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different from the analysis filter in order to avoid delayfree loops [3] or a two-step processing procedure has to be
used [7].
Here we consider general prediction schemes based on
one-time delayed, causal, stable IIR-filters. The restriction
to IIR filters having no direct feed-through ensures that the
predictor makes an estimate of the current sample based
on knowledge of past samples of the signal only. We will
refer to this case as pure linear prediction.
A natural question is how far properties associated with
linear prediction using a transversal filter (tapped-delayline) generalise to this situation. In particular, the following three conclusions are drawn. The absence of direct
feed-throughs gives the possibility of direct realisation of
the synthesis filter. It is found that, at least for a specific class of IIR structures, the whitening property holds
and the stability of the synthesis filter is guaranteed if the
prediction coefficients are calculated using data input windowing. Examples of interesting structures for audio and
speech processing are discussed.

Abstract— Considered are general, pure linear prediction
schemes, where the prediction of the current sample is based
on IIR-filtered past samples. Properties of these schemes are
discussed, in particular, the whitening property, the realisation of the synthesis filter and its stability. The realisation
problem as occurring in warped linear prediction is solved.
Furthermore, it is proved that, at least for a specific class
of systems, data input windowing for the calculation of the
optimal prediction coefficients guarantees the stability of the
synthesis filters.
Keywords—LPC, IIR-filters, stability.

I. I NTRODUCTION
The use of linear prediction in coding (LPC) has a long
history. For the theory, we refer to [1,2]. The conventional
linear prediction scheme is based on the tapped-delay-line
(TDL) and a prediction of the current sample is made from
a linear combination of past samples.
A generalisation of this scheme, called warped linear
prediction (WLP), has been proposed. In that case, the
tapped-delay-line is replaced by a tapped all-pass line. The
combined outputs of a tapped all-pass line can be considered as a realisation of an associated frequency-warped
signal. The use of linear prediction in the frequencywarped domain was first introduced in speech coding [3]
and was later also applied to audio [4]. By warping, one
can make the frequency axis approximately in accordance
with a Bark or ERB rate scale [5]. The effect of incorporating warping in the linear prediction is that specific parts
of the frequency range are more accurately modelled at the
cost of modelling capability in other ranges. For a comparison of WLP and LP we refer to [6].
The warped linear prediction is an example of a scheme
which exploits IIR filters to produce the regression signals.
However, in contrast to the tapped-delay line, such scheme
does not adhere to pure linear prediction: as a result of the
all-pass sections, information of the current sample is also
present in the regression signals (the outputs of the tapped
all-pass line). Consequently, these schemes do not have
the whitening property associated with the TDL prediction
scheme. Furthermore, either the synthesis filter has to be

II. IIR- BASED

LINEAR PREDICTION SCHEMES

Considered is the following linear prediction scheme.
We have a signal called x and a set of K signals yk , k

1  K . We make a linear prediction x of x from the
regressor signals yk by
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where  k are the prediction coefficients. These parameters
are defined and calculated according to some optimisation
criterion, typically least squares.
The regression signals can be taken as filtered versions
of the signal x, thus
Yk

Gk X

(2)

where X and Yk are the z-transforms of x and yk and G k
is the kth transfer function. The conventional situation
(called forward linear prediction or one-step-ahead predic1
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tion) occurs if
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For this situation we know that if the minimisation criterion is defined by minimum mean squares, the system
whitens the residual signal. Furthermore, calculation of
the prediction coefficients using data input windowing (autocorrelation method [1,2]) ensures stability of the synthesis filter.
As a generalisation of this scheme we have
Gk z
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with Hk stable and causal filters, in particular IIR-filters.
Since now the filters G k have no direct feed-through, the
prediction of the current sample is based on knowledge of
past samples only. We will refer to this as pure linear prediction. The analysis scheme is shown in Fig. 1. As a consequence of the choice (6), the synthesis filter is directly
realisable in a form similar to the analysis filter since no
delay-free loops occur; see Fig. 1.
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with 1  1, i.e., the filtering scheme can be implemented as a tapped all-pass line. We note that for
0, the tapped-delay-line reappears. As mentioned in

the introduction, this type of processing is associated with
standard linear prediction in the frequency-warped domain
and, hence, is called warped linear prediction [3, 8]. Frequency warping is an interesting possibility for controlling
the time-frequency resolution.
Warped linear prediction has been studied extensively
[3, 4, 8–11] and we mention the following properties. Using the minimum mean squared prediction error to determine the prediction coefficients does not result in whitening of the residual signal. Furthermore, for data input windowing, an autocorrelation kind of method can be defined
leading to stable synthesis filters and normal equations involving a Toeplitz matrix. However, for the synthesis filter
we have to deal with a problem. Either, this filter is not
directly realisable because of the delay-free loops [3], or
the processing in the synthesis filter has to be done by a
two-step procedure [7].
In this paper we discuss the situation where the filtering
operations G k are restricted to
Gk z
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or, writing it as filtering operations,
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Fig. 1. Linear prediction scheme. Top: analysis filter, bottom:
synthesis filter. The filters Hk are stable and causal. The input signal is x, the prediction of x is called x.
# The prediction
coefficients are $ k and residual signal is r .

