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Abstra t
We in orporate prior knowledge to onstru t nonlinear algorithms
for invariant feature extra tion and dis rimination. Employing a
uni ed framework in terms of a nonlinear variant of the Rayleigh
oeÆ ient, we propose non-linear generalizations of Fisher's disriminant and oriented PCA using Support Ve tor kernel fun tions.
Extensive simulations show the utility of our approa h.

1 Introdu tion
It is ommon pra ti e to prepro ess data by extra ting linear or nonlinear features.
The most well-known feature extra tion te hnique is prin ipal omponent analysis
PCA (e.g. [3℄). It aims to nd an orthonormal, ordered basis su h that the i-th
dire tion des ribes as mu h varian e as possible while maintaining orthogonality to
all other dire tions. However, sin e PCA is a linear te hnique, it is too limited to
apture interesting nonlinear stru ture in a data set and nonlinear generalizations
have been proposed, among them Kernel PCA [14℄, whi h omputes the prin ipal
omponents of the data set mapped nonlinearly into some high dimensional feature
spa e F .
Often one has prior information, for instan e, we might know that the sample is
orrupted by noise or that there are invarian es under whi h a lassi ation should
not hange. For feature extra tion, the on epts of known noise or transformation
invarian e are to a ertain degree equivalent, i.e. they an both be interpreted as
ausing a hange in the feature whi h ought to be minimized. Clearly, invarian e
alone is not a suÆ ient ondition for a good feature, as we ould simply take the
onstant fun tion. What one would like to obtain is a feature whi h is as invariant
as possible while still overing as mu h of the information ne essary for des ribing
the parti ular data. Considering only one (linear) feature ve tor w and restri ting
to rst and se ond order statisti s of the data one arrives at a maximization of the
so alled Rayleigh oeÆ ient

w>S w
J (w) = > I ;
w SN w

(1)

where w is the feature ve tor and SI , SN are matri es des ribing the desired and
undesired properties of the feature, respe tively (e.g. information and noise). If SI
is the data ovarian e and SN the noise ovarian e, we obtain oriented PCA [3℄.
If we leave the eld of data des ription to perform supervised lassi ation, it is
ommon to hoose SI as the separability of lass enters (between lass varian e)
and SN to be the within lass varian e. In that ase, we re over the well known
Fisher Dis riminant [7℄. The ratio in (1) is maximized when we over mu h of
the information oded by SI while avoiding the one oded by SN . The problem is
known to be solved, in analogy to PCA, by a generalized symmetri eigenproblem
SI w = SN w [3℄, where  2 R is the orresponding (biggest) eigenvalue.
In this paper we generalize this setting to a nonlinear one. In analogy to [8, 14℄
we rst map the data via some nonlinear mapping  to some high-dimensional feature spa e F and then optimize (1) in F . To avoid working with the mapped data
expli itly (whi h might be impossible if F is in nite dimensional) we introdu e support ve tor kernel fun tions [11℄, the well-known kernel tri k. These kernel fun tions
k(x; y) ompute a dot produ t in some feature spa e F , i.e. k(x; y) = ((x)  (y)).
Formulating the algorithms in F using  only in dot produ ts, we an repla e any
o urren e of a dot produ t by the kernel fun tion k. Possible hoi es for k whi h
have proven useful e.g. in Support Ve tor Ma hines [2℄ or Kernel PCA [14℄ are Gaussian RBF, k(x; y) = exp( kx yk2= ), or polynomial kernels, k(x; y) = (x  y)d ,
for some positive onstants 2 R and d 2 N , respe tively.
The remainder of this paper is organized as follows: The next se tion shows how to
formulate the optimization problem indu ed by (1) in feature spa e. Se tion 3 onsiders various ways to nd Fisher's Dis riminant in F ; we on lude with extensive
experiments in se tion 4 and a dis ussion of our ndings.

2 Kernelizing the Rayleigh CoeÆ ient
To optimize (1) in some kernel feature spa e F we need to nd a formulation whi h
uses only dot produ ts of -images. As numerator and denominator are both s alars
this an be done independently. Furthermore, the matri es SI and SN are basi ally
ovarian es and thus the sum over outer produ ts of -images. Therefore, and due
to the linear nature of (1) every1 solution w 2 F an be written as an expansion in
terms of mapped training data , i.e.

w=

X̀
i=1

i (xi ):

(2)

To de ne some ommon hoi es in F let X = fx1 ; : : : ; x`g be our training sample
and, where appropriate, X1 [ X2 = X ; X1 \ X2 = ;, two sub lasses (with jXi j = `i ).
We get the full ovarian e of X by
1 X ((x) m)((x) m)> with m = 1 X (x);
(3)
C=
` x2X

