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In this work, we study the ombinatorial stru ture and the
omputational omplexity of Nash equilibria for a ertain game that
models sel sh routing over a network onsisting of m parallel links. We
assume a olle tion of n users, ea h employing a mixed strategy, whi h
is a probability distribution over links, to ontrol the routing of its own
assigned traÆ . In a Nash equilibrium, ea h user sel shly routes its traÆ
on those links that minimize its expe ted laten y ost, given the network
ongestion aused by the other users. The so ial ost of a Nash equilibrium is the expe tation, over all random hoi es of the users, of the
maximum, over all links, laten y through a link.
We embark on a systemati study of several algorithmi problems related
to the omputation of Nash equilibria for the sel sh routing game we onsider. In a nutshell, these problems relate to de iding the existen e of a
Nash equilibrium, onstru ting a Nash equilibrium with given support
hara teristi s, onstru ting the worst Nash equilibrium (the one with
maximum so ial ost), onstru ting the best Nash equilibrium (the one
with minimum so ial ost), or omputing the so ial ost of a (given) Nash
equilibrium. Our work provides a omprehensive olle tion of eÆ ient algorithms, hardness results (both as NP -hardness and #P - ompleteness
results), and stru tural results for these algorithmi problems. Our results span and ontrast a wide range of assumptions on the syntax of the
Nash equilibria and on the parameters of the system.

Abstra t.

1 Introdu tion
Nash equilibrium [14℄ is arguably the most important solution on ept in Game
Theory [15℄. It may be viewed to represent a steady state of the play of a strategi
?
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game in whi h ea h player holds an a urate opinion about the (expe ted) behavior of other players and a ts rationally. Despite the apparent simpli ity of the
on ept, omputation of Nash equilibria in nite games has been long observed
to be diÆ ult ( f. [10, 19℄); in fa t, it is arguably one of the few, most important
algorithmi problems for whi h no polynomial-time algorithms are known. Indeed, Papadimitriou [18, p. 1℄ a tively advo ates the problem of omputing Nash
equilibria as one of the most signi ant open problems in Theoreti al Computer
S ien e today.
In this work, we embark on a systemati study of the omputational omplexity of Nash equilibria in the ontext of a simple sel sh routing game, originally introdu ed by Koutsoupias and Papadimitriou [7℄, that we des ribe here.
We assume a olle tion of n users, ea h employing a mixed strategy, whi h is
a probability distribution over m parallel links, to ontrol the shipping of its
own assigned traÆ . For ea h link, a apa ity spe i es the rate at whi h the link
pro esses traÆ . In a Nash equilibrium, ea h user sel shly routes its traÆ on
those links that minimize its expe ted laten y ost, given the network ongestion
aused by the other users. A user's support is the set of those links on whi h it
may ship its traÆ with non-zero probability. The so ial ost of a Nash equilibrium is the expe tation. over all random hoi es of the users, of the maximum,
over all links, laten y through a link.
We are interested in algorithmi problems related to the omputation of
Nash equilibria for the sel sh routing game we onsider. More spe i ally, we
aim at determining the omputational omplexity of the following prototype
problems, assuming that users' traÆ s and links' apa ities are given: Given
users' supports, de ide whether there exists a Nash equilibrium; if so, determine
the orresponding users' (mixed) strategies (this is an existen e and omputation problem). De ide whether there exists a Nash equilibrium; if so, determine
the orresponding users' supports and (mixed) strategies (this is an existen e
and omputation problem). Determine the supports of the worst (or the best)
Nash equilibrium (these are optimization problems). Given a Nash equilibrium,
determine its so ial ost (this turns out to be a hard ounting problem.
Our study distinguishes between pure Nash equilibria, where ea h user hooses
exa tly one link (with probability one), and mixed Nash equilibria, where the
hoi es of ea h user are modeled by a probability distribution over links. We also
distinguish in some ases between models of uniform apa ities, where all link
apa ities are equal, and of arbitrary apa ities; also, we do so between models
of identi al traÆ s, where all user traÆ s are equal, and of arbitrary traÆ s.
Contribution. We start with pure Nash equilibria. By the linearity of the expe ted laten y ost fun tions we onsider, a mixed, but not ne essarily pure,
Nash equilibrium always exists. The rst result (Theorem 1), remarked by Kurt
Mehlhorn, establishes that a pure Nash equilibrium always exists. To this end, we
ontinue to present an eÆ ient, yet simple algorithm (Theorem 2) that omputes
a pure Nash equilibrium.
We pro eed to onsider the related problems BEST NASH EQUILIBRIUM
SUPPORTS and WORST NASH EQUILIBRIUM SUPPORTS of determining ei-

