Evolutionary Games: What is the algorist’s perspective?⋆
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Abstract. Evolutionary Game Theory is the study of strategic interactions among large populations of agents who base
their decisions on simple, myopic rules. A major goal of the
theory is to determine broad classes of decision procedures
which both provide plausible descriptions of selfish behaviour
and include appealing forms of aggregate behaviour. For example, properties such as the correlation between strategies’
growth rates and payoffs, the connection between stationary
states and Nash equilibria and global guarantees of convergence to equilibrium, are widely studied in the literature. In
this paper we discuss some computational aspects of the theory, which we prefer to view more as Game Theoretic Aspects
of Evolution than Evolutionary Game Theory, since the term
“evolution” actually refers to strategic adaptation of individuals’ behaviour through a dynamic process and not the traditional evolution of populations. We consider this dynamic
process as a self-organization procedure, which under certain
conditions leads to some kind of stability and assures robustness against invasion.

Numerous paradigms for modeling individual
choice in a large population have been proposed in
the literature. For example, if each agent chooses its
own strategy so as to optimize its own payoff (“one
against all others” scenario) given the current population
state (ie, other agents’ strategies), then the aggregate behaviour is described by the best-response dynamics [4].
If each time an arbitrary user changes its strategy for any
other strategy of a strictly better (but not necessarily the
best) payoff, then the aggregate behaviour is described
by the better-response dynamics or Nash dynamics [6].
In case that pairs of players are chosen at random and
these players engage in a bimatrix game (“one against
one” scenario) whose payoff matrix determines according to some rule the gains of the strategies adopted by
these two players, then we refer to imitation dynamics,
the most popular version of which is the replicator dynamics[8].

The proposed dynamical systems for describing evolutionary games, despite their appealing and highly intuitive definitions, have some strong weaknesses. For
1 Introduction
example, the best/better-response dynamics admit multiple solution trajectories from a single initial point,
Classical game theory deals with a rational individual whose terminal (rest) points vary significantly in their
who is engaged in a given interaction (a “game”) with aggregate performance. On the other hand, the replicaother individuals (its co-players) and has to adopt a strat- tor dynamics admit trajectories, whose rest points are
egy (for selecting among a set of allowable actions) not necessarily Nash equilibria (eg, when all the users
that maximizes its own payoff. Of course each player’s of a population choose exactly the same strategy, even
payoff is dependent on the other players’ strategies for if this strategy is strictly dominated, there is nothing to
choosing their own actions.
imitate – this is a general weakness of the imitation dyEvolutionary game theory deals with the entire (typ- namics).
ically large) population of players, where all players
A typical way out of such situations is to introduce
are programmed to adopt some strategy. Strategies with small amounts of noise to the underlying models. For
high payoff (given the current state of the population) example, we may add (small) payoff perturbations to
are expected to spread within the population (by learn- the optimization dynamic models, or we may add ocing, copying successful strategies, inheriting strategies, casional arbitrary behaviour to the model of replication.
or even by infection). The frequencies of the strategies Of course, such modifications create new difficulties:
in the population thus change according to their pay- for the optimization models the rest points may now be
offs, which in turn depend on all the players’ strategies slightly away from the Nash equilibria, while the repliand thus their frequencies in the population. The subject cation models may admit some oscillation phenomena.
of evolutionary game theory is exactly the study of the
Since evolutionary game theory is a dynamical prodynamics of this feedback loop. A very good presentacess (hopefully) ending up in some equilibrium which
tion of evolutionary game dynamics is in [3]. For a more
may also demonstrate robustness against invasion or inthorough study the reader is referred to [1].
fection (stability), we consider it as a self-organization
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protocols, or viruses trying to spread all over the Inter-

net. Thus the prime concern of an algorist is to determine the principal rules defining the (global or local)
convergence to stable states, to propose computationally
efficient algorithms for constructing such stable states,
to be able to compare the trajectories of two phenomenically different laws of motion, or even to describe how
the underlying infrastructure (eg, the network infrastructure in which a virus might spread) is involved in the
evolution of a population. We comment here that our
perspective has to do with strategic evolution, ie, the
evolution in time of the vector of the strategies’ frequencies in the whole population, and not with traditional evolution (under the biological viewpoint) where
the sub-populations actually evolve in size.

