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ABSTRACT
We consider the template matching problem, in which one wants
to find all good enough occurrences of a pattern template P from
a larger image I . The current standard of template matching is
based on cross correlation computed in Fourier domain, using the
Fast Fourier Transform (FFT). This can be extended to rotations
of the template by a suitable rotational sampling of the template.
An alternative approach, pursued here, is to solve the problem in
the spatial domain using so–called filtering algorithms. Such algorithms scan the image quickly and find all promising areas for a
more accurate (but slower) examination such that no good enough
occurrences of the template are lost. The paper shows that the filtering approach can be orders of magnitude faster than the FFT
based method. Especially in the 3D case the FFT is intolerably
slow.
1. INTRODUCTION
Rotation invariant template matching has numerous important applications in image and volume processing. Traditional approach
[1] to the problem is to compute the cross correlation between each
image location and each rotation of the pattern template. This can
be done reasonably efficiently using the FFT. This requires time
proportional to (K I log I ) where I is the number of pixels in the input image, and K is the number of rotations sampled.
If we use rotational sampling step of 1=m radians (which can be
justified using Shannon’s Sampling Theorem; see also [2]), where
m is the width of the template, then K = (m) in the two–
dimensional (2D) case. In 3D the number of rotations becomes
very large, K = (m3 ), which makes the FFT approach very
slow in practice.
In many applications only the “close enough” matches of the
pattern are accepted. To this end, the user may specify a parameter
, such that only matches that have distance (similarity) at most (at
least)  should be accepted. The distance measure can be e.g. the
number of mismatching pixels between the image and the pattern.
(Hamming distance).
In [3] it was shown how one can filter a 2D image in time
( I 1=2 ) to find the image locations that may have distance at
most , for any orientation of the pattern. In 3D the algorithm of
[4] works in time ( V 2=3 ), where V is the number of voxels in the 3D volume. The image/volume locations that pass the
filter, are then inspected more carefully to find the orientation that
the pattern should have the verification phase. For this, one may
use the filtering algorithm again. This requires time ( P 2=3 ) in
3D for each volume location that passed the first filtering phase.
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This second pass filtering gives the best orientations of the pattern, which can then be verified using e.g. brute force method.
The algorithms can be generalized with small efficiency penalty
to many other distance/similarity functions, including e.g. the important sum of absolute differences (SAD), and cross correlation
(CC) functions.
In this paper we experimentally compare the performance
of the filtering approach to the traditional FFT based correlation
method. A brief overview of the filtering algorithms is also given.
2. ALGORITHMS
Let I = I [1::n; 1::n] and P = P [1::m; 1::m] be two dimensional
arrays of point samples, such that m < n. Each sample has a
color in a finite ordered alphabet . The size  of  is denoted
by  . We call I the input image, and P the pattern template that is
sought from I .
The arrays P and I are point samples of colors of some “natural” two dimensional image. There are several possibilities to define the mapping from P to I , that is needed to compare the colors
of P to colors of I . Our approach to the problem is combinatorial.
Assume that P has been put on top of I , in some arbitrary position. Then we will compare each color sample of P against the
color of the closest sample of I . The closeness between the samples is measured by using the Euclidean distance. When P moves
with respect to I , this gives only a finite number of different mappings that can be explicitly generated to find mappings giving the
best match of the colors.
The Voronoi diagram for the samples is a regular array of unit
squares, which we call pixels. Hence we may define that the array
I = I [12 ::n; 1::n] consists of n2 unit squares (pixels) in the real
plane R . In the 3D case we use term voxel instead of pixel and V
instead of I .
Each pixel has a center which is the geometric center point of
the pixel, i.e., the center of the pixel for I [i; j ] is (i 21 ; j 21 ). The
array of pixels for the pattern P is defined similarly. The center of
P is the center of the pixel in the middle of P . Precisely, assuming
for simplicity that m is odd, the center of P is the center of pixel
P [ m2+1 ; m2+1 ]. The colors are associated with the center points of
the pixels, that is, the centers are the sampling points.
Assume now that P has been moved on top of I using a rigid
motion (translation and rotation), such that the center of P coincides exactly with the center of some pixel of I . The location of
P with respect to I can be uniquely given as ((i 12 ; j 21 ); ),
where (i 12 ; j 12 ) is the location of the center of P in I , and
is the angle between I and P . The occurrence (or more generally,
distance) between I and P at some location, is defined by comparing the colors of the pixels of I and P that overlap. We will use the

j j

?

?

?

?

?