ther the best or the worst pure Nash equilibrium (with respe t to so ial ost),
respe tively. Not surprisingly, we show that both are NP -hard (Theorems 3
and 4).
We now turn to mixed Nash equilibria. Our rst major result here is an
eÆ ient and elegant algorithm for omputing a mixed Nash equilibrium (Theorem 5). More spe i ally, the algorithm omputes a generalized fully mixed Nash
equilibrium; this is a generalization of fully mixed Nash equilibria [9℄.
We ontinue to establish that for the model of uniform apa ities, and assuming that there are only two users, the worst mixed Nash equilibrium (with
respe t to so ial ost) is the fully mixed Nash equilibrium (Theorem 6). In lose
relation, we have attempted to obtain an analog of this result for the model of
arbitrary apa ities. We establish that any mixed Nash equilibrium, in parti ular
the worst one, in urs a so ial ost that does not ex eed 49:02 times the so ial
ost of the fully mixed Nash equilibrium (Theorem 7). Theorems 6 and 7 provide
together substantial eviden e about the \ ompleteness" of the fully mixed Nash
equilibrium: it appears that it suÆ es, in general, to fo us on bounding the so ial
ost of the fully mixed Nash equilibrium and then use redu tion results (su h as
Theorems 6 and 7) to obtain bounds for the general ase.
We then shift gears to study the omputational omplexity of NASH EQUILIBRIUM SOCIAL COST. We have obtained both negative and positive results
here. We rst show that the problem is #P - omplete (see, e.g., [16℄) in general
for the ase of mixed Nash equilibria (Theorem 8). On the positive side, we get
around the established hardness of omputing exa ly the so ial ost of any mixed
Nash equilibrium by presenting a fully polynomial, randomized approximation
s heme for omputing the so ial ost of any given mixed Nash equilibrium to
any required degree of approximation (Theorem 9).
We point out that the polynomial algorithms we have presented for the omputation of pure and mixed Nash equilibria (Theorems 2 and 5, respe tively) are
the rst known polynomial algorithms for the problem (for either the general ase
of a strategi game with a nite number of strategies, or even for a spe i game).
On the other hand, the hardness results we have obtained (Theorems 3, 4, and 8)
indi ate that optimization and ounting problems in Computational Game Theory may be hard even when restri ted to spe i , simple games su h as the sel sh
routing game onsidered in our work.
Related Work. The sel sh routing game onsidered in this paper was rst introdu ed by Koutsoupias and Papadimitriou [7℄ as a vehi le for the study of
the pri e of sel shness for routing over non- ooperative networks, like the Internet. This game was subsequently studied in the work of Mavroni olas and
Spirakis [9℄, where fully mixed Nash equilibria were introdu ed and analyzed.
In both works, the aim had been to quantify the amount of performan e loss in
routing due to sel sh behavior of the users. (Later studies of the sel sh routing
game from the same point of view, that of performan e, in lude the works by
Koutsoupias et al. [6℄, and by Czumaj and Vo king [1℄.) Unlike these previous
papers, our work onsiders the sel sh routing game from the point of view of
omputational omplexity and attempts to lassify ertain algorithmi problems

related to the omputation of Nash equilibria of the game with respe t to their
omputational omplexity.
Extensive surveys of algorithms and te hniques from the literature of Game
Theory for the omputation of Nash equilibria of general bimatrix games in either
strategi or extensive form appear in [10, 19℄. All known su h algorithms in ur
exponential running time, with the seminal algorithm of Lemke and Howson [8℄
being the prime example. Issues of omputational omplexity for the omputation of Nash equilibria in general games have been raised by Megiddo [11℄,
Megiddo and Papadimitriou [12℄, and Papadimitriou [17℄. The NP -hardness of
omputing a Nash equilibrium of a general bimatrix game with maximum payo
has been established by Gilboa and Zemel [3℄. Similar in motivation and spirit
to our paper is the very re ent paper by Deng et al. [2℄, whi h proves omplexity,
approximability and inapproximability results for the problem of omputing an
ex hange equilibrium in markets with indivisible goods.