` x2X

1
B and W are operators on a ( nite-dimensional) subspa e spanned by the (xi ) (in
a possibly in nite spa e). Let w = v1 + v2 , where v1 2 Span((xi ) : = 1
) and
v2 ? Span((xi ) : = 1
). Then for = W or = B (whi h are both symmetri )
hw wi = h(v1 + v2 ) (v1 + v2 )i
= h(v1 + v2 ) v1 i
= hv1 v1 i
As v1 lies in the span of the (xi ) and only operates on this subspa e there exist an
expansion of w whi h maximizes (w).
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whi h ould be used as SI in oriented Kernel PCA. For SN we ould use an estimate
of the noise ovarian e, analogous to the de nition of C but over mapped patterns
sampled from the assumed noise distribution. The standard formulation of the
Fisher dis riminant in F , yielding the Kernel Fisher Dis riminant (KFD) [8℄ is
given by
X X ((x) m )((x) m )> and S = (m m )(m m )>;
SW =
i
i
B
2
1
2
1
i=1;2 x2Xi

the within- lass s atter SW (as SN ), and the between lass s atter SB (as SI ). Here
mi is the sample mean for patterns from lass i.
To in orporate a known invarian e e.g. in oriented Kernel PCA, one ould use the
tangent ovarian e matrix [12℄,
1 X ((x) (L x))((x) (L x))> for some small t > 0:
(4)
T= 2
t
t
`t
x2X

Here Lt is a lo al 1-parameter transformation. T is a nite di eren e approximation
t of the ovarian e of the tangent of Lt at point (x) (details e.g. in [12℄). Using
SI = C and SN = T in oriented Kernel PCA, we impose invarian e under the lo al
transformation Lt . Cru ially, this matrix is not only onstru ted from the training
patterns X . Therefore, the argument used to nd the expansion (2) is slightly
in orre t. Neverthless, we an assume that (2) is a reasonable approximation for
des ribing the varian e indu ed by T .
Multiplying either of these matri es from the left and right with the expansion (2),
we an nd a formulation whi h uses only dot produ ts. For the sake of brevity, we
only give the
P expli it formulation of (1) in F for KFD ( f. [8℄ for details). De ning
(i )j = `1 x2X k(xj ; x) we an write (1) for KFD as
( >)2 = >M ;
J( ) =
(5)
i

i

>N
>N
>
1 , M = >, and Kij = k(xi ; xj ).
=1;2 `i i i ,  = 2
The results for other hoi es of SI and SN in F as for the ases of oriented kernel

where N = KK>

Pi

PCA or transformation invarian e an be obtained along the same lines. Note that
we still have to maximize a Rayleigh oeÆ ient. However, now it is a quotient in
terms of expansion oeÆ ients , and not in terms of w 2 F whi h is a potentially
in nite-dimensional spa e. Furthermore, it is well known that the solution for this
spe ial eigenproblem is in the dire tion of N 1 (2 1 ) [7℄, whi h an be solved
using e.g. a Cholesky fa torization of N . The proje tion of a new pattern x onto
w in F an then be omputed by
(w  (x)) =

3 Algorithms

X̀
i=1

i k(xi ; x):

(6)

Estimating a ovarian e matrix with rank up to ` from ` samples is ill-posed. Furthermore, by performing an expli it entering in F ea h ovarian e matrix loses one
more dimension, i.e. it has only rank ` 1 (even worse, for KFD the matrix N has
rank ` 2). Thus the ratio in (1) is not well de ned anymore, as the denominator might be ome zero. In the following we will propose several ways to deal with
this problem in KFD. Furthermore we will ta kle the question how to solve the
optimization problem of KFD more eÆ iently. So far, we have an eigenproblem of
size `  `. If ` be omes large this is numeri ally demanding. Reformulations of the
original problem allow to over ome some of these limitations. Finally, we des ribe
the onne tion between KFD and RBF networks.

