

2

is learly an event. Pro essing an event onsists of swapping the ontents of
the two nodes involved in the event, and res heduling at most three adjaent potential events. We say that a kineti heap has O(1) lo ality be ause a
onstant number of potential events must be res heduled when pro essing an
event. Consequently, pro essing an event in a kineti heap with n elements an
be done in O(lg n) time. But determining the maximum number of pro essed
events is a surprisingly nontrivial problem, whi h has only been solved tightly
when the priorities are linear fun tions of time (a tually they only need to
be 1-interse ting urves) and no insertion or deletion is performed [9℄. When
insertions and deletions are performed, a non-trivial bound is known [3℄, but
it is not known whether it is tight. The time omplexity of the heap with other
urves is ompletely unknown, ex ept for trivial results.
The kineti
[2℄ is a variation of the kineti heap that uses randomization
in a way similar to the treap [1℄, whi h makes it easier to analyze. A kineti
heater is also a binary tree with the heap property, but not ne essarily full.
In a kineti heater, ea h node has not only a priority, but also a random
key, and the tree is a binary sear h tree on the keys of the nodes. Compared
to the kineti heap, the kineti heater is less eÆ ient in some aspe ts. It
requires storing the random keys and, instead of simply swapping nodes, we
have to perform rotations to insert or delete an element or pro ess an event.
Besides that, variations of the kineti heap and the kineti tournament have
been proposed in [9℄ and [6℄, respe tively, where the tree is a (lg n)-ary tree,
instead of a binary tree. These variations redu e the time omplexities of the
stru tures by a fa tor of (lg lg n). The binary sear h tree stru ture of the
kineti heater makes it hard to use the same strategy to improve its eÆ ien y.
Nevertheless, the kineti heater has O(1) lo ality and the number of events is
tightly bounded [2℄.
heater

The kineti
[4℄ is another kineti priority queue. The kineti tournament is signi antly di erent from the other stru tures, be ause the elements are stored only in the leaves of the tree. Ea h internal node is asso iated
with the maximum element among its des endants. When pro essing an event,
we possibly have to res hedule many events, in a path toward the root. Thus,
a kineti tournament has O(lg n) lo ality, even though its time omplexity is
the same as the heater.
tournament

Redu ing the problem to a dynami hull stru ture [6℄ is not a pra ti al alternative, be ause those stru tures are very omplex. Besides that, this redu tion is restri ted to the ase where the priorities are linear fun tions of time.
Nevertheless, this approa h leads to the most eÆ ient stru tures, having an
important theoreti al value. The most eÆ ient dynami hull stru ture known
is presented in [5℄.
We would like to have a kineti priority queue whi h were as simple and
3
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e v: hildr )

hang ( ,

Fig. 1. The hang pro edure used to onstru t an initial hanger.

eÆ ient in pra ti e as the kineti heap, were at least as eÆ iente as the kineti
heater and the kineti tournament, and had O(1) lo ality. We propose a new
randomized kineti priority queue, the kineti hanger, whi h is both simpler
and more eÆ ient in pra ti e than the kineti heater, and has O(1) lo ality.
2

Kineti

Hanger

A hanger is a randomized priority queue whi h is very similar to the heap.
Like the heap, a hanger is a binary tree su h that the priority of ea h node
is greater than the priority of its hildren, but the hanger uses randomization
to balan e the tree. To onstru t a hanger with an initial set of elements we
sort the elements by de reasing priorities and
them at the root. We now
des ribe the
pro edure. When hanging an element e at a node v we rst
he k if there is already an element asso iated with node v. If there is no
element asso iated with node v we asso iate e with v and return. Otherwise,
we use a random bit r to hoose a hild r of v and re ursively hang e at node
r . This pro edure is des ribed in pseudo- ode in Figure 1.
hang

hang

The kineti hanger with a set of elements S , denoted by hanger(S ), is a
random stru ture. Any binary tree h with the set of verti es S whi h satis es
the heap property is a possible hanger(S ), that is, Pr(hanger(S ) = h) > 0.
A ording to the values of the random bits, di erent kineti hangers may be
onstru ted, with di erent probabilities. The following lemma shows how to
al ulate the probability of a random hanger being equal to a given tree h,
whi h is a possible hanger(S ). We de ne Lv as the level of the vertex v in the
tree h, that is, the number of edges in the path from v to the root of h.
Lemma 1 If

h is a possible hanger(S ), then

Pr(hanger(S ) = h) = 21
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Fig. 2. The insert pro edure.

