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Abstract—This paper presents a simple sequential growing
and pruning algorithm for radial basis function (RBF) networks.
The algorithm referred to as growing and pruning (GAP)-RBF
uses the concept of “Significance” of a neuron and links it to the
learning accuracy. “Significance” of a neuron is defined as its
contribution to the network output averaged over all the input
data received so far. Using a piecewise-linear approximation for
the Gaussian function, a simple and efficient way of computing
this significance has been derived for uniformly distributed input
data. In the GAP-RBF algorithm, the growing and pruning are
based on the significance of the “nearest” neuron. In this paper,
the performance of the GAP-RBF learning algorithm is compared
with other well-known sequential learning algorithms like RAN,
RANEKF, and MRAN on an artificial problem with uniform input
distribution and three real-world nonuniform, higher dimensional
benchmark problems. The results indicate that the GAP-RBF
algorithm can provide comparable generalization performance
with a considerably reduced network size and training time.
Index Terms—Growing and pruning (GAP-RBF), radial basis
function (RBF) networks, sequential learning.

I. INTRODUCTION

R

ADIAL BASIS function (RBF) networks offer an efficient
mechanism for approximating complex nonlinear mappings from the input–output data. Selection of a learning algorithm for a particular application is dependent on its accuracy and speed [1]–[5]. Sequential learning algorithms are better
than batch learning algorithms as they do not require retraining
whenever a new data is received. A significant contribution to
sequential learning algorithm was made by Platt [1] through the
development of a resource allocation network (RAN), in which
hidden neurons were added sequentially based on the novelty of
the new data. Enhancement of RAN, known as a RAN extended
Kalman filter (RANEKF), was proposed by Kadirkamanathan
and Niranjan [2] in which an extended Kalman filter (EKF),
rather than the least-mean square (LMS) algorithm, was used
for updating the network parameters. A significant improvement
to RANEKF was made by Yingwei et al. [4] by introducing
a pruning strategy based on the relative contribution of each
hidden neuron to the overall network output. The resulting network referred to as MRAN has been used in a number of applications [6]. Other methods for pruning in RBF networks have
been proposed in Salmerón et al. [7], [8] and Rojas et al. [9].
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It is interesting to note that none of the above algorithms link
the required accuracy directly to the learning algorithm. Instead,
they all have various thresholds which have to be selected using
exhaustive trial-and-error studies. This issue of specifying the
various thresholds based on the needed accuracy has been raised
in MRAN for determining the inactive neurons.
This paper attempts to directly link the desired accuracy to the
significance of neurons and uses it in the learning algorithm to
realize a compact RBF network. By significance of a neuron, we
mean the contribution made by that neuron to the network output
averaged over all the input data received so far. This requires
the knowledge of the input data distribution. In this paper the
growing and pruning (GAP)-RBF algorithm is derived based
on significance of a neuron when the input data is uniformly
distributed.
Furthermore, the calculation of the significance here is
simplified by using a piecewise linear approximation to the
Gaussian function, thereby reducing the computational efforts.
In GAP-RBF algorithm, this significance is used in growing
and pruning strategies. For growing (apart from the novelty and
distance criteria used in MRAN), this algorithm uses the criterion based on the significance of the neuron (instead of the root
mean square (RMS) criterion in MRAN). If the significance is
more than the chosen learning accuracy, only then a neuron will
be added. If the significance is less than the learning accuracy,
then that neuron will be pruned. Furthermore, for both growing
and pruning, it is shown that one needs to check only the nearest
neuron (based on the Euclidean distance to the current input
data) for its significance. If the input data does not require a
new hidden neuron to be added, then the parameters of only
the nearest neuron are adjusted, resulting in a reduction in the
overall computations and thereby increasing the learning speed.
If the significance is less than the learning accuracy, then that
neuron will be pruned.
In this paper, the performance of the GAP-RBF learning algorithm is compared with other well-known sequential learning algorithms like RAN, RANEKF and MRAN on some real benchmark problems in the function approximation area. A comparison with the support vector regression (SVR) is also included as
SVR is a popular (although not sequential) kernel based method.
The results indicate that GAP-RBF algorithm can provide comparable generalization performance with reduced computational
complexity.
The paper is organized as follows. Section II describes
the principal ideas behind the GAP-RBF learning algorithm,
followed by a summary of the algorithm. Section III presents a
critical comparison of GAP-RBF with other popular algorithms.
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Section IV presents quantitative performance comparisons for
GAP-RBF with the other algorithms based on the benchmark
problems. Section V summarizes the conclusions from this
study.
II. PRINCIPAL IDEAS BEHIND THE GAP-RBF
LEARNING ALGORITHM
In this section, the main ideas behind the GAP-RBF for
growing and pruning are described.
The output of a RBF network with neurons is given by