2 Definitions and Notation
For any nn ∈ IN, let [n] ≡ {1,o2, . . . , n}, while
P
Pn ≡ z ∈ [0, 1]n : j∈[n] zj = 1 is the simplex
of probability n-vectors. Assume having a set N ≡
[n] of selfish, non-cooperative players, and n action sets (Si ≡ {si,1 , . . . , si,mi })i∈N for them, where
mi = |Si |. Each player i ∈ N may adopt either a pure strategy si,j ∈ Si (ie, a fixed allowable action), or a mixed strategy pi ∈ P
omi ≡
n
P mi
mi
(z(si,j ))j∈[mi ] ∈ [0, 1] : j=1 z(si,j ) = 1 , (ie, a
probability distribution over its own action set). For simplicity of notation, let ∀i ∈ N, ∀pi ∈ Pmi , ∀j ∈
[mi ], pi (si,j ) = pi (j).
A set p = (p1 , . . . , pn ) ∈ ×i∈N Pmi ≡ P
of (mixed in general) strategies for all the users of
the game is called a (mixed) strategies profile. For
the special case where p corresponds to a set s ∈
×i∈N Si ≡ S of pure strategies for all the players, we have a pure strategies profile or a configuration, which is also represented by s. ∀i ∈ N ,
we denote by p−i ≡ (p1 , . . . , pi−1 , ·, pi+1 , . . . , pn )
the mixed strategies profile of all the players but for
player i, while we define the operation p−i ⊕ z =
(p1 , . . . , pi−1 , z, pi+1 , . . . , pn ) , ∀z ∈ Pmi , ∀p−i ∈
×j6=i Pj ≡ P −i .By abusing notation a little bit, we will
occasionally allow a pure strategy si,j ∈ Si to be combined by ⊕ with p−i , although we should use instead the
corresponding (mixed) strategy z = ej ∈ Pmi , where
ej is the vector with 1 in its j th position and 0 in every
other position.
Consider now that each player i ∈ N has its own
payoff function Ui : S 7→ IR (this function can also be
represented as a 2-dimensional matrix whose rows are
labeled by the actions of Si and columns are labeled by
combined actions of the remaining users, ie, elements of
×r6=i Sr ≡ S −r ). We extend the utility functions to the
domain P as follows:
X
∀i ∈ N, ∀p ∈ P, Ui (p) =
P (s, p) · Ui (s)
s∈S

Q
where P (s, p) ≡ i∈N pi (si ) is the occurrence probability of configuration s under the mixed strategies profile p.
Nash Equilibrium (NE) [5]. A mixed strategies profile p ∈ P is a NE iff each player’s strategy is a
best-response to the other players’ strategies. That is,
∀i ∈ N ,

pi ∈ arg max Ui (p−i ⊕ z) ≡ BRi (p−i ) . (1)
z∈Pi

p is a strict NE iff ∀i ∈ N, {pi } = BRi (p−i ).
The Replicator Dynamics. Consider having a (very
large) population of individuals, each having exactly the
same set N = [n] of possible types. Let x ∈ Pn be the
population state, ie, the vector of proportions (or frequencies) of the n different types in the whole population1 . Consider the dynamical system where in each step
two individuals of the population are chosen randomly
and then engage in a symmetric bimatrix game whose
(common) payoff function is described by the n × n
matrix U . Then, (U x)i is the expected payoff of a type-i
user that is involved in a new game, while xT U x is the
average (expected) payoff of a random user (ie, the average payoff in the system) involved in a new game, wrt
the current population state x.
Suppose that the type-frequencies vector x is a vector of differentiable functions of time t (this requires that
the population is infinitely large, or that xi ’s express the
expected frequencies in an ensemble of populations) and
postulate a law of motion x(t). Suppose that for any type
of strategies, its proportion in the next generation is related to the proportion of the same type in the current
generation, according to the following equation, called
the replicator equation [8]:


∀i ∈ N, ẋi = xi (U x)i − xT U x .
(2)
Observe that this frequency-dependent fitness rule introduces a strategic aspect to evolution: more successful
strategies (ie, those having an expected payoff strictly
larger than the average expected payoff) increase their
proportions in the population, while those with less than
average expected payoff loose some of their proportions. Recall that the total change in frequencies is exactly 0, ie, although the frequencies of the types change,
the population size remains the same.
Assume now that the strategies possibly adopted
by the individuals of the population represent m
different mixed strategies on the set of n different
types,(p(i) ∈ Pn )i∈[m] . The expected payoff of a type
p(i) against another type p(j) is (p(i))T U p(j), while
1

Recall that x corresponds to (more than one) pure strategies
profiles for the individuals.