2 Framework
Most of our de nitions are patterned after those in [7, Se tions 1 & 2℄ and [9,
Se tion 2℄.
We onsider a network onsisting of a set of m parallel links 1; 2; : : : ; m from
a sour e node to a destination node. Ea h of n network users 1; 2; : : :; n, or users
for short, wishes to route a parti ular amount of traÆ along a (non- xed) link
from sour e to destination. (Throughout, we will be using subs ripts for users
and supers ripts for links.) Denote wi the traÆ of user i 2 [n℄. De ne the n  1
traÆ ve tor w in the natural way. Assume throughout that m > 1 and n > 1.
A pure strategy for user i 2 [n℄ is some spe i link. a mixed strategy for user
i 2 [n℄ is a probability distribution over pure strategies; thus, a mixed strategy is
a probability distribution over the set of links. The support of the mixed strategy
for user i 2 [n℄, denoted support (i), is the set of those pure strategies (links) to
whi h i assigns positive probability. A pure strategy pro le is represented by an
n-tuple h`1 ; `2 ; : : : ; `ni 2 [m℄n ; a mixed strategy
pro le is represented by an n  m
probability matrix P of nm probabilities pji , i 2 [n℄ and j 2 [m℄, where pji is the
probability that user i hooses link j .
For a probability matrix P, de ne indi ator variables Ii` 2 f0; 1g, i 2 [n℄ and
` 2 [m℄, su h that Ii` = 1 if and only if p`i > 0. Thus, the support of the mixed
strategy for user i 2 [n℄ is the set f` 2 [m℄ j Ii` = 1g. For ea h link ` 2 [m℄, de ne
the view of link `, denoted view (`), as the set of users i 2 [n℄ that potentially
assign their traÆ s to link `; so, view (`) = fi 2 [n℄ j Ii` = 1g. A link ` 2 [m℄
is solo [9℄ if jview (`)j = 1; thus, there is exa tly one user, denoted s(`), that
onsiders a solo link `.
Synta ti Classes of Mixed Strategies. By a synta ti lass of mixed strategies, we
mean a lass of mixed strategies with ommon support hara teristi s. A mixed
strategy pro le P is fully mixed [9℄ if for all users i 2 [n℄ and links j 2 [m℄,
Iij = 1. Throughout, we will be onsidering a pure strategy pro le as a spe ial
ase of a mixed strategy pro le. in whi h all (mixed) strategies are pure. We

pro eed to de ne two new variations of fully mixed strategy pro les. A mixed
strategy pro le P is generalized fully mixed if there exists a subset Links  [m℄
su h that for ea h pair of a user i 2 [n℄, and a link j 2 [m℄, Iij = 1 if j 2 Links
and 0 if j 62 Links. Thus, the fully mixed strategy pro le is the spe ial ase of
generalized fully mixed strategy pro les where Links = [m℄.
Cost Measures. Denote ` > 0 the apa ity of link ` 2 [m℄, representing the rate
at whi h the link pro esses traÆ . So, the laten y for traÆ w through link `
equals w= ` . In the model of uniform apa ities, all link apa ities are equal to
, for some onstant > 0; link apa ities may vary arbitrarily in the model of
arbitrary apa ities. For a pure strategy
pro le h`1 ; `2 ; : : : ; `n i, the laten y ost
P
for user i 2 [n℄, denoted i , is ( k:`k =`i wk )= `i ; that is, the laten y ost for
user i is the laten y of the link it hooses. For a mixedPstrategy pro le P, denote
W ` the expe ted traÆ on link ` 2 [m℄; learly, W ` = ni=1 p`i wi . Given P, de ne
the m  1 expe ted traÆ ve tor W indu ed by P in the natural way. Given P,
`
denote ` the expe ted laten y on link ` 2 [m℄; learly, ` = W` . De ne the
m  1 expe ted laten y ve tor  in the natural way. For a mixed strategy pro le
P, the expe ted laten y ost for user i 2 [n℄ on link ` 2 [m℄, denoted `i , is the
expe tation, over all random hoi es of the remaining users, of P
the laten y ost
`
w
+
i
k=1;k6=i pk wk
=
for user i had its traÆ been assigned to link `; thus, `i =
`
(1 p`i )wi +W `
. For ea h user i 2 [n℄, the minimum expe ted laten y ost, denoted
`
i , is the minimum, over all links ` 2 [m℄, of the expe ted laten y ost for user
i on link `; thus, i = min`2[m℄ `i . For a probability matrix P, de ne the n  1
minimum expe ted laten y ost ve tor  indu ed by P in the natural way.

