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Abstract
Finding frequently occurring patterns from data sets is
a central computational task in data mining. In this
paper we suggest to focus on pattern frequencies. We
advocate frequency simplifications as a complementary
approach to structural constraints on patterns. As a
special case of the frequency simplifications, we consider
discretizing the frequencies. We analyze the worst
case error of certain discretization functions and give
efficient algorithms minimizing several error functions.
In addition, we show that the discretizations can be used
to find small approximate condensed representations for
the frequent patterns.
1 Introduction
Finding interesting patterns from data sets is the fundamental problem in data mining [24, 25, 34]. This
problem is known as the pattern discovery problem.
The interestingness of a pattern depends (at least)
on the data set and the objective of the data analysis.
While surprising patterns could be interesting one day,
some other day it might be more interesting to find
regularities of the data.
Pattern discovery problem can be formulated as
follows: Given a data set d from a set D of possible data
sets, a pattern class P, and an interestingness predicate
q : P × D → {0, 1},
find all interesting patterns, i.e., patterns p ∈ P
such that q(p, d) = 1. (The set D of possible data
sets could be e.g. the set of all binary matrices and
thus d would be some binary matrix.) Unfortunately
defining the interestingness predicate (or even its vague
approximations) is highly nontrivial.
In practice the problem of inventing the interestingness predicate has been partly postponed by relaxing
the interestingness predicate to an interestingness measure. An interestingness measure can be defined as a
mapping
φ : P × D → [0, 1],

where the interestingness of a pattern p ∈ P is proportional to φ(p). Several interestingness predicates can
be defined using function φ, by deciding that a pattern
p ∈ P is interesting if and only if φ(p) ≥ σ for some
(fixed) threshold value σ ∈ [0, 1].
Let us now examine some particular instances of
patterns and interestingness measures. Classical examples of patterns in data mining are itemsets and associations rules [1]. A data set d for these patterns is a
sequence of itemsets. An itemset X is a subset of R.
The frequency (or support) of an itemset X ⊆ R w.r.t.
d is
|{Y ∈ d : X ⊆ Y }|
,
f r(X, d) =
|d|
i.e., the number of sets Y in d containing X. Usually
d and R are assumed to be finite. An itemset X is
called σ-frequent if f r(X, d) ≥ σ. An association rule
is an expression X ⇒ Y where Xand Y are subsets of
R. The most popular interestingness measure for an
association rule X ⇒ Y is its accuracy (or confidence)
which is defined as
acc(X ⇒ Y, d) =

f r(X ∪ Y, d)
.
f r(X, d)

Also several other classes of patterns and measures of
interestingness have been studied (see e.g. [4, 6, 9, 13,
14, 15, 27, 32, 33, 36, 37, 43, 44, 47, 48]).
It is not always easy to define an interestingness
measure φ in such a way that there would be a threshold
value σ such that φ(p) ≥ σ for almost all interesting
patterns p ∈ P and for only very few uninteresting ones.
One way to augment the interestingness measure is to
define additional constraints for the patterns. There
has been several studies especially about structural
constraints on patterns [5, 26, 40, 41, 45]. In the case
of association rules structural constraints could be e.g.
constraints between items. Unfortunately, defining the
structural constraints may demand considerable amount
of domain expertise.

We suggest a complementary approach to structural
constraints which can further restrict and sharpen the
set of interesting patterns. It is based on an idea of
simplifying the interestingness values φ(p). It can be
seen as a natural generalization of the traditional way
of characterizing interesting patterns p of the pattern
collection P by a threshold value σ. It can be easily
adapted to various pattern classes since it depends
only on interestingness values. When a frequency
simplification is used as a postprocessing step, it is
suitable for efficient interactive mining.
In addition to the simplification of interestingness
values in general, we show that the number of interesting patterns can be reduced by discretizing the interestingness values and then pruning the patterns for which
the approximate interestingness values can be inferred
from the interestingness values of other interesting patterns. Although there might be more powerful ways
to compress the set of interesting patterns, the great
virtue of discretizations is their conceptual simplicity:
it is quite comprehensible how the discretization simplifies the structure of the collection of the interesting
patterns.
The rest of this paper is organized as follows.
In Section 2 we define the concept of interestingness
simplifications. In Section 3 we consider a special case
of interestingness simplifications, namely discretization
of frequencies. We analyze also the efficiency of some
discretization functions and give efficient algorithms for
optimal discretizations w.r.t. several loss functions. In
Section 4 we show that discretizations can be used to
in condensed representations of classes of interesting
patterns.
To avoid unnecessary complications, for the rest
of this paper we talk about frequencies instead of
interestingness values.