?

centers of the pixels of P for selecting the comparison points from
I . That is, for P at location ((i 21 ; j 12 ); ), we look which
pixels of I cover the centers of the pixels of P , and compare the
colors of those pixels. As P rotates, the centers of the pixels of P
move from one pixel of I to another. In [5] it is shown that this
happens (m3 ) times, so there are (m3 ) relevant orientations
of P to be checked.
More precisely, let us define the matching function M when
P is at location ((u; v); ) as follows.
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Definition 1 For each pixel P [r; s] of P , let I [r ; s ] be the pixel
of I such that the center of P [r; s] belongs to the area covered by
I [r0 ; s0 ]. Then M (P [r; s]) = I [r0 ; s0 ].
0

0

Note that M is many–to–one mapping. This fact must be reflected
in our algorithms.
We use distance (similarity) function d(p) to compute the distance between the colors of pixels p and M (p). Our algorithms
take the distance function as a “black box”, and assume only that
it can be computed in a unit time per pixel.
The distance between P and I is defined as follows.
Definition 2 The distance (similarity) D between I and
cated at position ((u; v ); ) in I is D = D(P; I; ((u; v );
r;s d(P [r; s]).

P

P lo)) =

D is called the Hamming dis-

 d(p) = jcolor(p) ? color(M (p))j; the corresponding distance D is the SAD distance (sum of absolute differences).

where color(p) denotes the color of pixel p. Normalized cross
correlation (CC) is a similarity function defined as:

Pp P color(p) color(M (p))
:
D = qP
2
p P color(M (p))
2





2.1. Hamming distance
The filtering algorithm is based on the ideas of [6] and [7]. Consider each pixel p of P such that the distance from the center of p
to the center of P is at most R
(m 1)=2 (assuming odd m).
These pixels fall inside a discrete circle whose radius is R. Now
calculate a histogram of the color distribution of those pixels. This
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Note that it is easy to obtain I [i+1;j ] from I [i;j ] incrementally
in time (R). To see this, note that when the I is translated by
one pixel along a coordinate axis, about 2R new pixels of I will
come inside the circle, and exactly the same number of pixels of I
will go out the circle.
We need also a histogram P for P . This is slightly more
complicated to obtain than I , and it depends somewhat on the
distance/similarity function used. For details, see [3].
Our filter compares I [i;j ] and P at each position (i; j ) of
I . P tells for each color the minimum number of pixels of that
color that is at least required for a complete match. The difference
b(i; j ) between I [i;j] and P gives a lower bound of the number
of mismatches, i.e. the Hamming distance at position (i; j ) of I .
This is computed as the number of colors missing from P :
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b(i; j ) = max( 0; HP (c) ? H

H

I [i;j ] (c) ):

b  , then there may be an approximate occurrence of P in
I with the Hamming distance  . Note that b can be computed
If

H

incrementally also, in the same way as histograms I [i;j ] , in time
(R).
To get a good filtration capacity, the radius R must be chosen
such that the expected b(i; j ) is greater than . At minimum, the
number of pixels inside the circle must be greater than . This
gives approximately R2 > 
R > =. If R = (1=2 ),
1
=
2
the filtering takes time ( I  ). For exact analysis of the expected value of b in 2D case, see [3].
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We concentrate on the following filtration approach: given a
 (for similarity, D ),
parameter , decide quickly if D
for any angle . In many applications one wants to find only reasonably good matches of the pattern template. Therefore, we may
use some suitable threshold value  to discard uninteresting parts
of I quickly, and thus solve the original problem efficiently. The
remaining parts of I may be verified using e.g. a brute force approach.
Our algorithms have the following property. If they state that
the distance D  (or D  for similarity), they may be wrong,
so this must be verified using some other algorithm, but if they
state that the distance D >  (D <  for similarity), it is always correct. Hence the algorithms do not miss any good enough
positions, that is, there are no false negatives in the filtration.
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Theorem 1 For small  the –threshold Hamming distance problem can be solved in expected time ( I 1=2 ).
2
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P
HI [i;j](cp
) = i ;j f1 j color(I [i + i ; j + j ]) =
p
c; i 2 + j 2  R + 2=2g.
Definition 3

2

 d(p) = 0, if color(p) = color(M (p)), and 1 otherwise;
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The distance function d(p) can be, e.g.,
the corresponding distance
tance.

histogram is (almost) rotation invariant, and together with corresponding histograms from I it can effectively filter unpromising
has one bin for each color in
positions of I . The histogram
. Let color(p) denote the color of pixel p. The histogram for
position (i; j ) of I is defined as follows.

It remains open how to choose a suitable . If just the best
match is desired, then the following approach might be taken.
First, filter I for  =
(that is, choose R = m=2), and then verify the image/volume locations by increasing distance (decreasing
similarity), and decrease  as better and better matches are found.

