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Abstract
Probabilistic Boolean Networks (PBNs) comprise a graphical model based on uncertain rule-based dependencies between
nodes and have been proposed as a model for genetic regulatory networks. As with any algebraic structure, the characterization
of important mappings between PBNs is critical for both theory and application. This paper treats the construction of
mappings to alter PBN structure while at the same time maintaining consistency with the original probability structure. It
considers projections onto sub-networks, adjunctions of new nodes, resolution reduction mappings formed by merging nodes,
and morphological mappings on the graph structure of the PBN. It places PBNs in the framework of many-sorted algebras
and in that context de5nes homomorphisms between PBNs.
? 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Probabilistic Boolean Networks (PBNs) have
been introduced to model gene regulatory networks
[10–12]. The model incorporates rule-based dependencies between genes, can cope with uncertainty,
allows the systematic study of global network dynamics in the context of Markov chains, and permits
the quanti5cation of the relative in<uence and sensitivity of genes in their interactions with other genes.
As shown in [10], PBNs exhibit a connection with
Bayesian networks—another class used to model gene
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expression data [3,4,9]. By incorporating rule-based
uncertainty, they represent an interface between the
absolute determinism of Boolean networks [7,6,13]
and the probabilistic nature of Bayesian networks.
This compromise is important because rule-based dependencies between genes are biologically meaningful, while mechanisms for handling uncertainty are
conceptually and empirically necessary.
A key aspect of any algebraic structure is the characterization of important mappings, such as homomorphisms. Owing to the large number of states often
present in full networks, it is sometimes necessary
to construct computationally tractable sub-networks
while still carrying suFcient structure for the application at hand. Hence, among other types of mappings,
we must consider projections onto sub-networks. This
paper treats the construction of mappings to alter
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PBN structure while at the same time maintaining
consistency with the original probability structure. In
particular, it considers projections, adjunctions (of
new nodes), resolution reduction mappings (formed
by merging nodes), and morphological mappings
on the graph structure of the PBN. It also de5nes
PBN homomorphisms in the context of many-sorted
algebras.

2. Denitions and basic properties
We provide basic de5nitions and notations for
PBNs (see [10] for details). A PBN A = A(V; F)
is de5ned by a set of binary-valued nodes V =
{x1 ; x2 ; : : : ; x n } and a list F = {F1 ; F2 ; : : : ; Fn } of sets
(i)
Fi = {f1(i) ; f2(i) ; : : : ; fl(i)
} of Boolean functions. Each
node xi ∈ {0; 1} represents the state (expression) of
gene i, where xi = 1 means that gene i is expressed
and xi = 0 means it is not expressed. The set Fi contains the possible rules of regulatory interactions for
gene xi . For j = 1; 2; : : : ; l(i); fj(i) : {0; 1}n → {0; 1} is
a possible Boolean function determining the value of
xi in terms of some other gene states. The functions
fj(i) are called predictors. Any given gene transforms
its inputs (regulatory factors that bind to it) into an
output, which is the state or expression of the gene
itself. All genes (nodes) are updated synchronously
in accordance with the functions assigned to them
and this process is then repeated. At every time step,
one of the predictors for xi is selected randomly
from the set Fi according to a prede5ned probability
distribution (to be discussed).
A realization of a PBN at a given time is determined by a vector of Boolean functions. If
there are N possible realizations, then there are
N vector functions f1 ; f2 ; : : : ; fN of the form fk =
(fk(1)
; fk(2)
; : : : ; fk(n)
}, for k = 1; 2; : : : ; N; 1 6 ki 6 l(i),
1
2
n
(i)
and fki ∈ Fi (i=1; 2; : : : ; n). The vector function (also
called multiple-output function) fk : {0; 1}n → {0; 1}n
acts as a transition function (mapping) representing a
possible realization of the entire PBN. Thus, given the
values of all genes (x1 ; x2 ; : : : ; x n ); fk (x1 ; x2 ; : : : ; x n ) =
(x1+ ; x2+ ; : : : ; x+n ) is the state of the genes after one step
of the network given by fk . If the predictor for each
gene is chosen independently of other predictors, then
N = l(1)l(2) · · · l(n). Each predictor function fj(i)

usually has many 5ctitious variables, which means
that although the domain of each predictor is {0; 1}n ,
there are only a few input genes that actually regulate
xi at any given time. There are biological and practical justi5cations for probabilistically choosing one of
several simple predictors for each gene [10].
Stochastically, the multiple-output function is a random vector f = (f(1) ; f(2) ; : : : ; f(n) ) taking values in
F1 ×F2 ×· · ·×Fn , meaning that f =fk for some k. The
selection probability that the predictor fj(i) is used to
determine gene i (1 6 i 6 l(i)) is given by

P(f = fk ):
(1)
cj(i) = P(f(i) = fj(i) ) =
k:fk(i) =fj(i)
j

In general there needs to be no assumption that
f(1) ; f(2) ; : : : ; f(n) are selected independently; however, here we make that assumption. Hence,
P(f = fk ) =

n

j=1

P(f(j) = fk(jj) ) =

n

j=1

ck(i)j :

(2)

In [10], the selection probabilities are obtained by using the coeFcient of determination [1,8].
A PBN is a homogeneous Markov chain relative
to the states x = (x1 ; x2 ; : : : ; x n ) of the system with
transition probabilities being given by
P(x → x+ ) =

N


P(f = fk )(fk (x) − x+ );

(3)

k=1

where the delta function is 1 or 0, depending on
whether or not fk (x) = x+ .

