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Abstra t

We present an algorithm for s heduling a set of non-re urrent tasks (or jobs)
with real-time onstraints so as to minimize the total energy onsumption on
a dynami ally variable voltage pro essor. Our algorithm runs in linear time
and is thus an improvement over the lassi al algorithm of Yao et al. [14℄.
It was made possible by onsidering the problem as a shortest path problem.
We also propose an algorithm for the ase where the pro essor possesses only
a limited number of lo k frequen ies. We extend this algorithm to provide
the minimum number of speed hanges, whi h is important when the speed
swit hing overhead annot be negle ted. All our algorithms are linear in the
number of tasks if the arrivals and deadlines are sorted and need O(N log N )
time otherwise and these omplexities are shown optimal. We extend the results
to uid tasks and non- onvex ost fun tions. An interesting by-produ t of this
study is that it furnishes a linear time feasibility test for a set of non-re urrent
tasks s heduled under EDF. This is an improvement over the lassi al one
presented in [13℄.

Keywords: Real-Time Systems, Low-Power, S heduling, Dynami Voltage S aling.
Resume

Nous proposons un algorithme pour ordonnan er un ensemble de t^a hes nonre urrentes (ou \jobs") soumises a des ontraintes temps reel de faon a minimiser la onsommation en energie sur un pro esseur dont la tension d'alimentation
peut-^etre modi ee en-ligne (\dynami voltage s aling"). Cet algorithme est lineaire en le nombre de t^a hes, e qui onstitue une amelioration par rapport
a l'algorithme lassique de Yao et al. [14℄. Cette amelioration a ete possible
en onsiderant e probleme d'ordonnan ement omme un probleme de plus
ourt hemin. Nous presentons aussi un algorithme pour le as ou le pro esseur
possede un nombre ni de vitesses. Nous l'etendons ensuite pour minimiser le
nombre de hangement de vitesses e qui est important lorsque le o^ut d'un
hangement de vitesses ne peut ^etre neglige. Tous les algorithmes sont lineaires
en le nombre de t^a hes si les instants d'arrivees et d'e hean es sont tries et
en O(N log N ) sinon. Ces omplexites sont prouvees optimales. Nous etendons
ensuite les resultats au as des t^a hes uides et aux fon tions de o^ut nononvexes. Une ontribution interessante de ette etude est qu'elle fournit un
algorithme lineaire pour tester la faisabilite d'un ensemble de t^a hes ordonnan ees sous EDF, e qui est une amelioration sur le test lassique presente
dans [13℄.

 onomie d'Energie,

Mots- les: Systemes Temps Reel, E
Ordonnan ement, Adaptation
Dynamique du Voltage.
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1 Introdu tion
Context of the study. To provide more fun tionality and better performan e, embedded
systems have in reasing need for omputation power. This requires the use of high frequen y
ele troni omponents that onsume mu h ele tri al power. Currently, battery te hnology is
not progressing suÆ iently fast to keep up with demand. All battery operated systems, su h
as PDAs, laptops and mobile phones, would bene t from a better energy eÆ ien y. Redu ing
energy onsumption will not only lead to a longer operating time but also to a de rease of
the weight and the spa e devoted to the battery.
Existing Work. Amongst hardware and software te hniques aimed at redu ing energy
onsumption, supply voltage redu tion, and hen e redu tion of CPU speed, is parti ularly
e e tive. This is be ause the power dissipated in CMOS ir uits is proportional to the square
of the supply voltage. In the last few years, variable voltage pro essors have be ome available
and mu h resear h has been ondu ted in the eld of dynami voltage s aling. When realtime onstraints are matter of on ern, the extent to whi h the system an redu e the CPU
frequen y depends on the task's hara teristi s (exe ution time, arrival date, deadline . . . )
and on the underlying s heduling poli y.
Power ons ious versions of the two lassi al real-time s heduling poli ies, namely EDF
(Earliest Deadline First) and FPP (Fixed Priority Pre-emptive), have been proposed. For
FPP, Shin and Shoi [12℄ presented a simple run-time strategy that redu es energy onsumption. In [10℄, Quan and Hu proposed a more omplex algorithm that was more eÆ ient in
their experiments. When the s heduling is made on top of EDF, Yao et al. in [14℄ proposed
an o -line algorithm for nding the optimal voltage s hedule of a set of independent tasks.
They also presented some on-line heuristi s and gave lower bounds on their eÆ ien y. Other
on-line heuristi s based on EDF have been proposed, for instan e in [5℄ for the problem of
s heduling both periodi and aperiodi requests.
Other dire tions of resear h on ern the dis repan y between worst- ase exe ution times
(WCET) and a tual exe ution times. One lass of algorithms, known as \sto hasti s heduling" [8, 3, 4℄ onsists of nding a feasible speed s hedule that minimizes the expe ted energy
onsumption. A se ond lass of te hniques [9, 11℄ is known as \ ompiler-assisted s heduling". A task is divided into se tions for whi h the WCET is known and the pro essor speed
is re- omputed at the end of exe ution of ea h se tion a ording to the di eren e between
the WCET and the time that was a tually needed to exe ute the ode. Among alternative
approa hes, termed \dynami re laiming algorithms", one an ite [1℄ and [15℄.
Numerous other studies have been ondu ted on dynami voltage s heduling; the reader
may refer to [4℄ for a re ent survey.
Goal of the paper. The study published in [14℄ remains one of the most important in the
eld be ause it provides, for independent tasks with deadlines, the s hedule that minimizes
energy usage while ensuring that deadlines are not missed. The algorithm works by identifying
the time interval, termed the riti al interval, over whi h the highest pro essing speed is
required. The lowest admissible frequen y is omputed for this interval, the tasks belonging
to this interval (i.e. arrival date and deadline inside the interval) are then removed and a
sub-problem is onstru ted with the remaining tasks. In this study, the problem of nding the
minimal voltage s hedule is redu ed to a shortest path problem. This enables us to provide
linear-time algorithms for minimizing the energy onsumption of a set of non-re urrent tasks
in the following situations:
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when the pro essor speed range is ontinuous (the pro essor an take an arbitrary
frequen y over the frequen y range),




when the number of speeds is dis rete,
when the number of speeds is dis rete and there is the additional obje tive of minimizing
the number of speed hanges. To the best of our knowledge, in our ontext, this problem
has not been addressed before.

