Palindromes and two-dimensional Sturmian
sequences
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Abstract This paper introduces a two-dimensional notion of palindrome for rect-

angular factors of double sequences: these palindromes are de ned as centrosymmetric factors. This notion provides a characterization of two-dimensional Sturmian
sequences in terms of two-dimensional palindromes, generalizing to double sequences
the results in [13].
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1 Introduction
This paper studies some properties of symmetry for the rectangular factors of a
family of two-dimensional sequences obtained as a binary coding of a Z2-action
de ned on the one-dimensional torus T1(= R=Z) by two irrational rotations. More
precisely, such a sequence (Um;n )(m;n)2 2 is de ned on the alphabet f0; 1g as follows:
consider a partition of the unit circle into two half-open intervals I0 and I1 ; let
; ; 2 R with 62 Q; we have
8(m; n) 2 Z2; (Um;n = 0 () m + n + 2 I0 modulo 1):
We will consider in particular the case where I0 has length and 1; ; are rationally independent. Such sequences can be considered as a generalization of Sturmian sequences. Recall that Sturmian sequences code the approximation of a line
by a discrete line made of horizontal and vertical segments with integer vertices
(see for instance [8] and the surveys [9, 17]). This two-dimensional generalization
of Sturmian sequences has been introduced in [23, 6] and is closely connected (via a
letter-to-letter projection) to the sequences de ned on a three-letter alphabet which
code discrete planes as follows. One rst constructs a discrete plane de ned as a
plane approximation by three kinds of square faces oriented according to the three
coordinate planes. Then, after projection, one obtains a tiling of the plane by three
kinds of diamonds, being the projections of the square faces. This tiling is associated with a Z2-lattice. Then one codes this tiling over a double sequence de ned
on a three-letter alphabet.
The property of symmetry we consider is the following. We de ne the centrosymmetric image of a rectangular factor W = [wi;j ] as the factor W~ = [w~i;j ] of
same size, de ned by
8(i; j); w~i;j = wm?i+1;n?j +1:
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Let U be a double sequence of the family of double sequences we consider. We
prove in Section 3 that the set of rectangular factors of given size (m; n) is stable
by centrosymmetry and that there are exactly one or two centrosymmetric factors
of size (m; n), according to the parity of m and n. These properties generalize wellknown properties in the one-dimensional case: factors of Sturmian sequences (or
more generally codings of irrational rotations) are known to have some remarkable
palindrome properties (see for instance [10, 11, 12, 13, 14, 17, 25]).
In particular, Droubay and Pirillo prove in [13] that the set of factors of any
Sturmian sequence contains either two palindromes of length n if n is odd, or only
one palindrome of length n, if n is even. They prove conversely that this property
characterizes Sturmian sequences. We use here this result to prove in Section 4 the
following two-dimensional analogue.

Theorem Let U be a uniformly recurrent sequence de ned on f0; 1g. The sequence U has exactly one centrosymmetric factor of size (m; n), if m is even and n
odd, and two otherwise, if and only if there exist ; ; 2 R, with 1; ; rationally
independent such that we either have
8(m; n); (Um;n = 0 () m + n + 2 [0; [ modulo 1);
or
8(m; n); (Um;n = 0 () m + n + 2 ]0; ] modulo 1):

Note that one can also characterize these sequences in terms of rectangle complexity
function: these are exactly the uniformly recurrent sequences of complexity mn+n,
for m large enough [7]; the corresponding property for Sturmian sequences (de ned
over N) is that they are exactly the sequences of complexity function n + 1 [19].
Rote introduces in [21] an additional symmetry property for one-dimensional
sequences, namely the complementation of symbols, i.e., the interchange of zeros
and ones for binary sequences: he proves that any sequence with complexity 2n
which ful lls this complementation-symmetry condition is a coding of an irrational
rotation with respect to a partition of the unit circle into two intervals of the same
size. The second author of this paper has introduced in [24] the two-dimensional
analogues of these sequences in order to study the local con gurations in a discrete
plane, in connection with plane partitions. They belong to the family of sequences
we consider with jI0j = jI1 j = 1=2: We introduce in Section 5 a notion of (rectangular) three-dimensional palindrome for the local con gurations in a discrete plane
and we apply the previous study to the determination of the number of palindromic
local con gurations of given size. See also [16, 20, 22] for similar notions.

