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ABSTRACT
We propose a novel method for the problem of 3D surface
mesh segmentation. This mesh segmentation method is
based on differential geometry and geodesic distance information. In our algorithm, vertices of the same group of surface types are allowed to join a segment. The geodesic distance is estimated using shortest path between connected
vertices, which can be computed from well known algorithms such as the Dijkstra algorithm. However, this is
inefficient for large meshes. Therefore, in our algorithm,
instead of applying the shortest path algorithm to the entire mesh, we locally apply it to mesh partitions so that we
can avoid large computational costs. We tested our method
with 3D surface meshes of synthetic objects and molecular
structures.

proposed.
In our method, segments are initialized by applying
a mesh growing method to vertices, based on the surface
type information. We use Gaussian curvature and mean
curvature to classify the surface type of vertices. Gaussian
curvature and mean curvature are locally computed by discrete differential-geometry operators. Geodesic distance is
computed by our proposed method such that computation
of every pair’s shortest path of the whole mesh is avoided.
In Section 2, we introduce surface mesh analysis for curvatures and surface classification. In Section 3, we explain in
details about our segmentation algorithm. In Section 4, we
present experiments and show results. Finally in Section 5,
we present the conclusions.
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Introduction

The 3D mesh representation is widely used to represent
3D objects in various applications. For example, in image
analysis, it represents reconstructed surfaces of 3D objects
from 3D images [1]. Moreover, it is also used to model
and visualize complex 3D objects and scenes, which cannot be modeled by any geometric functions. One interesting problem in analysis of surface mesh is surface mesh
segmentation. The problem is to cluster vertices of a mesh
that are close to each other and have similar curvatures, into
the same group. Surface mesh segmentation is applied in
many important applications, e.g., feature detection, subpart analysis, model fitting, etc.
Mangan and Whitaker proposed an approach using
the watershed algorithm for partitioning 3D surface meshes
[2], and later Razdan and Bae extended the previous approach by proposing a hybrid approach using voxel-based
and watershed segmentation methods to segment feature of
triangle meshes [3]. In both methods, total curvature is
computed and used in segmentation. Initial segments are
set up from local minima of the total curvature. However,
in some objects, local minima of the total curvature is not
easy to find. Therefore, a new way to initialize segments is

Surface Analysis

In surface analysis, we compute Gaussian curvature and
mean curvature, and later use them to classify the surface
type of vertices. The Gaussian curvature K at a vertex point
is computed from its adjacent triangles [4, 5].
K=

ρ∆θ
,
A

∆θ = 2π −

X
i

θi ,

and A =

X

Ai ,

i

where A is the total area of the adjacent triangles Ti , for i =
1, 2, 3, . . ., and ρ is a constant 3. Figure 1 shows example
of curvature approximation at vertex P0 .
The mean curvature is defined by the divergence of
the surface around the normal vector, H = ∇~n. The mean
curvature normal for a surface mesh is computed as [5, 6,
7],
−H~n =

1 X
(cot αj + cot βj )(Pj − Pi ),
4A
j∈N (i)

where N (i) is the vertex Pi ’s adjacent polygon set, (Pj −
Pi ) is the edge eij , αj and βj are two angles in (j + 1)th
and (j − 1)th element in N (i) opposite to the edge eij ,
respectively, and A is the sum of the areas of triangles in
N (i). Figure 2 shows the approximation of mean curvature
at vertex Pi .
The surface type of a point can be classified using
Gaussian curvature and mean curvature using Besl and Jain
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where vi are vertices, 1 ≤ p, q ≤ Nv and p 6= q. V is a
list of all vertices vi in the mesh. E is a list of edges ei ,
which connect two vertices. Nv and Ne are the number of
vertices and the number of edges in M, respectively.
In our algorithm, we define four types of segments:
(i) peak-type, (ii) pit-type, (iii) minimal surface-type, and
(iv) flat-type. The peak-type segment contains vertices with
the peak, ridge and saddle ridge surface types. The pit-type
segment contains vertices with the pit, valley and saddle
valley surface types. The minimal surface-type segment
only contains vertices with the minimal surface type. The
flat-type also contains vertices with only the flat surface
type. Our proposed method consists of three phases: (1)
segment initialization, (2) computation of segment centers,
(3) assigning segments to vertices and optional segment
merging. Details are explained below.

