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An Algorithm for Unit-Norm Equation Error System
Identification Based on the Method of Multipliers
Roberto López-Valcarce, Member, IEEE

Abstract—It is known that the unit-norm constraint for equation-error based system identification is superior to the monic constraint since it produces consistent estimates for white measurement noise and also presents better approximation properties in
reduced-order cases. Here, a new algorithm for unit-norm equation-error adaptive filtering is proposed. This scheme is inspired
by the constrained optimization technique known as the method of
multipliers. An analysis of stationary points and mean convergence
properties is developed.
Index Terms—Adaptive IIR filtering, equation-error, system
identification.

I. INTRODUCTION

T

HE equation-error (EE) approach to system identification
offers several advantages over the output error (OE)
method in terms of unimodality of the cost function and stability. The EE method estimates the parameters of an unknown
by adjusting two FIR filters
system
and
to minimize the variance of the error
, as depicted in Fig. 1 for the case
; the
signal
is then given by
.
corresponding estimate of
In spite of those advantages, the traditional monic constraint
is set to one) EE approach has not been widely
(in which
used since the parameter estimates at convergence are generally
biased in the presence of output noise [1]. Early attempts to
overcome this problem include instrumental variable techniques [2], for which stability cannot be guaranteed under the
same general conditions as for the EE method, and hybrid
algorithms [3]–[5], which provide a tradeoff between EE and
OE techniques.
Recently, it has been noted that replacing the monic con) in the EE
straint by a unit norm constraint (
method results in consistent parameter estimates when the measurement noise is white; in addition, the approximation properties of the unit norm solution are superior to those of the monic
solution [6]. Consequently, several online adaptive algorithms
have been proposed based on this idea. An adaptive unit-norm
filter based on planar rotations that, in principle, could be applied to the online problem is described by Regalia in [7]; this
parameterization is not convenient, however, if the block
is to be inverted into
. Davila [8] develops an RLS-like
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Fig. 1.

N = M = 3).

Equation error configuration (

online algorithm, whereas different approaches for developing
gradient-based algorithms were presented in [9]–[12].
We consider an alternative technique in order to develop an
online algorithm for the unit-norm constraint. Our approach is
inspired by the constrained optimization scheme known as the
method of multipliers [13] and results in a new LMS-like algorithm. The main idea is to include an additional adaptive parameter that plays the role of a Lagrange multiplier and to adapt
,
simultaneously all the filter coefficients
freely without imposing any constraints. This produces a division-free algorithm since normalization steps are not required,
in contrast with several existing methods [10]–[12]. Another attractive feature of our approach is that the concept can be applied
to any adaptive filtering problem in which the filter coefficients
are required to meet some constraint upon convergence.
The paper is organized as follows. The method of multipliers
is briefly reviewed in Section II, and then, the new algorithm is
presented. Its stationary points and convergence properties are
analyzed in Section III. Simulations are presented in Section IV.
II. NEW ALGORITHM
Consider the EE system identification structure depicted
represents the input to the unknown
in Fig. 1. Here,
is an additive noise process independent of
system, and
, which contaminates
, the system output, to form the
. Both
and
are assumed to be
available signal
zero-mean wide-sense stationary. The equation error is then
, and
are adapted
. In order to avoid the trivial
in order to minimize
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solution
, some constraints need to be placed.
; more adequate is
The traditional approach was to fix
. The equation error is
the unit norm constraint
, where
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is updated, and the iteration is repeated. If
is a solution of
(5) and is the associated Lagrange multiplier, it is one’s hope
and
as
. Often (but not always),
that
[13].
this requires
,
In the context of the unit norm EE problem,
, and
. Thus, the augmented
Lagrangian takes the form
(6)

Using

,
, the cost

If

is white with variance

, and

The unconstrained minimization step of the method of multipliers can be performed by means of stochastic gradient descent.
From (6), one has

(1)

(7)
(8)

is

, then (1) takes the form
(2)

and
. It is clear from
where
is imposed, then the minimum
(2) that if the constraint
of does not change with . Thus, we would like to solve

