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ABSTRACT
We introduce and study the notion of j-monotonicity of RR- and RRW -automata (special types of
restarting automata without working symbols). We show that the j-monotonicity can be considered
as a degree of non-context-freeness of languages recognized by RRW -automata and RR-automata.
1-monotonic RRW -automata recognize a subset of the class of context-free languages. For j > 1, the
j-monotonic RRW -automata recognize also some non-context-free languages and the j-monotonic
RRW -automata as well as the j-monotonic RR-automata form a strict hierarchy with respect to the
parameter j.
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1. Introduction
RRW -automata are special restarting automata. Roughly speaking, a restarting automaton
accepts a word by a sequence of changes where each change results in a shorter word for which
the automaton restarts.
A computation of an RRW -automaton on some word has the degree of (non)monotonicity
j (j-monotonicity) when the sequence of distances of the (places of) changes to the right end
of the word during the computation can be obtained by a ‘shuffle’ of at most j decreasing (not
strictly) sequences (of distances). E.g. 1-monotonic computation means that its sequence of
distances of the (places of) changes to the right end of the word is decreasing (not strictly). A
RRW -automaton is j-monotonic if all its computations are j-monotonic.
The j-monotonicity is a generalization of the monotonicity (i.e. 1-monotonicity) studied in
[5]. Here we study two types of the j-monotonic RRW -automata.
Let us recall our motivations for the study of restarting automata. The motivations are
of linguistic and formal nature. One important linguistic motivation is to model analysis by
reduction of natural language sentences in a similar way as in [9]. The analysis by reduction
consists of a stepwise simplification of an extended sentence so that the (in)correctness of the
sentence is not affected. Thus, after a certain number of steps, a simple sentence is obtained or
an error is found. The reduction analysis is used to handle word-order in Czech (dependency)
syntax, cf. [10].
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Each restart transfers an RRW -automaton into an initial configuration. This property of
RRW -automata stresses the syntactic features of languages recognized by RRW -automata.
Among the types of reductions, we consider the reduction by deletion as methodically significant.
That is the reason for the study of RR-automata. From the linguistic point of view the jmonotonicity of an accepting computation helps to express the complexity of word-order of the
accepted sentence. The j-monotonicity of an RRW -automaton M expresses the complexity
of the word-order of the language recognized by M . It is a similar tool as the measures of
nonprojectivity for free-order dependency grammars introduced in [2].
Works on restarting automata can be considered as a contribution to the study of regulated
rewriting, cf. [8], [1]. From the point of view of the formal language theory, the j-monotonicity
expresses the degree of non-context-freeness of languages recognized by RRW -automata. 1monotonic RRW -automata recognize a subset of the class of context-free languages. For j >
1, the j-monotonic RRW -automata recognize also some non-context-free languages and their
recognition power increases with increasing j.
In this paper we extend the taxonomy of language classes given in [3] by considering the
mentioned degrees of monotonicity in a way which stresses the transparency of computations
(rewriting, reductions) by RRW -automata.
2. Definitions
Throughout the paper, λ denotes the empty word. We start with a definition of restarting
automata in special forms of which we shall be interested in.
A restarting automaton M , formally presented as a tuple M = (Q, Σ, Γ, k, I, q0 , QA , QR ), has
a control unit with a finite set Q of (control) states, a distinguished initial state q0 ∈ Q, and
two disjoint sets QA , QR ⊆ Q of halting states, called accepting and rejecting respectively. M
further has one head moving on a finite linear list of items (cells). The first item always contains
a special symbol c, i.e. the left sentinel, the last item always contains another special symbol
$, i.e. the right sentinel, and each other item contains a symbol either from an input alphabet
Σ or a working alphabet Γ; we stipulate that Σ and Γ are finite disjoint sets and c, $ 6∈ Σ ∪ Γ.
We assume the head to have a lookahead window so that it always scans k consecutive items
(k ≥ 1) or maybe less when the right sentinel $ appears in the window.
A configuration of M is a string αqβ where q ∈ Q, and either α = λ and β ∈ {c} · (Σ ∪ Γ)∗ · {$}
or α ∈ {c} · (Σ ∪ Γ)∗ and β ∈ (Σ ∪ Γ)∗ · {$}; here q represents the current (control) state, αβ