2 De nitions

2.1 Factors and centrosymmetry

Consider the nite two-letter alphabet f0; 1g. A rectangular word or block (also
called picture) W = [wi;j ] over the alphabet f0; 1g is de ned as a rectangular nite
array of letters:
w1;n : : : wm;n
..
..
.
.
w1;1 : : : wm;1 ;
i.e., as a map from f1;    ; mg  f1;    ; ng to f0; 1g. We thus say that the word W
has size (m; n). Note that here we do not use the usual matrix indexing.
Consider a two-dimensional sequence U = (Ui;j )(i;j )2 2 de ned over the nite alphabet f0; 1g. We shall use the usual representation for two-dimensional sequences:

Z
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the rst index indicates the column number from left to right, whereas the second
index n denotes the row number, from bottom to top. We call rectangular factor
of the in nite sequence U a block W = [wi;j ]1im;1j n of consecutive letters of U
such that there exist k; l satisfying wi;j = Uk+i?1;l+j ?1 ; with 1  i  m; 1  j  n:
Let L(m; n) denote the language of rectangular factors of size (m; n) of the sequence
U:
Let us associate to the double sequence U a measure of its \complexity" as
follows: let P(m; n) denote the number of distinct rectangular factors of size (m; n)
of the sequence U, i.e., P(m; n) = Card L(m; n); the function (m; n) 7! P(m; n) is
called rectangle complexity of the sequence U. Recall that in the one-dimensional
case, the complexity p(n) counts the number of factors of length n. For a survey
on the notion of complexity, see [3, 15].
The frequency f(W) of a factor W of the sequence U is de ned as the limit, if
it exists, of the number of occurrences of this block in the \central" square factor
U?n;n : : : Un;n
..
..
.
.
U?n;?n : : : Un;?n;
of the sequence divided by (2n + 1)2 .

De nition 1 A double sequence is said uniformly recurrent if for every integer

n, there exists an integer N such that every square factor of size (N; N) contains
every square factor of size (n; n).

De nition 2 Let W = [wi;j], with 1  i  m; 1  j  n be a rectangular word of
size (m; n). The centrosymmetric image or reverse image of W is de ned as
the factor W~ = [w~i;j ] (1  i  m; 1  j  n), with
8(i; j); w~i;j = wm?i ;n?j ;
+1

i.e.,

wm;1 : : : w1;1

W~ = ...

..
.

+1

:

wm;n : : : w1;n
If W is equal to its reverse image W~ , then W is called a centrosymmetric factor

or a two-dimensional palindrome.

This property is a generalization of the notion of palindrome in the one-dimensional
case, although the one-dimensional words (in line or in column) which appear in a
centrosymmetric factor are not necessarily palindromes, as shown by the following
example: 001
100 : But, if m = 1 or n = 1, then a centrosymmetric factor is a
palindrome.

De nition 3 Let W = [wi;j ], with 1  i  m; 1  j  n be a rectangular
word of size (m; n) de ned over the alphabet f0; 1g. The complement of W =
[wi;j ]1im;1j n is the rectangular factor W of same size obtained from W by
interchanging the letters 0 and 1:
W = [wi;j ]; with wi;j = 1 ? wi;j ; for 1  i  m; 1  j  n:
If W is equal to its complement W , then W is called a complementation-

symmetric factor.

3

We say that a double sequence is complementation-symmetric if the set of
its rectangular factors is stable by complementation-symmetry.
We call centrosymmetric complementation the (commutative) composition
of the operations of centrosymmetry and complementation.

Note that we follow here the terminology of [21], where the corresponding notions
for one-dimensional sequences are introduced.

2.2 De nition of the two-dimensional binary codings

In all that follows, R denotes the rotation of angle de ned on the unit circle, i.e,
the circle of perimeter 1, identi ed with the one-dimensional torus T1 = R=Zby:

R (x) = x + (modulo 1):

De nition 4 Let ; ; ; ' be real numbers, with 62 Q, and 0 < ' < 1. Let
I0 = [0; '[; I1 = ['; 1[: We call binary coding of the Z2-action de ned by (R ; R )
the two-dimensional sequence U = (Um;n )(m;n)2 2 with values in f0; 1g de ned as

Z

follows:

8(m; n) 2 Z2; 8l 2 f0; 1g; (Um;n = l () m + n + 2 Il modulo 1):
Note that one works here with left-closed right-open intervals. One could choose
equivalently to work with a partition into left-open right-closed intervals.
Recall that in the one-dimensional case, a Sturmian sequence is a coding of
a rotation R , with ' = [19]. More precisely, Sturmian sequences are usually
indexed by N and are de ned as the sequences of complexity n + 1. Let us extend
the de nition of Sturmian sequences to sequences indexed by Z. Note that the
following sequences have complexity n + 1, but cannot be de ned as codings of
rotations:
: : :000 : : :0001000 : : :000 : : :
: : :000 : : :000111 : : :111 : : :
Nevertheless if one adds the assumption of recurrence, then a sequence over Zof
complexity n + 1 is a coding of rotation [19]. Recall that a sequence is said to
be recurrent if its factors have in nitely many occurrences. Hence we will call
two-sided Sturmian sequence a recurrent sequence indexed by Zof complexity
n + 1. We have the following description of two-sided Sturmian sequences in terms
of codings of rotations.
Theorem 1 (Morse, Hedlund) Let u be a Sturmian sequence with values in
f0; 1g. There exists 62 Q and  2 R such that one either has

8n 2 Z; (un = 0 () Rn () =  + n 2 [0; [ modulo 1);
or

8n 2 Z; (un = 0 () Rn () =  + n 2 ]0; ] modulo 1):
We call angle or slope of a Sturmian sequence the real number which is thus

associated. We note (I0 ; I1) the corresponding partition, i.e., I0 is either equal to
[0; [ or ]0; ] and I1 = T1 ? I0 .

