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Abstract
Equations with non-local dispersal have been used extensively as models in material science, ecology and neurology. We discuss the scalar bistable case
ut (x) = 

Z



(x; y)u(y)dy ? u(x) + f (u)

and contrast it with the corresponding reaction-di usion equation. We show that for
large dispersal rate  the asymptotic dynamics is determined by the ODE u_ = f (u).
For small  and constant kernel , we prove pointwise convergence to an equilibrium
and present some L1 stability results.

1 Introduction.
We consider a model of spatial spread that has applications in both material science and
biology. The classical models are based upon partial di erential equations, in particular
reaction-di usion equations. Here the dispersal term is given in terms of an integral
operator and we restrict ourselves to the scalar case. The governing equation is

ut = Du + f (u);
where
(Du)(x) =

Z

(x; y)u(y) dy ? u(x):

(1.1)
(1.2)

Here u :  [0; 1) ! R and the sux t represents di erentiation. Also  R n is the
spatial region, D the dispersal operator and  > 0 the dispersal strength. The function f
is the reaction term and equation (1.2) may be called a reaction-dispersal equation.
We are interested in the dynamics of this equation. Thus, with regard to the reaction
term it is reasonable to assume that f is such that the ordinary di erential equation

u_ = f (u)

(1.3)

is dissipative with orbits tending to a bounded global attractor A.
Of greater signi cance are the restrictions we impose on the dispersal kernel. In particular, we assume the following.
(H1)
(H2)

:  ! R is continuous, symmetric and strictly positive.
Z

(x; y) dy 6 1 (x 2 ):
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(1.4)

For material science or population biology (H2) is quite natural; it essentially implies that
material or organisms cannot be created due to dispersal.
As was indicated earlier, models of this type have been used in material science and
biology. In the rst case, it has been used in the context of phase transition and has been
fairly extensively discussed, see [8], [20], [2], [21] and the many references therein. Much
of the discussion has been concerned with the case = R n and with travelling waves.
Although the focus here is rather di erent, in view of what follows it is worth noting that
for a bistable reaction term, there may be major qualitative di erences from the standard
reaction-di usion case. Of particular note is the phenomenon of propagation failure in
waves, see [21].
For applications related to population biology the reader is referred to [11, 10, 17]. In
[11], is taken to be bounded and the scalar case as well as the case of two competing
species is considered. Most of the analysis is concerned with the monostable case, that is
when there is a single, stable equilibrium for the reaction system.
There are also neurological models ([16] Ch 12) which have a form similar to that of
(1.1). However, in this case takes on both positive and negative values which violates
(H2).
As was mentioned at the beginning of this introduction, classically some of the aforementioned problems have been modeled using the reaction-di usion equation

ut = u + f (u)

(1.5)

on a bounded domain with zero Neumann boundary conditions. Therefore, part of our
analysis is aimed at comparing the dynamics of (1.1) and (1.5). In the monostable case
they are much the same and some of the similarities may even extend to systems. The
bistable case, however, presents a di erent picture and a much more dicult mathematical problem. This is studied in [20] and [6], but many interesting mathematical questions
remain unanswered. Some have important modelling implications but these are not considered here. Since this case is perhaps not very well known, we commence with some
informal remarks on the background.
For large  the scalar equation (1.1), and indeed a system of dispersal equations, behaves asymptotically exactly like the corresponding reaction-di usion system (see [5]). In
Section 3, we consider in particular the situation, analogous to (1.5) with a zero Neumann condition, where (H1) holds and there is equality in (H2) (so that the population
is conserved); for a precise de nition see (A1) in Section 3. The orbits then asymptotically approach those for the corresponding reaction system. The results are presented in
Theorems 3.1 and 3.2.
The situation is very di erent when  is small. Suppose, for example, that is a
nite interval. Consider rst the equilibria or stationary states (see [20, 6, 4]). The set
of equilibria is `large' in the sense that it is not compact in L1 (see [20]) and, in some
circumstances, it is easy to show that this is also true in L1 . This in turn implies the
non-existence of a compact global attractor in these spaces, a result that is fundamentally
4

di erent from the dynamics of (1.5). Associated with this is the interesting result, given in
detail later, which shows that for an initial function with small `wrinkles', these wrinkles
are not smoothed out when  is small. Again this is in striking contrast to (1.5) in which
`nearly all' initial functions tend to constant solutions of f (u) = 0 as t ! 1. For extensive
discussion in the case when is an interval see [3, 9]. The lack of compactness, even in
this fairly weak sense, is an obstacle to the study of the dynamics and in order to make
progress it has been necessary to specialise further. Our main result is as follows; for the
details of the restrictions on the initial conditions, see Section 6.