of the pattern class, to compress the set of frequent
patterns, to speed up the pattern mining algorithms, to
hide the confidential information about the data from
the pattern user, to correct and indicate errors in data
and in frequent patterns, and to evaluate the stability
of frequent patterns.
Although the simplifications in general may require
a lot of user interaction, we think that defining simple
mappings from the interval [0, 1] to its subintervals is
more tractable than defining structural constraints in
the senses of definability and computational complexity. Examples of simple mappings could be replacing the
points in an interval by the interval itself, discretizing an
interval with a given discretization function, taking logarithms of frequencies, and affine transformations. The
frequency simplification problem is further facilitated
by the fact that sometimes the simplification can be decomposed into subproblems as it might be possible to
simplify the subintervals separately. (Defining the simplifications becomes even simpler as one remembers the
fact that for simplifying frequencies of certain finite set,
it is not necessary to consider any other frequencies.)
The frequency simplifications have clearly certain
limitations as they focus just on frequencies. For
example, interesting and uninteresting patterns can
have the same frequency. Nevertheless we hope that
frequency simplifications could be useful also in the
constrained pattern mining as complementary approach
to structural constraints. They might also help in the
search for good structural constraints.

3 Discretizing Frequencies
Discretization is an important special case of simplifying
frequencies. A discretization of frequencies is a mapping
f from [0, 1] to a subset of [0, 1] that preserves the order
of points, i.e., if x, y ∈ [0, 1] and x ≤ y then f (x) ≤ f (y).
Points in the range of the discretization f are called
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the discretization points of f . To slightly simplify the
A simplification of frequencies is a mapping
considerations we assume that the frequencies of the
patterns are strictly positive.
ψ : [0, 1] → I,
A good discretization should not introduce too
much error. In the next subsections we prove data
where I is the collection of all subintervals of [0, 1], i.e.,
independent bounds for certain discretization functions
and give (data dependent) algorithms for several loss
I = {[a, b], (a, b], [a, b), (a, b) ⊆ [0, 1]}.
functions. We consider here the error functions absolute
For example, the collection of frequent patterns can error and approximation ratio.
be defined using frequency simplification:
The absolute error for a point x ∈ (0, 1] w.r.t.

discretization f is
[0, σ)
x<σ
ψσ (x) =
x
x≥σ
δa (x, f ) = |x − f (x)|
There are several immediate applications of frequency simplifications. They can be used, for example,
to focus on some particular frequency-based properties and the maximum absolute error for a finite set

P ⊂ (0, 1] of points w.r.t. discretization f is
δa (P, f ) = max δa (x, f ).
x∈P

Similarly, the approximation ratio for a point
x ∈ (0, 1] is
f (x)
δr (x, f ) =
x
and the approximation ratio interval for a finite set
P ⊂ (0, 1] is


δr (P, f ) = min δr (x, f ), max δr (x, f ) .
x∈P

x∈P

We denote by δ(P, w, f ) an error caused by the
discretization f with a point set P ⊂ (0, 1] and a weight
function w : P → Q.

Proof. Clearly
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The discretization fr is optimal for any interval
[x, 1], x ∈ (0, 1] as it defines a partition of [x, 1] with
maximally long intervals.


Theorem 3.3. Let f  be a discretization with maxi3.1 Data Independent Discretization. In this mum absolute error . The maximum absolute error
in the accuracy of an association rule with frequencies
subsection we show that functions
discretized with f  is at most 1/4.
jxk
fa (x) =  + 2
and
2
Proof. We have
ln x
1+2b 2 ln(1−)
c

