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Abstract—We consider the problem of binary hypothesis testing using
binary decisions from independent and identically distributed (i.i.d). sensors. Identical likelihood-ratio quantizers with threshold are used at the
sensors to obtain sensor decisions. Under this condition, the optimal fusion
rule is known to be a -out-of- rule with threshold . For the Bayesian detection problem, we show that given , the probability of error is a quasiconvex function of
and has a single minimum that is achieved by the
. Except for the trivial situation where one hypothunique optimal
esis is always decided, we obtain a sufficient and necessary condition on
, and show that
can be efficiently obtained via the SECANT algorithm. The overall optimal solution is obtained by optimizing every pair
). For the Neyman–Pearson detection problem, we show that the
of (
use of the Lagrange multiplier method is justified for a given fixed since
the objective function is a quasi-convex function of . We further show that
the receiver operating characteristic (ROC) for a fixed is concave downward.
Index Terms—Decision-making, multisensor systems, quantization,
signal detection.

I. INTRODUCTION
In this correspondence, we consider the problem of binary hypothesis testing using quantized sensor data. In our problem, n sensors observe an unknown hypothesis. The sensor observations are independent
and identically distributed (i.i.d.) given the unknown hypothesis. Identical binary quantizers are employed at the sensors to yield n binary
sensor decisions. These preliminary decisions are then transmitted to
a fusion center. Based on received sensor decisions, the fusion center
makes the final decision regarding the unknown hypothesis. Besides
the distributed detection applications [1], this problem occurs in many
other situations. In radar signal processing, a similar problem arises
and is often referred to as the binary integration problem [2]–[4]. In
communications, it is the 1-bit version of the generalized quantizer-detector design problem [5], [6].
A fundamental result is that when the sensor observations are conditionally independent, the optimal sensor quantizers are likelihood ratio
threshold tests, normally using different thresholds [1]. However, the
determination of these thresholds is generally difficult because multiple local optima may exist [1]. A person-by-person-optimal (PBPO)
solution can be numerically obtained, for example, via the widely used
Gauss-Seidel procedure, but the result may be only locally optimal.
In this correspondence, identical sensor quantizers are used, i.e.,
the same likelihood ratio threshold  is used at all the sensors. Using
identical sensor quantizers gives suboptimal result when the number
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of sensors is finite. However, in many cases the loss of optimality
has been observed to be small. Moreover, the loss vanishes when
the number of sensors goes to infinity [7], [8]. Using identical
sensor quantizers significantly simplifies the problem. In this case,
the optimum fusion rule is a k -out-of-n rule with threshold k [1].
We first consider the Bayesian problem where we seek the optimum
(; k) that minimizes the average probability of error. We then consider the Neyman–Pearson problem in which we seek the optimum
(; k ) such that the probability of detection is maximized while the
probability of false alarm is kept below a prescribed level.
A recent study by Shi, Sun, and Wesel [9] reveals an interesting property of this problem: quasi-convexity. They considered the problem of
distributed detection of known signals in additive noise with identical
sensors. Each sensor observation was a univariate random variable.
Each sensor made a binary decision by comparing its observation to a
threshold. For additive generalized Gaussian noise with any priors and
for certain other additive noises with equal priors, they showed that the
probability of error is a quasi-convex function of the sensor threshold,
given a fixed k -out-of-n fusion rule.
The concept of quasi-convexity [10] can be quite useful since it
eliminates the existence of multiple local optima. Hence, an optimum
determined by any optimization method is the global optimum. Furthermore, it provides justification for the use of the Lagrange multiplier method for solving the Neyman–Pearson problem with identical sensors. This method is not applicable to the general distributed
Neyman–Pearson problem due to a lack of convexity of the objective
function. Quasi-convexity results obtained in this correspondence show
that the Lagrange multiplier method can be used for a class of distributed Neyman–Pearson problems.
In this correspondence, we consider a much more general situation
where sensor observations have an arbitrary probability distribution
and sensor quantizers are defined in the likelihood ratio space rather
than in the observation space as in [9], since the optimal sensor quantizer is a likelihood ratio threshold test [1]. For the Bayesian detection
problem, we show that for arbitrary prior probabilities and for a fixed
k -out-of-n fusion rule, the probability of error is a quasi-convex function of the sensor likelihood ratio threshold. We develop a method for
computing the optimal threshold. For the Neyman–Pearson detection
problem, we show that when the Lagrange multiplier method is used for
a fixed k -out-of-n fusion rule, the objective function is a quasi-convex
function of the sensor likelihood ratio threshold. The resulting receiver
operating characteristic (ROC) is concave downward. The proof of
these results is based on some fundamental properties of the sensor
ROC. Based on the above results, one may first optimize the sensor
likelihood ratio threshold, and then the k -out-of-n fusion rule.
In Section II, we present some notations and definitions. In Section III, we consider the Bayesian problem and prove the quasi-convexity property for the average probability of error. In Section IV, we
consider the Neyman–Pearson problem and show that the Lagrange
multiplier method is applicable. In Section V, we make some concluding remarks.
II. NOTATIONS AND DEFINITIONS
Let us consider a fusion system that consists of n sensors and a fusion center. This system is used to determine whether an unknown hypothesis is H0 or H1 . Let q0 and q1 denote the prior probabilities of
H0 and H1 .
Let X i denote the observation of the ith sensor, i = 1; . . . ; n. When
Hj is true, X i follows the probability distribution function pj (xi ), j =
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0; 1.