3. Projection
To reduce the complexity of a PBN A, one or more
genes can be deleted from the network. The resulting mappings will be referred to as projections. To
ease the notational burden, we discuss projection mappings in the context of a 4-gene network A consisting
of the gene set {x; y; z; w}, with the Boolean function
class for gene x being Fx = {fk(x) (x; y; z; w)}k=1; 2; :::; m ,
where without loss of generality we assume all function classes are of size m (if not, then arbitrary functions with null selection probabilities can be adjoined).
The selection probability for fk(x) is ck(x) .
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First, consider deleting a single gene, where without loss of generality we delete gene y and consider
the corresponding eKect on x. Since y is not part of
the new network, and since it can have two possible
values, 0 or 1, each Boolean function in Fx for network A induces two Boolean functions for x in the
projected network, (A):

 gk;(x)1 (x; z; w) ≡ fk(x) (x; 0; z; w);
fk(x) (x; y; z; w) →
 g(x) (x; z; w) ≡ f(x) (x; 1; z; w):
k; 2
k
(4)
The new Boolean functions gk;(x)1

probabilities

and gk;(x)2

dk;(x)1 = ck(x) P(y = 0);
dk;(x)2 = ck(x) P(y = 1);

have selection

(5)

where we have used the model assumption that function selection is state independent. The Boolean function class, (Fx ), for x in (A) is composed of the
functions gk;(x)j (x; z; w), for k = 1; 2; : : : ; m, and j = 1; 2.
(Fz ) and (Fw ) are de5ned analogously.
Example 1. Suppose that in a 4-gene network, consisting of genes x; y; z, and w, the 5rst predictor for
gene x is f1(x) (x; y; z; w) = (x ∧ y) ∨ (y ∧ z)
L ∨ (xL ∧ w)
(x)
and its selection probability is c1 = 0:6. If we delete
gene y, then we form two new Boolean functions
(x)
(x)
g1;
1 (x; z; w) and g1; 2 (x; z; w) as:
(x)
(x)
g1;
1 (x; z; w) ≡ f1 (x; 0; z; w)

= (x ∧ 0) ∨ (0 ∧ z)
L ∨ (xL ∧ w) = xL ∧ w;
(x)
(x)
g1;
2 (x; z; w) ≡ f1 (x; 1; z; w)

= (x ∧ 1)∨(1 ∧ z)
L ∨(xL ∧ w) = x ∨ w ∨ z:
L
Furthermore, suppose that P(y = 0) = 0:8 and
P(y = 1) = 0:2. Then, it follows that
(x)
(x)
d1;
1 = c1 P(y = 0) = 0:6 × 0:8 = 0:48
(x)
(x)
d1;
2 = c1 P(y = 1) = 0:6 × 0:2 = 0:12:

In fact, there is a diFculty with the transformation of the selection probabilities because the probabilities for y are time-independent. Moreover, they
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may be unknown. One way to treat this problem is to
replace them by the corresponding steady-state probabilities for y, if they are known (and there exists a
steady-state distribution). If the steady-state distribution is unknown, or does not exist, then P(y = 0) and
P(y = 1) can be estimated by running the network
for some time and estimating these probabilities, recognizing that the estimates include transient behavior.
Still another way is to estimate P(y = 0) and P(y = 1)
using the data set from which the PBN was originally
constructed.
If two genes, say y and z are deleted, then each
Boolean function for x results in four Boolean functions in (Fx ):
 (x)
gk; 1 (x; w) ≡ fk(x) (x; 0; 0; w);






 gk;(x)2 (x; w) ≡ fk(x) (x; 0; 1; w);
(x)
fk (x; y; z; w) →
(6)


gk;(x)3 (x; w) ≡ fk(x) (x; 1; 0; w);




 (x)
gk; 4 (x; w) ≡ fk(x) (x; 1; 1; w):
The function class, (Fx ), for x in (A) is composed
of gk;(x)j (x; w), for k = 1; 2; : : : ; m, and j = 1; 2; 3; 4. The
new Boolean functions gk;(x)1 ; gk;(x)2 ; gk;(x)3 , and gk;(x)4 have
selection probabilities
dk;(x)1 = ck(x) pyz (00);
dk;(x)2 = ck(x) pyz (01);
dk;(x)3 = ck(x) pyz (10);

(7)

dk;(x)4 = ck(x) pyz (11);
where pyz (ab) = P(y = a; z = b). More genes can be
deleted in an analogous manner.
A second kind of projection results from permanently setting a gene to 0 or 1. Consider setting y ≡ 0.
By recognizing that y no longer plays a role in the
network dynamics, 5xing it can be considered to be
a projection. For the other genes, each Boolean function results in a new function by setting y ≡ 0. For
instance, in the case of x,
fk(x) (x; y; z; w) → gk(x) (x; z; w) = fk(x) (x; 0; z; w):

(8)

The corresponding selection probability in the new
network is dk(x) = ck(x) .
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4. Adjunction

then deletion must yield

The inverse operation to projection is adjunction of a gene to the network. We begin with a
3-variable network {y; z; w} and adjoin x. In {y; z; w},
we will assume that w has m Boolean functions
(w)
g1(w) ; g2(w) ; : : : ; gm
with associated selection probabil(w)
(w)
ities d1 ; d2 ; : : : ; d(w)
m , where m is even. If m is odd,
then we can simply include an arbitrary function with
zero selection probability. The Boolean functions for
w in the expanded 4-gene network are constrained
by their need to map into the original 3-gene network according to the rules for deletion of a gene.
This constitutes the inverse requirement relative to
projection (or consistency with projection). There
are m!=(m=2)! possible Boolean-function families for
w. A family is generated by taking a permutation
(w)
(w)
(w)
(w)
g(1)
; g(2)
; : : : ; g(m)
of g1(w) ; g2(w) ; : : : ; gm
and de5ning
m=2 Boolean functions by
f1(w) (x; y; z; w) ≡