Another ontribution of the paper is a proof that the optimal solution with a dis rete number
of speeds is to use the two neighboring frequen ies that bound the ideal frequen y. This result
has been shown in [6℄ for a single task onsidered alone but, to the best of our knowledge,
this was not known for a global optimization over a set of tasks. We also onsider the ase of
uid tasks and non- onvex ost fun tions.
Organization of the do ument. Se tion 2 des ribes the system model and studies
the problem in the ase where the pro essor has a ontinuous frequen y range. In Se tion 3,
the problem where the pro essor possesses a nite number of speeds is investigated in two
steps: rst without minimizing the number of speed hanges and then with this additional
obje tive. In Se tion 4 the algorithm leading to the lowest energy s hedule is detailed and its
linear omplexity is proven. Se tion 5 is dedi ated to uid tasks and Se tion 6 to non- onvex
ost fun tions.

2 Statement of the problem
We onsider a system made of a single pro essing unit dedi ated to exe ute some work with
real-time onstraints. The work arrival fun tion A(t) is the amount of work that has arrived
up to time t. One denotes by D(t) the amount of work that the server must have exe uted
by time t, the values of this fun tion are indu ed by the deadlines of the tasks. Fun tions A
and D are non-de reasing by de nition and for all t, one has A(t)  D(t). With no loss of
generality, one an assume that A(0) = 0 and D(0) = 0. Sin e A and D are non-de reasing,
they are pie e-wise ontinuous.
The tasks of the system are hara terized by the set f(an ; sn ; dn )gn=1N where the quantities an ; sn ; dn respe tively denote the arrival time, the size and the deadline of task n. Note
that su h non-re urrent tasks are sometimes termed \jobs" or even \aperiodi tasks" in the
literature. Nevertheless, we point out that the results presented in this paper an also be
applied to periodi tasks by omputing the s hedule for the least ommon multiple of all
tasks periods.
The fun tions A(t) and D(t) are stair ase fun tions (i.e. pie e-wise onstant, with a nite
number of pie es) :

A(t) =
D(t) =

N
X

i=1
N
X
i=1

si  1[ai <t℄ ;
si  1[di t℄ ;

Note that the fun tion A is left- ontinuous and the fun tion D is right- ontinuous.
The CPU pro essing speed u an vary in time over a ontinuous range from 0 to 1 (after a
possible re-s aling). The ase where the range of speeds is made of a nite number of speeds
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fv    v`g will be investigated in se tion 3. The system (A; D) is said feasible if when setting
1

u(t) = 1 (i.e. using the pro essor at maximal speed) and when s heduling under EDF no time

onstraint is violated.
The obje tive of the study is to hoose at ea h time t the speed u(t) in su h a way
as to exe ute all tasks within their deadline onstraints while minimizing the total energy
onsumption between time 0 and time T where T is the time horizon of the problem. The
energy onsumption of the pro essor at time t, e(t) is a fun tion of its speed, u(t). In the
following we assume that e(t) = g(u(t)) where g is an arbitrary in reasing onvex fun tion7
over R+ . One an express the problem in mathemati al terms:

Problem 1. Find an integrable fun tion u : [0; T ℄ ! R su h that

ZT

g(u(s))ds is minimized,

(1)

 0 8t 2 [0; T ℄;
u(s)ds  A(t) 8t 2 [0; T ℄;

(2)
(3)

 D(t) 8t 2 [0; T ℄:

(4)

0

under the onstraints

Zt
Zt
0

0

u(t)

u(s)ds

Condition (2) says that the speed of the pro essor must remain non-negative. Condition (3) says that the total work exe uted by the pro essor up to time t annot be larger than
the total workload arrived up to that
R date. Condition (4) says that all the work exe uted by
the pro essor up to time t (namely 0t u(s)ds ) ex eeds the work that must be done before time
R
t (namely D(t)). Note that the problem statement only uses the integral U (t) def
= 0t u(s)ds
of u. Therefore, the fun tion u is only de ned almost everywhere (a.e.). In the following, we
will identify all fun tions whi h are equal a.e. .
A fun tion
R u satisfying the onstraints is alled an admissible solution. An admissible u
minimizing 0T g(u(s))ds is alled an optimal solution.
A tually, in order to take into a ount the fa t that the speed of the pro essor annot
ex eed 1, one omes with a more onstrained problem:
Problem 2. Find an integrable fun tion u : [0; T ℄ ! R+ su h that

ZT
0

g(u(s))ds is minimized,

under the onstraints (2), (3), (4) and

u(t)



1

8t 2 [0; T ℄:

(5)

In the rest of the paper, we fo us on the problem to determine the optimal speed. We
assume that, at any time, the tasks are s heduled under EDF (where ties are broken arbitrarily). In our ontext, the EDF poli y ensures the optimality from a s hedulability point of
view (see [7℄ quoted in [13℄).
7 with the CMOS te hnology, typi ally, e(t)  Cu(t)3= 1 , where 0 

details.