Let us consider two particular cases for the sequence U, according to the value
of ' in De nition 4.
Suppose ' = . Then the sequence U can be considered as a two-dimensional
generalization of Sturmian sequences (see [6]). Indeed, the sequences in line of
4

the two-dimensional sequence U are Sturmian sequences, whereas the sequences in
columns are binary codings of the irrational rotation R of angle .
Suppose ' = 1=2. The sequence U can be considered as a generalized Rote
sequence. Recall that Rote sequences are exactly the one-dimensional sequences
which are complementation-symmetric with complexity 2n (see [21]). This twodimensional generalization has been introduced in [24] to study local con gurations
in a discrete plane in connection with plane partitions. The sequences in lines and
columns have complexity P(n) = 2n, for all n. The language of rectangular factors
is stable by complementation [24].

2.3 Factors and intervals

The set of rectangular factors of given size of a sequence U de ned as in De nition
4 can be characterized in terms of a nite partition into intervals of the unit circle.
This characterization is classical in the one-dimensional case for Sturmian sequences
or more generally for codings of rotations (see for instance [1, 2]).
Lemma 1 Let U be a sequence de ned as in De nition 4. A block W (W =
[wi;j ]1im;1j n) with values in the alphabet f0; 1g is a factor of the sequence U
if and only if

I(W) :=

\

im;1j n

R?i+1R?j +1 Iw 6= ;:
i;j

1

The frequency of every rectangular factor W of U exists and is equal to the length
of I(W):
Suppose furthermore that 0 < '  sup( ; 1 ? ) and 0 < '  sup( ; 1 ? ), then
the set I(W) is connected.

Proof By de nition, a block W = [wi;j ] de ned on f0; 1g of size (m; n) is a
factor of the sequence U if and only if there exist two integers k; l such that for
1  i  m; 1  j  n:
+ k + l + (i ? 1) + (j ? 1) 2 Iw modulo 1
i;j

i.e.,

+ k + l 2 I(W) :=

\
im;1j n

R?i+1 R?j +1Iw modulo 1:
i;j

1

This implies that, if W is a factor, then I(W) 6= ;.
Conversely, suppose that I(W) 6= ;. Then the interior of I(W) is not empty,
for I(W) is de ned as the intersection of left-closed right-open intervals. Hence for
any xed integer l, there exists k such that +k +l 2 I(W) modulo 1; since the
sequence (k )k2 is dense on the unit circle, from the assumption 62 Q.
Given any interval I of the unit circle, the convergence when n tends towards
+1 of
Cardf?n  i  n; i + 2 I g
2n + 1
towards the length of I is uniform in (in other words, an irrational rotation is
uniquely ergodic). Hence the frequency of every factor W of U exists and is equal
to the length of I(W):
The proof of the connectedness can be found in [6] (see also [1]). This property
can be proved by induction and is based on the following remark: if I and J are
two left-closed and right-open intervals of the unit circle whose intersection is not

Z
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connected, then the sum of their lengths is strictly larger than 1 and the ends of I
(respectively J) belong to the interior of J (respectively I).
We thus deduce from Lemma 1, when 0 < '  sup( ; 1 ? ) and 0 < ' 
sup( ; 1 ? ), that the intervals I(W), associated to the rectangular factors of size
(m; n), are in one-to-one correspondence with the intervals of endpoints in the set

Pm;n

Pm;n = f?i ? j + l'; 0  i  m ? 1; 0  j  n ? 1; l = 0; 1g:
We can deduce for instance from this property the expression of the rectangle
complexity function. One just has to count the points of Pm;n , as expressed in the
following proposition.

Proposition 1 Let U be a sequence de ned as in De nition 4. Suppose 0 < ' 
sup( ; 1 ? ); sup( ; 1 ? ).
 Assume that 1; ; are rationally independent.
If ' = , then the complexity of the sequence U satis es:

8(m; n); P(m; n) = mn + n:
If ' 62 Z+ Z+ Z(this is the case in particular if ' = 1=2), then

8(m; n); P(m; n) = 2mn:
 Suppose = .
If ' = , then

8(m; n); P(m; n) = m + n; :

If ' 62 Z+ Z, then

8(m; n); P(m; n) = 2(m + n ? 1):

Remark Any sequence of complexity mn + n is not necessarily of the previous
form. Consider for instance the case of a double sequence corresponding to a \degenerated" discrete plane:
: : :0000000010000000 :: :
: : :0000000010000000 :: :
: : :0000000010000000 :: :
: : :0000000001000000 :: :
: : :0000000001000000 :: :
: : :0000000001000000 :: :
: : :0000000001000000 :: :
It is easily seen that such a sequence has complexity mn + n. But if one adds
the assumption of uniform recurrence (De nition 1), then one obtains that the
sequences of complexity mn + n, for m large enough, are exactly the ones obtained
with ' = [7].
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3 Properties of centrosymmetry