3.1

Segment Initialization

Pj

Figure 2. Approximation of mean curvature at vertex Pi

in [8]. The surface type, T , is defined as
T = 1 + 3(1 + sgn(H, )) + (1 − sgn(K, )),
where sgn is a tolerance signum function,

 +1 : x > ,
0 : |x| ≤ ,
sgn(x, ) =

−1 : x < .
Table 1 shows the relationship of K, H and T .

H<0
H=0
H>0

K>0
Peak
T=1
none
T=4
Pit
T=7

K=0
Ridge
T=2
Flat
T=5
Valley
T=8

K<0
Saddle Ridge
T=3
Minimal Surface
T=6
Saddle Valley
T=9

Table 1. Surface types and curvature signs

In this step, peak-type, pit-type, minimal surface-type, and
flat-type segments are initially formed from consecutive
vertices with peak, pit, minimal surface, and flat surface
types, respectively. Note that other surface types of vertices
are not considered in this step. We apply a region growing
based algorithm for this segment initialization. Figure 3
presents the segment initialization algorithm. In the algorithm, there are two functions, Segment Initializing and
Mesh Growing. Segment Initializing is first called to set
up vertexSegmentList array elements to a non-id number
and then iteratively call the Mesh Growing function for
applicable vertices, which have not been assigned to any
initial segments yet. The Mesh Growing function recursively calls itself to find consecutive vertices with the same
given surface type. At last a set of initial segments is generated. Each initial segment contains connected vertices with
either peak, pit, minimal surface, or flat surface types.

3.2

Segment Center Computation

Suppose Sk be an initial segment containing a set of Nvk
vertices, Vk . Let vck ∈ Vk be the center vertex of Sk .
The center vertex is estimated from the vertex that gives
the smallest average of its geodesic distances to other vertices ∈ Vk . Since the average
Pand sum are equivalent, vck
is the center vertex such that i ||vck vik || is minimized for
all vik ∈ Vk , and ||.|| denotes the geodesic distance. The
geodesic distance is approximated from the shortest path of
vertices. To solve the problem, we first create a weight matrix [9] that not only can represent mesh connectivity of Vk ,

Segment Initializing()
Let vertexSegmentList be an array of Nv segment ids, and
sid be a segment id, where Nv is the number of vertices. Let
UNMARK be a negative constant number for un-segmented
vertices.
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STEP 3 for each vi ∈ V , which has either peak, pit, minimal
surface, or flat surface types,
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STEP 1 vertexSegmentList[i] =sid
STEP 2 for each vn ∈ V , which vn is a neighbor of vi , or
{vi , vn } ∈ E,

Let Ak be the Nvk × Nvk weight matrix of Vk , and
Ak [vik , vjk ] be matrix elements of Ak , where vik , vjk ∈
Vk . Ak is thus defined as

 |vik vjk |, if {vik , vjk } ∈ E,
0 , if vik = vjk ,
Ak [vik , vjk ] =

∞ , otherwise,
where |.| is the Euclidean distance, and E is the edge list.
We then apply the Dijkstra algorithm [10] to Ak in
order to compute shortest paths between all pairs of vertices in Vk . After applying the shortest path algorithm,
Ak [vik , vjk ] now contain the shortest distance, which is
the estimated geodesic distance between vertices vik and
vjk . The center vertex, vck , is thus the vertex that gives
the smallest sum of distances along either row or column
of matrices Ak .


N
vk


X
vck = vik min
Ak [vik , vjk ] ,


j=1

where Ak [vik , vjk ] is the geodesic distance between vertices vik and vjk , and Nvk is the number of vertices in Vk .
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Mesh Growing(vi , sid, sti)

but also can represent Euclidean distances between neighboring vertices. The Euclidean distance between two vertices vik (xik , yik , zik ) and vjk (xjk , yjk , zjk ) is computed
as
q
|vik vjk | = (xik − xjk )2 + (yik − yjk )2 + (zik − zjk )2 .

F
∞
∞
1
1
∞
0
1
1

H

• Let sti be the surface type of vi
• if (vertexSegmentList[i] = UNMARK)
Mesh Growing(vi , sid, sti)
• sid = sid + 1

Figure 3. Segment Initialization Algorithm
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• vertexSegmentList[i] = UNMARK

• Let stn be the surface type of vn
• if (stn = sti) and (vertexSegmentList[n] = UNMARK)
Mesh Growing(vn , sid, sti)
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Figure 4. Example of the center vertex of a graph (middle) and its weight matrix before (above) and after (below)
applying the shortest path algorithm. We assume that the
distance between neighboring vertices is equal to one. D is
the center vertex which gives the smallest sum of shortest
distances to other vertices equal to 8.