 3;  0; C  0, see [4℄ for more
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Main result

In this se tion, we show several hara terizations of the speed fun tions u that are solutions
to Problem 1.
Lemma 1. If the fun tion g is stri tly onvex, then the optimal solution of problem 1 is
unique (up to a set of measure 0).
Proof. Let us onsider the set of all integrable fun tions satisfying the onstraints (2), (3) and
(4). This set is obviously onvex. Assume that twoR fun tions u1 andR u2 , di erent over a set
S of positive measure, both minimize the energy: 0T g(u1 (s))ds = 0T g(u2 (s))ds. Then for
all 0 < < 1 and all t 2 S , g( u1 (t) + (1
)u2 (t)) < g(u1 (t)) + (1
)g(u2 (t)) by stri t
onvexity of g. Therefore,

ZT
0

g( u1 + (1
+

ZT
0

(1

)u2 )ds <
)g(u2 )ds =

ZT

ZT
0

0

g(u1 )ds
g(u1 )ds:

This learly ontradi ts the optimality of u1 .
Theorem 1. If u is the optimal solution of problem 1 where g is stri tly onvex and nonde reasing, then u is also an optimal solution of problem 1 for any other non-de reasing
onvex fun tion.
Proof. We rst onsider the ase when g is stri tly onvex. Consider the problem of minimizing
Z
t1

t0

g(u(t))dt

under U (t0 ) = U0 and U (t1 ) = U1 in the absen e of any other onstraints. This is an easy
problem in the Cal ulus of Variations. The solution given by Euler's formula is d=dt g0 (u) = 0,
whi h implies that u is onstant. Thus, if (t0 ; U  (t0 )) and (t1 ; U  (t1 )) are two points on the
optimal path U  , then U  has onstant slope between these two points if this is feasible.
We on lude that U  only hanges slope at the arrival times fan g1nN or deadline times
fdn g1nN . Moreover, when the slope of U  de reases we must have U  (t) = D(t) and t = dn
for some n 2 f1; : : : ; N g. Otherwise, in the neighborhood of t, U  should be a straight line
if it were feasible. Likewise, when the slope of U  in reases we must have U  (t) = A(t) and
t = an for some n 2 f1; : : : ; N g.
We will show that these properties, together with U  (0) = 0 and U  (T ) = UT , ompletely
determine U  . Suppose that there are two fun tions U1 and U2 meeting the onstraints with
the properties above su h that U1 (0) = U2 (0) = 0. Let  be the rst time that U1 and U2
di er. Then the right derivative of U1 (say) at  is stri tly greater than that of U2 . Therefore
U1 is stri tly greater than U2 at the next event 1 , be it arrival or deadline. We an have
neither U1 (1 ) = A(1 ) nor U2 (1 ) = D(1 ). Therefore the slope of U1 annot de rease at 1
and that of U2 annot in rease. Pro eeding by indu tion, we get that U1 (t) > U2 (t) for all
t >  . Thus U1 (T ) and U2 (T ) must di er.
In the following, the optimal solution u of Problem 1 provided by this theorem will be
alled "the solution of Problem 1". As it will be seen in Se tion 3, when g is not stri tly
onvex there may be more than one optimal solution.
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p

R p

Note that g(x) = 1 + x2 is stri tly onvex and in reasing, and that 0T 1 + u2 (s)ds
R
is the length of the urve of the fun tion U (t) def
= 0t u(s)ds from t = 0 to t = T . Hen e,
the optimal solution an be interpreted in many ways. One way to see this is the following.
Consider a road limited by two on rete walls (the fun tions A and D resp.). Find the shortest
R
= 0t u (s)ds.
path from the beginning to the end. This gives U  def
Corollary 1. The optimal solution u of problem 1 satis es the following inequality8 :
sup0tT u (t)  sup0tT u(t); for all fun tions u satisfying onstraints (2), (3) and (4).
Proof. Consider the fun tion gn (x) = xn . The fun tion gn is in reasing and onvex over [0; T ℄.
By applying Theorem 1, the optimal solution u of Problem 1 using g = gn does not depend
on n. Now onsider the limit when n goes to in nity: over the interval [0; T ℄, for all fun tions
u,

lim

n!1

Z T
0

gn (u(s))ds

1=n

This shows that sup0tT u (t)  sup0tT u(t).

= sup u(t):
0tT

Corollary 2. If the system (A; D) is feasible, then the optimal solution u of problem 1
satis es u (t)  1, and therefore Problems 1 and 2 are equivalent.

Proof. Let us onsider the ase where the system (A; D) is feasible. This means that their
exists a solution u to the set of onstraints of Problem 2. This solution is also a solution
to the set of onstraints of Problem 1. Using Corollary 1, the optimal solution of Problem
1 satis es sup0tT u (t)  sup0tT u(t)  1. Therefore u is also an optimal solution to
Problem 2.

An example illustrating Problem (1) is given in Figure 1.

A
U

D

T
Figure 1: The fun tion U  is the shortest path from point 0 to T .
Remark 1. Conversely, if the system is not feasible then the optimal solution of Problem 1
will not satis es u  1. This provides a feasibility test for a set of non-re urrent independent
tasks under EDF.

8 here, the sup operator stands for the entral supremum, sin e all fun tions are only de ned almost everywhere.
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A tually more pre ise results an be stated. Sin e u is pie e-wise onstant, one may only
fo us on the dis ontinuity points of u . We denote those points by P1 ;    ; Pn . They either
belong to the graph of A or to the graph of D. The rst point is P1 = (0; 0) and belongs to
both A and D. This sequen e of points an be split into sub-sequen es of onse utive points
belonging to A or to D.
Corollary 3. Consider a sub-sequen e Pr ;    ; Ps of dis ontinuity points of u su h that
Pr 2 A; Ps 2 A and all the other points in between belong to D. Then between points Pr and
Ps , U  is the upper on ave envelope of the points Pr ;    ; Ps .
Dually, onsider a sub-sequen e Pi ;    ; Pj of dis ontinuity points of u su h that Pi 2
D; Pj 2 D while all the other points in between belong to A. Then between points Pi and Pj ,
U  is the lower onvex envelope of the points Pi ;    ; Pj .
Proof. (Sket h) This is a dire t onsequen e of the fa t that U  is the shortest path going
through the points P1 ;    ; Pn .
The fun tion u an be omputed a ording to the method des ribed in [14℄ whi h is based
on the omputation of riti al intervals. A straightforward implementation of their algorithm
requires O(N 2 ) time where N is the number of tasks. The authors laim, without more
details, that using \a suitable data stru ture su h as the segment tree", the running time an
be redu ed to O(N log2 (N )). We a tually do not know how to obtain su h a low omplexity
implementation with their algorithm. An interesting onsequen e of the onstru tion of u as
given in [14℄ is that there exists a s hedule with minimal energy onsumption su h that ea h
task is exe uted at a onstant speed. This is not obvious with our approa h. However, as
seen in the following se tions, our approa h has other important advantages. In parti ular,
we will see in se tion 4 that there exists a linear time algorithm to ompute u .