(w)
 f1(w) (0; y; z; w) = g(1)
(y; z; w);
 f(w) (1; y; z; w) = g(w) (y; z; w);
1

f2(w) (x; y; z; w)

≡

 f(w) (1; y; z; w) = g(w) (y; z; w);
2

..
.
(w)
fm=2
(x; y; z; w) ≡

(2)


(w)
 f2(w) (0; y; z; w) = g(3)
(y; z; w);
(4)


(w)
(w)
 fm=2
(0; y; z; w) = g(m−1)
(y; z; w);
 f(w) (1; y; z; w) = g(w) (y; z; w)
m=2

(m)

and there are m=2 such functions in each of the possible families. Since there are m permutations of the
original functions and for each permutation there
are (m=2)! equivalent families generated, the total
number of Boolean function families for w is indeed
m!=(m=2)!.
The selection probability ck(w) is determined by the
deletion mapping. Speci5cally, if
fk(w) (x; y; z; w) ≡

 (w)
 fk (0; y; z; w) = gi(w) (y; z; w);


fk(w) (1; y; z; w) = gj(w) (y; z; w)
(10)

= P(x = 0)ck(w) ;
d(w)
i
d(w)
= P(x = 1)ck(w) :
j

(11)

Adding these equations yields ck(w) = d(w)
+ d(w)
i
j .
Since projection is not a one-to-one mapping between PBNs, its inverse is a multi-valued mapping.
While m! may seem like a large number of possible
inverses, this number of possible families is greatly
constrained relative to the number of all such possible
families. For instance, suppose w has the four Boolean
functions g1(w) ; g2(w) ; g3(w) , and g4(w) . Then there are 24
possible function families {f1(w) ; f2(w) }. Each is of the
form:

 f(w) (0; y; z; w) = gi(w) (y; z; w);
1
(w)
f1 (x; y; z; w) ≡
 f(w) (1; y; z; w) = g(w) (y; z; w);
j
1
 (w)
(w)
f2 (0; y; z; w) = gk (y; z; w);
f2(w) (x; y; z; w) ≡
f2(w) (1; y; z; w) = gl(w) (y; z; w);
(12)
where (i; j; k; l) is a permutation of (1; 2; 3; 4). The
selection probabilities associated with this family are
(w)
+ d(w)
and c2(w) = d(w)
c1(w) = d(w)
i
j
k + dl .
Example 2. Suppose that in a 3-gene network consisting of genes y; z, and w, we wish to adjoin gene x.
Suppose further that gene w has two Boolean functions
g1(w) (y; z; w) = y ∨ (z ∧ w) and g2(w) (y; z; w) = y ∨ z ∨ w,
with respective selection probabilities d(w)
1 = 0:6 and
=
0:4.
Then,
after
adjoining
gene
x,
one choice
d(w)
2
for the Boolean function for w would be
f1(w) (x; y; z; w)
=(xL ∧ g1(w) (y; z; w)) ∨ (x ∧ g2(w) (y; z; w))
=y ∨ (x ∧ z) ∨ (w ∧ z) ∨ (x ∧ w)
with selection probability c1(w) = 0:6 + 0:4 = 1, and the
other choice would be
f1(w) (x; y; z; w)
=(x ∧ g1(w) (y; z; w)) ∨ (xL ∧ g2(w) (y; z; w))
=y ∨ (xL ∧ z) ∨ (w ∧ z) ∨ (xL ∧ w)
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with the same selection probability c1(w) =0:6+0:4=1.
Note that after adjoining x, there is only one Boolean
function in each of the two possible families; this
is why the subscript in f1(w) is equal to 1 in both
cases.
The ways in which projection and adjunction affect the transition probabilities of the Markov chain
corresponding to a PBN is related directly to their
de5ning equations. To demonstrate this, we assume
for the sake of simplicity that {y; z} = ({x; y; z}); x
having been deleted. Without loss of generality we
consider the transition 00 → 00 in the state space
(other transition analyses being similar). Under the
assumption that the Boolean functions for diKerent genes are selected independently, P(00 → 00)
is obtained by summing all products of selection
probabilities for y and z for functions g(y) and g(z)
such that g(y) (00) = g(z) (00) = 0. Based on Eq. (4),
the function class for y is partitioned into two sub(y) (y)
(y)
(y) (y)
(y)
classes, {g1;
1 ; g2; 1 ; : : : ; gm; 1 } and {g1; 2 ; g2; 2 ; : : : ; gm; 2 }.
Similarly, the function class for z is partitioned
(z) (z)
(z)
(z) (z)
(z)
into {g1;
1 ; g2; 1 ; : : : ; gm; 1 } and {g1; 2 ; g2; 2 ; : : : ; gm; 2 }.
Thus,
P(00 → 00)
 (y) (z) (y)
=
dk; 1 dj; 1 (gk; 1 (00))(gj;(z)1 (00))
+
+
+
=