fr (x) = (1 − )
f  (f r(X ∪ Y, d)) ≤ f  (f r(X, d)) since
are the worst case optimal discretization functions w.r.t.
f r(X ∪ Y, d) ≤ f r(X, d).
absolute error and approximation ratio, respectively.
For association rules we bound the maximum absolute
Thus the worst case absolute error is
error and the interval of approximation ratios.
f r(X ∪ Y, d) −  f r(X ∪ Y, d)
−
Theorem 3.1. Let P ⊂ (0, 1] be a finite set. Then
f r(X, d) + 
f r(X, d)
δa (P, fa ) ≤  and for any other discretization function
f
r(X,
d)
+
f
r(X
∪
Y,
d)
f with less discretization points, δa (P, f ) >  for some
=
2
f r(X, d) + f r(X, d)
point set P .
2f r(X, d)
≤
Proof. For any point x ∈ (0, 1] the absolute error
f r(X, d)2 + f r(X, d)
δa (x, fa ) is at most  because
2
=
jpk
jpk
f r(X, d) + 
2
≤ p ≤ 2 + 2
2
2
As min f  (p, d) = , the smallest possible value for
and
jpk
f r(X, d) is 3. Thus the maximum absolute error is
fa (p) =  + 2
.
1/4.

2
Each discretization point can cover an interval of

length at most 2. Thus at least d1/(2)e discretization Theorem 3.4. Let f be a discretization with maxipoints are needed to cover the whole interval (0, 1] and mum absolute error . The approximation ratio in the
fa uses exactly that many discretization points.
 accuracy of an association rule with frequencies discretized with f is in the interval [1/2, ∞).
Corollary 3.1. Absolute error bound  can be re−1
placed with (2d1/(2)e) without increasing the number Proof. If we choose
of discretization points.
f r(X ∪ Y, d) = δ
and
Theorem 3.2. Let P ⊂ (0, 1] be a finite set. Then
f
r(X,
d)
=
2
−
δ,
δr (P, fr ) ⊆ [(1 − ), (1 − )−1 ] and for any other
discretization function f with less discretization points and δ becomes arbitrary small then the approximation
δr (P, f ) >  for some point set P .
ratio increases unboundedly.

and

For the lower bound,

=
=
≥


−1
f r(X ∪ Y, d) −  f r(X ∪ Y, d)
f r(X, d) + 
f r(X, d)
(f r(X ∪ Y, d) − ) f r(X, d)
(f r(X, d) + ) f r(X ∪ Y, d)
f r(X ∪ Y, d)f r(X, d) − f r(X, d)
f r(X ∪ Y, d)f r(X, d) + f r(X ∪ Y, d)
f r(X, d)2 − f r(X, d)
f r(X, d)2 + f r(X, d)
3 − 
1
f r(X, d) − 
=
= .
f r(X, d) + 
3 + 
2

f r(X ∪ Y, d) f r(X ∪ Y, d)
−
f r(X, d)
f r(X, d)

f
r(X
∪
Y,
d)
(1 − )−2 − 1
f r(X, d)
1 − (1 − )2 f r(X ∪ Y, d)
(1 − )2
f r(X, d)
(1 − )−2

=
=

of which the first one is larger. The error is maximized
by setting f r(X, d) = f r(X ∪ Y, d) = 1.


3.2 Empirical Loss Minimization. The computational problem of data-dependent discretization can be
 formulated as follows:
Input: A finite subset P ⊂ (0, 1] ∩ Q, |P | = n, a weight
Theorem 3.5. Let f  be a discretization with maxifunction w : P → Q, a value  ∈ Q and an error
mum absolute error . The approximation ratio in the
function δ : P × (P → Q) × (P → (0, 1]) → Q.
accuracy of an association rule with frequencies disOutput: A discretization f : P → D ⊂ (0, 1] such that
cretized with f  is in the interval [(1 − )2 , (1 − )−2 ].
|D| as small as possible and the error δ(P, w, f ) is
Proof. By choosing
at most .
=

First we minimize the number of discretization points
w.r.t. maximum error and the try to solve the problem
for more general loss functions.
Maximum error. Discretization that do not exwe get
ceed the maximum allowed error  can be interpreted as
an interval cover for the point set, i.e., a collection of
(1 − )f r(X ∪ Y, d)
f r(X ∪ Y, d)
= (1 − )2
length 2 subintervals of (0, 1] that cover all the points in
−1
(1 − ) f r(X, d)
f r(X, d)
P . The lengths of the intervals depend on the pointwise
error function δ(p, f ), p ∈ (0, 1]. W.l.o.g., we describe
and by choosing
the algorithms for the maximum absolute error.
f  (f r(X ∪ Y, d)) = (1 − )−1 f r(X ∪ Y, d) and
A simple solution to the problem is to repeatedly
choose the minimum uncovered point x and discretize
f  (f r(X, d)) = (1 − )f r(X, d)
all the points covered by the interval [p, p + 2] to value
we get
p + .
Interval-Cover(P, )
(1 − )−1 f r(X ∪ Y, d)
f r(X ∪ Y, d)
1 while P 6= ∅
= (1 − )−2
.
(1 − )f r(X, d)
f r(X, d)
2
do d ← min P
3
I ← {x ∈ P : d ≤ x ≤ d + 2}