(1)
is the response of the th hidden neuron for an
where
input vector
(2)
is its connecting weight to the output neuron, and
and
are the center and width of the th hidden neuron, re. The algorithm introduces the notion
spectively,
of significance for the hidden neurons based on their average
contribution over all inputs seen so far. This is described in the
following paragraph.
In sequential learning, a series of training samples
,
are randomly drawn and presented
one by one to the network. We assume that these input samples
have a uniform distribution and the range for the input is
. After sequentially learning observations, assume that a
RBF network with neurons has been obtained. The network
is given by
output for an input

(3)
If the neuron is removed, the output of the RBF network with
the remaining
neurons is

Fig. 1. Approximation of a Gaussian function by piecewise-linear functions.

Significance of a neuron is defined as its average output over
all the input samples it has seen, as given by the above equation.1
Calculation of
in a sequential learning scheme would
require storing all the past inputs and their corresponding outputs. This will be a time-consuming operation and is not ideal
for sequential real-time applications. A simplified approach to
without storing all the past inputs and their
calculate
corresponding outputs is given below.
,
When
. Then, the average error
mainly results from
losing outputs for the observations located in the impact area
of neuron . The average error can
then be approximated as

(7)
The above equation for significance of a neuron requires a
computation involving exponential function which may be time
consuming. In order to simplify this, a piecewise-linear approximation to the Gaussian function as shown in Fig. 1 is made use
of here. For simplicity, the computation of the
when
and
are scalars (for the one-dimensional input case) is given
as follows:
if

(4)

if

Thus, for an observation , the error resulting from removing
and
;
neuron is the absolute difference between
that is

if
if
otherwise

Then, the average error for all
to removing neuron will be

(5)
sequentially learned inputs due

(6)

(8)
Suppose that there are input samples located in the impact
,
) of neuron and those observaarea (
tions are uniformly drawn from , there are
1From functional space [2] point of view, the “significance” can be considered as the average distance between the two RBF network functions f and f
before and after removing a neuron.
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observations located in the area (
,
) and
input samples located in the area
. Then, by approximations (7) and (8), we have

Extending the above for the case when
-dimension, we have

and

(9)
are vectors of

(10)
Since all observations are uniformly distributed in the range
,
, where
is the size of
the range
the training samples are drawn from, we have
, which is the contribution of
neuron to the overall performance of the RBF network. Thus,
the “significance” of neuron can be quantified as
(11)
where is the dimension of the input space. The significance
given by the above equation assumes a uniform distribution
for the input data. For other general distributions like normal,
Rayleigh, etc., the expressions for significance will be highly
complex and are presented in Huang, et al. [10].
The learning process of RAN, RANEKF, and MRAN
involves the allocation of new hidden neurons as well as
adaptation of network parameters. The RBF network begins
with no hidden neurons. As observations are received during
training, some of them may initiate new hidden neurons based
if
on a growing criterion. For the newly added neuron
, it means
that the newly added neuron makes insignificant contribution
to the overall performance of the whole network and hence
this neuron should not be added at all. Therefore, an enhanced
growing criterion to make the growing process smooth should
be: if for new observation ( , )