3.1 Regularization and Solution on a Subspa e

As noted before, the matrix N has only rank ` 2. Besides numeri al problems
whi h an ause the matrix N to be not even positive, we ould think of imposing
some regularization to ontrol apa ity in F . To this end, we simply add a multiple
of the identity matrix to N , i.e. repla e N by N where
N := N + I:
(7)
This an be viewed in di erent ways: (i) for  > 0 it makes the problem feasible
and numeri ally more stable as N be omes positive; (ii) it an be seen as de reasing the bias in sample2 based estimation of eigenvalues ( f. [6℄); (iii) it imposes a
regularization on k k , favoring solutions with small expansion oeÆ ients. Furthermore,
one ould use other regularization type additives to N , e.g. penalizing
kwk2 in analogy to SVM (by adding the kernel matrix Kij = k(xi ; xj )).
To optimize (5) we need to solve an `  ` eigenproblem, whi h might be intra table
for large `. As the solutions are not sparse one an not dire tly use eÆ ient algorithms like hunking for Support Ve tor Ma hines ( f. [13℄). To this end, we might
restri t the solution to lie in a subspa e, i.e. instead of expanding w by (2) we write

w=

m
X
i=1

i (z i );

(8)

with m < l. The patterns zi ould either be a subset of the training patterns X
or e.g. be estimated by some lustering algorithm. The derivation of (5) does not
hange, only K is now m  ` and we end up with m  m matri es N and M . Another
advantage is, that it in reases the rank of N (relative to its size) although there
still might be some need for regularization.
3.2 Quadrati optimization and Sparsi ation

Even if N has full rank, maximizing (5) is underdetermined: if is optimal, then so
is any multiple thereof. Sin e >M = ( >)2 , M has rank one. Thus we an seek
for a ve tor , su h that >N is minimal for xed > (e.g. to 1). The solution
is unique and we an nd the optimal by solving the quadrati optimization
problem:
min >N subje t to > = 1:
(9)
Although the quadrati optimization problem is not easier to >solve than the eigenproblem, it has an appealing interpretation. The onstraint  = 1 ensures, that
the average lass distan e, proje ted onto the dire tion of dis rimination, is onstant, while the intra lass varian e is minimized, i.e. we maximize the average
margin. Contrarily, the SVM approa h [2℄ optimizes for a large minimal margin.
Considering (9) we are able to over ome another short oming of KFD. The solutions are not sparse and thus evaluating (6) is expensive. To solve this we an
add an l1 -regularizer k k1 to the obje tive fun tion, where  is a regularization
parameter allowing us to adjust the degree of sparseness.
3.3 Conne tion to RBF Networks

Interestingly, there exists a lose onne tion between RBF networks (e.g. [9, 1℄) and
KFD. If we add no regularization 1and expand in all training patterns, we nd that
an optimal is given by = K y, where K is the symmetri
, positive matrix of
all kernel elements k(xi ; xj ) and y the 1 label ve tor2. A RBF-network with the
2
To see this, note that an be written
as =
where = y1 y>1 y2 y>2 has
p
rank 2, while yi is the ve tor of 1 i 's for patterns from lass and zero otherwise.
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10.70.11 10.80.06 9.80.08


itali s.
same kernel at ea h sample and xed kernel width gives the same solution, if the
mean squared error between labels and output is minimized. Also for the ase of
restri ted expansions (8) there exists a onne tion to RBF networks with a smaller
number of enters ( f. [4℄).
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4 Experiments
Kernel Fisher Dis riminant Figure 1 shows an illustrative omparison of the

features found by KFD, and Kernel PCA. The KFD feature dis riminates the two
lasses, the rst Kernel PCA feature pi ks up the important nonlinear stru ture.
To evaluate the performan e of the KFD on real data sets we performed an extensive3
omparison to other state-of-the-art lassi ers, whose details are reported in [8℄.
We ompared the Kernel Fisher Dis riminant and Support Ve tor Ma hines, both
with Gaussian kernel, to AdaBoost [5℄, and regularized AdaBoost [10℄ ( f. table 1).
For KFD we used the regularized within- lass s atter (7) and omputed proje tions
onto the optimal dire tion w 2 F by means of (6). To use w for lassi ation we
have to estimate a threshold. This an be done by e.g. trying all thresholds between
two outputs on the training set and sele ting the median of those with the smallest
empiri al error, or (as we did here) by omputing the threshold whi h maximizes the
margin on the outputs in analogy to a Support Ve tor Ma hine, where we deal with
errors on the trainig set by using the SVM soft margin approa h. A disadvantage
of this is, however, that we have to ontrol the regularization onstant for the sla k
variables. The results in table 1 show the average test error and the standard
If has full rank, the null spa e of , whi h is spanned by y1 and y2 , is the null spa e
of> . For  = 1 y we get >  = 0 and > =
6 0. As we are free to x the onstraint
3 to any positive onstant (not just 1),  is also feasible.
K

N

D

K

N

The breast an er domain was obtained from the University Medi al Center,
Inst. of On ology, Ljubljana, Yugoslavia. Thanks to M. Zwitter and M. Sokli for the data. All data sets used in the experiments an be obtained via
http://www.first.gmd.de/~raets h/.