Theorem 1.1 Suppose that = [0; 1],  1 and f (u) = (u ? )(1 ? u2) where 2
(?1; 1). Then for a broad class of initial conditions, the positive semi-orbit tends pointwise

to an equilibrium of the system.

We suggest, however, that a much more general result holds.
Conjecture. Assume satis es (H1) and (H2) and that u_ = f (u) has a compact global
attractor A. If u(x; 0) is measurable, then any solution u(x; t) of (1.1) tends pointwise
for x 2 to an equilibrium as t ! 1.
The stability of the equilibria is an important practical issue. Consider  1 and
= [0; 1]. For  < 2=3 there are L1-stable non-constant equilibria. Again, this is a
remarkable departure from the reaction-di usion case. In order to present as complete a
picture as possible of the dynamics of (1.1), we discuss stability results, most of which
were presented in [6], in Section 7.
The contents are as follows. The notation is introduced and the problem is set up as
a dynamical system in Section 2. Section 3 gives results for large dispersal. In Section
4 the analysis is restricted to  1 and we introduce a class of initial functions such
that the semi-orbits are relatively compact in L1 . In Section 5 some essential background
results on equilibria are discussed and in Section 6 our main convergence result is proved.
In Section 7 we mention some results on asymptotic stability and review the picture of
convergence as it seen at the moment.

2 Preliminaries.
Throughout  R n is compact. Let m be the Lebesgue measure. Assume without loss
of generality that the volume of is unity (otherwise we rescale the spatial variable). Lp
will be the usual Banach space with norm k  kp. De ne

u(t) =

Z

u(x; t) dx:

Let Z be a metric space with distance d. For a semi- ow on Z , the positive semi-orbit
through u0 is denoted by +(u0), the !-limit set of u0 by !(u0) and a point on the orbit
for t > 0 by u(t).
5

The basic scalar equation is

ut = 

Z



(x; y)u(y) dy ? u(x) + f (u)

(2.1)

with u(x; 0) = u0. The following is assumed henceforth.
(H3) (a) f is C 2 on J = [?1; 1].
(b) f (?1) = 0 = f (1):
It is convenient to set

(Xu)(x) =

Z

(x; y)u(y) dy;

so that the dispersal operator is D = X ? I . A consequence of the maximum principle
([11], [8]) is as follows. Let B = fu(x) : ?1 6 u(x) 6 1; x 2 g. De ne the metric space
(Z; d) to be the set of measurable functions in B with the metric induced by the L1 norm.
(Note that Lp (p > 1) norms give equivalent topologies on Z . The embedding of L1 in
L1 is continuous, but not the other way round). We will occasionally want to consider
another Lp norm and will then use Zp.

Lemma 2.1 For u0 2 Z the solution u(t) 2 C 1((0; 1); Lp( )) for p > 1. Zp is positively
invariant under equation (2.1) and this generates a semi- ow.

Proof. Since u  1 is a supersolution and u  ?1 is a subsolution, the the invariance

follows from the maximum principle. The positive invariance of B gives us the Lipschitz
condition globally and we can then use [18] theorem 6.1.7, p. 190.


3 General Remarks on Asymptotic Behavior.
We compare here some features of the asymptotic behavior with those for the corresponding reaction-di usion equation. We work in the space (Z2; d).
We rst show that for large dispersal , asymptotically every orbit behaves like the
orbit of an ODE. Although we prove this for the scalar case, with which we are dealing in
this paper, this result may be very easily extended to a system. It is thus the analogue of
a well-known property for di usion governed by the Laplacian, see [5] for example. In fact
the analysis suggests that it is likely that several other results in [5] have an analogue for
non-local dispersal. We then consider small  and show that in direct contrast with the
Laplacian, a non-coarsening result holds, that is in a rather strong sense, initial `wrinkles'
are not smoothed.
We impose the following condition.
6

(A1)

(x; y) dy = 1 (8x 2 ). This corresponds to an interesting biological case
([11] section 2) and gives dispersal analogous to the Laplacian with zero Neumann
conditions because of its conservation property.