Let R denote the sequen e of bits returned by the randombit fun tion in the hang pro edure building h. It is lear that hanger(S ) = h if
and only if the sequen e of bits returned by the randombit fun tion building
hanger(S ) is exa tly R, whi h happens with probability 2 jRj. As jRj, the
number of bits in R, is equal to the sum of the levels of all verti es of h, the
lemma is true. 2

PROOF.

We want to de ne insert and delete operations that preserve the randomness
of the stru ture in the sense that the kineti hanger hanger(S ) onstru ted
from s rat h with a set of elements S and the kineti hanger obtained by any
sequen e of insertions and deletions whi h results in the set S are equally
distributed.
The insert pro edure is very similar to the hang pro edure. The only di eren e
is that when we insert an element e at node v whi h is already asso iated with
an element e0 we ompare the priorities of e and e0. If the priority of e is higher
than the priority of e0, instead of re ursively hanging e at a random hild of
v we asso iate e with node v and re ursively hang e0 at a random hild of v .
This pro edure is des ribed in Figure 2.
We denote by insert(h; e) the hanger obtained by inserting an element e on
the hanger h with the insert pro edure.
Lemma 2 Insertion preserves randomness, that is

h) = Pr(hanger(S [ e) = h).

Pr(insert(hanger(S ); e) =

Noti e that, for a given hanger h, there is only one possible hanger
su h that insert(h0 ; e) = h. The only di eren e between the topology of
h and h0 is the existen e of a new leaf l in h, whi h was not present in h0 .
PROOF.

h0
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Consequently,
Pr(insert(hanger(S ); e) = h)
= Pr(insert(hanger(S ); e) = hjhanger(S ) = h0) Pr(hanger(S ) = h0 )
+ Pr(insert(hanger(S ); e) = hjhanger(S ) 6= h0) Pr(hanger(S ) 6= h0 )
= Pr(insert(hanger(S ); e) = hjhanger(S ) = h0) Pr(hanger(S ) = h0 )
The probability that the insertion of e in h0 auses the spe i leaf l to appear
is 2 Ll . Using this and lemma 1,
Pr(insert(hanger(S ); e) = hjhanger(S ) = h0) Pr(hanger(S ) = h0 )
Ll
1 v h Lv = 1 v h Lv
= 12
2
2
= Pr(hanger(S [ e) = h):
2






P


2



0



P

2

Deleting an element in the hanger is also simple. A tually, it is simpler than
deleting an element in the heap itself. We start from the element that we want
to remove and go down repla ing the urrent element by its hild with highest
priority. No extra random bits are ne essary. We denote by delete(h; e) the
hanger obtained by deleting an element e from the hanger h with the delete
pro edure.
Lemma 3
Pr(hanger(S n e) = h) =
Pr(delete(hanger(S ); e) = h)
Deletion preserves randomness, that is
.

By Lemma 2, we an repla e hanger(S ) by insert(hanger(S ne); e).
Consequently,
Pr(delete(hanger(S ); e) = h) = Pr(delete(insert(hanger(S n e); e); e) = h)

PROOF.

Let h0 = hanger(S n e). By de niton, delete(insert(h0 ; e); e) = h0. Consequently, we an repla e delete(insert(h0 ; e); e) by h0, to get
Pr(delete(insert(hanger(S n e); e); e) = h) = Pr(hanger(S n e) = h):
2
Clearly, in a hanger with n elements, the hang, insert and delete pro edures
have expe ted time omplexity of O(E (Ln)).
6

Lemma 4

E (Ln )  lg n. Besides that, Pr(Ln  lg n +

)2

.