Heads Tails
for a given frequencies vector x ∈ Pm , the average (exT
Heads 0,1 1, 0
pected) payoff within
the
population
is
(p(x))
U
p(x),
P
Tails 1,0 0, 1
where p(x) ≡ i∈[m] xi p(i).The analogue of (2) for
the law of motion of mixed strategies, can be written as
Fig. 1. The Matching Pennies game: The row player bets on


T
∀i ∈ [m], ẋi = xi (p(i) − p(x)) U p(x) . (3) different outcomes showing up, while the column player bets
on the same outcomes showing up. For this game there is no
PNE.

Evolutionary Stable Strategy (ESS) [7]. A (mixed in
general) strategy p ∈ Pn is said to be evolutionary stable (ESS) if, for any other strategy q ∈ Pn \ {p}, the
induced replicator equation describing the dynamics of
the population consisting of these two types only (the
proportion of residents using p is 1 − r and the proportion of invaders using q is r, for some 0 < r ≤ ε(q) ≪
1) leads to the elimination of the invaders, as long as
their initial frequency is sufficiently small. That is, p is
an ESS iff ∀q ∈ P \ {p} the following two conditions
hold:
(I) Equilibrium: qT U p ≤ pT U p
(II) Stability:
qT U p = pT U p ⇒ qT U q < pT U q
Condition (I) demands that p is a Nash equilibrium for
the bimatrix game determining the law of motion (no
invader can do better than the resident against the resident), while condition (II) states that, in case that an
invader does equally well with the resident against the
resident, then the resident must be strictly better than the
invader against the invader. The following theorem provides a simple (yet inefficient, due to the possibly too
many (mixed) strategies for the individuals) test whether
a specific strategy p is an ESS for a replicator equation:
Theorem 1 (Hofbauer, Schuster and Sigmund [2])
Q
p(i)
is a strict
The strategy p is an ESS iff i∈[m] xi
2
local Lyapunov function for the replicator equation, or
equivalently, iff
∀q 6= p, pT U q > qT U q
in some neighbourhood of p.

3 Computational aspects of
game-theoretic evolution

(4)

PNE exist, of different payoffs for the players and quite
different aggregate performances. The problem then is
for a rational player, how to decide which of the several
NE is the “right” one to settle upon. To this direction,
numerous refinements of the space of (P)NE have been
proposed in the literature. In fact, there are so many refinements, that practically every NE may be shown to
be the “right choice” of a proper refinement! There is
a strong hope that evolutionary game theory will assist
this kind of choices. The reason is the systematic way by
which the evolution is modeled, as a kind of a reasonable game between an individual and some other individuals (or even against all other individuals). The point
is to be able to construct computationally efficient algorithms for quantifying the values of all the NE, or even
solving the corresponding optimization problem in the
space of NE wrt a given objective function. Recall that
for an evolutionary game the reachable NE are a subset
of the rest points for the dynamics of this game, which
in turn are the endpoints of (continuous in the limit) trajectories starting from some strategy initially adopted
by (ie, prevailing among) the users. This should not be
confused with the (computationally hard) task of determining the worst/best NE in a traditional game.
Additionally it would be extremely interesting to devise an algorithm for detecting the existence of an ESS
in an evolutionary game, that only takes as input the
n × n matrix U determining the payoffs of the game
and responds with YES/NO, or even better, constructs
an ESS in case of existence. Recall that an ESS is a NE
of the corresponding bimatrix game with an additional
stability property, which does not necessarily hold in a
NE. Indeed, one can construct simple examples where
a small payoff matrix admits no ESS at all (although
the game has at least one NE). A similar computational
problem is the description of a computationally efficient
evolutionary process (ie, the proper rule for evolution)
that will lead as fast as possible to a rest point which
is also a NE for the corresponding traditional game, or
even an ESS for the evolutionary dynamics.