R

From (A1), D is obviously a negative semi-de nite operator on L2 with principal eigenvalue zero (1 is the principal eigenfunction of the compact self-adjoint operator X corresponding to the eigenvalue 1). Let 2 be the smallest positive eigenvalue of ?D.

Theorem 3.1 Assume that (H1), (H2), (H3) and (A1) hold. Let
 = 2(2 ? M kDk2 ?2 1);
(3.1)
where kDk2 is the operator norm of D : L2 ! L2 and M is the Lipschitz constant of f .
Suppose that  > 0. Then there are ci > 0 such that the following hold for all u(0) 2 Z2.
(a) 0 6 (?Du; u) 6 (?Du(0); u(0))e?t .
(b) ku(t) ? u(t)k2 6 c1 e?t .

Z
du
?t
(c)
dt = f (u) + g(t); u(0) = u0(x) dx (u0 2 Z2 ) where jg(t)j 6 c2 e .

Proof. Initially the analysis is in L2 , the inner product being denoted by (; ). Let
fn; ng1n=1 be the complete orthonormal system generated by ?D with 1 = 0; 1 = 1
and 1 < 2 6 3 6 : : : With un = (u; n),
1

(?Du; u) =

X

(Du; Du) =

X

ku ? uk22

=

n=2

1

n=2

1

X

n=2

nu2n;
2nu2n;
u2n:

Hence
(Du; Du) > 2 (?Du; u);
(3.2)
2
?
1
(3.3)
ku ? uk2 6 2 (?Du; u);
the last inequality being an obvious analogue of the Poincare inequality. With  =
(?Du; u)=2,
_ = ?(Du; u_ )
= ?(Du; Du) ? (Du; f (u)) (from (2.1))
6 2 (Du; u) ? (Du; f (u)) (from (3.2))
= ?22  ? (Du; f (u)):
7

To estimate (Du; f (u)), put u = u + v, so that Du = Dv. Also, from the invariance of B
and the de nition of M ,

kf (u) ? f (u)k2 6 M kvk2:
Then

(3.4)

?(Du; f (u)) = ?(Dv; f (u) ? f (u)) ? (Dv; f (u));
= ?(Dv; f (u) ? f (u));

since Dv is orthogonal to a constant. Therefore, from Schwarz's inequality,

j(?Du; f (u))j 6 kDvk2kf (u) ? f (u)k2;
6 M kDk2kvk2
(from (3.4))
?
1
6 M2 kDk2(?Du; u) (from (3.3))
= 2M?2 1 kDk2:
Thus

_ 6 ?2(2 ? M kDk2?2 1);
and with  de ned as in (3.1) and with c1 = 2(0)=2 > 0, we obtain
(t) 6 e?t (0);
kvk2 6 c1 e?t

from (3.3) and (3.5), which are (a) and (b). Next, with w = u, noting that
from (A1), we obtain
Z
w_ = ut dx;
R

=  Du dx +

R

(3.5)
(3.6)
R

Du dx = 0

f (u) dx;

= [f (u) ? f (w)] dx + f (w);
A simple estimate for the integral term and (3.6) lead to the ODE equation and (c). 
Using the estimates in Theorem 3.1 we obtain the following
R

Theorem 3.2 Suppose A is a compact attractor for the ODE
ut = f (u):

(3.7)

and consider A as a subset of the constant functions in Z2 . Then if  > 0, A is a compact
attractor for (1.1) in Z2 .

Proof. If we consider A as a subset of constant functions in L2 \ B , then A is exactly
those constant functions which take on values in the interval [?1; 1]. A is invariant and

compact in L2. Since Z2 is invariant, the set of possible averages of solutions starting in
Z2 is also the interval [?1; 1]. Let U be an L2 neighborhood of A. The value of c1 in
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(b) is independent of u0 2 U . Therefore U is attracted uniformly by A and !(U ) = A.
Therefore A is an attractor for (1.1).

Remark. For large  the only equilibria are the constant solutions of f (u) = 0.
For small  we have the following non-coarsening theorem (in [6] a more general version
of this theorem is given; the proof there only applies under the conditions formulated
below).