3 Finite number of speeds
We now onsider the ase where the lo k frequen y of the pro essor an only take a nite
number of values v1      v` . As explained in [4℄, in pra ti e this is ne essarily the ase
with today's te hnology.

Problem 3. Find an integrable fun tion z : [0; T ℄ ! R+ su h that

ZT
0

g(z (s))ds is minimized,

under Constraints (3) and (4) and the additional onstraint

z (t)

2 fv ;    ; v`g:
1

(6)

Let u (t) be the solution of Problem 1. We assume that v1  u (t)  v` for all 0  t  T ,
so that the range of speeds whi h are available over the speeds needed by the pro essor. This
assumption will be satis ed in the typi al situation where v1 = 0 (the pro essor an idle) and
v` = 1 (the pro essor an use its maximal speed), and where the set of tasks is feasible.
We now des ribe how to onstru t an optimal solution z  to Problem 3.
Partition [0; T ℄ into ontiguous intervals su h that the boundary between intervals are
the dis ontinuity points of U  , there will be M < 2N intervals. On one su h interval, say
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Ik = [bk ; bk+1 ), u is onstant as seen in the proof of Theorem 1, equal to, say, uk that
falls in between two possible speeds for the pro essor, vi and vi+1 . Let k be de ned by
uk = k vi + (1 k )vi+1 Now, let us onstru t a fun tion over Ik : z  (t) = vi over [bk ; k ) and
z  (t) = vi+1 over [ k ; bk+1 ) where k = (1 k )bk + k bk+1 . It is lear that the fun tion z  (t)
is an admissible solution for Problem 3 sin e it satis es all the onstraints. Furthermore, as
shown in the following theorem, it is an optimal solution.
Theorem 2. Under the foregoing assumptions, the fun tion z  (t) is an optimal solution to
Problem 3.

Proof. Using the assumption on the range of the vi 's, for any u su h that v1  u < v` , there
exist i(u) su h that vi(u)  u < vi(u)+1 . We then introdu e the oeÆ ient u su h that u =
def
u vi(u) + (1
u )vi(u)+1 and onsider the real fun tion g~(u) = u g (vi(u) ) + (1
u )g (vi(u)+1 ).

g~
g
u
v2 v3

v1

v4

Figure 2: The fun tions g and its linear interpolation g~.
First, note that g~ is the linear interpolation of g over the points v1 ;    v` . Sin e g is onvex
and non-de reasing, g~ is also onvex and non-de reasing.
The se ond part of the proof onsists in showing that

ZT
0

g(z  (s))ds =

Indeed, using the de nition of z  ,

ZT
0

=
=

X
g(z  (s))ds =
M

M
X
k=0
M
X
k=0

((

Z

k=0 Ik

k

(bk+1

X
g(z  (s))ds =
M

0

Z

k=0

bk )g(vi ) + (bk+1
bk )~g (uk ) =

ZT

ZT
0

k )g (vi+1 ))

=

g~(u (s))ds:

k

g(vi )ds +

bk
M
X
k=0

(bk+1

(7)

Z bk+1
k

g(vi+1 )ds

bk )( k g(vi ) + (1


k )g (vi+1 ))

g~(u (s))ds:

Now, let z be any admissible solution of Problem 3. Therefore,
R T z(t) 2 fv1  R T; v` g. Sin e
the fun tion g~ oin ides with g over fv1    ; v` g, then one has 0 g(z (s))ds = 0 g~(z (s))ds.
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R
R
Now using the fa t that g~ is in reasing and onvex, 0T g~(z (s))ds  0T g~(u (s))ds. Finally,
R
R
Equality (7) shows that 0T g(z (s))ds  0T g(z  (s))ds. This means that the energy use of any
admissible solution z is larger than the energy use of z  .
Finally, note that the onstru tion of z  an be done in linear time, on e the fun tion u
is given. The onstru tion of z  is illustrated in Figure 3.
v3

v2
v1
A

U
D

Z
t

Figure 3: The fun tion Z  is the integral of an optimal solution z  when using 3 speeds, v1 ; v2
and v3 .
Remark 2. The omputation time of Z  given U  is linear in the number of tasks.

It would be interesting to study the di eren e in energy onsumption between the ontinuous ase where the speed an range over the whole interval [0; 1℄ and the ase where it an
take only nitely many values. By uniform onvergen e arguments, it should be obvious that
they oin ide in the limit when the maximal gap between two onse utive admissible speeds
goes to zero.
3.1

Minimal number of speed

hanges

Be ause the modi ed ost fun tion g~ is not stri tly onvex, there will be many di erent
optimal solutions to Problem 3. Amongst them will be z  . However, it may be possible to
nd an optimal solution with fewer speed hanges than z  . We now present an algorithm for
doing this.
The main idea of the onstru tion is to swit h between speeds only when absolutely
ne essary. Suppose we are at a point (; M ( )) in an interval I in whi h z  uses only two
speeds vh and vh+1 . If the urrent pro essor speed is vh, then the latest time we an swit h
~ (t)g, where
to speed vh+1 while still meeting the onstraints is supft : M ( ) + (t  )vh  D

D~ (t) := max[D(di ) (di t)vh+1 ℄:
di t
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Similarly, if the urrent pro essor speed is vh+1 , then the latest time we an swit h to speed
vh and still be guaranteed not to run of out work is supft : M ( ) + (t  )vh+1  A~(t)g, where