Let ui denote the decision of the ith sensor, which is the output
of likelihood ratio threshold test
u =1
p1 (xi ) 

(1)
p0 (xi ) u <=0

where  is the common threshold since identical sensor quantizers are
employed.
The sensors transmit their decisions to the fusion center. Based on
the received sensor decisions, the fusion center makes the final decision
u0 . Let u0 = 0 if the fusion center decides H0 . Let u0 = 1 if the
fusion center decides H1 . We recall that an optimum fusion rule is a
k -out-of-n rule [1]
if u1 + 1 1 1 + un

1;

u0 =

k

if u1 + 1 1 1 + un < k

0;

Throughout this correspondence, we assume that PF and PD have
first-order derivatives with respect to . This assumption is not restrictive in practical situations.
Lemma 1: Pek is a quasi-convex function of .
dP
Proof: To prove the lemma, it suffices to show that either d  0
dP
dP
dP
(or d  0) for all , or d  0 when   3 and d  0 when
3
3
   for some  . Some fundamental properties of ROC are used
in the proof.
Taking the derivative of both sides of (4) with respect to  and using
(3a), (3b), and dP
dP = , we obtain

dPek
d

(2)

PD

= Prob(u1 = 1

and

0

jH ):

QD =

n i
PF (1 0 PF )n0i
i
i=k

(3b)

III. THE BAYESIAN DETECTION PROBLEM
In this section, we first consider a special case of the Bayesian detection problem and then comment on the general Bayesian problem.
Using QF and QD , we express the probability of error Pe as
+ q1 (1

0 QD ):

(4)

Pe is a function of k , , q0 , and q1 . Our goal is to find  and k that
minimize Pe . Toward this goal, we first find the optimum  that minimizes Pe for each k , where 1  k  n. We then choose the smallest
of these minima and the corresponding values of  and k . This systematic procedure is exhaustive and is guaranteed to result in a globally
optimal solution. Let Pek denote the probability of error for a fixed k .
The process is stated as follows:

Pe;k min = min Pek ;
Pe; min



1

n01
k01

1 (0PF0 ) 1 q PFk0 (1 0 PF )n0k :
1

0

kn

k
= min Pe; min :
k

Next, we consider the minimization of Pek for each k , where 1 
k  n. We show that Pek is a quasi-convex function of . By a quasiconvex function f () of , we mean that for some 3 , f () is nonincreasing for   3 and f () is nondecreasing for   3 [10].

q1
q0

1 (0PF0 ) 1 [q PFk0 1 (1 0 PF )n0k]
1

0

+ ln  + (k

(5)

Now we have

(3a)

A number of performance criteria can be formulated based on QF
and QD . In the next section, we use the minimum probability of error
criterion. We also show that the result holds for the general Bayesian
problem. In Section IV, we use the Neyman–Pearson criterion.

Pe = q0 QF

1

1

0 1) 1 ln PPDF
1 0 PD
+ (n 0 k ) 1 ln
:
1 0 PF

r(; k) = ln

dPek
d

n

n i
P (1 0 PD )n0i :
i D
i=k

dQD
d

1 (0PF0 ) 1 q PDk0 (1 0 PD )n0k

n01
k01

g(; k) = n

1

n

=

1

Define

The (PF ; PD ) curve is generally referred to as the ROC.
The quality of the fusion center decision u0 is measured by the
system false alarm probability QF and the system detection probability
QD

QF

0q

n01
k01

0n

jH )

= Prob(u1 = 1

dQF
d

=n

where k is an integer and 1  k  n.
For all the sensors, let PF denote the identical false alarm probability
and PD the identical detection probability, where

PF

= q0

= g (;

k) 1 er(; k) 0 1 :