4
for x ∈ I
5
do f (x) = d + 

Theorem 3.6. Let f be a discretization with approxi6
P ←P \I
−1
mation ratio between (1 − ) and (1 − ). The max7 return f
imum absolute error in the accuracy of an association rule with frequencies discretized with f  is at most
1 − (1 − )2 .
Theorem 3.7. Algorithm Interval-Cover finds a
discretization f such that δa (P, f ) ≤  and for all disProof. Absolute error in the extreme points are
cretizations g with |f (P )| > |g(P )| holds δa (P, g) > .
f  (f r(X ∪ Y, d))
f  (f r(X, d))

and

f r(X ∪ Y, d) f r(X ∪ Y, d)
−
f r(X, d)
f r(X, d)

f
r(X
∪
Y,
d)
1 − (1 − )2
f r(X, d)

(1 − )2
=

= (1 − )f r(X ∪ Y, d)
= (1 − )−1 f r(X, d)

Proof. δa (P, f ) ≤  because all points in P are covered
and the lengths of the intervals are 2.
Let x1 , . . . , xm be the start points of intervals found
by the algorithm. As xi+1 − xi > 2, 1 ≤ i < m, each xi

needs own discretization point. Thus |f (P )| ≤ |g(P )|
for all discretizations g such that δa (P, g) > .

The straightforward implementation of IntervalCover runs in time O(n2 ): Let  be smaller than 1/(2n)
and let P = {1, 1−1/n, . . . , 1/n}. At each iteration only
one point is removed, i.e., there are n iterations and to
find minimum we must inspect each points that is not
covered. If  is constant, the time complexity of the
algorithm is linear.
The worst case time complexity can be reduced to
O(|P | log |P |) by putting the points in P to a heap for
which the minimum can be found in constant time and
insertions and deletions can be computed in logarithmic
time in |P | [30].
If the point set P is sorted then the problem can
be solved in linear time in n by the following simple
algorithm:
Prefix-Cover(P, )
1 P ← Sort(P )
2 d ← −∞
3 for i ← 1 to |P |
4
do if d < P [i] − 
5
then d ← P [i] + 
6
f (P [i]) = d
7 return f
The efficiency of the algorithm Prefix-Cover
depends on sorting. Hence it is efficient if the point
set P can be sorted efficiently, e.g., when the point
set is almost in order. E.g. the levelwise search of
frequent patterns produces the frequencies partially in
descending order.
It is possible to discretize the points in linear time
even if the set P is not sorted with the following
algorithm:
1. Discretize the points in P
into bins
0, 1, . . . , b1/(2)c corresponding to intervals
[0, 2), [2, 4), . . . , [2b1/(2)c, 1), [1, 1]. Put the
bins into a set B.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

B←∅
for x ∈ P
do i ← bx/(2)c
B[i] ← B[i] ∪ {x}
for B[i], B[i] 6= ∅
do while B[i − 1] 6= ∅
do i ← i − 1
d ← min B[i]
while B[i] 6= ∅ ∨ min B[i] > d + 2
do I ← {x ∈ B[i] : d ≤ x ≤ d + 2}
for x ∈ I
do f (x) = d + 
B[i] ← B[i] \ I
if B[i] = ∅
then i ← i + 1
else d ← min B[i]
return f

Theorem 3.8. If n/(2) ≤ 1 − c for some constant
0 < c < 1 that is independent of n and , then there is
no deterministic or randomized algorithm that finds for
all P and  a discretization f of minimum cardinality
|f (P )| and error δa (P, f ) at most  by inspecting at most
n − d1/ce points of P .
Proof. Clearly, all the points in P can be covered
with n discretization points. On the other hand n
discretization points cover at most fraction 1 − c of the
interval (0, 1].
Let x1 , . . . , xk be the points that are not inspected
by the algorithm. If x1 , . . . , xk are chosen uniformly
from (0, 1], the probability that xi is not covered,
denoted by P (Xi = 1) is at least c. Let X be number
Pk
of points that are not covered, i.e., X ≥ i=1 Xi . The
expected number of uncovered points is
E(X) ≥

k
X

E(Xi ) = kE(X1 ) ≥ kc.

