Application of MaxEnt to inverse photoemission spectroscopy
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ABSTRACT. Information about the spectral density gained by inverse photoemission spec-

troscopy is distorted by the Fermi distribution and the apparatus function. In many cases recovery
of the desired physical quantities is hampered by an ill-posed inversion problem. It is shown, based
on the spin- and temperature dependent quasiparticle spectrum of Ni, that the Maximum Entropy
method yields unbiased access to the spectral density independent of model assumptions. The e ective energy resolution is improved by a factor of 5, as compared to the raw experimental data, and
structures below the Fermi level, which are generally lost in inverse photoemission, are recovered.

1. Introduction

In this article we will show that the Maximum Entropy Method [1] is an ideal dataanalysis tool for recovering \hidden information" from experimental data without making
any model-assumptions. We will address a longstanding problem in the eld of itinerant
magnetism. For the microscopic understanding of collective magnetism of itinerant electrons, as in transition metals, the temperature and spin dependence of the spectral density
Ak (!) close to the Fermi level play a vital role. In an homogeneous magnetic eld the
electronic spectral density consists of a single  -function  (! ? !k ) for given spin direction
 and momentum k. The quasiparticle energy, !k = "k + B, depends on the free electron
dispersion "k and the Zeeman term which splits spin-up and spin-down energies proportional to the external magnetic eld. Inside a transition metal, below the Curie temperature
(TC ), there exists an e ective magnetic eld which is proportional to the net magnetization
of all electrons, Be / hSz i. Within the mean eld approximation, Be acts like an external
eld and one expects Ak (! ) to show a pair of peaks, one for each spin direction. More
elaborate approximations to the many-body problem allowing for changes in the electronic
spin due to electron-electron interactions. Therefore an electron with initial spin  experiences also states of opposite spin. One would therefore expect a \multiband structure" with
temperature dependent pole strength and quasiparticle energies. With increasing temperature correlation e ects are expected to lead to a mixing of spin-up and spin-down states
resulting in \extraordinary" peaks. Above TC the spin asymmetry disappears, since the rotational symmetry is restored. The multiband structure is, however, retained at and above
TC , owing to short-range ferromagnetic spin-correlations. These ideas are underpinned
by, for example the uctuating band theory [2] or approximate many-body calculations
based on Hubbard-type model hamiltonians [3] and cluster-calculations [4]. However, at
present there is no theory for band magnetism which is generally accepted. Even the more
fundamental question, whether model hamiltonians such as the Hubbard model describe
ferromagnetism at all is not settled [5]. It is therefore important to have accurate and
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conclusive experimental data to test the various theories.
Experimentally the situation cannot be solved rigorously either, since Ak (! ) cannot
be measured directly. The deconvolution of the experimental IPE data is hampered by an
ill-posed inversion problem. There exists an in nity of possible solutions consistent with
the experimental data within the error bars.
Experimentally, one attempts to reveal the detailed spin and temperature dependence of
the electronic states. A number of photoemission and inverse photoemission (IPE) studies
on Fe and Ni have been performed [6, 7, 8]. While for Fe clear evidence has been found for
non-collapsing band behavior at speci c points in k-space [6], the situation is more subtle
for Ni and direct conclusions from the raw experimental data are not possible.

2. Formalism

To reveal such detailed features of the spectral density, as the quasiparticle energy and
lifetime, particularly for states lying below the Fermi energy, which are buried under the
Fermi distribution, a more subtle analysis of the experimental data is required. To this end
we invoke the Maximum Entropy (MaxEnt) method which is based on Bayesian probability
theory, the importance of which has been emphasized recently by P.W. Anderson [9].
The experimental IPE intensities for 100% spin-polarized electrons of spin  are proportional to

Z

I  (!; T; ) = j  A (! 0) f1 ? f (! 0 ; T; )g g(! 0 ? !)d! 0

:

(1)

Here A (! 0 ) is the required spectral density of quasiparticles with experimentally speci ed
energy ! 0, spin  and wavevector k; j  represents the current density of incoming electrons
of spin  . To derive (1) standard approximations have been made, in particular ignoring
matrix element- and relaxation-e ects. The information about the electronic structure is
contained entirely in the electronic spectral density. Dependence on temperature T and
chemical potential  enters via the Fermi distribution f (!; T; ) = 1=(1 + exp((! ? )=kT ).
In (1) g (! 0 ? ! ) stands for the apparatus function, which is a i convolution of the energy
distribution of the incoming electrons and the energy window for the detected photons. The
apparatus function can be estimated quite accurately from a comparison of image-potential
surface states on Ni(111) measured by IPE and two-photon photoemission. We nd that the
apparatus function can be approximated fairly well by a Gaussian with standard deviation
d = 195 meV [10].
For numerical purposes we evaluate the spectral density An = A (!n ) at discrete energies !n with n = 1; 2; : : :; Nvar, and interpolate it linearly between these. The integrals
of the piece-wise linear A (! ) in (1) and the exact Fermi function f (!; T; ) are computed
numerically. Eq.1 transforms into a set of linear equations