+

dk;(y)1 dj;(z)2 (gk;(y)1 (00))(gj;(z)2 (00))
dk;(y)2 dj;(z)1 (gk;(y)2 (00))(gj;(z)1 (00))
dk;(y)2 dj;(z)2 (gk;(y)2 (00))(gj;(z)2 (00));

ck(y) cj(z) P(x = 0)2 (fk(y) (000))(fj(z) (000))



ck(y) cj(z) P(x = 0)P(x = 1)(fk(y) (000))

×(fj(z) (100))
 (y) (z)
+
ck cj P(x = 1)P(x = 0)(fk(y) (100))
×(fj(z) (000))
 (y) (z)
+
ck cj P(x = 1)2 (fk(y) (100))
×(fj(z) (100));
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where the second equality follows from Eqs. (4) and
(5). If {x; y; z} has been obtained from {y; z} by adjoining x, then applying Eqs. (10) and (11) to the
second set of sums yields the 5rst set.
Adjoining genes to a PBN assuming consistency
with projection has bene5ts when it comes to estimation of Boolean functions from data. If we ignore
our prior knowledge regarding the existing PBN and
wish to adjoin gene x, then it is necessary to estimate
from data the Boolean functions for x as well as new
Boolean functions for the other genes that take into
account possible dependence on x. The latter estimation is simpli5ed by the inverse requirement.
To appreciate the savings, consider the case of w
with four Boolean functions g1(w) ; g2(w) ; g3(w) , and g4(w)
just discussed, in which x is to be adjoined. In the
absence of prior knowledge, we would have to estimate from sample data the desired predictors of y; z,
and w based on observations of the four variables.
For instance, the optimal predictor for w is of the
form ŵ = f̂(x; y; z; w) and it is designed from sample data by de5ning f̂(x; y; z; w) = 1 if w+ = 1 more
often than w+ = 0 when (x; y; z; w) is observed, and
f̂(x; y; z; w) = 0 otherwise. The data requirement for
precise estimation depends on the number of possible
functions, which in this case is 216 . One of the reasons for using probabilistic rather than deterministic
Boolean networks is that we use more than the experimentally estimated optimal predictor and thereby
make the estimated network more robust relative to
estimation imprecision.
Estimation complexity is greatly reduced under the
inverse requirement. For the example just considered,
there are only 24 possible two-function families from
which to choose. Estimation can be accomplished by
choosing the family whose functions minimize the
empirical error on the sample data. Without the inverse constraint, it would be necessary to choose from
among all functions a certain size family of functions
that minimizes the empirical error. The particular optimal case described gives just a single function possessing minimal empirical error.
5. Resolution reduction

(13)

Network resolution can be reduced by a resolutionreduction mapping that merges genes. The Boolean
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functions in the new PBN must re<ect the integration
(merging). The value of a new node must be de5ned
as a function of the original node values, such as the
median, maximum or minimum, to name some possibilities.
To mitigate notation, we explain the mapping procedure for a speci5c two-gene merging under the assumption of a four-gene PBN having genes x; y; z, and
w. We merge y and z to form the integrated (maximum) gene yz = y ∨ z. If y and z always function
within the regulatory network so that if either of them
is 1-valued, then a signal is sent, then nothing is lost by
lowering the resolution in this way. Otherwise, there
is a coarsening of the network that might lose some
information, with the concomitant advantage of less
complexity for computation and estimation. The advantage and disadvantage of lower resolution must be
weighed. Maximum is only one of 16 possible merging functions that can be used for two genes. If y and z
function within the regulatory network in such a way
that only if both are 1-valued, then a signal is sent,
then the minimum merging function, y ∧ z, is appropriate. We continue here with the maximum.
Two cases must be addressed. First, we need to de5ne the families {gk(x) (x; yz; w)} and {gk(w) (x; yz; w)}.
We consider gk(x) , with gk(w) being de5ned analogously.
Each Boolean function fk(x) (x; y; z; w) for x generates
three Boolean functions in the new network, depending upon the outcomes of y and z. If yz = 0 in an
induced Boolean function gk(x) (x; yz; w), then it must
be that y = z = 0; however, if yz = 1, then there are
three possibilities: y = 0 and z = 1; y = 1 and z = 0,
and y = z = 1. Hence, three functions are induced according to the following scheme:
fk(x) (x; y; z; w) →



 gk;(x)1 (x; 0; w) = fk(x) (x; 0; 0; w)


(x)

g
(x;
yz;
w)
≡

k; 1


 g(x) (x; 1; w) = f(x) (x; 0; 1; w)


k; 1
k





(x)


 gk; 2 (x; 0; w) = fk(x) (x; 0; 0; w)
(x)
gk; 2 (x; yz; w) ≡

 g(x) (x; 1; w) = f(x) (x; 1; 0; w)


k; 2
k







 gk;(x)3 (x; 0; w) = fk(x) (x; 0; 0; w)


 g(x) (x; yz; w) ≡


 k; 3
 g(x) (x; 1; w) = f(x) (x; 1; 1; w):
k; 3
k
(14)

The associated selection probabilities are
−1
;
dk;(x)1 = ck(x) pyz (01)Tmax
−1
;
dk;(x)2 = ck(x) pyz (10)Tmax

(15)

−1
;
dk;(x)3 = ck(x) pyz (11)Tmax

where
Tmax = pyz (01) + pyz (10) + pyz (11):

(16)

