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1 Introdu tion
Convexity and its generalizations have been onsidered in many publi ations
during the last de ades. In this paper we dis uss the problem of bounding
fun tions from below by quasi onvex fun tions and from above by quasi on ave
fun tions. Moreover, appli ations for nonlinear systems and onstrained global
optimization problems are onsidered brie y.
For a given real-valued fun tion f(x), whi h is de ned on some subset of
Rn (the set of real ve tors with n omponents), the gradient and the Hessian
is denoted by f 0 (x) and f 00 (x), respe tively. Sometimes, a fun tion depends on
parameters. In su h situations the argument is seperated from the parameters
by a semi olon. For example, the fun tion f(x; X) has the argument x and
depends on the parameter X.
A fun tion f : S ! R whi h is de ned on a onvex set S  Rn is alled
quasi onvex, if for all x; y 2 S; 0    1 the inequality
f(x + (1

)y)  maxff(x); f(y)g

(1)

holds true.
Obviously, ea h onvex fun tion is quasi onvex. The fun tion f is said to be
quasi on ave if f is quasi onvex. A fun tion whi h is both quasi onvex and
quasi on ave is alled quasilinear. A di erentiable fun tion f : S ! R is said to
be pseudo onvex, if for all x; y 2 S with f 0 (x)T (x y)  0 it is f(y)  f(x). It
an be shown that pseudo onvex fun tions are quasi onvex, and di erentiable
onvex fun tions are pseudo onvex (see Avriel et al. (1988)).
Many quasi onvex fun tions are known whi h are not onvex; for example
f(x) = x1 x2 is quasi onvex on the positive orthant, and the ratio of a nonnegative onvex and a positive on ave fun tion is quasi onvex. Quasi onvex
fun tions have among others the following useful properties: (i) ea h stri t lo al
minimum is a global minimum, (ii) the level sets are onvex, and (iii) the ne essary Kuhn-Tu ker onditions for a nonlinear optimization problem are suÆ ient
for global optimality, provided that the obje tive and the onstraints are de ned
by ertain quasi onvex and quasi on ave fun tions. Quasi onvexity (see Avriel
(1976), Avriel et al. (1988), and S haible (1972), (1981)) is of great importan e
in optimization theory, engineering and management s ien e. Many appli ations
an be found in Cambini et al.(1989).
Following, we introdu e a new notion whi h an be viewed as a generalization
of interval extensions. We assume that the reader is familiar with the basi
on epts of interval arithmeti (see Alefeld and Herzberger (1983), Moore (1979),
Neumaier (1990), and Rats hek and Rokne (1984)). A quasi onvex- on ave
extension of a fun tion f : S ! R is a mapping [f; f℄ whi h delivers for ea h
interval ve tor X := [x; x℄ := fx 2 Rn : x  x  xg with X  S a quasi onvex
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fun tion f(x; X) and a quasi onvave fun tion f(x; X), whi h are both de ned
on X su h that
f(x; X)  f(x)  f(x; X) for all x 2 X:

(2)

In other words, the pair f(x; X) and f(x; X) ontain the range of f over X.
The fun tions f(x; X); f(x; X) are alled lower bound fun tion and upper bound
fun tion on X, respe tively.
By de nition, interval extensions of f deliver real lower and upper bounds
f(X); f(X) for the range of f over X. These bounds an be interpreted as
onstant fun tions, and onstant fun tions are both quasi onvex and quasi onave. Hen e, it follows that an interval extension is a spe ial ase of a quasi
onvex- on ave extension.
The major goal of this paper is to give a short survey about the onstru tion
of quasi onvex- on ave extensions with non onstant bound fun tions by using
the tools of interval arithmeti . These extensions an be applied in a exible
manner su h that the overestimation due to interval arithmeti an be redu ed
in many ases.