Il = I (~!l ; T; ) = j 

X

Nvar
i=1

Mli Ai

l = 1; 2; : : :; Neq

;

(2)

where !~ l represents the (coarser) mesh on which the experimental data are available. The
spin polarization of the incoming electron beam has been estimated as p = NN"" +?NN##  0:33
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Figure 1: Direct inversion of Eq.2 with Neq = Nvar = 20
[8]. The incoming beam of predominantly spin- electrons contains, therefore, a proportion
n; = (1 + p)=2 of spin- electrons, while the remaining proportion of electrons n;? =
(1 ? p)=2 has opposite spin. Therefore the measured intensity for a  -polarized beam of
incident electrons is

X
gl(A~ ) = Mli n;0 Ai 0

:

0 ;i

(3)

To recover the spectral density, Eq. (3) has to be inverted. At rst sight this inversion
appears to be utterly ill-posed. The kernel Mli is almost singular due to the Fermi function,
which suppresses structures below the chemical potential (j! ? EF j > kB T ) exponentially.
Therefore the inverse matrix has very large eigenvalues and the experimental errors are
strongly ampli ed. The scatter of solutions compatible to the experimental data, is therefore
enormous. A direct inversion of (3) as depicted in g. 1 (with Nvar = Neq) leads to results
uctuating between +105 to ?105 , while the real values for A(! ) are positive and of order
1. Only if the experimental data have a relative accuracy of better than 10?6 is direct
inversion of (3) feasible. Moreover, this direct approach is restricted to Nvar  Neq .
We use Bayesian probability theory to determine the posterior probability P (A~ j~g e; )
for a particular solution A~ given the experimental data ~g e and additional experimental
parameters , such as the scale of the error bars, the chemical potential or the width of
experimental resolution:

~ ) P (A~ej)
P (A~ j~ge; ) = P (~g ejA;
P (~g j)

:

(4)

~ ) is the Likelihood function which contains the new information provided by the
P (~gjA;

experiment. In IPE experiments the data are independent and normally distributed with
error i . The likelihood function is therefore

~ ) = e? 21 2
P (~g jA;
e

with  =
2

N
X
gle ? gl (A~ ) 2
eq

l=1

(

l

)

:
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Here gl (A~ ) is the theoretically predicted result for given A~ . The spectral density is a
positive, additive distribution function, for which the appropriate entropic prior is invoked
[11]

P (A~j) = e

S

with S =

X
i

Ai )
Ai ? mi ? Ai ln( m
i

;

the information theory entropy relative to a default model mi . We have chosen mi =
", where " is a small quantity which serves to suppress noise in regions of insucient
information.
The MaxEnt solution for A~ is obtained by maximizing the posterior probability, or
equivalently S ? 21 2 , with respect to A. The regularization parameter is determined
self consistently as elaborated by Skilling [11] upon maximizing the evidence P ( j~g e) for
, given the experimental data. Other parameters, like chemical potential, width of the
Gaussian resolution, and degree of polarization, can likewise be determined.

3. Discussion and Results

We have applied the MaxEnt deconvolution to temperature-dependent spin- and angleresolved IPE data of Ni(110) for the Z4 ! Z2 transition [8]. The experimental data are
taken for 20 energies per spin direction and A (! ) is reconstructed for 80 energies. The
inversion problem of equation (3) is therefore highly underdetermined. Experimental data
are available for temperatures T=TC = 0:48; 0:64; 0:72; 0:82; 0:95 and 1:02, covering the
range from almost perfect ferromagnetic order out into the paramagnetic regime.
Before discussing the physical conclusions we will address characteristic parameters of
the experiment. The statistical errors of the IPE data are known and fairly small (
2%). MaxEnt analysis consequently leads to a con rmation of these values. The same
holds for the chemical potential, for which only slight deviations jj <
 0:04 eV from
the experimentally determined values were found. A further convincing result of MaxEnt
concerns the apparatus function. We allowed for more exibility by supposing that the
"Gaussian" can fall o at di erent rates dl ; dr on the left and right ank of the peak. We
nd that the evidence is sharply peaked at a value dl = 183 meV and dr = 195 meV, with
an uncertainty of 1 meV. These values are in good agreement with the estimate based on
the comparison with two-photon photoemission data [10]. As the MaxEnt values for l ; r
have only very small uncertainty, this approach is very useful for determining the apparatus
function whenever it is not accessible by experimental means.
Due to the incomplete spin polarization of the incoming beam one always observes two
peaks in the experimental raw data. The polarization of the incoming beam had been set
experimentally to make the extraordinary peak vanish for the T=TC = 0:48 data [8]. Using
this experimentally determined value p  33% for all temperatures we nd almost negligible
and temperature independent \extraordinary" peaks. As MaxEnt is not a linear method it
is a good idea to use it on the full experimental information in the form of Eq. 3 using p as
adjustable parameter. Since the polarization of the incoming beam is independent of the
sample temperature,
the same polarization p is used for all temperatures and the combined
Q
evidence i P (p; Ti) has to be maximized simultaneously. The maximum evidence is obtained for p = 0:32, which is in good agreement with the experimentally determined value

Application of MaxEnt to IPES
40
30

T/Tc=.72

a

b

T/Tc=.72

d

T/Tc=.82

5

INTENSITY (a.u.)