(12)

should be added and the parameters assoa new neuron
ciated with the new hidden neuron are taken as follows:
(13)
and
is the center which is nearest
where
to .
If the significance of neuron to the overall performance of
, neuron
the RBF network is less than the expected accuracy
is insignificant and should be removed; otherwise, neuron
is significant. Thus, we have a new pruning criterion, which is

independent of the true function to be learned. For neuron ,
, if
given the desired approximation accuracy
(14)
then the average contribution made by neuron in the whole
and the neuron
range is less than the expected accuracy
is insignificant; thus, neuron can be removed. That means,
after learning each observation, for all neurons, check whether
,
, and all the neushould be removed.
rons with
, its first and second derivaFor the Gaussian function
tives will approach zero much faster as moves away from
of EKF [4] all elements
zero. Thus, in the gradient vector
except the parameters of the nearest neuron will approach zero
quickly. In order to increase the learning speed further, instead
of adjusting the parameters and conducting pruning checking
for all neurons after each observation, one may only need to
adjust parameters for the nearest neuron and check the nearest
neuron for pruning if no new neuron is added. It is neither necessary to adjust the parameters for all neurons nor necessary
to check all neurons for possible pruning. If a new observation arrives and the growing criteria (12) is satisfied, a new significant neuron will be added. Since the parameters of all the
rest neurons remain unchanged those neurons will remain significant after learning the new observation, and the new added
neuron is also significant, thus, pruning checking need not be
done after a new neuron is added. If a new observation arrives
and the growing criteria (12) is not satisfied, no new neuron will
be added and only the parameters of the nearest neuron will be
adjusted. Thus (for the sake of increasing the learning speed),
only the nearest neuron needs to be checked for growing and
pruning.
Thus, we have a simple and efficient growing and pruning
RBF algorithm as follows.
GAP-RBF Algorithm:
Given an approximation error emin , for
each observation ( n ,yn ), where n 2 l , do
1. compute the overall network output

x

f (x n ) =

x

R

K

1
k exp 0 2 kxn 0 k k2
k
k=1

(15)

where K is the number of hidden neurons.
2. calculate the parameters required in
the growth criterion

n = maxfmax n ; min g;
e n = yn 0 f (x n )

(0

< < 1)
(16)

3. apply the criterion for adding neurons
If jen j > emin and k n 0 nr k > n and

((1:8

x

1 kxn 0 nr k)ljen j=S (X )) > emin

allocate a new hidden neuron

K +1 = en
K +1 = xn
K +1 = kxn 0 nr k:

K+1

with

(17)
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Else
adjust the network parameters nr , nr ,
nr for the nearest neuron only, using the
EKF method.
check the criterion for pruning the
hidden neuron:
If j((1:8nr)l nr =S (X ))j < emin , where S (X )
is the estimated size of the range where
the training samples are drawn from,
remove the nrth hidden neuron
reduce the dimensionality of EKF
Endif
Endif

III. COMPARISON OF GAP-RBF WITH OTHER ALGORITHMS
In this section, we present a critical comparison of GAP-RBF
with the earlier RBF sequential learning schemes. The learning
algorithms compared are RAN, RANEKF, MRAN, and also the
algorithms developed by Salmerón et al. [7] and Rojas et al. [9].
A. Selection of Algorithm Parameters
In order to achieve a compact RBF network, MRAN introduces several algorithm parameters such as average expected
error (for smooth neuron growth)
, pruning threshold , and
growing and pruning sliding window size . But there is no
guideline as to how one chooses the right values for these parameters. These parameters critically depend on the true functions
(which we are trying to approximate) and the right values for
these parameters can not be selected intuitively. Also these parameters depend implicitly on the specified approximation error.
The algorithms proposed in Salmerón et al. [7] and Rojas
et al. [9] also encounter similar difficulty of selecting appropriate parameter values. For example, the algorithm proposed
in Salmerón et al. [7] needs tuning of more than 15 parameters
as shown in Salmerón et al. [7, Tables I and II]. However, the
, since
only parameter required by the GAP-RBF may be
the rest of the parameters could be fixed in most cases, as was
done in all our simulations.
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all the input samples. Smooth growth of neurons can also be
seen from the simulation results shown in Section IV.
C. Role of Significance of Neurons
In MRAN, Salmerón et al. [7] and Rojas et al. [9], there
are no fixed relationships between the pruning threshold and
the expected approximation accuracy. The pruning strategies
used in MRAN, Salmerón et al. [7] and Rojas et al. [9] are not
accuracy-dependent.
In GAP-RBF, the growing and pruning is based on the relationship between the significance of a neuron and the approximation accuracy. Based on the proposed significance determination criterion (14), the GAP-RBF changes neurons very
smoothly, since it is guaranteed that the newly added neuron is
significant and at most only one neuron (the nearest one) can be
pruned at a time.
Mozer and Smolensky [11], [12] have used the concept of
“relevance” to reduce network size automatically. It is to be
noted that there are salient differences between the significance
defined in this paper and Mozer and Smolensky’s relevance of
neurons. Conceptually speaking, the significance of a neuron is
defined as the overall contribution of that neuron to the output
of the network while the relevance of a neuron is defined as the
difference between training errors before and after removing
that neuron from the (fully trained) network. As discussed in
is
Mozer and Smolensky [11], [12], the cost of computing
stimulus presentations, where is the number of neurons in the network and is the number of observations in the
training set. “If the training set is not fixed or is not known to
the experimenter, additional difficulties arise in computing .”
, which fluctuates
The approximation for is
“strongly” in time [11], [12]. In sequential learning, neither the
training set nor the training errors are known in advance, and
it is not straightforward to calculate a neuron’s relevance. The
significance defined in this paper is not related to the training
errors of the whole training set and only depends on the neurons’ own parameters such as centers and impact widths and its
computing is extremely simple.
D. Computational Complexity