Figure 1: Comparison of feature
found by KFD (left) and rst
Kernel PCA feature (right). Depi ted are two lasses (information only used by KFD) as dots
and rosses and levels of same
feature value. Both with polynomial kernel of degree two, KFD
with the regularized 3within lass
s atter (7) ( = 10 ).

deviation of the averages' estimation, over 100 runs with di erent realizations of
the datasets. To estimate the ne essary parameters, we ran 5-fold ross validation
on the rst ve realizations of the training sets and took the model parameters to
be the median over the ve estimates (see [10℄ for details of the experimental setup).
Using prior knowledge. A toy example ( gure 2) shows a omparison of Kernel PCA and oriented Kernel PCA, whi h used SI as the full ovarian e (3) and
as noise matrix SN the tangent ovarian e (4) of (i) rotated patterns and (ii) along
the x-axis translated patterns. The toy example shows how imposing the desired
invarian e yields meaningful invariant features.
In another experiment we in orporated prior knowledge in KFD. We used the USPS
database of handwritten digits, whi h onsists of 7291 training and 2007 test patterns, ea h 256 dimensional gray s ale images of the digits 0 : : : 9. We used the
regularized within- lass s atter (7) ( = 10 3 ) as SN and added to it an multiple 
of the tangent ovarian e (4), i.e. SN = N + T . As invarian e transformations we
have hosen horizontal and verti al translation, rotation, and thi kening ( f. [12℄),
where we simply averaged the matri es orresponding to ea h transformation. The
feature was extra ted by using the restri ted expansion (8), where the patterns zi
were the rst 3000 training samples. As kernel we have hosen a Gaussian of width
0:3  256, whi h is optimal for SVMs [12℄. For ea h lass we trained one KFD whi h
lassi ed this lass against the rest and omputed the 10- lass error by the winnertakes-all s heme. The threshold was estimated by minimizing the empiri al risk on
the normalized outputs of KFD.
Without invarian es, i.e.  = 0, we a hieved a test error of 3:7%,3 slightly better than
a plain SVM with the same kernel (4:2%) [12℄. For  = 10 , using the tangent
ovarian e matrix led to a very slight improvement to 3:6%. That the result was not
signi antly better than the orresponding one for KFD (3:7%) an be attributed
to the fa t that we used the same expansion oeÆ ients in both ases. The tangent
ovarian e matrix, however, lives in a slightly di erent subspa e. And indeed, a
subsequent experiment where we used ve tors whi h were obtained by lustering a
larger dataset, in luding virtual examples generated by the appropriate invarian e
transformation, led to 3:1%, omparable to an SVM using prior knowledge (e.g. [12℄;
best SVM result 2:9% with lo al kernel and virtual support ve tors).

5 Con lusion
In the task of learning from data it is equivalent to have prior knowledge about
e.g. invarian es or about spe i sour es of noise. In the ase of feature extra tion,
we seek features whi h are suÆ iently (noise-) invariant while still des ribing interesting stru ture. Oriented PCA and, losely related, Fisher's Dis riminant, use
parti ularly simple features, sin e they only onsider rst and se ond order statisti s for maximizing the Rayleigh oeÆ ient (1). Sin e linear methods an be too
restri ted in many real-world appli ations, we used Support Ve tor Kernel fun tions
to obtain nonlinear versions of these algorithms, namely oriented Kernel PCA and
Kernel Fisher Dis riminant analysis.
Our experiments show that the Kernel Fisher Dis riminant is ompetitive or in
Figure 2: Comparison of rst
features found by Kernel PCA
and oriented Kernel PCA (see
text); from left to right: KPCA,
OKPCA with rotation and
translation invarian e; all with
Gaussian kernel.

some ases even superior to the other state-of-the-art algorithms tested. Interestingly, both SVM and KFD onstru t a hyperplane in F whi h is in some sense
optimal. In many ases, the one given by the solution w of KFD is superior to
the one of SVMs. En ouraged by the preliminary results for digit re ognition, we
believe that the reported results an be improved, by in orporating di erent invarian es and using e.g. lo al kernels [12℄.
Future resear h will fo us on further improvements on the algorithmi omplexity
of our new algorithms, whi h is so far larger than the one of the SVM algorithm,
and on the onne tion between KFD and Support Ve tor Ma hines ( f. [16, 15℄).
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