If there are m Boolean functions for x in the original
PBN, then in the resolution-reduced PBN there are
3m Boolean functions for x. Function gk;(x)1 is selected
with probability dk;(x)1 , and if it is selected, then x+ =
fk(x) (x; 0; 0; w) if yz = 0 and x+ = fk(x) (x; 0; 1; w) if
yz = 1. Analogous comments apply to gk;(x)2 and gk;(x)3 .
Example 3. Suppose that as in Example 1, f1(x) (x; y; z;
w) = (x ∧ y) ∨ (y ∧ z)
L ∨ (xL ∧ w). Let us merge genes
y and z by taking their maximum. For notational simplicity, let us denote the merged gene as v (this was yz
above). There are four possibilities: f1(x) (x; 0; 0; w) =
xL ∧ w; f1(x) (x; 0; 1; w) = xL ∧ w; f1(x) (x; 1; 0; w) = 1, and
f1(x) (x; 1; 1; w) = x ∨ w, depending on the values of
y and z. Thus, as shown in Eq. (14), there are three
choices:
(x)
g1;
1 (x; v; w) = xL ∧ w;
(x)
g1;
2 (x; v; w) = v ∨ (xL ∧ w);
(x)
g1;
3 (x; v; w) = (w ∧ v) ∨ (xL ∧ w) ∨ (v ∧ x):

It is easy to see that in each case, setting v to either
0 or 1 will result in one of the four functions shown
above.
To de5ne the Boolean functions for the integrated
gene yz, we have, as for x, three possible cases corresponding to the ways in which yz can be 1. The
diKerence is that the value of yz must re<ect the manner in which it is de5ned by the maximum. Hence,
for each pair of Boolean functions, fk(y) (x; y; z; w)
and fj(z) (x; y; z; w), corresponding to y and z, three
Boolean functions are generated for yz according to
the following scheme:


fk(y) (x; y; z; w)

→
fj(z) (x; y; z; w)
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 (yz)

gk; j; 1 (x; yz; w) ≡





(y)
(z)

  gk;(yz)

j; 1 (x; 0; w) = fk (x; 0; 0; w) ∨ fj (x; 0; 0; w)




 g(yz) (x; 1; w) = f(y) (x; 0; 1; w) ∨ f(z) (x; 0; 1; w)


j
k; j; 1
k






gk;(yz)

j; 2 (x; yz; w) ≡



(y)
(z)
 gk;(yz)
j; 2 (x; 0; w) = fk (x; 0; 0; w) ∨ fj (x; 0; 0; w)




 g(yz) (x; 1; w) = f(y) (x; 1; 0; w) ∨ f(z) (x; 1; 0; w)


j
k; j; 2
k





(yz)

gk; j; 3 (x; yz; w) ≡







(y)
(z)

 gk;(yz)

j; 3 (x; 0; w) = fk (x; 0; 0; w) ∨ fj (x; 0; 0; w)




  g(yz) (x; 1; w) = f(y) (x; 1; 1; w) ∨ f(z) (x; 1; 1; w):
k; j; 3

j

k

(17)
The selection probabilities are given by
(y) (z)
−1
d(yz)
k; j; 1 = ck cj pyz (01)Tmax ;
(y) (z)
−1
d(yz)
k; j; 2 = ck cj pyz (10)Tmax ;

(18)

(y) (z)
−1
d(yz)
k; j; 3 = ck cj pyz (11)Tmax :

We can use any of the 16 possible two-variable binary functions. For instance, for exclusive-or, ⊕, there
are four Boolean functions in the resolution-reduced
PBN for x and w to re<ect the fact that 0⊕0=1⊕1=0
and 1 ⊕ 0 = 0 ⊕ 1 = 1. For x,
fk(x) (x; y; z; w) →



 gk;(x)1 (x; 0; w) = fk(x) (x; 0; 0; w)


(x)

gk; 1 (x; yz; w) ≡



 g(x) (x; 1; w) = f(x) (x; 0; 1; w)


k; 1
k





(x)


 gk; 2 (x; 0; w) = fk(x) (x; 0; 0; w)

 (x)

gk; 2 (x; yz; w) ≡



 g(x) (x; 1; w) = f(x) (x; 1; 0; w)

k; 2

The associated selection probabilities are
−1
;
dk;(x)1 = ck(x) pyz (00)pyz (01)TXOR
−1
;
dk;(x)2 = ck(x) pyz (00)pyz (10)TXOR
−1
;
dk;(x)3 = ck(x) pyz (11)pyz (01)TXOR






gk;(x)3 (x; yz; w) ≡



 g(x) (x; 1; w) = f(x) (x; 0; 1; w)


k; 3
k





(x)


 gk; 4 (x; 0; w) = fk(x) (x; 1; 1; w)


(x)

g (x; yz; w) ≡


 k; 4
 g(x) (x; 1; w) = f(x) (x; 1; 0; w):
k; 4
k
(19)

(20)

−1
;
dk;(x)4 = ck(x) pyz (11)pyz (10)TXOR

where
TXOR = pyz (00)pyz (01) + pyz (00)pyz (10)
+ pyz (11)pyz (01) + pyz (11)pyz (10):

(21)

For the integrated gene yz,


fk(y) (x; y; z; w)

→
fj(z) (x; y; z; w)
 (yz)
gk; j; 1 (x; yz; w) ≡






(yz)
(y)
(z)

gk; j; 1 (x; 0; w) = fk (x; 0; 0; w) ⊕ fj (x; 0; 0; w)





g(yz) (x; 1; w) = f(y) (x; 0; 1; w) ⊕ f(z) (x; 0; 1; w)


j
k; j; 1
k




(yz)


gk; j; 2 (x; yz; w) ≡






(y)
(z)


gk;(yz)

j; 2 (x; 0; w) = fk (x; 0; 0; w) ⊕ fj (x; 0; 0; w)