Instead of bounding E (Ln ) dire tly, we prove E (2Ln ) = n. By
Jensen's inequality, 2E x  E (2x) and the lemma follows.
Let r denote the root of a hanger with n elements. Let rl , rr denote the two
subtrees rooted at the left and right hildren of r, respe tively, and jrl j and
jrr j denote the number of verti es in these subtrees. Let rn denote the tree,
either rl or rr , whi h ontains the element n. If jrnj = i, then E (2Ln ) is two
times E (2Li+1 ). Consequently,
PROOF.

( )

E





2L n =

n
2
X
i=0





Pr(jrnj = i)2E 2Li+1 :

The number of elements on rl is a binomial random variable ranging from 0
to n 1. The same holds for rr . The number of elements on rn is 1 plus a
binomial random variable ranging from 0 to n 2. Using this, we an onstru t
the following probabilisti re urren e:
E



2

Ln



=

n
2
X

n

2 1 2E 2Li+1 :
i 2n
!





2

i=0

To prove that E (2Ln ) = n we use indu tion. By applying the indu tion hypothesis and the absorption property of binomial oeÆ ients [10℄, namely
n 1
n
n, we obtain:
=
k
k 1
k
!

!

E (2

Ln

)=

n

n
2
X

2 1 (i + 1)
i 2n
n
n
n 2
n 2
i
+
i
i
i
i
n
n 3
n
2 + (n 2)
!

3

i=0

= 2n1
= 2n1
i
1
n
= 2n 2 + (n 2)2n
= n.
!

2
X

3

=1
3
X

=0

2

3



! !

2
X

=0

2

3

!!

i
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Now, we use Markov's inequality to bound the probability that Ln is mu h
7

greater than lg n:
Pr(Ln  lg n + ) = Pr(2Ln  n2 )  2 :
2

This nishes the analysis of a stati hanger. Now we an de ne and analyze
the kineti hanger. We maintain an event queue and pro ess events in the
same way as in the kineti heap. When the priority of a node be omes equal
to the priority of one of its hildren, we pro ess an event, ex hanging the two
nodes involved in the event and res heduling at most three adja ent events.
We denote by hangert(S ) the kineti hanger with a set of elements S , onstru ted at time t. We are interested in the ase where two elements interse t
at time t and denote by t the moment of time just before the interse tion
and by t+ the moment of time just after the interse tion.
It is also not hard to prove that interse tion preserves randomness:
h = hangert (S ).
t are not parent/ hild in h then
Pr(hangert (S ) = h) = Pr(hangert+(S ) = h). If the two elements whi h in0
terse t at time t are parent/ hild in h and h is the hanger with these two
0
elements inter hanged, then Pr(hangert (S ) = h) = Pr(hangert+ (S ) = h ).

Lemma 5 Interse tion preserves randomness. More pre isely, let
If the two elements whi h interse t at time

The probability that hanger(S ) = h is al ulated in Lemma 1,
and does not depend on the values of the elements. Consequently, the lemma
follows. 2

PROOF.

Up to now, all results we obtained for the kineti hanger have equivalent results
whi h are valid for the kineti heap in a deterministi worst- ase fashion. Now,
we are going to address the problem of al ulating the expe ted number of
events in a kineti hanger, whi h has no equivalent worst- ase result in the
heap. Before that, we prove a simple probabilisti lemma.
a, b, be independent, identi ally distributed dis
variables. Then Pr(a = bja 6= )  Pr(a = b).
Lemma 6 Let

rete random

Observe that Pr(a = bja 6= ) = Pr(a = b and a 6= )= Pr(a 6= ) =
Pr(a = b 6= )=1 Pr(a = b).

PROOF.