Theorem 2 Let U be a sequence de ned as in De nition 4. Suppose 0 < ' 
sup( ; 1 ? ); sup( ; 1 ? ). The language of U is stable by centrosymmetry. Furthermore the frequency of any factor W is equal to the frequency of its reverse W~ .
The sequence U has in nitely many two-dimensional palindromes of arbitrarily large
size. More precisely, we have the following.
 Assume that 1; ; are rationally independent.
{ Suppose ' = . If m is even and n is odd, then there exists exactly one
centrosymmetric factor of size (m; n), otherwise there are exactly two
centrosymmetric factors of size (m; n).
{ Suppose ' 62 Z+ Z+ Z. For any (m; n), there exist two centrosymmetric factors of size (m; n).
 Suppose = .
{ Suppose ' = . For any (m; n), there are two centrosymmetric factors
of size (m; n), if m and n are both even or both odd. Otherwise, there is
only one centrosymmetric factor of size (m; n).
{ Suppose ' 62 Z+ Z. For any (m; n), there are two centrosymmetric
factors of size (m; n).

Proof We can suppose = 0 since the set of rectangular factors of given length
does not depend on from Lemma 1. Suppose 0 < '  sup( ; 1 ? ); sup( ; 1 ? ).
Consider the factors of the sequence U of size (m; n). Recall that we associate in a
one-to-one correspondence to each factor W = [wi;j ], with 1  i  m; 1  j  n,
the interval
\
?i ?j
I(W) =

im;1j n

R

+1

R

+1

Iw

i;j

1

of the partition of the unit circle into intervals of endpoints in Pm;n :
Pm;n = f?i ? j + k'; with 0  i  m ? 1; 0  j  n ? 1; l = 0; 1g:
Let
ym;n = ?(m ? 1) ?2(n ? 1) + ' 2 T1:
Let Sm;n denote the symmetry of the unit circle with respect to ym;n :
Sm;n : T1 ! T1;
x 7! 2ym;n ? x:
We have for l = 0; 1:






Sm;n (R?i+1 R?j +1 I l ) = R?m+i R?n+j I l ;

where I denotes the closure of I. This implies that
 ~

Sm;n (I (W)) =I (W):

Hence the set of factors of size (m; n) is stable by centrosymmetry and a factor and
its reverse image have the same frequency. Furthermore, a factor is centrosymmetric
~ this is equivalent to the fact that either ym;n
if and only if Sm;n (I (W)) =I (W);
or (in an exclusive way) ym;n + 21 belongs to the interior of I(W), and it is thus the
middle-point of the interval I(W).
Suppose 1; ; rationally independent.
7

 Suppose ' = . The point ym;n belongs to the set of bounds of the intervals

I(W) if and only if m is even and n is odd. In this case ym;n does not
belong to the interior of any I(W) but there exists one interval I(W) which
contains ym;n + 12 in its interior. We thus have only one centrosymmetric
factor. Otherwise, if m is odd or n is even, then ym;n belongs to the interior
of an interval I(W) (and is even the middle-point of I(W)). The same holds
for ym;n + 12 . We thus have two centrosymmetric factors.
 Suppose ' 62 Z+ Z+ Z. Then the point ym;n never belongs to the set of
bounds of the intervals I(W) but always belongs to the interior of one and
only one interval I(W). The same holds for ym;n + 21 . Hence we have two
centrosymmetic factors.
The same reasoning applies to the remaining cases.

4 A characterization of two-dimensional Sturmian
sequences
The aim of this section is to provide a characterization of the two-dimensional
Sturmian sequences (' = in De nition 4) in terms of palindromes. This result
extends to the two-dimensional case the characterization by Droubay and Pirillo of
Sturmian sequences [13].
Theorem 3 Let U be a two-dimensional uniformly recurrent sequence de ned on
f0; 1g. The sequence U has exactly one centrosymmetric factor of size (m; n), if m
is even and n odd, and two otherwise, if and only if there exist ; ; 2 R, with
1; ; rationally independent, and 0 < < 1, such that we either have
8(m; n); (Um;n = 0 () m + n + 2 [0; [ modulo 1);
or

8(m; n); (Um;n = 0 () m + n + 2 ]0; ] modulo 1):

Note that there is no restriction in assuming that the sequence U is de ned on
a two-letter alphabet, since this condition is implicit in the fact that there are two
palindromes of size (1; 1).
The same counter-example as previously shows that one cannot avoid the assumption of uniform recurrence:
: : :0000000010000000 :: :
: : :0000000010000000 :: :
: : :0000000010000000 :: :
: : :0000000001000000 :: :
: : :0000000001000000 :: :
: : :0000000001000000 :: :
: : :0000000001000000 :: :