Theorem 3.3 Suppose that u0(x) = u(x; 0) 2 Z . Assume that u0(x) is positive on a set

+ and negative on a set ? , where ? and + have the property that m( ? )+m( + ) = 1.
Assume that there is a number  > 0 such that on each component 1? ; : : : of ? and
each component 1+ ; : : : of + the initial data satis es ess supx ju0 (x)j > .
Then there are sets, !?1 ; : : : , !+1 ; : : : (where !i  i ), of nonzero measure, such that
for  suciently small (depending on ) and all t > 0, u(x; t) < 0 on each of !?i , i = 1; : : :
and u(x; t) > 0 on each of !+i , i = 1; : : : .

4 The !-limit Set.
As discussed in the previous section, the asymptotic behavior of orbits is very much like
that for classical di usion if the dispersal rate  is large. However, this is far from the
case for general  (unless the reaction term is monostable, see [11]) and we now commence
the task of showing that at least for a fairly broad class of initial conditions, every orbit
converges (pointwise) to an equilibrium. In fact for technical reasons, as discussed in the
introduction, we henceforth treat the case of a constant kernel. Speci cally we assume
the following.
(H4) (a) = [0; 1],
(b) (x; y) = 1 (x; y 2 ),
f (u) = (u ? )(1 ? u2); where 2 (?1; 1):
(c)

(4.1)

It is not hard to see that the argument could be extended to a much wider class of
reaction terms, but the extra technicalities are tedious rather than illuminating, so we
shall concentrate on equation (4.1) here.
The governing equation is now
ut = (u ? u) + f (u) (x 2 );
(4.2)

with f as given by (4.1) and initial function u0 2 Z , where Z has the metric induced by
the L1 norm.
One major diculty is in establishing some compactness for semi-orbits and hence the
existence of an !-limit set. We start with a sucient condition on u0 for compactness
9

of cl + (u0); we remark that the special form of , that is is constant, is crucial to the
proof. This is seen in the following preliminary lemma. Here terms involving `monotone'
do not carry the implication of `strictness' unless it is explicitly added.
The broad idea is as follows. We assume that a subdivision of may be chosen with
an in nite, but `not too large', number of intervals such that u0 is monotone increasing
or decreasing on each interval except for a `small part' of . Lemma 4.1 shows that this
property persists along an orbit. A standard L1 theorem is then used to prove relative
compactness of +(u0).

Lemma 4.1 If u0(x) = u(x; 0) is monotone (strictly monotone) on an interval then so
is u(x; t) for t > 0.

Proof. Take any x1 ; x2 2 with x1 6= x2 . Put u(xi; t) = ui. Substituting x1 ; x2 into

equation (4.2) and subtracting, we obtain the equation

(u1 ? u2)t = (u1 ? u2)[1 ?  + (u1 + u2) ? u21 ? u1u2 ? u22]:
The result follows from a standard ODE argument.



De nition 4.2 A function u0 2 Z is said to be admissible if there is a subdivision of
[0; 1] with the following properties.

(i) [0; 1] is the union of a nite number n of closed intervals Ij = [yj ; yj+1] with y0 = 0,
yn = 1.
(ii) For each j there is a (possibly nite) increasing sequence fyk(j) g with y0(j) = yj and
limk!1 yk(j) = yj+1. (We also allow decreasing sequences.)
(iii) On each interval Ij k = (yk(j); yk(j+1) ) u0 is monotone.

Remark. The idea is to include functions which have a nite number of cluster points

of intervals on which they are monotone, a simple example being sin(1=x).
In the following, functions u : ! [?1; 1] are extended to R by setting them zero
outside .

Theorem 4.3 (See [7] IV.8.20) The set W  Z is relatively compact if and only if for
each  > 0 and all u 2 W , there is a  > 0 such that
Z

R

ju(x + h) ? u(x)j dx <  (jhj < ):

Lemma 4.4 If u0 is admissible, then +(u0) is relatively compact.
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(4.3)

Proof. Consider a typical interval Ij and let S (), S~() be the intervals
S () = [yj+1 ? ; yj+1]; S~() = [yj ; yj+1 ? ]:
Let [x1 ; x2 ] be a representative subinterval Ijk as in De nition 4.2. We may suppose
without loss of generality that u0 is monotone non-decreasing and h > 0. Recall in the
following that since u0 2 Z , ju0(x)j 6 1 (x 2 ).
From Lemma 4.1 the monotonicity on an interval persists along an orbit. Suppose then
that u is monotone non-decreasing on [x1 ; x2]. Then for each t (we drop the t from the
notation for clarity),
Z x
2

x1

ju(x + h) ? u(x)j dx =

?