8

Hen e, laim is equivalent to Pr(a = b 6= )  Pr(a = b) Pr(a = b) =
Pr(a = b 6= )+Pr(a = b = ) Pr(a = b) and therefore also to Pr(a = b) 
Pr(a = b = ).
Now observe that Pr(a = b) = ( i pi ) and Pr(a = b = ) = i pi .
Now re all Cau hy-S hwarz inequality: ( i xiyi)  ( i xi )( i yi ). Setting
xi = pi = and yi = pi = , we dedu e: ( i pi )  ( i pi )( i pi ) = ( i pi ), as
desired. 2
2

2

P

2

2

P

2 2

P

3 2

P

1 2

P

2

P

2 2

3

P

2

2

P

P

3

3

Now we an prove that:
h be a
fm . The probability pn

Lemma 7 Let

random hanger with
that

fn+1

is a

m > n elements f1 > f2 > : : : >
fn in h is O(1=n).

hild of

PROOF. We denote the event that fn is a hild of fn
in h by n . Conditioning yields:
1

P r(n) = P r(n jn

1

)P r(n ) + P r(njn )(1 P r(n )):
1

1

1

We denote by b(fn) the sequen e of random bits that de nes the position of
fn in h; in other words, the sequen e of left/right hildren whi h de nes the
path from the root to fn . We denote by jb(fn)j the size of b(fn), that is, the
distan e from the root to f (n). Clearly, given that jb(fn)j = L, P r(n) = 2 L.
As a onsequen e, we have P r(njn ) = P r(n )=2 be ause, if n 1 is a
hild of n 2, then jb(fn )j = jb(fn )j + 1.
We also laim that P r(njn )  P r(n ). To justify that we start with a
xed random hanger h0 ontaining elements f to fn and insert fn , fn
and fn. We will de ne three
random variables
x , x and x , in su h a way that the event n is the event x = x and the
event n is ontained in the event x = x . First, we de ne x = b(fn ). To
de ne x and x , we trun ate b(fn ) and b(fn), possibly removing the last one
or two bits, at the point where the paths leading to fn and fn, respe tively,
leave h0 . This means that we are using, for those trun ated versions, the same
stopping rule used to de ne x = b(fn ). Thus, if we denote the trun ated
values of b(fn ) and b(fn ) by x and x , respe tively, we have that x , x and
x are independent and equally distributed. Now, n holds if, and only if,
the trun ated version x of b(fn ) is exa tly the same as x = b(fn ); on the
other hand, if n holds, then the trun ated versions x and x of b(fn ) and
b(fn ) must agree.
Therefore, we have:
1

1

1

2

1

1

1

3

2

1

independent equally distributed

1

2

3

1

2

2

3

1

3

2

1

2

1

1

1

1

2

2

3

1

3

2

1

2

1

1

2
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2

3

1

P r(n jn

1

)  P r(x = x jx 6= x )  P r(x = x ) = P r(n ):
2

3

1

2

1

2

1

Using the above inequality, we nd the re urren e:
P r(n)  P r(n

1

) =2 + P r(n )(1 P r(n )) = P r(n ) P r(n ) =2:
2

1

1

1

1

2

Now we an prove by indu tion that P r(n)  2=n. It is trivially true for the
base ase n = 2. Suppose it is true for n 1, then:
P r(n)  P r(n

) P r(n ) =2  2=(n 1) 2=(n 1) =
(2n 4)=(n 1)  2(n 2)=n(n 2) = 2=n:
1

1

2

2

2

2

Using exa tly the same argument used in [2℄, whi h is based on a theorem of
Clarkson and Shor [7℄ we on lude:
Theorem 8 The expe ted number of events pro essed by a kineti

hanger

 of n Æ-interse ting urve segments is O(Æ+2(n) lg n).
O(lg n) time must be spent pro essing ea h event.

sweeping an arrangement
An extra

PROOF. We de ne the level l in an arrangement of fun tions of time as the
sequen e of urve segments whi h are the l largest segments in the arrangement. Let us denote by kl the number of verti es at level l in the arrangement
. By Lemma 7, and using linearity of expe tation, the expe ted number of
events is at most

n
1
X
l=1

kl Ll =

n
1
X
l=1

kl O(1=l).