Proof Note that the proof of this result follows the same scheme as the one of
Theorem 3 in [7] (by noticing that we partition here the unit circle by the point
whereas it is partitioned by the point 1 ? in [7]).
Let U be a uniformly recurrent sequence de ned on f0; 1g such that the sequence
U has exactly one centrosymmetric factor of size (m; n), if m is even and n odd,
and two otherwise.
Let Ll denote the set of factors in line of the two-dimensional sequence U. By
assumption (n = 1), there is one (one-dimensional) palindrome of any even length
8

and two palindromes of any odd length in the set Ll . We thus deduce from the
study of Droubay and Pirillo [13] that the complexity of this set equals n + 1, for
every integer n. Note that this study was held in the framework of sequences de ned
over N. The proof can be extended to factorial and two-sided extendable languages.
Recall that a language L is called factorial if every factor of a word of L still belongs
to L; L is said to be two-sided extendable if for every word w 2 L, there exist two
letters x; y such that xwy belong to L.
Hence we have: 8m; P(m; 1) = m + 1: It is not dicult to prove that if the
complexity of a factorial and two-sided extendable language L equals n + 1, then
there exists a sequence u (which has thus complexity n + 1) such that L is exactly
the set of its factors ([7], Lemma 2). Let us apply this to the language Ll . Let u
be a (one-dimensional) sequence such that Ll is exactly the set of its factors. Let
us show that the sequence u is recurrent. Otherwise, there exists Wm factor of
size (m; 1) such that Wm XWm 62 Ll , for every word X. As the two-dimensional
sequence U is uniformly recurrent, then there exists N(m) such that every factor
of size (N(m); N(m)) contains Wm . Consider the lines of index 1; 2; : : :; N(m).
There exists km such that Wm has no occurrence in the lines of index 1 to N(m),
for a column index larger than km . By considering a rectangular window of size
(N(m); N(m)) located at line index 1 and at a column index larger than km , one
gets a contradiction. Hence the sequence u is recurrent.
We have seen that one can describe explicitly the recurrent two-sided sequences
of complexity n + 1 (Theorem 1): there exists 62 Q such that u is a Sturmian
sequence of angle . As the Sturmian sequences of angle have the same set of
factors (see for instance [17]), we get that Ll is equal to the set of factors L of any
Sturmian sequence of angle . More precisely, we have the following situation for
each sequence in line of the double sequence U. For every integer i 2 Z, there exists
an interval I0i which is either equal to [0; [ or ]0; ], there exists i 2 R such that

8m 2 Z; (U(m; i) = 0 () m + i 2 I0i modulo 1):
One thus de nes I1i as the complement of I0i in the unit circle. For every i 2 Z, one
puts furthermore i = i+1 ? i :
We will work with the lines taken two by two and consider factors of size (m; 2)
which appear with line index i. Let Li(m; 2) denote the set of factors of size (m; 2)
which appear with line index i. We note L0i(m; 2) the set of those factors in Li(m; 2)
which have an in nite number of occurrences at index i.
As in Lemma 1, we will associate to the set of rectangular factors of given size
a partition of the unit circle into intervals. Indeed, the same proof as the one of
Lemma 1 works to prove the following (see also Lemma 6 in [7]). A rectangular
factor W = wv 1 :: :: :: wv m appears at index (i; k) in the sequence U if and only if
m

1

i + k 2 Ii (W) := (

T

\

j m

1

\ \

R?j +1 Ivi ) (
j

j m

1

R? R?j +1Iwi+1 ) modulo 1:
i

T

j

Note that the sets 0j m?1 R?j +1 Iv and 0j m?1 R?j +1 Iw are connected,
for every m (these intervals are in one-to-one correspondence with the factors of
size m of the Sturmian sequence of angle ).
In the case where I0i 6= I0i+1 , then one can have Ii (W) reduced to a point.
This can only happen if Tthere exists ki 2 Z such that
T i = ki modulo 1 and
if the half-open intervals 1j m R?j +1 Ivi and R?k ( 1j m R?j +1Iwi+1 ) (which
have two distinct opening directions) have a common endpoint. This endpoint
has thus the form ?ji , with ?1  ji  m ? 1 and ?1  ji ? ki  m ? 1:
Furthermore, this endpoint is associated with a factor if and only if i 2 Z+ Z;
j

j

i

j
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j

this factor thus appears (with a line index i) at the unique column index li satisfying
i + li = ?ji modulo 1.
Consider now the factors in L0i (m; 2). Let I0 =]0; [ and I1 =] ; 1[: A rectangular
factor W = wv 1 :: :: :: wv m appears in nitely often in the sequence U with an index
1
m
of line equal to i if and only if
Ii0 (W) := (

\

\ \

j m

R?j +1Iv ) (
j

1

j m

R?j +1 R? Iw ) 6= ;:
i

j

1

There exists furthermore an integer m0 which does only depend on , such that the
sets Ii (W) and Ii0 (W) are connected for any i and for m  m0 ([6], Lemma 3).
We thus deduce that the intervals Ii0 (W) (for W 2 L0i (m; 2) and m  m0 ) are
(i)
in one-to-one correspondence with the intervals of endpoints in the set Pm;
2
(i)
Pm;
2 = f?j ? l i ; ?1  j  m ? 1; l = 0; 1g:

Let us distinguish two cases in the proof according to the numbers i . We will
suppose furthermore m  m0 in the sequel of this proof, so that the sets Ii (W) and
Ii0 (W) are connected, for any W 2 Li (m; 2).