the current contents of the list of items while it is understood that the head scans the first k
symbols of β (or the whole β when |β| < k). A restarting configuration, for a word w ∈ (Σ ∪ Γ)∗ ,
is of the form q0 cw$; if w ∈ Σ∗ , q0 cw$ is an initial configuration.
As usual, a computation of M (for an input word w ∈ Σ∗ ) is a sequence of configurations
starting with an initial configuration where two consecutive configurations are in the relation
⊢M (denoted ⊢ when M is clear from the context) induced by a finite set I of instructions. Each
instruction is of one of the following three types:
(1) (q, γ) → (q ′ , MVR)
(2) (q, γ) → (q ′ , REWRITE(γ ′ ))
(3) (q, γ) → RESTART
Here q is a nonhalting state (q ∈ Q − (QA ∪ QR )), q ′ ∈ Q, and γ, γ ′ are “lookahead window
contents” where |γ| > |γ ′ | (i.e., rewriting must shorten the word).
Type (1) (moving right), where γ = aβ, a being a symbol, induces αqaβδ ⊢ αaq ′ βδ. Type (2)
(rewriting) induces αqγδ ⊢ αγ ′ q ′ δ; but if γ = β$, in which case γ ′ = β ′ $, we have αqβ$ ⊢ αβ ′ q ′ $.
Type (3) (restarting) induces αqγδ ⊢ q0 αγδ.
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We assume that there is an instruction with the left-hand side (q, γ) for each nonhalting state
and each (possible) γ (i.e., in any configuration a further computation step is possible iff the
current state is nonhalting). In general, the automaton is nondeterministic, i.e., there can be
two or more instructions with the same left-hand side (q, γ), and thus there can be more than
one computation for an input word. If this is not the case, the automaton is deterministic.
An input word w ∈ Σ∗ is accepted by M if there is a computation which starts with the initial
configuration q0 cw$ and finishes with an accepting configuration – where the current control
state is accepting. L(M ) denotes the language consisting of all words accepted by M ; we say
that M recognizes (accepts) the language L(M ).
We observe that any computation of a restarting automaton M consists of certain phases.
A phase called a cycle starts in a (re)starting configuration, the head moves to the right along
the input list until a restart operation is performed and thus a new restarting configuration is
reached. If no further restart operation is performed, the computation necessarily finishes in
a halting configuration – such a phase is called a tail. For technical convenience, we assume
that M performs at least one rewrite operation during any cycle (this is controlled by the finite
state control unit) – thus the new phase starts on a shortened word; it also means that any
computation is finite (finishing in an accepting or rejecting configuration).
We use the notation u ⇒M v meaning that there is a cycle of M beginning with the restarting
configuration q0 cu$ and finishing with the restarting configuration q0 cv$; the relation ⇒∗M is
the reflexive and transitive closure of ⇒M . We sometimes (implicitly) use the following obvious
fact referred as “the error preserving property”:
Fact 2.1 Let M be a restarting automaton, and u, v two words in its input alphabet. If u ⇒∗M v
and u ∈
/ L(M ), then v ∈
/ L(M ).
Now we recall the subclasses of restarting automata relevant for our consideration.
• An RRW W -automaton is a restarting automaton which performs exactly one REWRITEinstruction in each cycle (this is controlled by the finite state control unit).
• An RRW -automaton is an RRW W -automaton whose working alphabet is empty. Note
that each restarting configuration is initial in this case.
• An RR-automaton is an RRW -automaton whose rewriting instructions can be viewed as
deletions, i.e., in the instructions of type (2), γ ′ is obtained by deleting some symbols from
γ.
Another obvious fact to which we sometimes refer is the following version of a “pumping
lemma”:
Fact 2.2 For any RRW W -automaton M there is a constant p such that the following holds.
If uvw ⇒M uv ′ w then in each subword u2 with length p of the word u, we write u = u1 u2 u3 ,
we can find a nonempty subword z2 , we write u2 = z1 z2 z3 , such that u1 z1 (z2 )i z3 u3 vw ⇒M
u1 z1 (z2 )i z3 u3 v ′ w for all i ≥ 0 (i.e., z2 is a “pumping subword” in the respective cycle). Similarly,
such a pumping subword can be found in any subword with length p of the word w.
Next, we recall the notion of monotonicity for a computation of an RRW W -automaton and
we introduce the notion of j-monotonicity. Any cycle C contains a unique configuration αqβ
in which a rewriting instruction is applied. We call |β| the right distance, r-distance, of C,
and denote it Dr (C). We say that a sequence of cycles Sq = C1 , C2 , . . . , Cn is monotonic iff
Dr (C1 ) ≥ Dr (C2 ) ≥ . . . ≥ Dr (Cn ); A computation is monotonic iff the respective sequence of
cycles is monotonic. (The tail of the computation does not play any role here.)
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M. Plátek, F. Mráz