B. Smooth Growth of Neurons
In order to make the neuron growth smooth, MRAN augments the basic novelty criteria of RAN and RANEKF with an
additional condition based on the RMS value of the output error
over a sliding data window. This condition checks if the RMS
over a sliding window
is
value of the output error
. It is given by
greater than a threshold
(18)
where is the network output error at th instant and
is
the threshold selected for this criterion. This additional condition was introduced to ensure that the transition in the number
of hidden neurons due to growing is smooth. It is not straightforand
ward to determine these values for the parameters
“a priori”. But in the GAP-RBF algorithm the neuron growth is
inherently smooth as it is based on the significance of the neuron
over all the input samples seen so far, although it does not store

Compared with RAN, for each observation, MRAN needs
additional
operations to smoothen the growing of neurons, and
operations for sorting and comparison in
and
are the sliding window size
pruning phase, where
and
and the number of hidden neurons respectively. As
increase, the computational complexity of MRAN will also increase. Since the EKF algorithm is used for the update, the complexity of the matrix operations in EKF increase at the rate of
. The computational complexity of Salmerón et al. [7] and
Rojas et al. [9] are even worse than MRAN.
The complexity of GAP-RBF is much less since only the
nearest neuron is checked for significance. GAP-RBF needs
only one step (times and division) operation for pruning
checking and a simple sparse matrix operation for parameter
adjustment at each step using the EKF. It should be noted that
in GAP-RBF when the parameters of the nearest neuron are
adjusted all the cross correlation terms between the nearest
neuron and all other neurons are also updated. All remaining
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elements of the error covariance matrix are unchanged from
their previous values. This is different to the philosophy used in
the decoupled EKF (DEKF) algorithm (for MLP) proposed by
Puskorius and Feldkamp [13], [14] to reduce the computational
complexity. The key feature of DEKF is to ignore the interdependencies of mutually exclusive groups of neurons, i.e, the
cross correlation terms of the error covariance matrix . When
a neuron’s parameters are adjusted in the DEKF based learning
algorithm, the cross correlation elements of that neuron to
all the other neurons as well as all the other elements of the
error covariance matrix are assumed zero. Although only the
nearest neuron is adjusted in our proposed learning algorithm,
the interdependencies of different neurons are still maintained
in order to achieve higher learning accuracy.
E. Memory Requirements
The implementation of the algorithm introduced in Rojas et
al. [9] requires remembering all the input observations. MRAN
has to remember the past
instantaneous errors and
consecutive normalized outputs. The GAP-RBF algorithm does not
have any special memory requirements since it only needs to
remember the basic information of the network, i.e, the centers,
widths, and weights of neurons.
Thus, with the introduction of the significance of neurons,
which is accuracy-dependent, GAP-RBF can efficiently achieve
a more compact network smoothly with higher accuracy and
speed.
IV. PERFORMANCE EVALUATION OF GAP-RBF ALGORITHM
In this section, the performance of the GAP-RBF learning algorithm is compared with other well-known sequential learning
algorithms like RAN, RANEKF and MRAN on benchmark
problems in the function approximation area. We also compare
the performance of GAP-RBF with support vector regression
(SVR). SVR is a kernel based regression algorithm with a
rigorous mathematical basis. However, it should be noted that
SVR is a batch learning algorithm and it needs all the data
before training phase can commence, whereas GAP-RBF is a
sequential learning algorithm in which all the training data may
not be available at the same time. The comparison with SVR
has been done for one artifical and one real world problems.
The benchmark problems are: 1) approximation of a rapidly
varying continuous function; 2) approximation of the age of
abalone using the abalone database; 3) Boston housing prediction—prediction of median house prices in the Boston area;
and 4) auto-mpg—prediction of the fuel consumption of different models of cars. The first two problems are single-input
single-output problems with uniform input distribution. The
last three problems available in the UCI machine learning
repository [15] are from the real world and are of higher dimensions and nonuniform input distribution. For each problem
(except RANEKF for the abalone database), 50 trials have
been done and the mean and standard deviation of achieved
training/testing errors, number of neurons and CPU time have
been compared. The training and testing observations are randomly generated for each trial of simulation and thus, for the
same application different trial has different set of training