i=1

2. Find a minimal nonempty bin i in B. (A nonempty
bin i is called minimal if bin i − 1 is empty.) Find
the smallest point x in the bin i, replace the interval
corresponding to the bin i by interval [x, x + ], and
move the points in bin i + 1 in the interval [x, x + ]
to bin i. Remove the bin i from B.

If we choose k ≥ 1/c then E(X) ≥ 1, i.e., every
deterministic or randomized algorithm that inspect at
most n−d1/ce do not cover at least one point on average
w.r.t. the uniform distribution over (0, 1] and thus also
in worst case.


The algorithm can be made to run in linear time in
n: Discretization to bins can be computed in time
O(n) using a hash table for the set B [30]. A minimal
nonempty bin can then be found amortized constant
time. This can be done as follows:
Bin-Cover(P, )

Thus we have given asymptotically optimal algorithms for minimizing the number of discretization
points within a given maximum discretization error.
The algorithms can be transformed to minimize the error instead of the number of discretization points by a
simple application of binary search.

Sum of errors. If we would like to minimize the
number of discretization points w.r.t. the sum of errors
X
w(x)δ(x, f )
x∈P

instead of the maximum error, the algorithms described
above would not necessarily find the optimal solution.
Fortunately the problem can be solved in time polynomial in n using dynamic programming [20].
Let P = {x1 , . . . , xn } be sorted and let Pi,j denote
set {xk : i ≤ k ≤ j} of consecutive points. The best
discretization point and its error for a set Pi,j are denoted by µi,j and εi,j , respectively. The minimum sum
of errors of discretization of P1,i with k discretization
points and the end position of discretization with k − 1
discretization points that this discretization extends are
denoted by ∆ki and ωik , respectively. We can write the
following recursive formula for the the optimal sum of
errors of P1,i with k discretization points:
∆ki =



∆1,i
mink≤j≤i {∆k−1
j−1 + εj,i }

k=0
1≤k≤i

Discretization with dynamic programming can be
splitted into two subtasks:
1. Compute the matrices µ of discretization points
and ε of their errors, such that µi,j is the discretization point of the Pi,j and εi,j is its error.
2. Find the optimal discretizations for P1,i , 1 ≤ i ≤ n,
with k, i ≤ k ≤ n, discretization points from the
matrices µ and ε using dynamic programming.
As a solution to the first task we can compute any
matrices ε ∈ Qn×n and µ ∈ Qn×n . Some of the possible
matrices can be computed in reasonable time in n. For
example, the matrices ε and µ for weighted absolute
error can be computed in time O(n3 ) as follows:
Valuate-Abs(P, w)
1 for i ← 1 to |P |, j ← i to |P |
2
do µi,j ← Medianδ (Pi,j , w)
3
εi,j ← 0
4
for k ← i to j
5
do εi,j ← εi,j + w(xk )|xk − µi,j |
6 return (ε, µ)
The discretizations µi,j and the errors εi,j for each
Pi,j , 1 ≤ i ≤ j ≤ n, can already be informative
summaries of the set P (weighted with w). Besides
of that, we can extract from ε and µ the matrices ∆
of partial sums of errors and ω of the corresponding
discretizations using the following algorithm:
Tabulator(P, ε, µ)

1 for i ← 1 to |P |
2
do ∆0i = ε1,i
3 for k ← 1 to |P |
4
do for i ← k to |P |
5
do ∆ki ← ∞
6
for i ← k to |P |, j ← k to i
7
do ∆0 ← ∆k−1
j−1 + εj,i
0
8
if ∆ < ∆ki
9
then ∆ki ← ∆0
10
ωik ← j − 1
11 return (∆, ω)
The time complexity of the algorithm Tabulator
is O(n3 ). If we are interested only solutions with at most
m discretization points, the algorithm can be made to
run in time O(mn2 ). Also, it can be easily adapted
to other kinds of errors. For some error functions
the dynamic programming can be implemented with
asymptotically better efficiency guarantees [18]. Also in
practice there are several ways to speed up the search.
Even as the matrices ∆ and ω might be fascinating
by themselves, our primary goal is to extract the
optimal discretizations from the matrices. The optimal
discretizations with k discretization points can be found
in time O(n) as follows:
Find-Discretization(P, ∆, µ, ω, k)
1 i ← |P |
2 for l ← k to 1
3
do for j ← i to ωil
4
do f (xj ) ← µωj ,i
i