2 Relaxations
We will motivate quasi onvex- on ave extensions in this se tion by some appliations. Consider the onstrained global optimization problem
min f(x) where F := fx 2 X : gi (x)  0 for i = 1; : : : ; mg;
x2F

(3)

and assume that f; gi are di erentiable real-valued fun tions de ned on X  Rn .
Constrained global optimization problems are NP-hard, even for quadrati
fun tions. One approa h for solving NP-hard optimization problems is to use
bran h and bound methods. During the last de ade several methods and programs for onstrained global optimization problems be ame available whi h use
bran h and bound te hniques and are mainly based on interval arithmeti (see
e.g. Hansen (1992), Kearfott (1996), Neumaier (1997), Dallwig, Neumaier and
S hi hl (1997), Rats hek and Rokne (1988), S hnepper and Stadtherr (1993),
and Van Hentenry k, Mi hel and Deville (1997)).
Our approa h (see Jansson (1999a),(1999b), and (2000)) for solving onstrained global optimization problems uses quasi onvex relaxations, whi h permit to ompute lower bounds for subproblems generated during a bran h and
bound pro ess.
A quasi onvex relaxation of problem (3) is an optimization problem
min f(x) where R := fx 2 X : gi (x)  0 for i = 1; : : : ; mg;
x2R

(4)

with the properties that f is a pseudo onvex lower bound fun tion of f on X,
and gi are quasi onvex lower bound fun tions of gi for i = 1; : : : ; m on X. These
lower bound fun tions an be obtained by using the results about quasi onvexon ave extensions whi h are presented in the following se tions. By de nition
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(4) it follows immediately that the quasi onvex relaxation has the properties (i)
F  R, and (ii) the global minimum value of the relaxation (4) provides a lower
bound for the global minimum value of the original problem (3).
The Kuhn-Tu ker points x of the relaxation (4) are hara terized as the
solutions of the nonlinear system
0



f (x ) +

m
X
i=1

i g 0i (x ) = 0; i g i (x ) = 0; for i = 1; : : : ; m

(5)

with i  0 and gi (x )  0 for i = 1; : : : ; m. It follows ( f. Avriel (1976))
that ea h Kuhn-Tu ker point of a quasi onvex optimization problem (4) is a
global minimum point. There are very eÆ ient methods (for example interiorpoint methods or SQP-methods) for al ulating Kuhn-Tu ker points. Hen e,
an approximate lower bound of the global minimum value for problem (3) an
be omputed eÆ iently. Using su h an approximation, rigorous bounds for the
global minimum value of (4) an be obtained by applying some veri ed nonlinear
system solver to the equations (5).
Roughly speaking, our method for solving problem (3) onsists of a bran h
and bound framework using quasi onvex relaxations. The lower bounds of the
subproblems, whi h are required by this bran h and bound s heme, are al ulated by omputing the Kuhn-Tu ker points of the orresponding quasi onvex
relaxations. For a detailed treatment of this approa h the reader is referred to
Jansson (1999b) and (2000).
Methods using onvex relaxations for spe ial stru tured ontinuous global
optimization problems were rst introdu ed by Falk and Soland (1969). Their
approa h on erns separable non onvex programming problems. Later, in the
ase of on ave minimization, onvex relaxations have been used by Bulatov
(1977), Bulatov and Kasinkaya (1982), Emeli hev and Kovalev (1970), Falk and
Ho mann (1976), and Horst (1976). For re ent developements and improvements see also Zamora and Grossmann (1998) and the referen es ited over
there.
If additionally nonlinear equations hi (x) = 0 are added to (3), then these
an be represented as two nonlinear inequalities hi (x)  0; hi (x)  0. The latter
two inequalities are repla ed by hi (x)  0 and hi (x)  0 where hi (x); hi (x)
are a quasi onvex lower and a quasi on ave upper bound fun tion, respe tively.
Then, it an be shown that for the resulting relaxation the ne essary KuhnTu ker onditions are suÆ ient for global optimality. Hen e, the aforementioned
method an be applied for solving problems involving also nonlinear equations.
The zeros of nonlinear systems an be viewed as the set of feasible solutions of
a onstrained global optimization, where the onstraints onsist only of nonlinear
equations and the obje tive is the zero fun tion. Therefore, our bran h and
bound method an be applied for solving nonlinear systems.
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3 Bound fun tions of rst and se ond order
This se tion treats the onstru tion of aÆne and quadrati al onvex lower bound
fun tions. For arithmeti al expressions, these bound fun tions an be automati ally generated on a omputer by using interval arithmeti .
For an interval ve tor X = [x; x℄ 2 IRn the 2n verti es x() an be des ribed
by
x() = x +

n
X
i=1

i (xi

xi )ei ;