Asso iated with a traÆ ve tor w and a mixed strategy pro le P is the so ial
ost [7, Se tion 2℄, denoted SC(w; P), whi h is the expe tation, over all random
hoi es of the users, of the maximum (over all
links) laten y of traÆ
through
P


Qn
P
k:`k =` wk
`
k
.
a link; thus, SC(w; P) = h`1 ;`2 ;:::;`n i2[m℄n
`
k=1 pk  max`2[m℄
Note that SC (w; P) redu es to the maximum laten y through a link in the
ase of pure strategies. On the other hand, the so ial optimum [7, Se tion
2℄ asso iated with a traÆ ve tor w, denoted OPT(w), is the least possible
maximum (over all links) laten
y of traÆ through a link; thus, OPT(w) =
P
wk
minh`1 ;`2 ;:::;`n i2[m℄n max`2[m℄ k:`k`=` . Note that while SC(w; P) is de ned in
relation to a mixed strategy pro le P, OPT(w) refers to the optimum pure strategy pro le.
Nash Equilibria. We are interested in a spe ial lass of mixed strategies alled
Nash equilibria [14℄ that we des ribe below. Formally, the probability matrix P
is a Nash equilibrium [7, Se tion 2℄ if for all users i 2 [n℄ and links ` 2 [m℄,
`i = i if Ii` = 1, and `i > i if Ii` = 0. Thus, ea h user assigns its traÆ with
positive probability only on links (possibly more than one of them) for whi h
its expe ted laten y ost is minimized; this implies that there is no in entive for
a user to unilaterally deviate from its mixed strategy in order to avoid links on
whi h its expe ted laten y ost is higher than ne essary.

P
For ea h link ` 2 [m℄, denote e` = ` =( nj=1 j ), the normalized apa ity of
link `. The following result due to Mavroni olas and Spirakis [9, Theorem 14℄
provides ne essary and suÆ ient onditions for the existen e (and uniqueness)
of Nash equilibria in the ase of fully mixed strategies, assuming that all traÆ s
are identi al.

Lemma 1 (Mavroni olas and Spirakis [9℄). Consider the ase of fully mixed
strategy pro les, under the model of arbitrary apa
ities. Assumethat all traÆ s