Figure 4 illustrates an example of the center vertex of a
graph.

3.3

Segment Assignment

In this step, each unlabeled vertex vi is assigned to an applicable segment Sk such that the geodesic distance between
the segment center vck and vi is minimized. Note that unlabeled vi means vertexSegmentList[i] = UNMARK. Figure
5 shows steps of assigning vi to corresponding segments.
The first step is to create a list Dc . Dc contains Euclidean
distances from vi to all vck whose segment types are valid
to vi as defined at the beginning of the section. In case
that there are no initial segments that are valid to vi , Dc
is empty. Say, in a mesh, there are no vertices with the pit
surface type, but there are vertices with valley and saddle
valley types. In this case, initially pit-type segments are not
created, but new pit-type segments are created later in this
phase from vertices with valley and saddle valley surface
types.
In the second step, Dc is checked. If Dc is empty,
then a new segment including vi is created, and it is added
to the initial segment list. However, if Dc is not empty,
we proceed to the next step. In the third step, we select
a distance threshold, dist p, for generating a partial mesh
in the next step. dist p is selected from the p-th smallest
distance of Dc , where at first p is equal to 1. In case that p
is increased until it is larger than the number of elements in

Dc , dist p is increased by one, and p is decreased by one.
In the fourth step, a new list of vertices, Vt , is created by including all vertices that are within the Euclidean
distance dist p from the vertex vi . Then in the fifth step,
the partial mesh of Vt is checked for connectivity. First we
create the adjacency matrix of Vt to represent connectivity
among vertices in Vt . Suppose vit be vertices in Vt , where
i = 1, . . . , Nt , and Nt is the number of vertices in Vt . Let
At be the Nt × Nt adjacency matrix of Vt , and elements of
At are defined as

1, if {vit , vjt } ∈ E,
At [vit , vjt ] =
0, otherwise.
The depth-first search algorithm is applied to At by letting
vi be the root node. Therefore, we get two sets of vertices
which are connected and not connected to vi . Vertices in
both the sets can be segment center vertices, labeled vertices, and unlabeled vertices. We then delete all vertices,
which are not connected to vi , from Vt . For connected vertices, we check whether there are segment centers that are
connected to vi ; if there are, we proceed to the sixth step,
otherwise, we update p by one and go back to the third step.
In the sixth step, we apply the Dijkstra algorithm to Vt to
compute the shortest path from vi to other segment centers
and other vertices. We then assign vi to the applicable segment whose segment center in Vt has the smallest geodesic
distance to vi .
After every vertex is assigned to a segment, we check
whether all vertices in each segment are connected by applying the depth-first search algorithm again with the segment center as the root node. Non-connected vertices are
discarded from their segments. This can happen when vertices do not have any valid initial segments that are close
to them. Therefore, we handle them by applying the mesh
growing algorithm to group vertices with the similar type
together. Recall that in some cases result segments are too
small to be used in further analysis. These small segments
may be discarded, or they can be merged with one of its
neighboring segments such that the difference of the total
curvature of two segments is less than a threshold. The total
curvature of a segment is the average of the total curvature
of all vertices in that segment, and the total curvature of a
vertex is computed as in [2].

4

Experiments

The method was tested to segment the surface mesh of 3D
structural models of proteins and 3D synthetic objects. The
3D mesh structure of each protein is reconstructed by applying the marching cube algorithm [1] to the 3D volume
of the protein structure. The 3D volume is generated from
the solvent accessible surface information and atom coordinates of the protein received from the protein data bank
[11]. For 3D synthetic objects, we created deformed objects, which contain salient features, e.g., bumps, pits, and
saddles, so we can easily see whether our method can seg-