Equilibrium Selection. The most popular notion of
stability in game theory is the Nash equilibrium (NE)
[5]. Although the notion of NE is quite natural, if we
restrict ourselves to pure strategies, we may not be able
to reach a pure Nash equilibrium (PNE) at all. For example, in the Matching Pennies game shown in figure 1
Bounded vs. Unbounded Rationality. A central asthere is no PNE at all. More importantly, even if we have
sumption of the traditional game theory is that each
PNE in a game, we may face a situation where multiple
player adopts a kind of selfish behaviour, exploiting
2
A function F (x) is a Lyapunov function if Ḟ (x) ≥ 0, for the complete knowledge of other players’ decisions.
all x. It is a strict Lyapunov function, if additionally equality For example, in order to be able to assign a cardinal
holds only when x is a rest point.
utility function to individual players, one typically as-

sumes that each player has a well-defined, consistent set
of preferences over the set of “lotteries” over the outcomes which may result from individual choice. Since
the number of different lotteries over outcomes is uncountably many, this requires each player to have a
well-defined, consistent set of uncountably many preferences, which is typically considered to be infeasible.
In many cases though this is not a feasible situation, either because it is not computationally efficient to
handle such an amount of information, or because each
player only knows the actual strategies of those players in its own neighborhood. Despite the fact that traditional game theory does not deal with such situations,
there is a strong hope that evolutionary game theory will
manage eventually to successfully describe and predict
the behaviour of such players since it is better equipped
to handle these weaker rationality assumptions and yet
causing the same effects on players’ behaviours in the
long run as complete-knowledge traditional games. A
typical example of such a scenario is when we wish to
cut off the iteratively dominated strategies of the players. Depending on the model of evolution, we are able
in some cases to assure that all these strategies, that a rational individual should never play in a traditional game,
will eventually vanish in the evolutionary version of the
game.
The computational point of view demands again to
design algorithms dealing with bounded rationality and
achieving in polynomial time (possibly good approximations of) the same outcome as the one expected by
the corresponding traditional game.

Trajectory Prediction. Due to its nature, evolutionary game theory explicitly models the dynamics present
in interactions among individuals in a population. One
might try to capture the dynamics of the decisionmaking process in traditional game theory by modeling
the game in its extensive (rather than its strategic) form.
However, for most games of reasonable complexity, the
extensive form of the game quickly becomes unmanageable. Moreover, in the extensive form of a game, traditional game theory represents an individual’s strategy
as a specification of what choice that individual would
make at each information set in the game. A selection
of strategy then corresponds to a selection, prior to game
play, of what that individual will do at any possible stage
of the game. This representation of strategy selection
clearly presupposes hyperrational players and fails to
represent the process by which a player observes its opponents’ behaviours, learns from these observations and
makes a best/better response, replication, imitation, etc
choice to what it has learned so far.
We would like to be able to decide in polynomial
time whether two phenomenically different evolutionary dynamics actually produce the same trajectories, up
to some kind of homeomorphism. This would enable

a classification scheme of the evolution schemes into
broader categories according to their orbital characteristics. Such kind of classification for replicator dynamics
exist only when there are 2 or 3 distinct types of individuals in the population.
Imposing structural properties of a game into the
evolutionary dynamics. Our last question deals with
some new ways of interaction in the evolutionary dynamics of a game, that will also depict the special structure of the corresponding traditional game. For example,
when a virus spreads in a network, the architecture of
the network itself and the starting points of the virus in
it should affect somehow the success of the virus. The
proposed game theoretic models of evolution proposed
so far in the literature, mainly focus on the case where
the individuals in a population collide with each other
in a random fashion. Ie, the underlying “interaction” infrastructure is represented by a clique. What if this is
not the case, and we have instead some special graph
representing the interactions? We need new evolutionary
models to capture such cases, that will somehow encode
the structure of this graph in the dynamics, via elementary properties (eg, the connectivity or the expansion of
the graph).
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