and testing observations. All the simulations are carried out in
MATLAB 6.5 environment running in a Pentium 4, 1.7-GHZ
CPU. The simulations for SVR are carried out using compiled
C-coded SVM packages: LIBSVM [16] running in the same
PC. It should be noted that a C implementation would usually
be much faster than a MATLAB implementation as done for
GAP-RBF.
During all the experiments including those shown in this sec,
,
tion, we have fixed the values as
, and
. The expected approximation accuchosen for all cases is 0.0001.
racy
A. Artificial Problem
In this case, GAP-RBF, MRAN, RANEKF, RAN, and SVR
are used to approximate the following rapidly changing continuous function referred to as “SinE”
(19)
For each trial, a training set ( , ) with 3000 data is created,
where ’s are uniformly randomly distributed in the interval
(0,10). There are 1500 testing data ( , ) with randomly distributed in the same range (0,10). For the MRAN algorithm, the
. After trial and error,
pruning threshold is chosen as
an appropriate size of sliding window for growing and pruning
. Since training samples are drawn from
is chosen as
,
. For SVR, the parameter
the range
was tuned to
along with other parameters.
Figs. 2 and 3 show that compared to RAN, RANEKF and
MRAN, the GAP-RBF achieves better generalization performance and realizes the most compact network in the shortest
training time. It can be further seen from Fig. 3 that GAP-RBF
algorithm changes neurons much more smoothly compared to
MRAN. These figures are for a typical trial and similar trends
were observed for other trials and other applications as well.
Since SVR is not really a “sequential” learning algorithm like
GAP-RBF, SVR has to start only after all the training samples
are received. Thus, we are not able to give the per-observation
CPU time and error information, as shown in Fig. 2, nor the
neuron/support vector evolution as in Fig. 3.
The final results for all the algorithms are shown in Table I.
It can be seen from Table I that GAP-RBF performs better than
all other algorithms.
B. Real-World Benchmark Problems
1) Abalone Age Prediction: The abalone problem [15] has
4177 cases predicting the age of abalone from physical measurements. Each observation consists of eight continuous input
attributes and one integer output. There are three values for the
first attribute: male, female, and infant, and this is an extremely
nonuniform problem. For simplicity, the eight input attributes
and the output can be normalized to the range
. The paand
.
rameters of SVR algorithm are tuned as
For the MRAN algorithm, the growing and pruning threshold
and an appropriate size of sliding
is chosen as
. Since
window for growing and pruning is chosen as
the eight attributes of training samples are within the range
, we set
for GAP-RBF.
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Fig. 2. Performance comparison for learning true function: Sin E. (a) Spent
CPU time. (b) Rms error for training observations.