e`
are identi al. Then, for all links ` 2 [m℄, 2 m+1n 1 ; m+nn 1 if and only if
there exists a Nash equilibrium, whi h must be unique.
We remark that although, apparently, Lemma 1 determines a olle tion of 2m
ne essary and suÆ ient onditions (m pairs with two onditions per pair) for
a fully mixed Nash equilibrium, the fa t that all normalized apa ities sum to
1 implies that ea h pair redu es to one ondition (say the one establishing the
lower bound for ` , ` 2 [m℄. Furthermore, all m onditions hold if (and only if)
the one for min`2[m℄ ` holds. Thus, Lemma 1 establishes that existen e of a fully
mixed Nash equilibrium an be de ided in (m) time by nding the minimum
apa ity `0 and he king whether or not the orresponding normalized apa ity
f
`0 > 1 . (This observation is due to B. Monien [13℄.)
`0 satis es f
m+n 1
Algorithmi Problems. We now formally de ne several algorithmi problems related to Nash equilibria. A typi al instan e is de ned by: a number n of users; a
number m of links; for ea h user i, a rational number wi > 0, alled the traÆ
of user i; for ea h link j , a rational number j > 0, alled the apa ity of link j .
In NASH EQUILIBRIUM SUPPORTS, we want to ompute indi ator variables
Iij 2 f0; 1g, where 1  i  n and 1  j  m, that support a Nash equilibrium
for the system of the users and the links.
In BEST NASH EQUILIBRIUM SUPPORTS, we seek the user supports orresponding to the Nash equilibrium with the minimum so ial ost for the given
system of users and links.
In WORST NASH EQUILIBRIUM SUPPORTS, we seek the user supports
de ning the Nash equilibrium with the maximum so ial ost for the given system
of users and links.
NASH EQUILIBRIUM SOCIAL COST is a problem of a somehow ounting
nature. In addition to the user traÆ s and the link apa ities, an instan e is
de ned by a Nash equilibrium P for the system of the users and the links, and
we want to ompute the so ial ost of the Nash equilibrium P.

3 Pure Nash Equilibria
We start with a preliminary result remarked by Kurt Mehlhorn.

Theorem 1.

There exists at least one pure Nash equilibrium.

Proof sket h. Consider the universe of pure strategy pro les. Ea h su h prole indu es a sorted expe ted laten y ve tor  = h1 ; 2 ; : : : ; m i, su h that

1   2  : : :   m ,

in the natural way. (Rearrangement of links may be
ne essary to guarantee that the expe ted laten y ve tor is sorted.) Consider the
lexi ographi ally minimum expe ted laten y ve tor 0 and assume that it orresponds to a pure strategy pro le P0 . We will argue that P0 is a (pure) Nash
equilibrium. Indeed, assume, by way of ontradi tion, that P0 is not a Nash equilibrium. By de nition of Nash equilibrium, there exists a user i 2 [n℄ assigned
by P0 to link j 2 [m℄, and a link  2 [m℄ su h that j >  + wi . Constru t
now from P0 a pure strategy pro le P0 whi h is identi al to P0 ex ept that
m i the traÆ ve tor
d
user i is now assigned to link . Denote 0 = h1 ; 2 ; : : : ; 
w
indu ed by P0 . By onstru tion, j = j ji < j , while by onstru tion and
assumption,  =  + wi < j . Sin e 0 is sorted in non-in reasing order
and  + wi < j , j pre edes  in 0 . Clearly, all entries pre eding j in 0
remain un hanged in 0 . Consider now the j -th entry of 0 . There are three
possibilities. The j -th entry of 0 is either j , or  , or some entry of 0 that
followed j in 0 and remained un hanged in 0 . We obtain a ontradi tion in
all possible ases.
ut
We remark that the proof of Theorem 1 establishes that the lexi ographi ally
minimum expe ted traÆ ve tor represents a (pure) Nash equilibrium. Sin e
there are exponentially many pure strategy pro les and that many expe ted
traÆ ve tors, Theorem 1 only provides an ineÆ ient proof of existen e of pure
Nash equilibria ( f. Papadimitriou [17℄).
Computing a Pure Nash Equilibrium. We show:

Theorem 2.
equilibria.

NASH EQUILIBRIUM SUPPORTS

is in

P when restri ted to pure

Proof sket h. We present a polynomial-time algorithm Apure that omputes the
supports of a pure Nash equilibrium. Roughly speaking, the algorithm Apure
works in a greedy fashion; it onsiders ea h of the user traÆ s in non-in reasing
order and assigns it to the link that minimizes (among all links) the laten y
ost of the user had its traÆ been assigned to that link. Clearly, the supports
omputed by Apure represent a pure strategy pro le. We will show that this
pro le is a Nash equilibrium. We argue indu tively on the number of i iterations,
1  i  n, of the main loop of Apure . We prove that the system of users and
links is in Nash equilibrium after ea h su h iteration.
ut
(This ni e observation is due to B. Monien [13℄.) We remark that Apure an be
viewed as a variant of Graham's Longest Pro essing Time (LPT [4℄) algorithm
for assigning tasks to identi al ma hines. Nevertheless, sin e in our ase the links
may have di erent apa ities, our algorithm instead of hoosing the link that will
rst be ome idle, it a tually hooses the link that minimizes the ompletion time
of the spe i task (i.e., the load of a ma hine prior to the assignment of the
task under onsideration, plus the overhead of this task). Clearly, this greedy
algorithm leads to an assignment whi h is, as we establish, a Nash equilibrium.
Computing the Supports of the Best or Worst Pure Nash Equilibria. We show:

Theorem 3.