A~(t) := min[A(ai ) (ai t)vh ℄:
ai t

The\latest swit hing"algorithm in the interval I onsists of alternating between the speeds
vh and vh+1 in the above manner. We use this algorithm to onstru t an optimal fun tion
with a minimum number of speed hanges:

1. Partition [0; T ℄ into intervals I1 ;    ; Ik su h that in ea h Ii , the fun tion z  only uses
the same two speeds, say vh ; vh+1 . We also require that the partition is the oarsest
possible in the sense that the pair of speeds used by z  in neighboring intervals are
di erent.
2. In ea h interval Ii = [ai ; bi ℄, al ulate the following two fun tions mi and mi using the
\latest swit hing" algorithm above. The rst starts at (ai ; z  (ai )) with initial speed vh
and nishes at (bi ; z  (bi )). The se ond has the same start and nish points but has
initial speed vh+1 . Re ord the terminal speed of both fun tions and their number of
speed hanges.
3. Initialize m and m to be empty. Go through the intervals in reverse order, applying
the following re ursive pro edure. At ea h stage, append to mi either m or m so as to
minimize the total number of speed hanges, in luding the possible speed hange at the
interfa e. All the ne essary information was al ulated during the previous step. The
resulting fun tion is the new m. Similarly, we append either the old m or m to mi to
form the new m.
4. We end up with two fun tions m and m. Choose the one with fewer speed hanges and
all it m .
Remark 3. It is straightforward that the omputation time of m given z  is linear in the
number of tasks.
Theorem 3. The fun tion m onstru ted by this algorithm is an optimal solution to Problem
3 and any other optimal solution has at least as many speed hanges.
Proof. First note that M  and Z  agree at the end points and use the same two speeds in
ea h interval, Ii . Therefore, they use ea h speed for the same amount of time and hen e use
the same amount of energy. This shows that m is an optimal solution to problem 3.
Now let m be any feasible fun tion that uses the speeds fvh : 1  h  lg is the same
proportions as does z  . Let the maximum speed of u lie between vh and vh+1 and onsider
the set of intervals fIk : k 2 K g in the partition where u lies between vh and vh+1 . Let
Ii = [ai ; bi ℄ be one of these intervals. In the neighboring intervals Ii 1 and Ii+1 , we have
z  < vh . Therefore, Z  (ai ) = A(ai ) and Z  (bi ) = D(bi ). Thus

Z bi
ai

m dt  Z  (bi ) Z  (ai ):

(8)

Let i0 and i be, respe tively, the amount of time m and z  spend at speed vh+1 in the interval
Ii . Sin e the total time spend at speed vh+1 is the same for both m and z  , if i0 > i for
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some i 2 K then to ompensate there must be some j 2 K su h that j0 < j . However, sin e
R bi
0
0
0
ai m dt  i vh+1 + (bj aj j )vh , this would ontradi t (8). We on lude that i = i for
all i 2 K and, moreover, that in ea h of the intervals fIk : k 2 K g the fun tion m uses the
same two speeds as z  for the same amount of time. By now removing these intervals and
applying an indu tive argument, we may extend the same on lusion to all the intervals in
the partition. This provides a justi ation for onsidering ea h interval separately.
If m is not equal to the fun tion m onstru ted above, then at some point m swit hes
between speeds earlier than ne essary. If delaying both this swit h and the following swit h
in the opposite dire tion, then we obtain another optimal solution to Problem (3) whi h has
the same or fewer speed hanges as m. By doing this ea h time m swit hes too early, and
hoosing the delays appropriately, m may be transformed into m . Therefore m has the
minimum possible number of speed hanges.

A
M
Z
D
I1

I2

I3

t

Figure 4: An optimal solution with a minimal number of speed hanges.
Figure 4 shows both integrals Z  and M  in the example displayed in 3. In this ase, m
has 4 speed hanges while z  has 10 speed hanges. The fun tion m was built by using the
latest swit hing algorithm. In interval I3 , the two speeds are v2 and v3 and m uses v2 rst.
In I2 , the two speeds are v1 and v2 . The best solution uses v2 rst. Finally in I1 , the two
speeds are v2 and v3 and the best is to start with v3 .

4 A linear algorithm to ompute u
While Theorem 1 hara terizes the fun tion u , it is not onstru tive. This se tion shows
how to onstru t u . The fun tion A (resp. D) is given under the form of an ordered
list LA := [(a1 ; A(a1 ));    (aN ; A(aN ))℄ (resp. LD := [(d1 ; D(d1 ));    ; (dN ; D(dN ))℄ with
a1 <    < aN (resp. d1 <    < dN ).
We propose an algorithm that onstru ts the fun tion U  (t) (as well as u (t)) under the
form of an ordered list (x1 ; y1 );    ; (xK ; yK ) with x1 <    < xK . The fun tion U  being
the linear interpolation between those points. This algorithm is similar to the linear time
algorithm omputing the onvex hull of n ordered points in the plane (see for example [2℄).
The main idea of the algorithm is to onstru t two pie e-wise aÆne fun tions V; W , indu tively, by introdu ing the points of A and D one by one. Both fun tions start with the
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same initial value at the initial point : V (x0 ) = W (x0 ). The fun tion U  and V or W share
a ommon pre x, determined by the algorithm.
step 0 Merge the lists LA and LD into a single list L ordered by the rst oordinate.
step 1 Set x0 := (0; 0), V := [(0; 0)℄, W := [(0; 0)℄.

hat-angle

up-angle

Figure 5: A hat-angle and a up-angle
step 2 Sweep the list L. Here is the invariant of the algorithm after n steps (made of i
points in A and j points in D). V = [(V01 ; V02 );    (Vk1 ; Vk2 )℄ is the lower onvex hull of the
fun tion A from point x0 to (di ; A(di )) and W = [(W01 ; W02 );    ; (Wm1 ; Wm2 )℄ is the upper
on ave hull of the fun tion D from point x0 to (dj ; D(dj )).