Z x h
2

x1

6 2h +
= 2h +
= 2h +
= 2h +

ju(x + h) ? u(x)j dx +
?

Z x h
2

x1

?

Z x h
2

x1
Z x
2

x1 +h
Z x
2

x2 ?h

Z x
2

x2 ?h

ju(x + h) ? u(x)j dx

ju(x + h) ? u(x)j dx
[u(x + h) ? u(x)] dx

u(x) dx ?
u(x) dx ?

?

Z x h
2

x1
Z x +h
1

x1

u(x) dx
u(x) dx

6 4h:
If N () is the number of intervals of monotonicity of S~(), we thus have
Z

S~()

ju(x + h) ? u(x)j dx 6 4hN ():

(4.4)

Also, from the de nition of S (),
Z

S ()

ju(x + h) ? u(x)j dx 6 m(S ()):

Hence, from equations (4.4) and (4.5),
Z

R

ju(x + h) ? u(x)j dx 6 4hN () + m(S ()):

Choose  such that m(S ()) < =4. Then take  such that

:4N () < =4:
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(4.5)

The inequality (4.3) follows for jhj < .

It is presumably the case that +(u0) is relatively compact for a more general class of
functions and kernels , possibly even for Z itself, but it is not apparent how this may
be proved.
(H5) The initial function u0 is such that

+ (u0 )

is relatively compact in Z .

Lemma 4.5 Suppose that (H4) and (H5) hold. Then !(u0) is non-empty, closed, compact, invariant, connected and attracts the orbit. It consists of equilibria. Also, if

F 0(u) = f (u) and V (t) = (u ? u)2 ? 2F;
then V is a constant on !(u0).

Proof. The rst statement is standard. To prove that !(u0) consists of equilibria, note
rst that by [20] (Prop 3.11), kutk2 ! 0 as t ! 1. However, from equation (4.2), kutk1
is bounded and it follows that

lim kutk1 = 0:

t!1

(4.6)

Let u~ 2 !(u0). Then 9ftn g % 1 such that u(tn) ! u~. From continuity, since D : L1 ! L1
is a bounded linear operator,

Du(tn) + f (u(tn)) ! Du~ + f (~u):

(4.7)

But from equation (4.6), the LHS of (4.7) tends to zero in L1 . Therefore

Du~ + f (~u) = 0;
that is, u~ is an equilibrium.
Following [6], V (t) is de ned by

V (t) = (u ? u)2 ? 2F
and then, using equation (4.2), it follows that
V_ = ?2u2t = ?2kutk22 :
Thus V is a non-increasing function of t which, for the f of interest here, is bounded
below. Thus V1 = limt!1 V (t) exists and so V is constant on !(u0).

Let u~ 2 !(u0). Then the last lemma shows that u~ is an equilibrium and so

(~u ? u~) = f (~u):
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Thus

V1 = (~u ? u~)2 ? 2F (~u)
= (~u ? u~)f (~u) ? 2F (~u)

= u~f (~u) ? 2F (~u):
With f (u) = (u ? )(1 ? u2), we nd that
V1 = ? 21 u~4 + u~ + 13 u~3;
and, with the aid of
(~u ? u~) = (~u ? )(1 ? u~2)
and some algebra, we obtain
2 ) ? 2 2 (1 ?  + u~2 )
(8
u
~
?
6
V
)(1
?

+
1
=
:
3 ? 3 + 2
This result is essential in the characterization of equilibria in the next section.

u~4

(4.8)

5 The Equilibria.
It is convenient to gather together in Lemma 5.1 below certain elementary facts about
the equilibria in our special case (4.2) where (H4) holds. With 2 [?1; 1] a parameter,
de ne the family of cubic polynomials in z as follows:

G(z; ) = (z ? )(1 ? z2 ) + ( ? z):

(5.1)