(y)
(z)

gk;(yz)
j; 2 (x; 1; w) = fk (x; 1; 0; w) ⊕ fj (x; 1; 0; w)


gk;(yz)

j; 3 (x; yz; w) ≡





(y)
(z)

gk;(yz)


j; 3 (x; 0; w) = fk (x; 1; 1; w) ⊕ fj (x; 1; 1; w)




g(yz) (x; 1; w) = f(y) (x; 0; 1; w) ⊕ f(z) (x; 0; 1; w)

j

k; j; 3
k






gk;(yz)

j; 4 (x; yz; w) ≡





(y)
(z)

gk;(yz)


j; 4 (x; 0; w) = fk (x; 1; 1; w) ⊕ fj (x; 1; 1; w)



 (yz)
gk; j; 4 (x; 1; w) = fk(y) (x; 1; 0; w) ⊕ fj(z) (x; 1; 0; w):
(22)

k


 gk;(x)3 (x; 0; w) = fk(x) (x; 1; 1; w)
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The selection probabilities are
−1
dk;(x)1 = ck(y) cj(z) pyz (00)pyz (01)TXOR
;
−1
;
dk;(x)2 = ck(y) cj(z) pyz (00)pyz (10)TXOR
−1
;
dk;(x)3 = ck(y) cj(z) pyz (11)pyz (01)TXOR
−1
:
dk;(x)4 = ck(y) cj(z) pyz (11)pyz (10)TXOR

(23)
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6. Morphological mappings
If from a PBN A we select a subset G of genes from
the total set of genes for the PBN, then two things are
likely: (1) there will be genes outside of G that are essential for Boolean functions in the function families
for genes in G; and (2) there will be genes outside of
G for whose Boolean functions genes in G are essential. If we wish to treat G, together with the function
families for genes in G, as a PBN G, then the second
condition is not an impediment because transitions of
the state vectors formed by values of genes in G are
fully determined by the function families for G itself.
However, such is not the case for the 5rst condition.
Hence, we are faced with generating a PBN with G as
its gene set while preserving to the extent possible the
function structure imparted to G by the full PBN A.
To address the issue, let FG = {Fx : x ∈ G} be the
collection of function families for genes in G; BG =
x∈G Fx be the union of such function families, and
GB be the set of all genes essential for at least one
function in BG . If GB ⊂ G, then we say G is closed
(relative to A). If G is closed, then G = (G; FG )
forms a sub-PBN of A. This means that no gene in G
depends on a gene outside of G. It is possible to have
GB ⊂ G properly, meaning GB = G. This means there
is a gene in G nonessential for all genes in G, including
itself. Such a gene could be dropped from G and the
new gene set together with its function families would
still be a sub-PBN. If no such gene exists, then we say
that G is minimal. Just because a gene is nonessential
for G does not mean that it should be dropped. For
instance, the value of a nonessential gene may re<ect
the state of G.
If G is not closed (GB ⊂ G), then there exists a gene
w ∈ G, a function fw ∈ Fw , and a gene y ∈ G such
that y is essential for fw . We say that w is incomplete
relative to G. If a gene in G is not incomplete, then we
say it is complete relative to G. If gene y is essential
for fw and y ∈ G, then we can map fw into two new
mappings just as in Eqs. (4) and (5). This is because
rendering y inessential for w is the same as deleting
it from the network. Should two essential genes be
missing from G, we proceed as in Eqs. (6) and (7),
and so on. If we do this for all incomplete genes, then
the resulting PBN is said to be the PBN generated
by G. We denote it by [G]. G is a sub-PBN if and
only if G = [G]. If one is only interested in a subset