5
i ← ωij
6 return (f, ∆k|P | )
The above algorithm can be easily adapted to find
discretization with minimum number of discretization
points and error less than  in linear time in n.
Hierarchical discretization. Instead of the best
discretization with certain number of discretization
points, we could search for a hierarchical discretization
with several coarseness rates or number of discretization points. In addition to agglomerative and divisive
discretizations, it is possible to find hierarchical discretizations that are optimal w.r.t. to some permutation
π of {1, . . . , n} in the following sense: The discretization with pi1 discretization points is has the minimum
error. Inductively, the discretization with πi discretization points has the minimum error of those discretizations that are compatible with already fixed discretization with πi−1 discretization point. The time complexity of a straightforward dynamic programming implementation this idea using the Tabulator is O(n4 ). For
certain error functions it is possible to construct hierarchical discretizations that are even levelwise close to

optimal [16].
Discretization in higher dimensions. If we
consider association rules instead of frequent sets, we
have two parameters to be discretized: the frequency
and the accuracy of the rule. This can be generalized for
patterns with d-dimensional vectors of interestingness
values. The problem is equivalent to clustering. Thus
in general, the problem is NP-hard, but the approximation algorithms for clustering can be applied [10, 19, 17].
4 Condensation with Discretization
Discretization can be used to simplify the collection of
the frequent patterns. The high level schema is the
following:
1. Discretize the frequencies of the frequent patterns.
2. Find a condensed representation for the collection
of the frequent patterns with discretized frequencies.
Condensed representations of frequent patterns are
structures from which the set of frequent patterns can
be inferred. There has been many studies on condensed
representations of frequent patterns [2, 7, 8, 11, 12, 28,
29, 31, 35, 38, 39, 42, 46, 49]
The condensed representations of the frequent patterns rely on regularity properties of the pattern collection and its frequencies. For example, an especially popular condensed representation for frequent sets called
closed frequent sets is based on the observation that
there are exact association rules, i.e., rules X ⇒ Y such
that acc(X ⇒ Y ) = 1. A frequent set X is closed (w.r.t.
the data set d) if and only if it has no superset Y such
that f r(X, d) = f r(Y, d), i.e., for all supersets Y of X
holds f r(X, d) > f r(Y, d).
If the condensed representation of the frequent
patterns depends on whether the frequencies of the
patterns are equal, the number of discretization points
can be used as a crude estimate for the goodness of the
discretization.
It might be worth noting that, in addition to simplifying collections of frequent patterns, discretization can
be used to make some algorithms for finding condensed
representations more efficient.
We studied the usefulness of the discretization for
finding a small collection of closed sets that approximate the frequent sets adequately with the following
three data sets: the course enrollment data ilmo consisting of 3505 rows and 97 attributes, Internet Usage
data internet consisting of 10104 rows and 10674 attributes, and IPUMS Census data ipums consisting of
88443 rows and 39954 attributes. The course enrollment data was collected into the course enrollment sys-

all
closed
# of sets # of sets
73413
25618
fixed discretization
# of sets max error
9597
0.0010
3887
0.0050
2634
0.0100
2251
0.0199
2147
0.0399
2124
0.0576
2122
0.0799
2118
0.0963

maximal
# of sets max error
2114
0.1672
empirical discretization
# of sets max error
8178
0.0010
3212
0.0050
2458
0.0100
2211
0.0200
2139
0.0400
2127
0.0600
2120
0.0800
2118
0.1000

Table 1: ilmo, 0.005-frequent sets

all
closed
# of sets # of sets
143391
141568
fixed discretization
# of sets max error
123426
0.0010
72211
0.0050
54489
0.0100
34536
0.0200
31587
0.0400
26087
0.0600
24479
0.0800
23960
0.1000

maximal
# of sets max error
23441
0.4261
empirical discretization
# of sets max error
123104
0.0010
71765
0.0050
45944
0.0100
31836
0.0200
25845
0.0400
24399
0.0600
23916
0.0800
23705
0.1000