If the next point in L belongs to A (i.e. it is (di+1 ; A(di+1 ))),
1. add it in the last position (k + 1) in the list V := V  (di+1 ; D(di+1 )).
2. Update the list V by removing the points starting from (Vk1 ; Vk2 ) and going ba kwards
as long they form a hat angle.
3. If all the points are removed (the rst point (V01 ; V02 ) annot be removed), update
everything as follows:
- ` := 0, while V is below W at point W`+1 do ` := ` + 1 od.
-U  := U   [(W01 W02 )    (W`1 ; W`2 )℄;
-W := [(W`1 ; W`2 );    ; (Wm1 ; Wm2 )℄;
-V := [(W`1 ; W`2 ); (Vk1+1 ; Vk2+1 )℄ ;
-x0 := (W`1 ; W`2 ).
If the next point belongs to D (i.e. (dj +1 ; D(dj +1 ))), do the same as above by swit hing
the role of V and W , repla ing the hat-angle test with a up-angle test and testing if
W is above V instead of V below W .

step 3 On e the last point in L has been swept, update for the last time the list U  by
on atenating U  and W : U  := U   W .

Noti e that the algorithm onstru ts U  rather than u . However, sin e U  is pie e-wise
aÆne, it is rather easy to retrieve u from U  .
A run of the algorithm is detailed in Figures 6,7,8. Figure 6 gives the urrent position
where V and W have been onstru ted up to the urrent point. As displayed in Figure 7, the
next point W4 belongs to D, so that we update W . The angle at point W3 is a up-angle and
therefore it is removed from the list. The point W2 does not form a up-angle in the new W
fun tion so that the removing stops and the new fun tion W is onstru ted. In Figure 8, we
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A
V

D

W
t

x0W1 V1V2

W2

W3

Figure 6: The urrent position.

A
D
W

V

t
x0 W1 V1 V2

W2

W3

W4

Figure 7: A simple ase where only W is updated.

A
V
U

D

W
t

x0 W1 V1V2

x00

W10 V10

Figure 8: A ase where x0 is updated.
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add yet another point, V3 . We update V . Point V2 forms a hat-angle and is removed. Point
V1 forms a hat-angle and is removed. Finally, all the old points in V were removed, and we
have to he k whether V remains above W . This is not the ase. Point W1 is above V . Point
W2 is also above V . Finally, Point W3 is below V . This means that we update the starting
points of both V and W to the new starting point x00 = W2 . The new V is made of two points
x00 and V4 , while the new W is also made of two points x00 and W3 . As for the fun tion U  ,
it has been onstru ted from 0 to the new starting point, x00 (thi ker line in the gure).
Theorem 4. The algorithm detailed above onstru ts the fun tion u in time O(N ), using a
memory size O(N ).
Proof. The fa t that the fun tion onstru ted by the algorithm is a tually u , the optimal
solution of Problem 1 is a dire t onsequen e of the proof of Theorem 1 and Corollary 3.
The proof that the algorithm runs in linear time with linear memory size is similar to the
omputation of the onvex hull of a set of ordered points ([2℄). A simple way to see this is to
noti e that the total time needed to onstru t V , W and u is proportional to the number of
hanges o urring over the lists V , W and u . Sin e ea h point in these lists is eliminated at
most on e, the number of hanges is proportional to N .

Note that if the original data is under the form of the set of tasks rather than stair ase
fun tions A and D, then one needs, as the rst step, to reate the lists LA and LD whi h
may take O(N log(N )) time if the tasks are not already sorted. In any ase, our algorithm
is an improvement over the previously known algorithm given in [14℄ whi h requires at least
O(N log2 N ) time.
4.1

Optimal

omplexity

In the previous se tion, we have shown that the onstru tion of the fun tion u (under the
form of an ordered list of its points of dis ontinuity, alled L in the following) requires O(N )
elementary operations ( omparisons, additions and multipli ations) when the data lists LA
and LD are already sorted.
This omplexity is optimal in the sense that all algorithms must at least examine all the
points in the data lists to onstru t u .
When the data lists LA and LD are not already sorted, then our algorithms needs a prepro essing phase to sort them before a tually onstru t u . The total omplexity jumps to
O(N log N ).
Next, we show that the omputation of the list L is more omplex than sorting LA [ LD .
Consider the following problem:
Input: the set of the arrivals (unsorted): fai ; i = 1    N g and deadlines (unsorted) fdi ; i =
1    N g.
Output: the sorted list L .
If the size of the jumps of the umulative fun tions A and D are hosen appropriately,
then the list L will ontain all the dis ontinuity points of A and D, so that it is a tually
equivalent to a sorted list of the set fai ; i = 1    N g [ fdi ; i = 1    N g.
Here is a way to hoose the jumps of both A and D. The hoi e is made iteratively.
Assume that the rst i 1 dis ontinuity points have been onstru ted already. We now look
at the i-th point (pi ), whi h may be either a dis ontinuity of A or of D. There are two ases:
if the previous point belongs to D (say (dk ; D(dk )), then hoose the height of the urrent point
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(regardless of the fa t that it belongs to A or D), in the interval [D(dk ); D(dk )+(pi dk )u (dk )℄.
If the previous point belongs to A (say (aj ; A(aj )), then hoose the height of the urrent point
(regardless of the fa t that it belongs to A or D), above (pi aj )u (aj )℄.
With these hoi es of the fun tions A and D, we make sure that all the dis ontiniuity
points of A and D are also dis ontinuity points of u , so that they will all be listed in L .
The arithmeti omplexity of the omputation of U  is O(N log(N )) operations ( ounting
additions, multipli ations and omparisons as the only elementary operations). This also allows us to sort the initial list LA [ LD in the same amount of time. Up to our knowledge, no
algorithm sorting a list of numbers with arithmeti omplexity (number of additions, multipliations and omparisons, regardless of the size of the numbers) lower than O(N log(N )) has
been found so far. This provides strong eviden e that our algorithm has the lowest possible
arithmeti omplexity.