(6)

where  2 f0; 1gn is an n-dimensional ve tor with omponents i equal to 0 or
1, and ei denotes the i-th unit ve tor. We simply denote the ve tor with all
omponents equal to 0 by 0 2 f0; 1gn, and the ve tor with all omponents equal
to 1 by 1 2 f0; 1gn ; this will ause no onfusion. It follows that x(0) = x; x(1) =
x.
Theorem 1 Given a ontinuously di erentiable fun tion f : S ! R with S 
Rn , and given an interval ve tor X  S . Suppose further that there exist two
ve tors d; d 2 Rn su h that the inequalities
d  f 0 (x)  d

(7)

are valid for all x 2 X . For a xed ve tor  2 f0; 1gn let x() 2 X; d() 2
D := [d; d℄ be the verti es of the interval ve tors X; D, respe tively . Then the
aÆne fun tion
f(x; X; ) := d()T  x + ff(x())

d()T  x()g

(8)

satis es for all x 2 X the inequality
f(x; X; )  f(x);

(9)

f(x(); X; ) = f(x()):

(10)

and moreover
This theorem is a spe ial ase of Theorem 1 in Jansson (2000), and it allows
to onstru t several aÆne lower bound fun tions. Bounds d; d for the gradient
f 0 (x) over X an be al ulated by using some interval extension of f 0 (x). Moreover, the al ulation of these bounds an be fully automatized using automati
di erentiation (see for example Griewank and Corliss (1991). Then, a xed ve tor  2 f0; 1gn is hosen. Formula (8) yields an aÆne fun tion f(x; X; ). The
inequality (9) implies that f(x; X; ) is a lower bound fun tion of f over X.
Equation (10) shows that this lower bound fun tion oin ides with the original
fun tion f in the vertex x().
A similar formula an be derived for aÆne upper bound fun tions. One way
is to onstru t a orresponding lower bound fun tion of f, and then to take the
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negative bound fun tion. Therefore, in this paper we will present only formulae
for lower bound fun tions.
Summarizing, we obtain a onvex- on ave extension of f : S ! R in the
following way: x a ve tor  2 f0; 1gn , and for ea h interval ve tor X  S
al ulate, by using some interval extension, an interval ve tor D := [d; d℄ su h
that (7) is satis ed. Then the lower bound fun tion ( f. (8)) and the upper
bound fun tion provide a orresponding quasi onvex- on ave extension where
the bounds are aÆne fun tions.
In a large variety of engineering appli ations nonlinear systems and onstrained global optimization problems o ur where many of the onstraints are
de ned by bilinear fun tions. In Jansson (2000) it is proved that for the bilinear
fun tions f(x1 ; x2 ) := x1  x2 Theorem 1 generates automati ally the onvex
envelope, that is the uniformly best possible underestimating fun tion: The
fun tion
f(x) := maxff(x; X; 0); f(x; X; 1)g;

(11)

where
f(x; X; 0) = x2 x1 + x1 x2
f(x; X; 1) = x2 x1 + x1 x2

x1 x2
x1 x2

(12)

is the onvex envelope of f on X = [x1 ; x1 ℄  [x2 ; x2 ℄. A similar formula is valid
for the on ave envelope. Originally, the onvex envelope of a bilinear fun tion
is given in Al-Kayal and Falk (1983). However, it is interesting that this onvex
envelope is generated by applying Theorem 1.
Last, we mention that Theorem 1 remains also valid if in (7) the bounds
[d; d℄ are repla ed by orresponding bounds for slopes ( f. for example Hansen
(1992), Kraw zyk and Neumaier (1985), and Rump (1996)). Therefore, also
nondi erentiable fun tions may be bounded by aÆne fun tions.
The following theorem, whi h is proved in Jansson (1999b), is on erned with
quadrati lower bound fun tions.
Theorem 2 Let f : S ! R be a twi e ontinuously di erentiable fun tion where
S  Rn . Let X be an interval ve tor with X  S , and let  2 f0; 1gn. Suppose

further that

1. two real n  n matri es H; H satisfy the inequalities
H

 f 00 (x)  H

for all x 2 X;

(13)