BEST NASH EQUILIBRIUM SUPPORTS

is

NP -hard.

Proof sket h. Redu tion from BIN PACKING (see, e.g., [16℄).

Theorem 4.

WORST NASH EQUILIBRIUM SUPPORTS

stri ted to pure equilibria.

is

ut

NP -hard when re-

Proof sket h. Redu tion from BIN PACKING (see, e.g., [16℄).

ut

4 Mixed Nash Equilibria
We present a polynomial upper bound on the omplexity of omputing a mixed
Nash equilibrium for the ase where all traÆ s are identi al. We show:

Theorem 5.
SUPPORTS

Assume that all traÆ s are identi al. Then, NASH EQUILIBRIUM
is in P when it asks for the supports of a mixed equilibrium.

Proof sket h. We present a polynomial-time algorithm Agfm that omputes the
supports of a generalized fully mixed Nash equilibrium. We start with an informal des ription of Agfm . In a prepro essing step, Agfm sorts all apa ities
and omputes all normalized apa ities. Roughly speaking, Agfm onsiders all
subsets of fast links, starting with the set of all links; for ea h subset, it he ks
whether there exists a Nash equilibrium for the system of all users and the links
in the subset, by using Lemma 1 (and the dis ussion following it). The algorithm
Agfm stops when it nds one; else, it drops the slowest link in the subset and
ontinues re ursively. Assume wlog that 1  2  : : :  m . For any integer m0 ,
where 1  m0  m, all a set of links f`1 ; : : : ; `m0 g a fast link set. So, we observe
that Agfm examines all generalized fully mixed strategy pro les for a system of
all users and a fast link set. Hen e, to establish orre tness for Agfm , we need
to show that at least one of the generalized fully mixed strategy pro les for a
system of all users and a fast link set is a Nash equilibrium. We show this by
indu tion on m.
ut
We note that the prepro essing step of Agfm takes (m lg m) + (m) =
(m lg m) time. Next, the initial step of Agfm (whi h onsiders all links) he ks
the validity of a single ondition (by the dis ussion following Lemma 1). After
this, the loop is exe uted at most m 1 times. For 1  m0  m 1, the m0 -th
exe ution he ks the validity of a single ondition (by the dis ussion following
Lemma 1) and the validity of an additional ondition (from the de nition of
Nash
equilibrium). Thus, the time omplexity of Agfm is at most (m lg m) +
P
1m0 m 1 2 =  (m lg m).
A Chara terization of the Worst Mixed Nash Equilibrium. We rst prove a stru tural property of mixed Nash equilibria, whi h we then use to provide a synta ti
hara terization of the worst mixed Nash equilibrium under the model of uniform
apa ities.
For the following proposition, re all the on epts of solo link and view. In
addition, let us say that a user rosses another user if their supports ross ea h
other, i.e. their supports are neither disjoint nor the same.

Proposition 1. In any Nash equilibrium P under the model of uniform apa ities, P indu es no solo link onsidered by a user that rosses another user.
Proof. Assume that P indu es a solo link ` onsidered by a user s(`) that rosses
another user; thus, there exists another link ` 2 support(s(`)) and a user i 2
`
`
`

view(`0 ), so that pi00 > 0. Therefore, s0(`)

0

= ws(`) + pi00 wi0 >
whi h ontradi ts the hypothesis that P is a Nash equilibrium.

ws(`)