5 Extension 1: uid tasks
In this se tion, we generalize the problem for arbitrary fun tions A and D, without assuming
that they are stair ase fun tions with a nite number of dis ontinuities. This may model
in netesimal tasks modeled by a uid arrival pro ess (with a uid deadline as well).
In this se tion, we onsider two fun tions A and D satisfying the following properties:
(F1 ) A is a non-de reasing left- ontinuous fun tion, with right and left derivatives in R
f 1; +1g and A(0) = 0.

[

(F2 ) D is a non-de reasing right- ontinuous fun tion, with right and left derivatives in R [
f 1; +1g, D(0) = 0, and D  A.
Problems 1 and 2 remain un hanged: nd an integrable u that minimize the energy spent
between time 0 and time T , while satisfying the onstraints (3) and (4) (and (5) resp.).
The solution is also the same: the optimal speed allo ation for the pro essor is given by
the shortest path between A and D from point (0; 0) to point (T; D(T )), sin e the proof of
Theorem 1 also works for arbitrary fun tions A and D. However, this time, the optimal
solution U  is not ne essarily pie ewise aÆne as shown in the example of Figure 9.

A

U

D

t
0

T

Figure 9: the optimal solution with arbitrary fun tion A and D.
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The omputational issues be omes here a real on ern here be ause the fun tions A and
D an be arbitrarily diÆ ult to ode in a omputer program. However, if both A and D
are pie ewise polynomials (of degree k), then the omputation of U  only involves solving
polynomial equations of degree k. This an be done with an arbitrary pre ision using symboli
omputation tools based on S hur polynomials and Grobner basis. Here, the omplexity of
the algorithm is at least exponential in k.
5.1

Finite number of speeds

As for Problem 3, this requires some hanges sin e taking some pre autions be omes ne essary.
We need to add te hni al assumptions on the fun tions A and D, to avoid ases where there
are no admissible solutions. One way to make sure that the set of admissible solutions is not
empty is by adding the following assumptions on A and D.
(F3 )

9 Æ > 0; 8 0  a  b  T;

Rb
a

A(s) D(s)ds  Æ(b a):

(F4 ) there exists a nite number of points x between 0 and T su h that A(x) = D(x), and
8 x s.t. A(x) = D(x); 9 v; w 2 fv1 ;    v`g s.t. dtdA+ (x)  v; dtdD+ (x)  v; and dtdA (x) 
w; dtdD (x)  w.
If assumption (F4 ) is not satis ed, it should be obvious that Problem 3 does not have any
admissible solution sin e at time 0 any hoi e of the initial speed would break one onstraint
(either 3 or 4). As for assumption (F3 ), it adds the fa t that whenever A is stri tly above
D, there is still enough spa e between A and D, for some admissible solution using a nite
number of speeds.
To nd the optimal solution to problem 3, one must onstru t a nite sequen e of fun tions, (yn ) using the following pro edure.
Let x1 = 0; x2 ;    ; xh = T be the points where A and D meet. Partition ea h interval
[xi ; xi+1 ℄ of length Ti def
= xi+1 xi into n sub-intervals of the same size (Ti =n). Here is a way
to onstru t the fun tion yn .
At step k, we onstru t the fun tion yn(t) over the kth interval, namely Ik def
= (xi +
kTi =n; xi + kTi =n + Ti =n℄. There exists h su h that

vh Ti =n 
There exists

k

Z xi+(k+1)Ti =n
xi +kTi =n

u (s)ds  vh+1 Ti =n:

2 (0; 1℄ su h that
= n=T
uk def

Z xi+(k+1)Ti =n
xi +kTi =n

u (s)ds =



k vh + (1

k )vh+1



From that point on, we have two possibilities to de ne the fun tion yn over the interval
Ik = (kTi =n; kTi =n + Ti =n℄. At least one of them will be admissible when n be omes large
enough.
First alternative: yn(t) = vh over the interval Ik = (xi + kTi =n; xi + k Ti =n + (1
)(
k kTi =n + Ti =n)℄ and yn (t) = vh+1 over the interval (xi + k Ti =n + (1
k )(kTi =n +
Ti =n); xi + kTi =n + Ti =n℄.

A linear algorithm for RT s heduling with optimal energy use

16

Se ond alternative: yn(t) = vh+1 over the interval (xi + kTi =n; xi + k (kTi =n + Ti =n) +
k )Ti =n℄ and yn (t) = vh over the interval (xi + k (kTi =n + Ti =n) + (1
k )Ti =n; xi +
kTi =n + Ti =n℄.
Note that be ause of assumption F4 , this is lo ally admissible at the extreme points of
the intervals.
Theorem 5. The fun tion y = yn is an optimal solution of Problem 3 for the smallest n
su h that yn is admissible.
Proof. First note that the integral of yn onverges to U  pie ewise when n goes to in nity.
Using assumption F3 , this implies that the fun tion yn is admissible if n is nite but large
enough. Se ond, using the assumption on the range of the ui 's, for any v1  u < v` , there
exist i(u) su h that vi(u)  u < vi(u)+1 . We then de ne the oeÆ ient u su h that u =
u vi(u) + (1
u )vi(u)+1 . We use the real fun tion g~(u) as in Se tion 3.
The next part of the proof onsists in showing that
(1

ZT

Using the de nition of y ,

0

ZT
0

g(y (s))ds =

g(y (s))ds =
=

ZT
0

g~(u )ds:

N Z
X
k=0 Ik
N Z
X
k=0 Ik

(9)

g(yn (s))ds
g~(uk )ds:

RT 
P R

Sin e the fun tion g~ is aÆne on all the intervals Ik , then N
k=0 Ik g~(uk )ds = 0 g~(u )ds.
Here is now the last part of the proof, whi h resembles the ase with dis rete tasks. Let u
be any admissible solution of problem 3. Therefore,
R T u(t) 2 fv1 R T ; v` g. Sin e the fun tion f
oin ides with g over fv1    ; v` g, then one has 0 g(u(s))ds = 0 g~(u(s))ds. Now using the
R
R
fa t that f is in reasing and onvex, 0T g~(u(s))ds  0T g~(u (s))ds. Finally, using Equality
R
R
(9) shows that 0T g(u(s))ds  0T g(yn (s))ds. This means that the ost of any admissible
solution is larger than the ost of yn.