In order to nd the equilibria it is natural to consider rst the cubic equation G(u; ) = 0
for the real function u(x) 2 [?1; 1] and then to impose the consistency condition u = .
The location of the equilibria is in principle straightforward, but in practice can be
confusing. Therefore we make the following preliminary remarks with the hope that they
may help the reader. Because 5.1 is a cubic equation, it may have 1, 2 or 3 real solutions
(for xed ). Thus an equilibrium has the potential to have 1, 2 or 3 values (it is not
claimed that the number of values corresponds to the number of real roots of equation
(5.1)). We shall refer to the equilibrium as a one, two or three phased if it takes the values
of one, two or three roots respectively on a set of measure greater than zero. If equation
(5.1) has only one real solution, then it is easy to see that the consistency condition u =
implies that u is ?1; or 1. Thus the equilibrium is necessarily one phased. Therefore
most interest centers on 2 or 3 phase solutions. Suppose that equation (5.1) has 3 real
roots (2 real roots is a non-generic case which for these preliminary remarks we ignore),
and consider 2 or 3 phase solutions. The consistency condition u = imposes a restriction
upon the measures of the sets where the equilibrium takes the value of the roots. However,
13

we do not need a detailed calculation here. The proof of the following lemma is elementary
and we make only a few remarks on it. It is perhaps helpful to look at the solutions of
equation (5.1) as the intersection of the graphs (z ? )(1 ? z2 ) and (z ? ).

Lemma 5.1 Let (H4) hold and v 2 !(u0).
1. If the cubic equation G(z; v) = 0 has only one real solution, then the equilibrium v
is one of the constant functions ?1; ; 1.
2. If v = constant a:e:, then the value is ?1; or 1.
3. If the cubic G(z; v) = 0 has more than one real solution and v is not a constant then
jvj < 1 and the following hold.
(a) The roots r1 ; r2 ; r3 of G(z; v) = 0 (with r3 6 r2 6 r1 ) are determined only by
v.
(b) There is no loss of generality in assuming that > r2 since if < r2 we may
replace u by ?u and by ? .
(c) v > ) ?1 6 r3 6 r2 < < r1 6 1.
(d) We have  < 1 + 2 2 . Let
v(x) = ri (x 2 Si; i = 1; 2; 3)
(5.2)
where S1 ; S2 ; S3 are disjoint sets with union [0; 1]. Let si = m(Si ). With V1 a
constant determined by u0 ,
X

i

and
X

i

si = 1;

X

i

si ri = v

2
2
2
si ri4 = (8 v ? 6V1)(1 ?3?+3 +) ?22 (1 ?  + v ) :

(5.3)
(5.4)

The ri and the si are determined by v (the ri via G(u; u) = 0 and the si via
(5.3) and (5.4)).
(e) If s1 is chosen, then there are only a nite number of values of v for v 2 !(u0 ).
(f) The set I 0 = fv : v 2 !(u0)g is a closed interval. Let I 0 = [a0 ; b0 ] and suppose
that a0 6= b0 . We may assume that b0 > for otherwise the signs of u and may
be changed. Choose a00 2 I 0 with < a00 < b0 and de ne I = [a; b]  (a00; b0 )
such that s1 (a) 6= s1 (b). By the construction of I , we can choose  so that
a ? >  > 0,
I 00 = [a ? ; b + ] and I  I 00  I 0:
Then s1 is a C 1 function of v 2 I 00 and the ri (v) are bounded away from .
Thus there is an  > 0 such that
js1(w1) ? s1(w2)j < jw1 ? w2 j (w1; w2 2 I 00):
(5.5)
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Remarks on proof.
1. If the cubic has only one real solution, say , then u(x) =  (0 6 x 6 1) and so
u = . The cubic equation is now ( ? )(1 ? 2 ) = 0.
2. The argument is similar to that in 1.
3.(d) If  > 1 + 2 2 then the slope of (z ? ) is so large that G(z; ) cannot have more
than one solution. Note that (5.4) follows from (4.8). From an elementary property
of determinants, the si are given uniquely as the solution to the linear equations
(5.3) and (5.4).
3.(e) We are dealing with rational functions.
3.(f) The set !(u0) is connected in L1 , from which it follows (since v is a continuous
function on a compact, connected set) that I 0 is a closed interval (which may be one
point). The smoothness of s1() follows from being able to write it as an algebraic
expression.
It is possible to ensure that s1 (a) 6= s1(b) because of 3.(e).