Table 2: internet, 0.05-frequent sets

all
closed
# of sets # of sets
86879
6689
fixed discretization
# of sets max error
3226
0.0010
2362
0.0050
1776
0.0100
1223
0.0200
1014
0.0400
932
0.0600
711
0.0800
627
0.1000

maximal
# of sets max error
578
0.4000
empirical discretization
# of sets max error
3242
0.0010
2375
0.0050
1772
0.0100
1225
0.0200
841
0.0400
725
0.0600
661
0.0800
627
0.1000

Table 3: ipums, 0.2-frequent sets
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tem1 of Department of Computer Science of University
of Helsinki, and the Internet Usage and IPUMS Census data were downloaded from UCI KDD Repository2 .
We computed frequent sets with different minimum frequency thresholds from the data sets using the program
apriori3 which is Christian Borgelt’s efficient implementation of the Apriori algorithm.
First we discretized the frequencies w.r.t. the maximum absolute error. We were interested especially in
the number of closed frequent sets for different error
levels. We discretized the frequencies using fixed discretization function fa and algorithm Prefix-Cover,
denoted in the tables 1, 2 and 3 by fixed discretization and empirical discretization, respectively, and then
pruned the sets that were not closed w.r.t. the discretization.
Clearly, the maximum number of closed frequent
sets for discretized frequencies is the number of closed
frequent sets for the original frequencies, i.e., discretization cannot increase the number of closed frequent sets.
The minimum number of sets is achieved with one discretization point. Then the closed frequent sets are the
frequent sets that have no frequent supersets. They
determine the set of frequent sets and are called maximal frequent sets. Because of their structural importance, the maximal sets have been studied extensively
[3, 6, 21, 22, 23, 36]. The maximum error is obviously
minimized by choosing the value of the one discretization point to be the average of the minimum and the
maximum frequencies.
We computed the discretizations for several different minimum frequency thresholds and in all cases the
number of closed frequent sets clearly decreased. A representative collection of the results of the experiments
are shown in Tables 1, 2 and 3. Computing discretization w.r.t. the maximum absolute error were very efficient: more time was consumed even in the detection of
the closed frequent sets from all frequent sets.
In addition to minimizing the maximum absolute
error, we computed optimal discretizations also w.r.t.
average absolute error, using dynamic programming. In
particular, we computed the optimal discretizations for
each number of discretization points.
The usability of our dynamic programming discretization depends crucially on the number n of different frequencies as its time complexity is O(n3 ). Thus
we couldn’t compute as extensive tests as in the case of
maximum absolute error discretization.

1 http://ilmo.cs.helsinki.fi/
2 http://kdd.ics.uci.edu/
3 http://fuzzy.cs.uni-magdeburg.de/~borgelt/apriori/
apriori.html

For the average error we used uniform distribution
over frequent sets. There were differences between
the results for different data sets but it is possible to
observe that even with quite small number of closed
frequent sets and discretization points were able to
approximate the frequencies adequately. The number
of closed frequent sets vs. the average error are shown
in Figures 1, 2 and 3, and the number of closed frequent
sets vs. the number of discretization points are shown
in Figures 4, 5 and 6.
On the whole, the results are encouraging but more
experimentation with different data sets would be useful
to better understand the effects of discretization to
the structure of the collections of frequent patterns, to
detect good heuristic discretization algorithms and to
optimize the dynamic programming in practice.
5 Conclusions and Future Work
We have introduced the concept of frequency based
views to frequent patterns as a complementary approach
to defining structural constraints on patterns. We have
given efficient algorithms for discretizing frequencies
and demonstrated that the discretization can be used
for finding approximate condensed representations of
frequent patterns.
There are several open problems related to the
frequency simplifications:
• Is it possible (and useful) to generalize frequency
simplifications to higher dimensions?
• How should hierarchical frequency simplifications
be defined and computed?
• What is the computational complexity of discretization w.r.t. a wider class of loss functions?
• What is the optimal number of discretization
points?
• Can the frequency distribution estimated directly
from data without actually computing the frequent
sets?
• Are there simplification techniques that allow
smaller approximate condensed representations of
frequent patterns than the discretization?
Furthermore, the condensed representations of pattern
collections in general seem to be still an important and
relatively open research topic in data mining.
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