For this problem, 3000 training data and 1177 testing data are
randomly generated from the abalone database. RANEKF was
not able to successfully learn abalone dataset if the memory of
the computer was capped at 256 MB as the simulations always
stop due to large number of neurons involving very large matrix
computations. Thus, additional 1 GB memory was provided to
the system when RANEKF was run for the abalone database.
Since the learning time of RANEKF for the abalone database is
much larger than the rest of algorithms, only 10 trials have been
done for RANEKF.
Table II shows performance comparison of MRAN, RAN,
GAP-RBF, RANEKF and SVR algorithms. It can be seen from
the table that GAP-RBF produces comparable testing errors
with that of the other algorithms, with the reduced network size
and computation time.
2) Boston Housing Prediction: Boston housing database
[15] has 506 cases concerning housing values in suburbs of
Boston. Each observation consists of 13 input attributes (12 continuous attributes and one binary-valued attribute) and one
continuous output (median value of owner-occupied homes).
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Fig. 3. Neuron updating progress for learning true function: SinE.
(a) GAP-RBF, RAN, RANEKF, MRAN. (b) GAP-RBF.

The 13 input attributes and the output can be simply normalized
. After simply analyzing the distributions of
to the range
the 13 input attributes, it was found that the 13 input attributes
are mainly nonuniformly distributed in the subspace

for this case,
algorithm as:

. Thus,
can be simply estimated for the GAP-RBF

.
For the MRAN algorithm, the growing and pruning threshold
and an appropriate size of sliding
is chosen as
. For
window for growing and pruning is chosen as
each trial, 481 training data and 25 testing data are randomly
generated from the Boston housing database with random
sequence. As shown in Table III, the GAP-RBF achieves a
smaller network and takes less training time than other algorithms with comparable generalization performance to MRAN
and RANEKF, but is much better than RAN.
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TABLE I
PERFORMANCE COMPARISON FOR LEARNING TRUE FUNCTION: SinE

TABLE II
PERFORMANCE COMPARISON FOR LEARNING REAL-WORLD DATA: ABALONE

TABLE III
PERFORMANCE COMPARISON FOR LEARNING REAL-WORLD DATA: BOSTON HOUSING PREDICTION

3) Fuel Consumption Prediction of Automobiles: The autompg problem [15] is a fuel consumption prediction of different
models of cars based on the displacement, horsepower, weight
and acceleration of the cars. There are 398 observations for
predicting the fuel consumption (miles per gallon) of different
models of cars. It consists of seven inputs (four continuous
ones: displacement, horsepower, weight, acceleration; and three
multivalues discrete ones: cylinders, model year and origin)

and one continuous output (the fuel consumption).2 For this
problem, for each trial of simulations, 320 training data and
78 testing data are randomly generated from the Auto-Mpg
database. Performance among GAP-RBF, RAN, RANEKF and
MRAN are compared for this problem.
2[Online] Available at: http://www.niaad.liacc.up.pt/~ltorgo/Regression/autompg.html
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TABLE IV
PERFORMANCE COMPARISON FOR LEARNING REAL-WORLD DATA: AUTO-mpg

For simplicity, the eight input attributes and one output have
been normalized to the range [0,1] in our experiment. After analyzing the distributions of the eight input attributes, they were
found to be mainly nonuniformly distributed in some subspace
can be simply estimated as
. For
and its
the MRAN algorithm, the growing and pruning threshold was
and an appropriate size of sliding
chosen as
window for growing and pruning was chosen as
after
several trial-and-error runs.
Table IV presents the generalization performance obtained by
GAP-RBF, MRAN, and RANEKF which are comparable and is
much better than that of RAN. GAP-RBF runs faster than all
the rest algorithms for training and obtains the smallest network
size.
V. CONCLUSIONS
In this paper, a simple idea to define and quantify the significance of a neuron is introduced and this is linked to the
learning accuracy. Based on the definition of the significance
of a neuron, a new growing and pruning RBF network called
GAP-RBF has been developed. The growing and pruning criteria allows adding and pruning of neurons only when it is significant to the overall performance of the network. This results
in a smooth growth of neurons and a compact network. Further,
only the nearest neuron needs to be checked for growing and
pruning. This makes the algorithm computationally efficient.
Performance of the GAP-RBF learning algorithm has been
compared with other sequential learning algorithms like RAN,
RANEKF and MRAN on four benchmark problems in the function approximation area. Also, a comparison with SVR is done
for an artificial and one real world problem. The results indicate
better performance of GAP-RBF algorithm in terms of generalization, network size and training speed when the input data is
uniformly distributed (Problem 1). When the input data is not
uniformly distributed (abalone, Boston housing and auto-mpg),
GAP-RBF gives comparable generalization performance with a
much smaller network size and much less training time.
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