Let j be a natural number. We say that the sequence of cycles Sq = C1 , C2 , . . . , Cn is jmonotonic iff (informally speaking) there is a partition of Sq into p subsequences where each of
them is a monotonic one.
More formally we say that the sequence of cycles Sq is j-monotonic iff there is a partition of {1, . . . , n} into j (naturally) ordered subsets such that {1, . . . , n} = {i11 , i12 , . . . , i1p1 } ∪
{i21 , i22 , . . . , i2p2 } . . . ∪ {ij1 , ij2 , . . . , ijpj }, where all the j sequences of cycles
Ci1 , Ci1 , . . . , Ci1p ,
1
2
1
Ci2 , Ci2 , . . . , Ci2p ,
1
2
2
..
.
Cij , Cij , . . . , Cij
1

2

pj

are monotonic.
We will use the following obvious fact:
Fact 2.3 A sequence of cycles C1 , C2 , . . . , Cn is not j-monotonic iff there exist 1 ≤ s1 < s2 <
. . . < sj+1 ≤ n such that Dr (Cs1 ) < Dr (Cs2 ) < · · · < Dr (Csj+1 ).
A computation is j-monotonic iff the respective sequence of cycles is j-monotonic. (The tail
of the computation does not play any role here.) We can see that the 1-monotonicity of a
computation means the monotonocity of a computation.
Let j be a natural number. An RRW W -automaton M is j-monotonic iff all its computations
are j-monotonic.
Notation. For brevity, prefix j-mon denotes j-monotonicity. L(A), where A is some class
of automata, denotes the class of languages recognizable by the automata from A. E.g., L(jmon-RRW ) denotes the class of languages recognizable by j-monotonic RRW -automata. CFL
denotes the class of context-free languages, DCFL the class of deterministic context-free languages. The sign ⊂ means the proper subset relation, the sign Nat the set of natural numbers.
We will sometimes write regular expressions instead of the respective regular languages.
3. Degrees of non-monotonicity
In this section we will show the main result that the j-monotonic RRW -automata as well as the
j-monotonic RR-automata form a strict hierarchy with respect to the parameter j.
Next we introduce a sequence of languages L1 , L2 , . . ., which will be used as witness languages
for separations (e.g. of classes L(j-mon-RRW ) for different j’s).
Examples.
Let j ∈ Nat, let us consider the following alphabet Aj = Σab ∪ Σcd ∪
{c0 , c1 , . . . , cj−1 }, where Σab = {a, b} and Σcd = {c, d}. Further, let Lab = (Σab · Σcd )∗ and
Lcd = Σcd · (Σab · Σcd )∗ . We define a sequence of languages in the following way: for each j ∈ Nat
let
Lj =

[
0≤i<j

{c0 xwc1 xw . . . ci−1 xwci wci+1 w . . . cj−2 wcj−1 w | (x ∈ Σab and w ∈ Lcd ) or
(x ∈ Σcd and w ∈ Lab )}.

For a word c0 w1 c1 w2 c2 . . . cj−1 wj from Lj , the words w1 , . . . , wj are either empty words or
words in which the symbols from Σab and Σcd alternate and their last symbol is from Σcd . If at
least one of the words w1 , . . . , wj is nonempty, then
w1 = w2 = . . . = wi = xw