of genes within a PBN, it can be advantageous to
focus on the generated PBN because this reduces the
dimensionality of the state space. The newly created
Boolean functions for [G] are said to be induced.
If G is not closed, then given a state s of the generated PBN [G] at time t, the next state s+ may be
diKerent depending on whether s is treated as a state
of [G] or as part of the full state vector at the same
time for the full PBN. To explain, relative to the full
PBN, the state vector for [G] forms a part of the vector, so that the full vector takes the form (s; r), where
r is composed of the values of genes not in G. With
G not closed, the transition s → s+ may depend upon
induced Boolean functions, and therefore may yield a
diKerent state than would be obtained by the transition
(s; r) → (s; r)+ . On the other hand, if G is closed, then
s+ is identical to the state vector obtained from (s; r)+
by taking the values for the genes in G. If x is the
only incomplete gene in G, then this lack of consistency can be 5xed, relative to x, by adjoining all of its
essential genes to G to form a new gene set Gx← , and
considering the generated PBN [Gx← ]. Of course,
Gx← may not be closed, but at least the inconsistency
is not now due to x.
This entire issue can be addressed by treating the
full PBN as a directed graph. The nodes of the graph
are the genes and there is an edge pointing from gene x
to gene y if x is essential for y. If G is a subset of genes,
then it is a sub-PBN if every edge whose front is in G
has its back also in G. A gene x is incomplete if and
only if there is an edge whose front is x but whose back
is outside of G. Even if gene w ∈ G is complete relative
to G, it is possible that an essential gene will be absent after some 5nite number of transitions so long as
G is not closed. All essential genes for w are in G, but
if x is one of those essential genes, then the transition
w → w+ is guaranteed not to require a gene outside of
G but the double transition w → w+ → w++ might.
We say that gene w ∈ G is level-r complete relative
to G if the r-fold transition w → w+ → · · · → w+(r)
is certain not to require any gene outside of G, where
w+(r) denotes an r-fold transition. For a gene to be
complete up to a high level means intuitively that it is
“deep” within G. This concept can be rigorously described in the framework of mathematical morphology
on graphs [15,5].
To describe the basic morphological operations on
graphs, de5ne the distance d(x; y) between two nodes
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x and y to be the shortest path from x to y (without reference to edge directionality). If there is no path from
x to y, de5ne d(x; y) = ∞. For any node x and positive integer r, the ball centered at x of radius r; Br (x),
is the set of all nodes y such that d(x; y) 6 r. For any
node set G, the size-r dilation of G; "(r) (G), consists
of all nodes y for which there exists a node x ∈ G with
y ∈ Br (x). The size-r erosion of G; E (r) (G), consists
of all nodes y such that Br (y) ⊂ G. Elementary dilation " and elementary erosion E are de5ned by r = 1.
Dilation and erosion can be computed iteratively from
the elementary operations: "(r) = "" · · · "(r times)
and E (r) = EE · · · E(rtimes).
Returning to the PBN graph with vertices determined by function essentiality, the incomplete nodes
of G are complete within "(G). This does not mean
"(G) is closed. There may be genes in the outer
boundary "(G) − G that are incomplete in "(G).
More generally, all genes in G are complete up to
level r in "(r) (G). Genes in the outer r-boundary of
G; "(r) (G) − G, might not be complete up to level
r in "(r) (G). Analogous considerations apply for erosion, which is dual to dilation. All genes in E(G) are
complete relative to G, and all genes in E (r) (G) are
complete up to level r in G. This is not assured for
genes in the inner r-boundary of G; G − E (r) (G).
As so far de5ned, dilation and erosion are independent of edge direction. Elementary dilation adjoins
gene y to G if there is a gene x ∈ G for which y is essential for x or if x is essential for y. A gene might be
adjoined to G by " even if it is nonessential relative
to G. To be adjoined, it can be related to G either as
an independent or dependent variable. The latter case
may be important, especially if we are interested in
genes whose values re<ect the values of genes in G.
However, if our primary goal is to reduce dependence
on genes outside the set, then it would be better to
only adjoin genes essential for G. For this purpose, we
need to re-de5ne the morphological operations taking
into account edge directionality.
The size-r directional dilation of G; "(r) (G), consists of all nodes y for which there exists a node x ∈ G
for which the minimal directed path from y to x has
length less than or equal to r. The size-r directional
erosion of G; E (r) (G), consists of all nodes y ∈ G
such that there does not exist a node x ∈ G for which
the minimal directed path from x to y has length less
than or equal to r. The elementary directional dila-
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tion, ", and erosion, E, are de5ned by letting r = 1.
"(r) = "" · · · " (r times) and E = EE · · · E (r times).
As with undirected dilation and erosion, all genes in G
are complete up to level r in "(r) (G), and all genes in
E (r) (G) are complete up to level r in G. The directed
dilation has a property not satis5ed for undirected dilation: if "(r) (G) is a sub-PBN, then "(u) (G)="(r) (G)
for all u ¿ r. The property does not hold for " because even if "(r) (G) is closed, there may still be an
edge whose back lies in "(r) (G) but whose front lies
outside "(r) (G).
7. Probabilistic Boolean networks as many-sorted
algebras
There are two graph structures associated with a
PBN. Thus far we have been discussing the low-level
graph consisting of genes and function-essentiality
relations. The high-level graph concerns the states
of the system and the transitions between the states.
The present section concerns the algebraic structure of
the state graph and related homomorphisms between
PBNs.
Mathematical models are often composed of more
than a single sort (type) of object. A rigorous understanding of the algorithmic simulation of activities
within a model is enhanced by a precise delineation
of the methodology by which sorts are operationally
preserved and altered. Many-sorted algebras provide
an algebraic framework for such delineation [14] (see
[2] for a didactic introduction). In particular, the concept of a homomorphism provides a mathematical notion for the study of structure-preserving qualities of
mappings between diKerent algebras.
Formally, a many-sorted algebra is a seven-tuple
A = (S; (; ); *; +; ,; G), where S is the set of sorts.
The typi5cation of both inter- and intra-sort operations is accomplished by means of signature sets. The
names of the operators with n input sorts s1 ; s2 ; : : : ; sn
and output sort s compose a signature set, denoted by
)(s1 ; s2 ; : : : ; sn ; s), which gives the names of n-ary operators. The names of 0-ary operators are contained in
signature sets )(-; s), where - denotes the absence of
an input. Each element in a signature set is called an
operation symbol. ) is the class of all signature sets for
A. There is a signature set corresponding to each pair
(s; s)=(s1 ; s2 ; : : : ; sn ; s) ∈ S ∗ ×S; however, in practice,
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only a 5nite number of these sets will be nonempty.
The mapping ( maps pairs in S ∗ × S to corresponding
signature sets: ( : S ∗ × S → ) by ((s; s) = )(s; s). The
set of sorts and the class of signature sets provide a
global view of structure but do not address speci5cs.
Actual elements of the sorts are given in the carrier
sets, there being a carrier set As for each sort s. + is
the class of all carrier sets. * is the mapping from sorts
to carrier sets, * : S → + by *(s) = As . Finally, G is
the set of all actual operators and , maps the operational symbols (names) contained in the union of the
signature sets into G:
,:

)(s1 ; s2 ; : : : ; sn ; s) → G

(24)

S ∗ ×S

such that for each / ∈ )(-; s); ,(/) ∈ As , and for
/ ∈ )(s1 ; s2 ; : : : ; sn ; s),
,(/) : As1 × As2 × · · · × Asn → As :

(25)

by ,(selection) = 0, where
0(f1i1 ; f2i2 ; : : : ; fnin ) = P(f = (f1i1 ; f2i2 ; : : : ; fnin )):
(34)
Homomorphisms are structure-preserving mappings between many-sorted algebras. They are useful for recognizing when certain structures appear
within other structures. A homomorphism between
the many-sorted algebras A1 = (S; (; ); *1 ; +1 ; ,1 ; G 1 )
and A2 = (S; (; ); *2 ; +2 ; ,2 ; G 2 ), possessing the same
set of sorts and class of signature sets, is a family H = {hs }s∈S of functions for which hs : A1s →
A2s for any s ∈ S, and which preserves the operations. The preservation condition means that: (1)
if / ∈ )(-; s), then hs (,1 (/)) = ,2 (/); and (2) if
/ ∈ )(s1 ; s2 ; : : : ; sn ; s); (a1 ; a2 ; : : : ; an ) ∈ A1s1 × A2s2 ×
· · · × Ansn ; ,1 (/) = /1 , and ,2 (/) = /2 , then

To describe the state space of a PBN as a
many-sorted algebra, we need to de5ne the seven-tuple
for the algebra. For a PBN, the set of sorts is given by

hs (/1 (a1 ; a2 ; : : : ; an ))

S = {states; inputs; values; probabilities}:

This equation means that the following diagram commutes:

(26)

All signature sets are empty except the following:
)(state; input; state; value) = {transition};

(27)

)(input; probability) = {selection}:

(28)

There is also )(-; state) = {initial}, referring to initialization of the PBN, and )(-; value) = {zero; one}
and ) (-; probability) giving the names of the values
and probabilities (which is an in5nite set of names),
respectively. The carrier sets are given by
Astates = {(a1 ; a2 ; : : : ; an ) : ak ∈ {0; 1}}

(29)

Ainputs = {(f1i1 ; f2i2 ; : : : ; fnin ) : fkik ∈ Bxk }

(30)

Avalues = {0; 1}, and Aprobabilities = [0; 1]. Note that
,(transition) : Astates × Ainputs × Astates → Avalues (31)
by ,(transition) = , where
(x; f1i1 ; f2i2 ; : : : ; fnin ); x+

1 if (f1i1 ; f2i2 ; : : : ; fnin )(x) = x+ ;
=
0 if (f1i1 ; f2i2 ; : : : ; fnin )(x) = x+ :

(32)

Also,
,(selection) : Ainputs → Avalues

(33)

= /2 (hs1 (a1 ); hs2 (a2 ); : : : ; hsn (an )):

/1

A1s1 × A1s2 × · · · × A1sn −−−−−→


h1s ×h1s ×···×h1sn 

1
2

/2
2
2
As1 × As2 × · · · × A2sn −−−−−→

A1s


 hs


A2s :

(35)

(36)

When applied to PBNs, there are two commutative
diagrams corresponding to the diagram of Eq. (36).
These arise from the signature sets of Eqs. (27) and
(28). Letting As ; Ai ; Av , and Ap denote the carrier
sets for states, inputs, values, and probabilities, respectively, the two PBN diagrams are


A1s × A1i × A1s −−−−−→


hs ×hi ×hs 



2
As × A2i × A2s −−−−−→
0

A1i −−−−−→


hi 


0
A2i −−−−−→

A1v


 hv


A2v :

A1v


 hv


A2v

(37)

(38)
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There are instances when projection is a PBN
homomorphism. Consider deletion of gene y from
the network {x; y; z; w} when y is not essential for
any gene except (perhaps) itself. Then the two induced functions of Eq. (4) reduce to a single function
gk(x) (x; z; w) = fk(x) (x; y; z; w). For the PBN diagrams,
de5ne hs and hi by
hs (x; y; z; w) = (x; z; w);

(39)

hi (fk(x) ) = gk(x)

(40)

and let hv and hp be the identity. The 5rst diagram
commutes because
((x; y; z; w); fk(x) ; (x+ ; y+ ; z + ; w+ )) = 1

(41)

if and only if
((x; z; w); gk(x) ; (x+ ; z + ; w+ )) = 1:

(42)

The second PBN diagram commutes because
0(gk(x) ) = 0(fk(x) ):

(43)

In general, projection is not a homomorphism. It
is the lack of functional dependence on the deleted
gene that results algebraic preservation in the present
case.
8. Conclusion
Basic mappings required for the theoretical
and application-oriented manipulation of PBNs
have been characterized: projection, adjunction,
resolution-reduction, and morphological mappings.
PBN homomorphisms have been characterized in
the framework of many-sorted algebras. Active research is focused on the application of these mappings to PBNs designed from gene-expression data:
compressing complex networks and growing larger
networks from small “seed networks” selected in
accordance with biological knowledge. In addition
to application-oriented research, further investigation
of PBN mappings relative to both the graphical and
probabilistic structures within PBNs is necessary, and,
more generally, the investigation of mappings within
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the context of universal algebras may prove to be of
bene5t.
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