III. P REDICTION

COEFFICIENTS

As criterion J we take the deterministic measure
J

%
n

&

r n

&2

(7)

%

x x. In practice, x is derived from a signal s
with r
by windowing: x n
s n (' n . Typically, a series of
(overlapping) windows is used to find the evolution of the
prediction coefficients over time. We also note that, as a
consequence of taking the error over the entire time axis,
all properties have a counterpart in the stochastic theory;
this follows directly from replacing time averages by ensemble averages.
of J that can be achieved is called
 The minimum value

J and the values of for which this is attained are denoted

by  :

J
min
(8)
) J

arg min
(9)
) J
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Since r is a linear function of the prediction coefficients,
we are dealing with a convex optimisation problem having
a single optimum or an underdetermined set of equations.
The solution of the problem is given by the normal equations which read in matrix form
Q



P

(10)

where the matrix Q and the vector P are given by their
elements
Q k* l

yl n yk+ n (

(11)

x n yk+ n (

(12)

n

Pk

a set of L K linear constraints. For the specific situation
that K
L we have the following theorem.
Theorem.
If a unique solution exists and if the number of degrees
of freedom K of the analysis filter equals the order L of
the numerator polynomial of F, then the optimal filter
&
&2
is a
F according to the minimisation of J
n r n
minimum-phase filter.
Proof.
Consider the filter F1 with
F1 z

n

where + denotes complex-conjugation and 1 , k , K .
We note that the matrix Q is a Hermitian, positive semidefinite matrix. In order that there is a unique solution, the
signals yk have to be linearly independent, which immediately translates into the necessary condition that the set of
transfer functions G k is linearly independent. Of course,
linear independence of the signals yk also translates into a
condition on the windowed input signal x. For instance,
the signal x 0 is forbidden. In practice, there are several
ways to deal with such situations.
IV. S TABILITY

AND WHITENING

For practical significance of the proposed linear prediction scheme, the stability of the synthesis filter is obviously
an issue. What we will show is that the input-windowed
optimisation criterion yields stable synthesis filters at least
for a restricted class of filters Hk .
The total transfer x - r can be written as
K

F z

1

z
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(13)

where N and D are the numerator and denominator polynomials. For N we write
L

N z

1

n 1
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n

(14)

In general, L is larger than K 1 and less or equal to the
sum of the orders Ok of Hk plus 1:
K

K ,

L , 1

k 1

Ok 

Since there are K degrees of freedom in the coefficients  k ,
the polynomial coefficients in N are subject to restrictions.
More specifically, the polynomial coefficients bn adhere to
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and where . K / . K 1 / 0. 1 . Suppose that F1 is a
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1. We define
non-minimum phase filter, thus . K
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i.e., we change the pole . K to a pole inside the unit circle.
For the error criterion J we have
1
&
& &
&
X e j 8 2 F1 e j 8 2 d 9
J
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where X is the z-transform of the input signal x and assuming that X < 0. Thus, a filter F1 where the zero with
largest radius lies outside the unit circle can never attain
the minimum of J .
We note the following.
K is a severe one. But even with
1. The restriction L
this restriction, a set of interesting IIR-based LPC schemes
evolves; see V.
2. There are many more situations where this algorithm
yields stable synthesis filter; the restrictions on Hk are certainly much milder than given here.
3. If the analysis filter F is minimum phase, then the synthesis filter is (marginally) stable.
4. The proof given here also works when considering the
stochastic setting.
5. The given theorem holds for the TDL as well, the proof
is simple and differs from that in textbooks [1, 2].
Since the optimal filter is a minimum phase filter, it follows that
1
&
&
log F e j 8 2 d 9
0
(15)
24
5 2627

4

A.C. den Brinker

just like in the TDL case. Therefore, the degree of freedom resides in the shape of the frequency characteristic
and the minimum of J is attained by maximum flatness of
the spectrum of r.
V. E XAMPLES
Some examples of IIR structures adhering to the condition for which stability is guaranteed are given below.
Laguerre filters [12, 13]
Hk z
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with >=
1  1 . Note that TDL is a special case of Laguerre. The effect of  is exactly that as in WLP: a shift
1
0) or high
of modelling capability to either the low (
frequencies (? 0).

VI. D ISCUSSION
We have considered a linear prediction scheme, called
pure linear prediction, where the prediction of the current sample is based on IIR-filtered past samples. Such
a scheme generalises the conventional tapped-delay-line
but differs from the generalisation known as warped linear
prediction. The realisation problem as occurring in warped
linear prediction is solved. Furthermore, it is proved that,
at least for a specific class of systems, data input windowing for the calculation of the optimal prediction coefficients guarantees the stability of the synthesis filters.
Kautz and Laguerre filters are structures belonging to this
class.
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