2. a real n  n matrix H() is omponentwise de ned by
H ij () :=



H ij
H ij

for 0  i; j  n;
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if i = j
otherwise

(14)

3. an interval ve tor Y := [y; y℄ is de ned by
1
Y := H()  (X
2

x());

(15)

where all operations are interval operations, and x() is the vertex of X
orresponding to .
Then the following results are valid:
(a) The quadrati fun tion
f(x; X; ) := f(x()) + f 0 (x())T (x x())
+ 21 (x x())T H()(x x())

(16)

is a lower bound fun tion of f with f(x(); X; ) = f(x()).
(b) If H() is positive semide nite, then f(x; X; ) is a onvex lower bound
fun tion of f on X .
( ) The fun tion
g(x; X; ) := f(x()) + f 0 (x())T (x

x()) +

m
X
i=1

maxfqi1 (x); qi2 (x)g
(17)

where
qi1 (x) := y i (xi
qi2 (x) := y i (xi

xi ()) + 21 (xi
xi ()) + 21 (xi

xi ())H i: ()(x
xi ())H i: ()(x

x())
x())

(xi
(xi

xi ())y i ;
xi ())y i

is a onvex lower bound fun tion of f with g(x(); X; ) = f(x()).
As in the ase of the previous aÆne bound fun tions, this theorem gives the
possibility to generate onvex quadrati al bound fun tions. The only di eren e
is that now bounds H; H for the Hessian of f with respe t to X have to be
al ulated by using interval arithmeti . As before, also these bound fun tions
de ne a quasi onvex- on ave extension.

4 Splittings
Interval arithmeti is apable to ompute lower and upper bounds for the range
of arithmeti al expressions over a box. These bounds an be obtained by repla ing ea h real operation and real variable in an arithmeti al expression by a
orresponding interval operation and interval variable, respe tively. This pro ess
yields bounds whi h an be omputed very fast, but whi h may overestimate the
range be ause of the dependen e of variables (see e.g. Neumaier (1990)).
In order to redu e the overestimation due to the problem of dependen e, the
question arises whether it is possible to bound and to work appropriately with
6

arithmeti al expressions itself rather than with interval variables and interval
operations. In other words: Is it possible to bound an arithmeti al expression
by quasi onvex lower and quasi on ave upper bound fun tions, provided the
arithmeti al expression is splitted into two parts with respe t to one of the real
operations +; ; ; =.
In general this seems to be not possible for non onstant bound fun tions: Indeed, the sum of two onvex arithmeti al expressions is onvex, but this property
is not valid for the produ t and the ratio.
However, the following theorem shows that at least in several ases quasionvexity of lower bound fun tions for the produ t and the ratio of arithmeti al
expressions an be proved, provided these expressions satisfy ertain sign and
onvexity properties.

onvex, g; h : X ! R, and assume that g; h; g; h are
onvex lower and on ave upper bound fun tions of g and h on X , respe tively.
Then:
Theorem 3 Let X

 Rn be

1. g + h is a onvex lower bound fun tion of the sum g + h on X .
2. g

h is a onvex lower bound fun tion of the di eren e g

h on X .

3. If g is nonpositive and h is nonnegative on X , then g  h is a quasi onvex
lower bound fun tion of the produ t g  h on X .
4. If g and h are positive, and 1=g or 1=h is on ave on X , then g  h is a
quasi onvex lower bound fun tion of the produ t g  h on X .