First case Suppose that i 2 Z+ Z, for every i 2 Z: For any given i, there
exists a (unique) integer ki 2 Zsuch that i = ki ( modulo 1). Let us prove that
ki = kj , for every (i; j) 2 Z2.
Suppose that there exists (i; j) such that ki 6= kj . Let
?(m ? 1) ? ki + :
(i)
ym;
2 =
2
Suppose ki even (respectively odd). By using the same argument as in the proof of
Theorem 2, we see that there are two centrosymmetric factors in L0i(m; 2) of size
(m; 2), when m is odd (respectively even): these are the factors W such that the
(i)
(i)
intervals Ii0 (W) contain ym;
2 or ym;2 + 1=2. But there also exists at least one cen0
trosymmetric factor in Lj (m; 2) of size (m; 2). Let us prove that for m large enough,
we have L0i (m; 2) \ L0j (m; 2) = ;. We will thus get three distinct centrosymmetric
factors of same size, which leads to a contradiction.
Suppose L0i (m; 2) \ L0j (m; 2) 6= ;, with m  sup(jkij + 1; jkj j + 1; m0): (Recall
that m0 denotes the index from which on the sets Ii0 (W) and Ij0 (W) are connected.)
Let W = wv 1 :: :: :: wv m 2 L0i(m; 2) \ L0j (m; 2).
1
m
Suppose for instance ki  0. We have
(

\

lm?1

\

R?l Iv +1 ) R?k (

\

i

l

0

lm?1

R?l Iw +1 ) 6= ;:

0

In particular, as m  ki + 1:
R?k Iv
i

ki

which implies

+1

\

R?k Iw1 6= ;;
i

w1 = vk +1 ;
i

and similarly

w2 = vk +2 ; : : :; wm?k = vm :
i

i
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l

One can do the same work if ki  0: We thus get
v1 = w?k +1 ; : : :; vm+k = wm :
Hence we have (for both cases ki  0 or ki  0)
vl+k = wl ; for 1  l; l + ki  m;
vl+k = wl ; for 1  l; l + kj  m;
and thus
vl+k = vl+k ; for 1  l; l + kj ; l + ki  m:
Let k = jki ? kj j. The factor v1 : : :vm is thus periodic, k being one period. The
Sturmian language L is uniformly recurrent (for every integer n, there exists an
integer N such that every factor of size N contains every factor of size n). This
implies that there do not exist arbitrarily long powers of a given factor and thus,
that there do not exist arbitrarily long factors of a given period. Hence the condition
vl+k = vl+k ; for 1  l; l + kj ; l + ki  m
does not hold, for m large enough. We thus have L0i (m; 2) \ L0j (m; 2) = ;, for m
large enough.
i

i

i

j

j

i

j

i

We thus have proved that ki = kj , for every (i; j) 2 Z2. Let k be this common
value. The sequence U satis es:

8(i; j) 2 Z2; (U(i; j) = l () j + i(k ) + i 2 Ili modulo 1:
Consider now the opening directions of the intervals of the partition (I0i ; I1i ).
>From Theorem 2, we can neither have for every i; j, I0i = I0j , nor i 62 Z+ Z.
Hence there exists an integer i such that I0i 6= I0i+1 and i 2 Z+ Z. Suppose
k even (respectively odd). Let m be odd (respectively even). Then there are two
centrosymmetric factor in L0i(m; 2). Let us exhibit a centrosymmetric factor in
Li(m; 2) ? L0i (m; 2): Consider a factor W = wv 1 :: :: :: wv m for which
m

1

Ii (W) = Iv1 :::v \ R?k Iw1 :::w
is reduced to a point, where
?j i+1
Ivi 1 :::v = \0j m?1R?j Ivi +1 ; and Iwi+1
1 :::w = \0j m?1R Iw +1 :
n

n

j

n

n

j

Let us note for ?1  j  m ? 1, I?j (respectively ??j ) the unique interval of left
+

(respectively right) endpoint ?j in the partition of the unit circle by the points
?j , ?1  j  m ? 1, corresponding to the factors of the Sturmain sequences of
length m. Suppose without loss of generality that I0i = [0; [. The set Ii (W) =
Ivi 1 :::v \ R?k Iwi+1
1 :::w is reduced to a point if and only if there exists j such that
n

n

+
Ivi 1 :::v = I?+j and Iwi+1
1 :::w = I(?j +k) ;
with ?1  j  m ? 1 and ?1  j ? k  m ? 1. It is now sucient to nd an integer
m large enough such that ym;2 = ?(m?1)2 ?k + equals (modulo 1) to the point
?j for the corresponding factor W to be centrosymmetric, following the proof of
Theorem 2. This means that ym;2 satis es
ym;2 2 f?j ; ?1  j  m ? 1; ?1  j ? k  m ? 1g;
n

n
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i.e.,

?1  (m ? 1)2+ k ? 1  m ? 1 and ? 1  (m ? 1)2+ k ? 1 ? k  m ? 1;

which holds for m large enough.
We thus get more than two centrosymmetric factors, which proves that this rst
case cannot occur.