6 Convergence to an Equilibrium.
We consider the equation

(6.1)
ut = (u ? u) + (u ? )(1 ? u2)
where 2 (?1; 1), with u(x; 0) = u0(x). Throughout, u0 is taken as a xed function
satisfying (H5). We shall prove that there is a u1 2 Z such that u ! u1 pointwise as
t ! 1. The rst step is to show that u(t) tends to a limit, l say, as t ! 1. Recall that
as u0 is xed, so is !(u0) and therefore also V for v 2 !(u0) (by Lemma 4.5).
Below, the interval I is de ned in Lemma 5.1 3.(f). It is a closed interval contained
in the interior of I 0, the range of v for v 2 !(u0) and corresponds to points where v > 0.
The idea is that asymptotically in time the orbit is close to !(u0) and hence for a range
of large t, points u on the orbit are such that u > 0.
In the following proofs, convergence, norms etc. are relative to the metric space Z .
Note that u0, !(u0), I; I 00;  and  of Lemma 5.1 are xed in the following argument.
Two simple, preliminary lemmas are needed. In both we assume that q is measurable
and use the notation
Q+ = fx : q(x) > g:

Lemma 6.1 There exists  > 0 such that, given q 2 B , v 2 !(u0) (with v 2 I ) and  > 0
with

1

Z

0

jq(x) ? v(x)j dx < ;
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(6.2)

then

jm(Q+) ? s1(v)j 6 :

(6.3)

Proof. By Lemma 5.1 (3c, 3f), for v 2 I there is an r > 0 such that r1 > + r and
r2 < ?r. We shall show that (6.3) holds with  = 1=r. The argument is by contradiction:
we rule out in turn the possibilities
(6.4)
m(Q+ ) < s1(v) ? =r;
+
m(Q ) > s1(v) + =r:
(6.5)
Suppose rst that (6.4) holds. With X the subset of S1 where q(x) < , we have
m(X ) > =r; q(x) < and v(x) = r1 > (x 2 X ):
Then from (6.2),
Z 1
 > jv(x) ? q(x)j dx
0

>

Z

X

[v(x) ? q(x)] dx

> m(X )r1 > r1 =r > :

This contradiction proves that (6.4) is false.
If (6.5) holds, then with X the subset of S2 [ S3 where q(x) > , we have
m(X ) > =r; q(x) > and v(x) 6 r2 < (x 2 X ):
Using (6.2) as before, we get a contradiction.



Lemma 6.2 With  as in Lemma 5.1 3.(f), choose  2 (0; ) and suppose that for some
q 2 B with q 2 I ,
d(q; !(u0)) 6 :
(6.6)
Then for any v 2 !(u0) with v 2 I and q = v,
(6.7)
jm(Q+ ) ? s1 (v)j < ( +  );
where  is the Lipschitz constant in (5.5).

Proof. From (6.6), there is a p 2 !(u0) such that
>

>

1

Z

0
Z

jp(x) ? q(x)j dx

[p(x) ? q(x)] dx

= jp ? qj:
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Hence, since v = q we have jv ? pj 6 . It follows that p 2 [a ? ; b + ]  I 00. From (5.5)
we now have
(6.8)
js1(v) ? s1(p)j 6 
and from Lemma 6.1
jm(Q+) ? s1(p)j 6 
(6.9)
Thus (6.7) follows from the triangle inequality applied to (6.8) and (6.9).


Proposition 6.3 Let u0 satisfy (H5). Then there is an l 2 [?1; 1] such that
lim u(t) = l:

t!1

Proof. Obviously if in Lemma 5.1 3.(f) a0 = b0 then I is a single point and the result
follows. So we assume that a0 =
6 b0 and choose a; b such that s1 (a) 6= s1(b). By Lemma 5.1
(2), if v 2 !(u0) and v 2 I then v cannot be a constant solution and so we may assume