5. If g and h are negative, and 1=g or 1=h is onvex on X , then g  h is a
quasi onvex lower bound fun tion of the produ t g  h on X .
6. If h is positive on X , then 1=h is a onvex lower bound fun tion of the
re ipro al 1=h on X .
7. If g is nonnegative and h is positive on X , then g=h is a quasi onvex lower
bound fun tion of the ratio g=h on X .
Proof. 1. and 2. follow by observing that the sum of two onvex fun tions
is onvex.
3. Using the assumptions g(x)  g(x)  0, 0  h(x)  h(x) it follows that
g(x)  h(x)  g(x)  h(x)  g(x)  h(x) for every x 2 X.
Hen e, g  h is a lower bound fun tion of g  h on X. Sin e g is nonnegative
and on ave, and h is nonnegative and on ave, Table 5.1 in Avriel et al. (1988)
implies the quasi on avity of the produ t g  h. Therefore, g  h is quasi onvex.
4. The positivity of g and h implies that g  h is a lower bound fun tion of
g  h. Sin e 1=g or 1=h is on ave, Table 5.1 in Avriel et al. (1988) yields the
quasi onvexity of the produ t g  h.
5. The assumption is equivalent to g; h are positive and 1=g or 1=h
is on ave. Table 5.1 in Avriel et al. (1988) yields the quasi onvexity of the
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produ t g  ( h). Observing that g(x)  g(x); h(x)  h(x) implies that
g  ( h) is a quasi onvex lower bound fun tion of g  ( h).
Property 6. follows from the fa t that the re ipro al fun tion of a positive
on ave fun tion is onvex on X.
To prove 7., we observe that g=h is a lower bound fun tion of g=h be ause of
the sign restri tions. The quasi onvexity of g=h follows from Table 5.4 in Avriel
et al. (1988) by using the onvexity of g and the on avity of h.

The following theorem is on erned with the omposition of fun tions.
Theorem 4 Let X  Rn be onvex, and let fi : X ! R with onvex lower
bound fun tions f i for i = 1; : : : ; m be given. Let g be a nonde reasing quasionvex fun tion on the onvex hull of the range of (f1 ; : : : ; fm) over X . Then
g(f 1 ; : : : ; f m ) is a quasi onvex lower bound fun tion of the omposition
g(f1 ; : : : ; fm ) on X .
Proof. Sin e g is nonde reasing, the inequalities f (x)  fi (x) for i =
i
1; : : : ; m imply g(f 1 (x); : : : ; f m (x))  g(f1 (x); : : : ; fm (x)) for all x 2 X. Hen e,
g(f 1 (x); : : : ; f m (x)) is a lower bound fun tion of the omposition. The remaining quasi onvexity follows from Theorem 5.3 in Avriel et al. (1988).

Several other spe ial rules an be derived in a similar manner. But this is out
of the s ope of this paper. However, there are situations where a fun tion an be
de omposed into two parts, but only one part an be well bounded by a onvex
or quasi onvex fun tion. In this ase the other part should be bounded by using
an interval extension yielding a onstant bound fun tion. Then, be ause one of
the parts is a onstant, the sum, di eren e, produ t or ratio of these two parts
an be bounded as usual.

5 Example
In order to illustrate how the previous results may be applied, we onsider the
fun tion
f(x) = (5 + 2x(1

x) + 0:5x exp(1:5x) +

1
os(6x))=(x + 0:5)
4

on the interval X = [0; 1℄. The fun tion f (see Figure 1, solid) is a non onvex
fun tion. The non onvex numerator of f an be split into two parts: g1 (x) :=
5+2x+0:5x exp(1:5x) and g2 (x) := 2x2 + 41 os(6x). The rst part is onvex,
and we set g1 (x) := g1 (x) for all x 2 X. Using Theorem 1, we bound g2 from
below by the aÆne fun tions
g 2 (x; X; ) = d()T x + fg2 (x())

d()T  x()g;

where  2 f0; 1g, and the interval D = [d; d℄ is omputed by using the slope
arithmeti whi h is ontained in INTLAB (Rump (1999)). By Theorem 3, assertion 1 it follows that the two fun tions
g(x; X; ) := g1 (x) + g 2 (x; X; );
8

 2 f0; 1g

are onvex lower bound fun tions of the numerator of f. A short al ulation
using interval arithmeti shows that both fun tions g(x; X; ) are positive. The
denominator h(x) := x + 0:5 is also positive on X. Setting h(x) = h(x) for all
x 2 X, Theorem 3 assertion 7 implies that the fun tions g(x; X; )=h(x) are
quasi onvex lower bound fun tions of the ratio g=h on X. These lower bound
fun tions are displayed for  = 0 (dotted) and for  = 1 (dash-dotted) in Figure
1. In the ase  = 1 the lower bound fun tion is not onvex but quasi onvex.
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Fun tion f and two quasi onvex lower bound fun tions

Several other numeri al examples in luding onstrained global optimization problems of large s ale are presented in Jansson (1999b), (2000).
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