Second case We thus have i 62 Z+Z, for every i 2 Z. Suppose that there exists
(i; j) 2 Z such that i 6= j . Consider the partition of the unit circle by the points
of P i (m; 2) = f?j + l i ; ?1  j  m ? 1; l = 0; 1g. The intervals of endpoints
in P i (m; 2) are in one-to-one correspondence with the factors in Li (m; 2). It is
not dicult to prove as previously that there are two centrosymmetric factors in
Li(m; 2), whatever the parity of m: let Vi and Wi be the centrosymmetric factors
2

( )

( )

(i)
?(m?1) ? +
which correspond respectively to the intervals which contain ym;
2 =
2
(i)
and ym;
+1=2;
we
similarly
de
ne
V
and
W
.
Let
us
prove
that
for
m
large
enough,
j
j
2
(i)
(i)
neither ym;
nor
y
+
1=2
does
belong
to
I(Vj ), and the same for I(Wj ). Indeed
2
m;2
we have
(i)
(j )
i ? j jj
jjym;
2 ? ym;2 jj = jj
2
and
i

(i)
(j )
(j )
(i)
i
j
jjym;
2 ? (ym;2 + 1=2)jj = jjym;2 ? (ym;2 + 1=2)jj = jj
2 ? ( 2 + 1=2)jj;

where the notation jj jj stands for the usual distance on the unit circle. But for m
large enough, the lengths of the intervals of the partition by the points of P (i) (m; 2)
and P (j )(m; 2) are small enough (see for instance [5, 2]) to ensure the result.
We thus get i = j , for every (i; j) 2 Z2, which completes the proof.

5 Application to plane partitions
The aim of this section is rst to introduce a notion of three-dimensional palindromes for plane partitions and second, to compute the number of these palindromes
of given size in a discrete plane.

5.1 De nitions

Let us recall the de nition of a discrete plane. Let P be the plane of equation
z = ? x ? y + , with > 0, > 0, and 1; ; rationally independent. One can
associate to such a plane a discrete plane by approximating P by unit square faces:
consider the set of the integral translates of the fundamental cube that intersect
the lower half-space z < ? x ? y + ; we call discretization of the plane P the
discrete plane P de ned as the boundary of this set. Note that the heights of the
horizontal faces are of the form
Hi;j = b?i ? j + c; where(i; j) 2 Z2:
A plane partition PP on the discrete plane P is de ned as
Hi?m+1;j ? Hi;j    Hi;j ? Hi;j
..
..
PP = PP(m; n; i; j) :=
.
.
Hi?m+1;j ?n+1 ? Hi;j    Hi;j ?n+1 ? Hi;j
12
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1
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Figure 1: An example of local con guration.
We say that (i; j) is an index of occurrence of the plane partition PP and that
PP has size (m; n). As > 0 and > 0, note that the heights in PP(m; n; i; j)
decrease with the indices in line and column.
A local con guration on the discrete plane P is de ned as the three-dimensional geometric realization of a plane partition PP(m; n; i; j), i.e., the translate
by vector (0; 0; ?Hi;j ) of the subset of the discrete plane P of those points of coordinates (x; y; z), with i ? m+1  x  i and j ? n+1  y  j: Two plane partitions
such that PP(m; n; i; j) = PP(m; n; i0; j 0 ) have the same geometric realization, up
to a translation. Note that we represent in Figure 1 and 2 the local con gurations
up to a rotation, for visualization reasons.
We now de ne the centrosymmetric complement of the plane partition
PP(m; n; i; j) as the following plane partition:
Hi?m+1;j ?n+1 ? Hi;j ?n+1    Hi?m+1;j ?n+1 ? Hi?m+1;j ?n+1
..
..
~
PP(m; n; i; j) :=
.
.
Hi?m+1;j ?n+1 ? Hi;j    Hi?m+1;j ?n+1 ? Hi?m+1;j
We de ne the centrosymmetric complement of a local con guration as the
geometric realization of the centrosymmetric complement of the corresponding plane
partition.
In geometrical terms, the three-dimensional realization of the centrosymmetric
complement of the plane partition PP = PP(m; n; i; j) is the image by the central
symmetry with respect to the center of the box of size (m; n; (Hi?m+1;j ?n+1 ? Hi;j ))
containing the three-dimensional realization of the plane partition PP.
De nition 5 A plane partition of size (m; n) is said to be a palindromic plane
partition if
~
PP(m; n; i; j) = PP(m;
n; i; j):
In this case, the corresponding geometric realization is called a palindromic local

con guration.