Let vi be unlabeled vertices in V , and Sk be initial segments from
the initial process; k = 1, . . . , Ns , where Ns is the number of
initial segments.
STEP 1 compute Euclidean distances between vi and each vck ,
where vck are centers of segments Sk that have segment
types corresponding to vi ; so we get a list of distances
Dc = {dc1 , dc2 , ..., dcn },
where n is the number of initial segments.
STEP 2 check whether there are applicable segments for vi , if
there are no applicable initial segments, assign a new segment
• if Dc 6= ∅, then continue to STEP 3
• else assign vi to a new segment, add the new segment
to the initial segment list (so Ns = Ns +1) and return
STEP 3 let dist p be the p-th smallest distance in Dc (p is initially set to 1). We can apply an O(n log n) sorting algorithm to sort Dc , and pick the p-th smallest one for dist p; or
we can apply the selection algorithm to get dist p, where the
average time complexity is O(n) [10]. In case that p > n,
dist p = dist p + 1,
p = p − 1.
STEP 4 create a new list of vertices, Vt , such that
Vt = {vj ||vj vi | < dist p} ,
where |.| is the Euclidean distance, and vj ∈ V of the mesh.
Note that Vt also includes p segment center vertices whose
distances in Dc are smaller than dist p.
STEP 5 check whether there exist segment centers in Vt which
are reachable from vi by applying the depth-first search algorithm [10] to Vt
• if there exist segment centers that are reachable from
vi , then discard any vertices in Vt that are unreachable
to vi , and continue to STEP 6
• else advance p by one so that more vertices can be
included in Vt , and goto STEP 3
Note that even though by the Euclidean distance segment
centers in Vt are close to vi , they may not be close by
geodesic distance, and they may not be connected through
the local vertex connectivity in Vt .
STEP 6 apply the Dijkstra algorithm to Vt , while vi is considered as the source node; then we get the smallest distances
from all vertices in Vt to vi . Therefore, we can now assign
vi to the applicable segment whose segment center has the
smallest geodesic distance to vi .

Figure 5. Segment Assignment Algorithm

H<0
H=0
H>0

K>0
Peak
(Red)
none
Pit
(Green)

K=0
Ridge
(Yellow)
Flat
(White)
Valley
(Blue)

K<0
Saddle Ridge
(Orange)
Minimal Surface
(Pink)
Saddle Valley
(Light Green)

structures of proteins, and 3D synthetic objects. From the
experiments, our method can partition salient features of
the objects correctly, and gives satisfactory results. Currently our method is being operated as a part of our protein
docking system.
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Table 2. Surface types and colors

OBJECTS
1A2Y
1EES
OBJ 1
OBJ 2

# of
Triangles
1752
3008
2262
2212

# of
Vertices
878
1506
1144
1119

# of
Edges
2628
4512
3405
3330

# of
Segments
42
74
31
39

Time
(sec)
3.796
6.044
5.621
5.513

Table 3. Mesh information and execution times of segmentation

ment these features. We used a 3D graphic modeling software called MayaTM to create all synthetic objects.
Table 3 shows the following information of each object: (i) the number of triangles, (ii) the number of vertices, (iii) the number of edges, (iv) the number of resulting segments, and (v) the execution time, running on Sun
Workstation Ultra-5. Figure 6 visually displays segmentation results of proteins, and Figure 7 visually illustrates
segmentation results of synthetic objects. For each object,
the surface is colored differently by (i) surface normals, (ii)
surface types, and (iii) surface segments. We color the surface by surface normals of vertices, so it is easy to see the
shape of objects. For surface types, different surface types
of vertices are represented by different colors. Table 2 represents surface types and their corresponding colors. For
segmentation results, we present different segments by different random colors.
From the results, we can see that segments of salient
features can be correctly extracted by our method. These
segments are very useful for further analysis. For example, in our protein docking application, we use segments of
coarse protein surface meshes to compute possible docking configurations of two proteins such that peak and pit
segments are matched together.

5 Conclusion
We propose a surface mesh segmentation method, which
utilizes differential geometry and geodesic distance information. In our method, the Dijkstra algorithm is locally applied to approximate geodesic distances between vertices.
Moreover, the method also uses the depth-first search and
the region growing techniques for partition checking and
segment initialization, respectively. For curvatures of the
surface mesh, they are computed from discrete differentialgeometry operations. Our method has been tested with 3D
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(a). 1A2Y - Surface normals

(b). 1A2Y - Surface types

(c). 1A2Y - Surface segments

(d). 1EES - Surface normals

(e). 1EES - Surface types

(f). 1EES - Surface segments

Figure 6. Segmentation results of 3D protein structures

(a). OBJ 1 - Surface normals

(b). OBJ 1 - Surface types

(c). OBJ 1 - Surface segments

(d). OBJ 2 - Surface normals

(e). OBJ 2 - Surface types

(f). OBJ 2 - Surface segments

Figure 7. Segmentation results of synthetic objects