that the cubic G(v; v) = 0 has three real roots.
With  as in Lemma 5.1 3.(f), choose  2 (0; ) such that
2( +  ) < js1(a) ? s1(b)j:
(6.10)
We emphasize that  and  depend only upon u0 and I . From the de nition of !-limit
sets, there exists T such that
d(u(; t); !(u0)) <  (t > T ):
Furthermore, from the choice of a and b, u(t) will take each of these values an in nite
number of times. Choose t so that u(t ) = b. Let t1 be the last time before t that
u(t1) = a and t4 be the rst time after t that u(t4 ) = a. Now let t2 be the rst time after
t1 that u(t2 ) = b and let t3 be the last time before t4 that u(t3 ) = b. Thus
u(t) 2 (a; b) (t 2 (t1 ; t2) [ (t3; t4 )):
Let now
U + (t) = fx : u(x; t) > g
and set g(t) = m(U + (t)). From the governing equation (4.2), when u = ,
ut = (u ? u) > 0
since u > a > . Hence g(t) is non-decreasing for t1 6 t 6 t4. From Lemma 6.2, with
U + (t) replacing Q+,
jg(t1) ? s1(a)j < ( +  );
jg(t2) ? s1 (b)j < ( +  );
whence
?( +  ) + s1(a) < g(t1) 6 g(t2) < s1 (b) + ( +  ):
Combining this with a similar argument on [t3; t4 ] one nds that
js1(a) ? s1 (b)j < 2( +  );
which contradicts (6.10). Thus a = b.
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Theorem 6.4 Assume that (H4) holds and let u0 satisfy (H5). Then the solution u(; t)
of equation (4.2) converges pointwise on [0; 1] to some equilibrium u1 2 Z .
Proof. By Proposition 6.3, limt!1 u(t) = l. Hence, for any xed x, equation (4.2) may
be written as the non-autonomous ODE
u_ = (u ? )(1 ? u2) + (l ? u) + h(t);
where h(t) ! 0 as t ! 1. The result follows from [1, 14] or [15].

7 Stability of Equilibria.
We have shown that for a constant kernel and = [0; 1] orbits of admissible initial
data converge in L1 to an equilibrium. However, from the point of view of applications, a
question of importance is whether equilibria are (locally asymptotically) stable. Observe
rst that one cannot expect an equilibrium to be L1 -stable. This is because an L1 neighborhood of an equilibrium u0 may contain other equilibria that are a perturbation
of u0 by a small `spike'. However, the situation with respect to L1 stability is much
more satisfactory, and probably more relevant in applications. Thus, below `stable' will
mean `locally asymptotically L1-stable' In this section we con ne ourselves to the case
f (u) = u(1 ? u2).
If the analysis is restricted to small  then we may extend the theory to a larger
class of kernels than has been allowed thus far. Indeed, for any continuous kernel (not
necessarily positive) and bounded domain  R n we have the following theorem.

Theorem 7.1 Suppose u0 is an equilibrium of the ODE (1.3) such that u0(x) = 1 on
sets of non-zero measure 1 and u(x) = 0 on

0.

Then for  suciently small:

1. u0 continues to a locally unique (in L1 ) stationary solution u of (2.1).
2. The spectrum of the linearization around u is concentrated in two intervals of length
O(), J1 around 1 and J?2 around ?2.
3. If

0

= ;, the spectrum of the linearization is concentrated in J?2 and u is stable.

Proof.
1. Locally unique continuation follows from the implicit function theorem [6, 13].
2. The operator L, de ned by L = f 0(u0), has two eigenvalues ?2 and 1 if m( 0 ) 6= 0
and m( ?1 ) 6= 0 or m( 1 ) 6= 0. Hence the result follows from the general perturbation theory of linear operators ([12, Ch. IV, x 3], see also [13]). Estimates on the
length of J?2 and J1 are obtained by a standard regular perturbation argument.
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Figure 1: For every point (; u) below the solid line there are non-constant equilibria.
Below the broken line there are stable non-constant equilibria.
3. To deduce local asymptotic stability in L1 from spectral stability, we rst note that
from Lemma 2.1 (2.1) generates a semi ow in L1. Then the result follows by a
linearized stability theorem, e.g. [19, Theorem 11.22].
We note that, as discussed in [13], there is a value  > 0 such that all equilibria of
(1.3) can be continued for  < .
When (H4) holds, more can be said. The constants 1 are always stable and 0 is
unstable, both for the case  > 1 and the case  < 1, when these are the only equilibria.
One can show that only equilibria with s2 = 0 (see Lemma 5.1 for the notation) can be
stable and that indeed they are stable if and only if
r
jr1r3 j > 1 ?3  :
The situation concerning existence and stability in this case is summarized in Figure 1.
The conclusion is interesting from a biological point of view. In contrast with the
bistable di usion case, there are a great many patterns (stable non-constant solutions).
This may t better with the general situation in ecology.
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