(6)

Noting that PF decreases as  increases, i.e., dP
d  0, we have
dP
g(; k)  0. Therefore, the sign of d is determined by the value of
r(; k). Now it suffices to show that r(; k) is either always negative
(positive), or r(; k)  0 for   3 and r(; k)  0 for   3 for
some 3 .
Taking the derivative of both sides of (5) with respect to , we obtain

dr(; k)
d

=

1



+

F
0 dP
d

1 kP0D1 1

PD
0
PF

+

n0k
0 PD

1

1  0 1100 PPFD

: (7)

Since (PF ; PD ) is a point on a ROC curve, which is concave downward as shown in Fig. 1, we have

PD
PF

   11 00 PPDF :

Combining this result with the fact that 1  k  n, we know that the
term in the square bracket in the right-hand side of (7) is nonnegative.
dr(; k)
Recalling that dP
d  0, we have d > 0, i.e., r(; k) is a monotone increasing function of . Hence, r(; k) intersects the -axis at
most once. This proves the lemma.
In many situations, use of the log-likelihood ratio is preferred. Let
Because  is a monotone increasing function of , Lemma
1 holds when  is replaced by  .
Corollary 1: Given k , Pek is a quasi-convex function of  .
The proof of Lemma 1 implies that Pek has a single minimum that is
achieved by a unique . This result is stated in the following theorem.



= ln .
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Sensor ROC.

Theorem 1: Pek has a single minimum, which is achieved by a
unique .
The proof of Lemma 1 suggests that if  satisfies r (; k) = 0, then
 minimizes Pek . This is a sufficient condition stated in the following

and
lim

!+1

ln

q1
q0

+ ln  + (k

0 1) ln PPDF + (n 0 k) ln 11 00 PPDF

= 0:

lim

 !01 (n

(8)

It is shown later that for nontrivial solutions, i.e., when the fusion
system does not always decide one hypothesis, r(; k) = 0 is also a
necessary condition on the optimal .
To use Theorem 2 to find the optimal , r(; k) = 0 must have a
positive root. This condition is satisfied for a class of sensors. On the
sensor ROC, let 0; 0 denote the slope at the point (0; 0), and 1; 1 the
slope at the point (1; 1). The following theorem shows that if 0; 0 =
1 and 1; 1 = 0, then r(; k) = 0 has a positive root for any nonzero
prior probabilities. This result can be obtained using simple calculus
and the properties of ROC that
lim

!0

1



1 11 00 PPDF

=1

and

lim

!+1

1 PD
1
 PF

= 1:

Theorem 3: For a given k , 1  k  n, if 0; 0 = 1, 1; 1 = 0,
and q0 ; q1 > 0, then r(; k) = 0 has a unique positive root.
Putting

PD
PF
1 1 0 PD
lim
1
!0  1 0 PF
1 0 PD
lim
!+1 1 0 PF
lim

!0

=1
=1
=1

=1

into (5), and using  = ln , we have

theorem.
Theorem 2: For a given k ,  minimizes Pek if it satisfies

1 PD
1
 PF

r(; k)

0 k + 1) 1 

=1

and

lim

 !+1

r(; k)
k1

= 1:

Therefore, r(; k) is approximately a linear function of  at 61.
Using this property, we can approximate the r(; k) curve by two
straight lines and use the SECANT algorithm [11] to find the root of
r(; k) = 0. This algorithm is stated as follows.
1. Choose " > 0. Arbitrarily choose 1 ; 2 . Let r1 = r(1 ; k) and
r2 = r(2 ; k). Set i = 3.
2. Let

r 1 0r 1
i = i01 i02 i02 i01 :
ri01 0 ri02
Let ri = r(i ; k).
3. If jri j  ", stop; otherwise, let i = i + 1, go to step 2.
When 0; 0 = 1 and 1; 1 = 0, the algorithm converges quickly
because r(; k) is well approximated by two straight lines, as shown

in Fig. 2.
Since r(; k) is a monotone increasing function of , r(; k) = 0
has a root if and only if r(0; 0 ; k)  0 and r(1; 1 ; k)  0. When
these conditions are satisfied, the uniqueness of the optimal  (Theorem 1) implies that r(; k) = 0 is a necessary condition on the optimal . On the other hand, if r(0; 0 ; k) < 0, H0 is always decided;
if r(1; 1 ; k) > 0, H1 is always decided. These are trivial solutions.
From Theorems 2 and 3, we observe that the optimal value of  is
intimately related to k , q0 , and q1 . Here we present some results on
these relationships. Suppose r(; k) = 0 has a positive root k for
each k , where 1  k  n.
Lemma 2: k is a decreasing function of k for fixed q1 and q0 ,
except when PD = PF , or when the sensors always decide H1 .
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Fig. 2.