0

= `s(`) ,

ut

Theorem 6. Consider the model of uniform apa ities and assume that n = 2.
Then, the worst Nash equilibrium is the fully mixed Nash equilibrium.
Proof sket h. Assume wlog that w1  w2 , and onsider any Nash equilibrium
P. If P is pure, we observe that it is not possible for both users to have the
same pure strategy. This implies that the so ial ost of any pure equilibrium
is maxfw1 ; w2 g = w1 . If P is a mixed equilibrium, Proposition 1 implies that
there are only two ases to onsider: either support(1) \ support(2) = ; or
support(1) = support(2). In the former ase, the so ial ost is w1 . In the latter
ase, the only possible
Nash equilibrium is the fully mixed one having so ial ost
P
1
` `
ut
SC(w;P) = w1 + w2
`2[m℄ p1 p2 = w1 + w2  m .
Worst Versus Fully Mixed Nash Equilibria. We show:

Theorem 7.

Consider the model of identi al traÆ s. Then, the so ial ost of
the worst mixed Nash equilibrium is at most 49:02 times the so ial ost of any
generalized fully mixed Nash equilibrium.
P
`
Proof sket h. Assume that 1  2  : : :  m . Let Ctot = m
`=1 . Wlog, we
m
an assume that the minimum link apa ity is 1 (i.e.,
= 1) and that all users
have a unit amount of traÆ (i.e. for all i 2 [n℄, wi = w = 1). We use 1 to denote
the orresponding traÆ ve tor. It an be easily veri ed that it suÆ es to show
the following:
Lemma 2. Let m = 1, 1  2, and n  minf3 ln m; Ctot m + 2g. In addition,
let P be the generalized fully mixed strategy pro le omputed by the algorithm
Agfm , and let P be a strategy pro le orresponding to an arbitrary Nash equilibrium. Then, 49:02 SC(1; P)  SC(1; P).
Proof sket h. To distinguish between the expe ted laten ies of the generalized
fully mixed Nash equilibrium de ned by P and the expe ted laten ies of the
Nash equilibrium de ned by P, throughout our proof, we use 1 ; : : : ; m to
denote the expe ted link laten ies in the generalized fully mixed equilibrium
omputed by the algorithm Agfm , and 1 ; : : : ; m to denote the expe ted link
laten ies in P. In addition, we use max and max to denote the maximum
link laten y in the P and P, respe tively. We rst show some bounds on the
expe ted link laten ies for any Nash equilibrium. The rst bound states that,
for any non-solo link ` 2 [m℄, the expe ted laten y of ` in any Nash equilibrium
is bounded from above by a small onstant fa tor times the expe ted laten y of
the same
link in the generalized
fully mixed equilibrium omputed by Agfm , i.e.


1
`
`
  2 1 + jview(`)j 1  , From now on, the analysis fo uses on mixed strategy

pro les P. Then, we upper bound the probability that the maximum laten y of
the generalized fully mixed equilibrium does not ex eed a given number  by
h
i
 j

Pm
j 

n
1
proving that for any  2  ; 1 , Pr[max < ℄  4 exp
.
j =1 2
We also bound from above the probability that the maximum laten y of the
equilibrium P is greater than or equal to a given number . In parti ular, we

 j
Pm
j 
e
1
prove that for any  > Cntot + m
,
Pr[



℄

. So, we
max
j =1 
Ctot
ombine these to show that there exists a number   1 su h that SC(1; P) 
 and 6e(1 + 0:0018625)  SC(1; P).
ut
3
The proof is now omplete.
ut
Computing the So ial Cost of a Mixed Nash Equilibrium. We show:

Theorem 8.

NASH EQUILIBRIUM SOCIAL COST

stri ted to mixed equilibria.