1

2.2. Histogram filters for CC and SAD
It is possible to generalize the histogram filter for many other distance functions, see [3]. The SAD filter is reported to run in time
( I ( + R2 )), although this can be improved to ( I ( log  +
R)), by reducing the problem to the transportation problem, instead of to the bipartite graph matching. In 3D this requires
( V ( log  + R2 )) time. Our implementation uses the slower
method (see the experimental results).
The CC filter requires ( I ( + P 1=2 )) time in 2D, and
( V ( + P 2=3 )) time in 3D. It should be noted that the CC
filter does not compute the upper bound of the correlation for the
whole template, but only for the maximal circle (sphere in 3D)
shaped subpattern of the template. Fortunately, this is not a major
problem in most applications.
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2.3. Rotational filtering
Our filtering methods do not give the orientation of the template.
The algorithms are, however, easy to generalize for orientation filtering also. The idea, in e.g. 3D, is to take two more histograms
from P , so that the centers of the three histograms do not lie on the
same line. These three histograms are searched parallelly, and the
corresponding distance bounds are recorded. If the normal filter
indicates a possible match, then we proceed with the two other histograms to find the possible orientation for P . This can be implemented in time ( P 2=3 ), and only after this filtration we verify
the match for the (hopefully few) remaining possible orientations.
We have not yet implemented this method.

11 11 11 was extracted from the shell of the virus. The FFT CC
method requires approximately 111 hours of computation time.
The performance of the histogram method is reported in Figs. 6
and 7. It should be noted that the times could be substantially improved by filtering also for the rotation, as presented in Sec. 2.3.
Especially in 3D, our algorithms are superior to FFT based CC
method for moderate . Note that the relative time gap between the
methods should increase as V and P increase. Besides time,
FFT also uses a lot of memory compared to our methods.
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2.4. Cross Correlation by FFT
Cross correlation without the normalization can be easily computed by FFT. The computation is based on the well known convolution theorem. Due to the limited space, we refer the reader
to e.g. [1] for discussion and the references therein for more information of the subject. For the FFT, we have used the FFTW
library [8]. The normalization factors can be computed incrementally in spatial domain in time ( I ) for all locations of
I . For the rotational sampling, a step size of 1=w radians was
used, where w is the width of the template. This means that the
FFT method requires time ( P 1=2 I log I ) in 2D, and time
( P V log V ) in 3D.
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Fig. 1. Input image of size 768 768 pixels for the experiments.
The pattern is one of the planes, and is of size 51 51 pixels.



3. COMPARISON
We have implemented the algorithms in C, compiled them with
gcc 2.91.66, running under Linux 2.2.17, on Pentium III 700MHz
processor.
We mainly investigated the filtering capability of SAD, and
compared its running time for different  against the FFT based
method. SAD was chosen, because it is easier to cut of the verification when the distance grows past the limit . Also, it is attributed
to give better results than CC, in practice.
Fig. 1 shows our input image for the 2D experiments. The
template which is one of the planes, was extracted from that image.
The “correlation” images for some distance measures are shown in
Fig. 2. The pixel values show how similar the corresponding image
position and the template are, (according to the histogram filter);
the brighter the color, the higher the similarity. For the FFT based
correlation image, the pixel (correlation) value is maximized over
all rotations. The (histogram) correlation images may be useful
us such, as the highest peak seems to be in correct position, so
verification may be ignored. This may not be true for all inputs.
Figures 3, 4 and 5 show the performance of the algorithms.
The filtering capability is reasonably high. Most of the filtering
algorithms are also fast. Using the SAD function requires a lot of
time compared to the other methods, but this could be improved,
see Sec. 2.2. The SAD matching code is much more complex than
the code for the other algorithms, also in terms of constant factors.
For the verification phase of the filtering algorithms, an almost
brute force method was applied (that is, the method of [4], without
the incrementalization), using the same rotational sampling as was
used in the FFT based method (sampling step 1=w radians, where
w is the width of the template).
For the 3D experiments the test data was a reconstruction of
sus1 mutant of the PRD1–bacteriophage [9]. The size of the density (voxel) map was 119 119 119 voxels. A pattern of size





Fig. 2. Correlation images. From left to right, top to bottom: CC
(FFT), CC (histogram), SAD, and Hamming distance. The histogram filter images were run using r = 25.

4. CONCLUSIONS
We have shown that the histogram filtering algorithms can be very
effective in rotation invariant template matching, when one is interested in only ”good enough” matches. This is especially true in
3D, where the FFT spends over 111 hours, whereas our method
solves the problem in about an hour for  = 2000, and in mere
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