The SECANT algorithm.

Proof: It suffices to show d
dk

dk
dk

=

0

ln
1

k
+

PD
PF

+

 0. Using (8), we have

Since

PD
PF

0 ln 11 00 PPDF

k01
1
PD

n0k
0 PD

1

F
0 dP
dk

PD
PF

1

F
1 0 dP
1
dk

k 0



1

0 PD
0 PF

:

Since

PD
PF
dP
d
if

 k  11 00 PPDF

 0, and 1  k  n, we have ddk  0. The equality holds only
PD
PF

=

k

=

0 PD
1 0 PF

1

Lemma 3: k is a decreasing function of q1 =q0 for fixed k , except
when the sensors always decide H1 .
Proof: Let s = q1 =q0 . It suffices to show that d
ds  0. Using
(8), we have
=

0 1s

1

k
+

k01
F
1 0 dP
PD
dk
n0k
F
1 0 dP
1 0 PD
dk
+

1

1

PD
PF

0 k
1 k 0 11 00 PPDF



Next, we illustrate the theoretical results in an example. We consider
the detection of known signals in Gaussian noise. The sensor observation is xi = si + zi , where si = 6d is the transmitted signal and zi is
a Gaussian random variable with zero mean and unit variance.
Define H0  fsi = 0dg and H0  fsi = +dg. The log-likelihood
ratio i for this problem is given by i = 2dxi . The sensor false alarm
and detection probabilities are

PF

or k = 0. To satisfy the first condition, the sensors must have PD =
PF , i.e., they cannot distinguish H0 and H1 . To satisfy the second condition, the sensors must always decide H1 . These are trivial situations
and will not be considered in this correspondence.

dk
ds

 

dP
0, and 1
k n, we have d
0. Equality holds if and
d
ds
only if s = + , i.e., q1 = 1, or k = 0. To satisfy these conditions,
the sensors must always decide H1 . This is a trivial situation and will
not be considered in this correspondence.

0 k
1

 k  11 00 PPDF

:

=

Q



2d

and PD = Q

+d



2d

0d

where  is the log-likelihood ratio threshold and

Q(z) =

1
z

p1

2

e0

dx:

With fixed n = 5 and d = 1, we observe the relationship between Pek ,
 , k , q0 , and q1 .
In Fig. 3, with q0 = q1 = 0:5, Pek is plotted against  for each value
of k . We can see that for any given k , Pek is a quasi-convex function
of  and has a single minimum achieved by a unique value of  . These
results agree with the main results of Section III. We also notice that
the optimal  decreases with k , as suggested in Lemma 2.
In Fig. 4, with q0 = 0:25 and q1 = 0:75, Pek is plotted against 
for each value of k . Comparing this figure to Fig. 3, we notice that the
optimal  for each value of k has decreased. These decreases are due
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Probability of error with equal prior probabilities.

to the increase in q1 and of course the decrease in q0 , as implied by
Lemma 3.
In Fig. 5, with q0 = q1 = 0:5, r (; k) is plotted against  for
each value of k . We can see that r(; k) is a monotonically increasing
function of  for any given k . We also notice that a r(; k) curve can
be well approximated by two concatenated straight lines.
The above results for Pek can be easily extended to the more general
case by taking into account the Bayesian costs. The result is available
in [14].
IV. THE NEYMAN–PEARSON DETECTION PROBLEM
In this section, we consider the Neyman–Pearson problem. We show
that this problem can be formulated as a minimum probability of error
problem that we considered in Section III.
In a Neyman–Pearson detection problem, the goal is to maximize
QD while keeping QF below a prescribed level . Because the sensor
decisions are discrete random variables, fusion center may need to use
randomized fusion rules to meet the required probability of false alarm
[12], [13]. However, randomized fusion rules introduce an undesired
degree of freedom and require additional computational resources for
synchronization. In this correspondece, we only consider fixed fusion
rules, i.e., k -out-of-n fusion rules.
We break the original Neyman–Pearson problem into a set of
Neyman–Pearson problems for each value of k . For a given k , our
goal is to maximize QD while keeping QF below a prescribed value
. We then choose the solution that yields the maximal QD .
We are particularly interested in solving this problem via the Lagrange multiplier method. This method has seen limited use in solving
the distributed Neyman–Pearson problem for the general case with
nonidentical sensors [1]. The difficulty is inherent in that the objective
function may not be convex, even with a fixed fusion rule, and multiple
local optima may exist. Fortunately for our problem, we show that for

a fixed k -out-of-n fusion rule, the objective function is a quasi-convex
function and therefore the Lagrange multiplier method is suitable. Furthermore, we show that for a fixed k -out-of-n fusion rule, the ROC is
concave downward.
Define Lk (; s) = s(QF 0 ) 0 QD , where s is the Lagrange
multiplier and s  0. Now our goal is to minimize Lk (; s) with
respect to s and .
Lemma 4: Lk (; s) = is a quasi-convex function of .
Proof: Through simple arithmetic manipulation, we have