is #P - omplete when re-

Proof sket h. First of all, we remark that given a set of integer weights J =
fw1 ; : : : ; wn g and an integer C  w1 +2 +wn , it is #P - omplete to ount the
number of subsets of J with total weight at most C , sin e this orresponds to
ounting the number of feasible solutions of a KNAPSACK instan e (see, e.g.,
[16℄). Therefore, given n Bernoulli random variables Yi , ea h taking an integer
integer C as above, it
value wi with probability 21 and 0 otherwise, and an P
is #P - omplete to ompute the probability that Y = ni=1 Yi ex eeds C , i.e.
Pr(Y  C ). We show that two alls to a (hypotheti al) ora le omputing the
so ial ost of a given mixed Nash equilibrium suÆ e to ompute the above
probability.
Given the random variables Yi , we onsider three identi al apa ity links
(denoted as links 0, 1, 2 respe tively) and n + 1 users, where the user 0 has
traÆ C and the user i, i 2 [n℄, has traÆ wi . Sin e C  w1 +2 +wn , if user
0 hooses link 0 with ertainty (i.e. p00 = 1) and ea h of the remaining users
hooses link 1 or 2 with probability 21 (i.e. p1i = p2i = 12 ), this mixed strategy
pro le orresponds to a Nash equilibrium.
In addition, sin e wi 's are integers,
P
Pr(
Y  B ). If we
in rease the traÆ
the so ial ost equals SC1 = C + 2 1
B =C +1
P
of user 0 to C + 1, the so ial ost be omes SC2 = C + 1 + 2 1
B =C +2 Pr(Y  B ).
Therefore, 2 Pr(Y  C + 1) = 1 + SC1 SC2 , and sin e C and wi 's are integers,
ut
Pr(Y  C ) = 1 Pr(Y  C + 1) = 1 SC21 +SC2 .
Approximating the So ial Cost of a Mixed Nash Equilibrium. We show:

Theorem 9.

Consider the model of uniform apa ities. Then, there exists a
fully polynomial, randomized approximation s heme for NASH EQUILIBRIUM
SOCIAL COST.
Proof sket h. The idea of the s heme is to de ne an eÆ iently samplable random
variable  whi h a urately estimates the so ial ost of the given Nash equilibrium P on a (given) traÆ ve tor w. For this, we design the following experiment,
where N is a xed parameter that will be spe i ed later: \Repeat N times the
random experiment of assigning ea h user to a link in its support a ording to

the (given) Nash probabilities. De ne  to be the random variable representing
the maximum laten y (over all links); for ea h experiment
Ei , 1  i  N , denote
PN

r
i the measured value for . Output the mean rN=1 of the measured values." By
the Strong Law of Large Numbers (see, e.g., [5, Se tion 7.5℄), it follows
PN
r=1 r
SC (w; P)  " SC (w; P), for any onstant " > 0 provided that
that
N


N  1" SC (w; P). By the results in [1, 6℄, SC (w; P) = O lglglgnn  OPT (w).


P
P
Sin e OPT (w)  ni=1 wi , it follows that SC (w; P) = O lglglgnn  ni=1 wi . It
suÆ es to take N to be 1" times this upper bound on SC (w; P).
ut

5 Open Problems
Our work leaves open numerous interesting questions that are dire tly related to
our results. We list a few of them here: What is the time omplexity of omputing
the supports of a pure Nash equilibrium? Theorem 2 shows that it is O(n lg n +
nm) = O(n maxflg n; mg). Can this be further improved? Consider the spe i
pure Nash equilibria that are omputed by the algorithm that is impli it in the
proof of Theorem 1 and the algorithm Apure in the proof of Theorem 2. It would
be interesting to study how well these spe i pure Nash equilibria approximate
the worst one (in terms of so ial ost). What is the omplexity of omputing
the supports of a generalized fully mixed Nash equilibrium? Theorem 5 shows
that it is O(m lg m) in the ase where all traÆ s are identi al. Can this be
further improved? Nothing is known about the general ase, where traÆ s are
not ne essarily identi al.
It is tempting to onje ture that Theorem 6 holds for all values of n  2. In
addition, we onje ture that the generalized fully mixed strategy is a tually the
worst- ase Nash equilibrium for identi al traÆ s and apa itated links (Theorem 7 proves that it is already within onstant fa tor from the worst ase so ial
ost).
Besides these dire tly related open problems, we feel that the most signi ant
extension of our work would be to study other spe i games and lassify their
instan es a ording to the omputational omplexity of omputing the Nash
equilibria of the game. We hope that our work provides an initial solid ground
for su h studies.
Some additional results on the ombinatorial stru ture and the omputational omplexity of Nash equilibria for the sel sh routing game onsidered in
this paper were obtained re ently in a follow-up work by Burkhard Monien [13℄.
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