These plane partitions are called m ? n local con gurations in the work of
Reveilles (see [20]). Similarly Gerard investigates the arrangement of the di erent
combinatorial structures contained in a digital hyperplane (see [16]). The notion of
palindromic local con gurations also appears in the work of Vittone and Chassery
[22] under the name of neutral m ? n cubes.
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Figure 2: A local con guration and its complement.

5.2 Palindromic local con gurations in discrete planes

Theorem 4 Let P be the plane of equation z = ? x ? y + , with > 0, > 0,

and 1; ; rationally independent. Let P be its discretization. The number of
palindromic local con gurations of size (m; n) in P equals two if m or n is even and
one, otherwise.

Z

Proof Let us reduce this statement to a combinatorial problem. Consider the sequence of heights reduced modulo 2 in P, i.e., the double sequence U = (Ui;j )(i;j )2 2
with values in the alphabet f0; 1g de ned by
8(i; j) 2 Z2; Ui;j = Hi;j modulo 2:
It is shown in [24] that this sequence satis es
8(i; j) 2 Z2; 8l 2 f0; 1g; (Ui;j = l () ?i =2 ? j =2 + =2 2 Il modulo 1);
where I1 = [0; 1=2[ and I0 = [1=2; 1[:
Let 0 = =2; 0 = =2. From Lemma 1, the intervals I(W) associated to the
rectangular factors of size (m; n) are in one-to-one correspondence with the intervals
of endpoints in the set
Pm;n = f?i 0 ? j 0 + l=2; 0  i  m ? 1; 0  j  n ? 1; l = 0; 1g:
Let us apply Theorem 2. The sequence U has exactly two centrosymmetric factors
of size (m; n). Indeed, the points
0
0
ym;n = ?(m ? 1) ? 2(n ? 1) + 1=2 and ym;n + 1=2
are middle points of two distinct intervals (see Figure 3).
0 with respect to ym;n + 1=4. We have for
Consider now the symmetry Sm;n
l = 0; 1:
0 (R?i+1 R?j +1 Il ) = R?m+i R?n+j Il ;
Sm;n
where l0 = 1 ? l. Hence this symmetry maps the interior of the interval I(W)
to the interior of the interval I(W~ ); where W~ denotes the image of W under
centrosymmetric-complementation. The points ym;n + 1=4 and ym;n + 3=4 belong
0
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to the set Pm;n if and only if m and n are odd. In other words, there exist two
factors of size (m; n) invariant under centrosymmetric complementation if and only
if m or n is even, and otherwise, there is no such factor.
>From [24], given any plane partition, there exist (at least) two indices of occurrence (i; j) and (i0 ; j 0 ), one with Hi;j even and the other with Hi ;j odd. This
follows from the fact that the set of factors of size (m; n) of the sequence U is stable
by complementation, which corresponds to the translation of 1=2; for more details,
see [24]. Let PP = PP(m; n; i; j) be a plane partition. Let us associate to this
plane partition the rectangular factor W of the sequence U which appears at index
(i ? m + 1; j ? n + 1). Note that if one considers another index of occurrence (i0 ; j 0 )
of the plane partition PP, then the factor of size (m; n) of U which appears at index
(i0 ? m+1; j 0 ? n+1) is either equal to W or to W, since Uk;l = Hk;l modulo 2, for
every (k; l). The plane partition PP is palindromic if and only if W is centrosymmetric, if Hi?m+1;j ?n+1 ? Hi;j is even (respectively stable by centrosymmetric complementation, if Hi?m+1;j ?n+1 ? Hi;j is odd) (see Figure 3). Note that if W is a
centrosymmetric factor (respectively stable by centrosymmetric complementation),
then W is also centrosymmetric (respectively stable by centrosymmetric complementation). Hence, if m and n are odd, there exists at most one palindromic local
con guration of size (m; n), and at most two, otherwise.
Conversely, let us exhibit palindromic local con gurations. Let W be a factor
of size (m; n) of the sequence U. Let (i; j) be one index of occurrence. One can
\reconstruct" a plane partition from this binary word W by considering the plane
partition PP(m; n; i + m ? 1; j + n ? 1): As and are irrational numbers, the
\steps" Hk;l ? Hk+1;l (respectively Hk;l ? Hk;l+1 ) take only two values (one odd
and one even value); for more details, see [24]. Hence if one considers two distinct
indices of occurrence of W, one gets the same plane partition. Furthermore, W and
W de ne the same plane partition. Hence, if W is centrosymmetric or stable by
centrosymmetric complementation, then the plane partition PP(W) is palindromic.
Suppose m and n are odd. Let W be one of the two palindromes of size (m; n) in
U. The second palindrome factor of size (m; n) is thus its complement W. Consider
an index (i; j) of occurrence of W. The plane partition PP(m; n; i+m?1; j+n?1) =
PP(W) associated with W is palindromic.
Suppose that m or n is even. The two palindromes W1 and W1 produce a
palindromic plane partition PP(W1). There exist furthermore exactly two factors
W2 and W2 of size (m; n) invariant by centrosymmetric complementation. Hence,
the plane partition PP(W2) is also palindromic.
0

0
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