wi+1 = wi+2 = . . . = wj = w

for some i, 1 ≤ i ≤ j, some symbol x ∈ Σab ∪ Σcd and some word w such that xw ∈ Lab ∪ Lcd .
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Claim 3.1 For any j ∈ Nat:
Lj ∈ L(j-mon-RR).
Proof. We outline a j-mon-RR-automaton M recognizing Lj . Let u ∈ (Aj )∗ be the current
word in the list of M (between the sentinels). M looks at the first two symbols of u, if they
equal to:
• c0 c1 , then M checks the equality u = c0 c1 ...cj−1 . In the positive case M accepts, in the
negative case M rejects.
• c0 x, for some x ∈ Σab ∪ Σcd , then M nondeterministically guesses i, 0 ≤ i < j, and checks
whether u is of the form
c0 xw1 c1 xw2 c2 . . . ci−1 xwi ci wi+1 ci+1 wi+2 . . . cj−2 wj−1 cj−1 wj ,
where either x ∈ Σab and w1 , . . . , wj ∈ Lcd or x ∈ Σcd and w1 , . . . , wj ∈ Lab . If the result
of the check is negative, M rejects. In the positive case, during the corresponding cycle M
deletes the first symbol after ci−1 (i.e. x) and at the right end of the current list it restarts.
Any computation of M can be divided into parts in which the same symbol x from Σab ∪ Σcd
is deleted. Each part comprising cycles deleting some symbol from Σab can be followed by a
part comprising cycles deleting some symbol from Σcd only, and vice versa. In an accepting
computation the first part can have less than j cycles, all the remaining parts have exactly j
cycles. In a rejecting computation the first and the last part can contain less than j cycles, all
the remaining parts contain exactly j cycles.
It is easy to see that any computation (without the tail) can be partitioned into (at most)
j monotonic subsequences of cycles, simply so that for the first subsequence are taken the
first cycles from the parts, for the second one the second cycles of the parts and so on. This
observation proves the claim.
2
Claim 3.2 For any j ∈ Nat
Lj+1 6∈ L(j-mon-RRW ).
Proof. Let us suppose that M = (Q, Σ, ∅, k, I, q0 , QA , QR ) is a j-monotonic RRW -automaton
recognizing Lj+1 . Let p be the constant determined for M by the Fact 2.2 (pumping lemma).
Let us take any word z0 = c0 wc1 wc2 ...cj ∈ Lj+1 where w ∈ Lab and |w| = n > 3kp (k is the size
of the lookahead window of M ).
Let us consider an accepting computation C of M on z0 . This computation contains at
least one cycle C0 . Otherwise because of the length of z0 , using Fact 2.2 we can construct an
accepting tail for a word outside Lj+1 . Let the resulting word after C0 be z1 . Because z1 ∈ Lj+1
the only possible change performed by C0 is the deletion of the first symbol after the symbol cj .
Therefore, z1 = c0 wc1 wc2 ...w1 cj−1 wcj w′ , where w = xw′ for some x ∈ Σab .
We can see that C continues (for similar reasons) by another j cycles C1 ,...Cj , where Ci deletes
the first symbol after cj−i (for 1 ≤ i ≤ j). We can see that Dr (C0 ) < Dr (C1 ) < ... < Dr (Cj ).
That is a contradiction with the assumption that M is a j-monotonic RRW -automaton (Fact
2.3).
2
Theorem 3.3 For any j ∈ Nat, the following proper inclusions hold:
L(j-mon-RRW ) ⊂ L((j+1)-mon-RRW ),
L(j-mon-RR) ⊂ L((j+1)-mon-RR).
Proof. We can see from the definition of j-monotonicity that
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L(j-mon-RRW ) ⊆ L((j+1)-mon-RRW ),
L(j-mon-RR) ⊆ L((j+1)-mon-RR).

From the previous two claims directly follow the proper inclusions.

2

Lemma 3.4 L(1-mon-RRW ) − L(RR) is not empty.
Proof. In fact, this lemma is proved by Lemma 4.2 in [5] using the following witness language
S
L1 = { f, ee } · { cn dn | n ≥ 0 }
{ g, ee } · { cn dm | m > 2n ≥ 0 }.
2
Theorem 3.5 For any j ∈ Nat, the following proper inclusion holds:
L(j-mon-RR) ⊂ L(j-mon-RRW ).
Proof. Obviously, L(j-mon-RR) ⊆ L(j-mon-RRW ). The proper inclusions follow from the previous lemma.
2
Theorem 3.6 For any j ∈ Nat, the following proper inclusions hold:
L(j-mon-RR) ⊂ L(RR),
L(j-mon-RRW ) ⊂ L(RRW ).
Proof. For any j ∈ Nat holds that
L(j-mon-RR) ⊆ L(RR),
L(j-mon-RRW ) ⊆ L(RRW ).
The proper inclusions follow from Theorem 3.3.

2

4. Degrees of non-context-freeness
In [5], it was shown that
L(mon-RRW W ) = CFL,
L(1-mon-RRW ) ⊂ CF L,
DCF L ⊂ L(1-mon-RR).
On the other hand we can see that already the second witness language L2 is not a context-free
language. These observations and the presented results give us the opportunity to consider the
j-monotonicity as the degree of non-context-freeness of RR-languages and RRW -languages.
5. Additional Remarks
Motivated by the syntax of free-word-order natural languages we will apply the j-monotonicity
to such RRW W -automata which allow to write only a limited number of non-input symbol
during a computation in the future. Some other considerations of the (descriptional) complexity
nature, like in [6], can be taken into the account – all the sample languages L1 , L2 , . . . from Sect.
3 can be recognized by RR-automata with the size of lookahead 1.
It turns out that the 1-monotonicity property is decidable for (all) RRW W -automata, see
[4]. We are also able to show that the 2-monotonicity property is decidable for (all) RRW W automata. We believe that we will be able to show the decidability of j-monotonicity for any
natural j in the future.
We also believe that we will be able to show a polynomial algorithm for recognition of jmonotonic RRW (W )-languages.
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