Using summation by parts, we repla e kl by its partial sum Kl = il ki.
In [7℄, Clarkson and Shor proved that Kl = O(lÆ (n)). A standard al ulation gives:
P

1

+2

10

n
1
X
l=1

kl O(1=l) = Kl O(1=l)

n
1

+

= O(Æ (n)) +

n
1
X
l=1
n
1
X

+2

l=1

Kl+1 O(1=l2)
O(Æ+2 (n)=l)
n
1
X

= O(Æ (n)) + O(Æ (n)) O(1=l)
l
= O(Æ (n) lg n).
+2

+2

=1

+2

2

Some useful orolaries are:
Corollary 9 The expe ted number of events pro essed by a kineti
sweeping an arrangement of

hanger

m Æ -interse ting urve segments su h that any
n segments is O(m=nÆ+2 (n) lg n). An extra

verti al line interse ts at most

O(lg n) time must be spent pro essing ea

h event.

Divide the arrangement into (m=n) verti al slabs with (n) segments in ea h slab. 2
PROOF.

Corollary 10 The expe ted number of events pro essed by a kineti
sweeping an arrangement of
interse ts at most

n

hanger

m Æ -interse ting urves su h that any verti al line
O(m=nÆ (n) lg n). An extra O(logn) time must

urves is

be spent pro essing ea h event.

3

Con lusion

In this paper, we introdu ed a new randomized kineti priority queue, the kineti hanger. The kineti hanger has the same expe ted time omplexities of
the kineti tournament (deterministi ) and the kineti heater, while possessing some advantages ompared to these stru tures. The fa t that the kineti
hanger is very simple to implement and has O(1) lo ality makes it a strong
andidate for pra ti al implementation.
When ompared to the kineti tournament, the kineti hanger has O(1) lo ality, instead of the tournament's O(lg n) lo ality. When ompared to the kineti
heater, the kineti hanger is faster in pra ti e and easier to implement be ause
it does not use rotation. The kineti hanger is also faster in pra ti e be ause
Ln , the level of the n-th largest element, satis es E (Ln )  lg n, while, in the
11

kineti heater, it satis es E (Ln ) ' 2 ln n ' 1:39 lg n. When ompared to the
kineti heap, the kineti hanger seems to be a randomized version of it, for
whi h we ould nd tight and eÆ ient omplexity bounds, while maintaining
the simpli ity of the heap.
Tight analysis for the maximum number of events in the kineti heap remains
an intriguing question. Using arguments similar to the ones we used, one an
show that a \random kineti heap" is eÆ ient in expe tation. By \random
kineti heap" we mean a kineti heap initially onstru ted with a random
permutation of the set of elements. Unfortunately, insertions and deletions
destroy the randomness of this stru ture. Determining whether a kineti heap
is eÆ ient in the worst ase, or subje t to insertions and deletions remains
unsolved.
Variations of the kineti heap and the kineti tournament have been proposed
in [9℄ and [6℄, respe tively, where the tree is a (lg n)-ary tree, instead of a
binary tree. These variations redu e the time omplexities of the stru tures
by a fa tor of (lg lg n). The binary sear h tree stru ture of the kineti heater
makes it hard to use the same strategy, but a k-ary version of the kineti
hanger is simple and natural. Instead of using random bits, we use random
numbers with k possible values.
The time omplexity of pro essing an event in a k-ary hanger with n elements
is O(k + lg(n=k)). If k = O(lg n), the time omplexity of pro essing an event
remains O(lg n).
We onje ture that the expe ted number of events pro essed by a kineti kary hanger sweeping an arrangement  of n Æ-interse ting urve segments is
O(Æ (n) lg n= lg k), and that the produ t of the number of events and the
time to pro ess ea h event is minimum for k = O(lg n).
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