6 Extension 2: non- onvex ost fun tions
In this se tion, we keep the uid fun tions A and D under the assumptions F1 ; F2 ; F3 and F4 .
In this se tion, we also onsider the ase where the fun tion g, whi h gives the instantaneous
energy onsumption is not onvex and in reasing. This is typi ally the ase when the stati
power dissipated by the pro essor is not negle table. In this ase, the typi al behavior of g is
displayed in Figure 10.
We assume that the fun tion g is semi- ontinuous but not onvex and in reasing. For
te hni al reasons, we will further assume that g has a nite number of in exion points.
In this ase, the optimal solution v of problem 1 depends on g. Here is a way to onstru t

v.
The rst step is to onstru t the onvex hull h of g. Sin e g(0) = 0 and g(x)  0; 8x  0,
then h is an in reasing onvex fun tion. Let C be the set of points where g and h oin ide:
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power

g
h

B

frequen y

C

Figure 10: Example of a non- onvex energy onsumption fun tion g, with its onvex hull h,
and the sets C and B.
= fx 2 R+ s:t: h(x) 6=
= fx 2 R+ s:t: h(x) = g(x)g and let B be the omplementary set: B def
g(x)g. Using the assumption on the in exion points of g, the set B is made of a nite number
of intervals. Note that the fun tion h is aÆne over B. For ea h x 2 B, we de ne two points
= inf fs 2 C s:t: s  xg and m(x) def
= supfs 2 C s:t:s  xg.
in C surrounding x: m(x) def
The se ond step is to solve problem 1 using h instead of g, as the instantaneous ost.
Sin e h is onvex and in reasing, we get as before the shortest path U  between A and D.
The third step is to onstru t a set of fun tions, vn ; n 2 N as follows.
If u (t) 2 C , then vn (t) = u (t).
If u (t) 2 B, then there exist an interval I , ontaining t and maximal for in lusion over
whi h u 2 [m(u (t)); m(u (t))℄. We partition the interval I into n sub-intervals, ea h of
size jI j=n. In ea h su h interval, say [t1 ; t2 ), the average value of u over this interval is
R
()
 def
= t2 1 t1 tt12 u (t)dt and the oeÆ ient def
= m()mm
.
()
Now, vn (t) = m() over [t1 ; t1 +(1 )(t2 t1 )) and vn (t) = m() over [t1 +(1 )(t2 t1 ); t2 ).
The nal step is the hoi e of v (t) = vn (t) 8t 2 [0; T ℄, for some n large enough so that
v (t) is admissible.
Theorem 6. The fun tion v is the optimal solution to Problem 1.

C

def

Proof. (sket h) The proof is similar to the proof given in Se tion 5.1. The rst thing to
noti e is that sin e the intervals used to de ne the fun tions vn get smaller and smaller, their
integrals onverge point-wise towards U  (t) when n grows. Therefore sin e A > D, there
exists a nite n su h that vn satis es the onstraints 3 and 4 and is admissible.R
The se ond key point in the proof is to noti e that sin e h is aÆne over B then tt12 h(vn )dt =
h()(t2 t1 ). By integrating over all the time range, this gives

ZT
o

h(v )dt =

ZT
o

h(u )dt:

(10)
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To nish the proof, take u any admissible solution for problem 1.

ZT
o

g(u(t))dt



=
=

ZT
o

ZT
o

ZT
o

ZT
o

h(u(t))dt;

(11)

h(u (t))dt;

(12)

h(v (t))dt;

(13)

g(v (t))dt;

(14)

where Inequality (11) omes from the fa t that g  h; Inequality (12) omes from the fa t
that u is the optimal solution with the onvex ost h; Equality (13) is the same as (10); and
Equality (14) omes from the fa t that v (t) 2 C for all t and the fa t that g = h over C .
6.1

Finite set of speeds

The ase where the pro essor an only take a nite number of speeds fv1 ;    ; v` g is mu h
easier to handle.
First, onstru t the onvex hull h of the nite set of points f(v1 ; g(v1 ));    ; (v` ; g(v` ))g.
Se ond, remove all the speeds whi h do not belong to the onvex hull from the set of admissible
speeds.
Last, solve Problem 3 as in se tion 3 with the redu ed set of speeds. This gives the optimal
solution.

7 Con lusion
In this study, we presented a new approa h to determine the optimal frequen y s hedule of
a set of independent tasks subje t to real-time onstraints. The immediate advantage of this
proposal is that it an be implemented in linear time (if the fun tions A and D are given - in
O(N log(N )) otherwise) for ontinuous pro essor speed range as well as for a dis rete number
of speeds. In the latter ase, we provide an algorithm that ensures the minimum number
of speed hanges and thus minimizes the speed hanging overhead. The results have been
extended to uid tasks and non- onvex ost fun tions.
An interesting ontribution of the approa h developed in this paper is that it provides a
feasibility test under EDF that is less omplex than the existing ones [13℄.
It has been shown that in the ontext of this study the problem of minimizing the energy
onsumption is equivalent to a shortest path problem. This observation might possibly lead
to some new advan es in the eld of dynami voltage s aling.
We are urrently investigating the on-line ase with probabilisti assumptions on the
workload arrival. Two distin t obje tives are onsidered: minimizing the expe ted energy
onsumption and minimizing the worst- ase energy onsumption.
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