Lk (; s) =

1

q1

Pek 0 q0
q1

+1

where q0 = s=(1 + s) and q1 = 1=(1 + s). Since Pek is a quasi-convex
function of , so is Lk (; s).
(; s)
Using this result, one may set @L @
equal to zero to obtain the
solution. Noticing s = q0 =q1 , one will obtain the solution by solving
the following equations for each value of k :

QF 0
1
PD
ln + ln  + (k 0 1) 1 ln
s
PF

=0
+ (n

0 k) 1 ln 11 00 PPDF

= 0:

Since Lk (; s) is a quasi-convex function of , it has a single minimum and any optimization technique can be used to determine it. To
find the globally optimal solution, one can repeat the above procedurefor all possible values of k , and then choose the pair of k and 
that gives the largest QD .
In general, the resulting ROC, i.e., the (QF ; QD ) curve, is not
concave downward as in centralized detection. However for a fixed
k -out-of-n fusion rule, the ROC is concave.
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Fig. 4. Probability of error with unequal prior probabilities.

Fig. 5.

r(; k ) curves and the two-line approximation.
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Lemma 5: For a given k , QD is a concave function of QF .
Proof: It suffices to show that ddQQ  . Recalling from the
proof of Lemma 1, we have

0

dQD
dQF

D
= dQ
d

dQF
d

= er ; k :
(

)
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Therefore,
2

d QD
2

dQF

r(; k)

r(; k)

= dedQF = de d
= er ; k 1 dr(; k)
(

)

d

0

dQ
Since dP
d  , we have d
d
Q
have dQ  .

0

A Note on Robust Hypothesis Testing

dQF
d
dQF
d

Luc Devroye, László Györfi, Fellow, IEEE, and
Gábor Lugosi, Member, IEEE

:

 0. Recalling that dr d; k  0, we
(

)

The concavity of the ROC for a fixed k -out-of-n fusion rule ensures
that the Lagrange multiplier method can be used to uniquely determine
the optimal threshold in the case considered here.

Abstract—We introduce a simple new hypothesis testing procedure,
which, based on an independent sample drawn from a certain density,
detects which of nominal densities is the true density closest to, under
the total variation ( ) distance. We obtain a density-free uniform
exponential bound for the probability of false detection.
Index Terms—Robust detection, robust hypotheses testing.

I. RESULT
V. SUMMARY
We considered the problem of distributed binary hypothesis testing
with independent identical sensors. The goal was to find the optimal
k -out-of-n fusion rule and the optimal likelihood ratio threshold test
for the sensors according to a performance criterion.
For the Bayesian detection problem, we showed that the objective
function possesses the property of quasi-convexity, which secures the
unique (global) optimum. We then developed a SECANT type of algorithm to efficiently compute the optimum. For Neyman–Pearson detection problem, we showed that the quasi-convexity exists and gives
good reason for the use of the Lagrange multiplier method.

A model of robust hypothesis testing may be formulated as follows:
(k)
let f (1) ;
; f
be fixed densities on d which are the nominal densities under k hypotheses. We observe independent and identically distributed (i.i.d.) random vectors X1 ;
; Xn according to a common
density f . Under the hypothesis Hj j
;
; k the density f
is a distorted version of f (j ) . This notion may be formalized in various ways. In this correspondence, we assume that the true density lies
within a certain total variation distance of the underlying nominal density. More precisely, we assume that there exists a positive number 
such that for some j 2 f ;
; kg

...

...
( = 1 ... )

1 ...

f
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1j = (1=2)min
kf 0 f k:
i
def

(i)

(j )

6=j

=

Here kf 0 g k
jf 0 gj denotes the L1 distance between two densities. Thus, we formally define the k hypotheses by (see Fig. 1)
Hj

= f:

f

0f

(j )

1 0
j

;

j

= 1; . . . ; k:

The goal is to construct tests which, with high probability, assign to
the observed sample the index j of the correct nominal density, that is,
determines to which hypothesis Hj the density f belongs to.
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