20
10
0

0

40

8.0

30

T/Tc=.82

c

6.0

20

4.0

10

2.0

0

0.0
0.0

E - EF (eV)

0.5

0.0

0.5

1.0

E - EF (eV)

Figure 2: Spin-dependent quasiparticle spectral density (a,c) and experimental IPE data
(b,d) of the Z4 ! Z2 -transition in Ni for two temperatures T=TC = 0:72 (a,b) and 0.82
(c,d).
of p = 0:33  0:03. At this value of p extraordinary peaks disappear for all temperatures.
Typical results obtained by the MaxEnt deconvolution are given in g.2a,c for T=TC =
0:72 and 0:82. For comparison we also depict the experimental data. In the experimental
data ( g.2b,c), both spin-up and spin-down features appear above EF [8]. The reconstructed
spectral densities, however, reveal the spin-up peak clearly below (above) EF for T=TC =
0:72 (0.82) with a line-width of about 80 meV independent of temperature. The resolution of
IPE+MaxEnt is better then 40 meV, which is an improvement by at least a factor of 5 over
the raw experimental resolution. The explanation is that the experimental resolution is due
to a convolution with a smooth function which can be characterized extremely accurately
by a few parameters, independent of temperature. There is no signi cant indication of
\extraordinary" peaks at all temperatures. To quantify this statement, we have determined
the posterior probability of a two-peak structure, where we have mixed in a proportion q
of the minority peak to the2 majority structure. It appears that the posterior probability
falls like P (q )=P (0)  e?aq , were the constant a depends on temperature. Remarkably, in
the T=TC = 0:72 data of g.2 the posterior probability falls to 1=e already for q = 0:009
even though the results are still within the experimental error bars. This observation
demonstrates emphatically that extraordinary peaks can be ruled out. With increasing
temperature a decreases slightly as the peaks approach each other. For T=TC = 0:95, the
posterior probability drops below 1=e at q = 0:02. The slight structures visible in g.2 for
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Figure 3: Exchange splitting Eex(T )=Eex(0) of the Z2-band in Ni as a function of temperature (full circles). Errorbars are obtained selfconsistently from MaxEnt. Extrapolation
yields Eex (0)  0:28eV . The solid line is the experimental bulk magnetization M (T )=M (0)
of Ni rescaled to t the Eex data [12].
T=TC = 0:72 are attributed to noise and are completely absent for T=TC  0:82. The minor
structure at  0:5 eV stems from irregularities in the experimental data a few eV above
EF and has no physical relevance.
It is instructive to compare the experimental data with those obtained by using the
MaxEnt result for A(! ) in Eq. 3 (solid lines through the data points in g. 2(b),(d)).
The agreement is perfect, but for ill-posed inversion problems this is not surprising. It is
likewise a completely useless test for theories to compare the theoretical and experimental
values of gl . The di erent heights of the peaks above and below the chemical potential
should not be taken too seriously for the following reason. With a uniform model, MaxEnt
reduces structures where the signal-to-noise ratio is poor, which is the case below  due to
the exponential decay of the Fermi function. The same argument leads also to a slight shift
of structures in the direction, in which the kernel of the transformation increases. In the
present case we therefore expect that structures below  are actually somewhat lower in
energies. This e ect is, however, included in the error bars given by MaxEnt. The temperature dependence of exchange splitting Eex(T )=Eex(0) for the Z2 band in nickel is given
in g.3. The zero temperature value is estimated by extrapolation as Eex (0)  0:28eV .
The data follow nicely the rescaled experimental bulk magnetization curve [12] which yields
strong support for a Stoner-like band behavior. The extrapolated ground-state exchange
splitting of the magnetic Z2 -band is 0:28  0:05 eV. Similar values, ranging from 0:17 to
0:33 eV, have been reported for occupied d-bands in Ni [13].
In conclusion, we have shown that the maximum entropy method gives spin-dependent
quasiparticle spectral densities from IPE data. In the present case the resolution is improved
by a factor of 5 and structures are recovered below EF which are generally lost in inverse
photoemission. This is important for the study of electronic structures in general and high
temperature superconductors in particular, where the detailed behavior of quasiparticle
energies and lifetimes is important for theoretical understanding.

Application of MaxEnt to IPES
We found that the quasiparticle spectral density of Ni consists of only one peak per
spin direction for all temperatures. The exchange splitting Eex decreases with increasing
temperature and vanishes at TC . Hence, it appears that the in uence of transverse spin
uctuations is negligible for the electronic bands in Ni in the energy regime under consideration. The Maximum Entropy concept is clearly very useful to deconvolve experimental
data, and can be applied immediately to other types of spectroscopy.
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