,
can be approxiFor online adaptation, the terms
and
, respectively. Simimated, as usual, by
larly, the adaptation of the Lagrange multiplier can be performed
.
at every iteration, that is, with each new data pair
The resulting algorithm is

subject to

minimize

Note that since no constraint is placed on , the optimum
immediately found to be

is
(3)

is nonsingular provided that
is persis[The matrix
tently exciting of sufficient order.] Substituting this back in (1),
one obtains a reduced cost function in terms of :
, where
. Therefore, the problem
becomes
(4)

minimize

which is the Rayleigh quotient of . The minimum value of the
, and the optimum
cost is the smallest eigenvalue of ,
is the (unit norm) corresponding eigenvector [6].
vector
Consider now the general constrained optimization problem
minimize

subject to

and
with
grangian is defined as

(5)

where
is the stepsize. We observe that in this adaptive
context the parameter plays the role of a stepsize for . The
algorithm can be simplified by assuming that is small so that
we can alter the sequence of updates; in addition, the choice
will prove useful for analysis purposes. With these
modifications, one obtains
(9)
(10)
(11)
is adapted via the standard LMS algorithm,
The vector
can be viewed as an LMS update
whereas the adaptation of
with leakage, where the leakage coefficient is dynamically
updated as well. An appealing feature of algorithm (9)–(11) is
that it does not use any divisions; in the case that an estimate
of the system output
is needed, then only one extra
division per iteration is required:

. The augmented La(12)

where
, and is an -dimensional vector (the Lagrange
multiplier ). The method of multipliers constructs two sequences
and
as follows [13]:
of vectors
argmin

where
is a positive penalty parameter sequence. Thus, at
the th step, an unconstrained minimization problem parameis solved; then,
terized by the Lagrange multiplier estimate

III. ALGORITHM ANALYSIS
A. Stationary Points
The stationary points (SPs) of (9)–(11) are the values
) for which the expectations of the update terms in
(
, any SP must satisfy
(9)–(11) vanish. Since
(13)
(14)
(15)
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From (13), at any SP must have unit-norm, as expected. Comis optimized
paring (15) and (3), we also see that at any SP,
in (15) and substituting
as a function of . Now, isolating
this into (14), we have

that is,
, from which we conclude that the SPs
) of the matrix , with
having unit
are the eigenpairs (
optimized in terms of .
norm and
B. Stability Analysis
We proceed now to study the stability properties of the SP
by using the ordinary differcorresponding to
.
ential equation (ODE) method [14]. Let
Then, under the small stepsize assumption, we can approximate
in (10) so that the algorithm can be compactly
with
written as

Under general conditions, it can be shown that
converges to
the solution of the following ODE in some probabilistic sense
[14]:
(16)
where
borhood of

. Now, let
be an SP, i.e.,
. The ODE (16) can be linearized in a neigh(thus yielding a local analysis):

The SP is locally stable if and only if all the eigenvalues of the
lie in the left-hand complex
matrix
semiplane. Now, differentiating

with respect to , one obtains

If we let
be the parameter deviation
vector, then the linearized ODE can be rewritten as
. Then, one has the following result.
Theorem 1: The stationary point of the algorithm (9)–(11)
is locally stable if
is
corresponding to
simple.
is negative semidefinite
Proof: First, observe that
is multiple):
(even if
(17)

(18)

In view of (4),

. Therefore
(19)

yields
.
which is nonpositive since
, we can have
only in the
Moreover, for
following cases.
, then in view of (19),
iff is an
1) If
.
eigenvector of associated with
, then by (18),
2) If
, which is zero iff
. In that
must be of the form
, with
case,
.
,
Consider now the Lyapunov function
. This
whose time derivative is
(small enough
shows that for a given initial perturbation
so that the local linearization remains valid), the norm of the
perturbation cannot increase with time.
is a stable SP since it could
We cannot yet conclude that
is such that
happen that for some ,
. This would mean that
as a function of
passes through a maximum, a minimum, or an inflection point
. The maximum and minimum can be ruled out since
at
for all . For the inflection points, there are two possiresumes decreasing for
, as desired,
bilities: Either
remains constant (and thus,
) for
. We
or
is simple.
show next that this cannot happen if
remains constant, it means either that
If
has converged to a point (which therefore must be an SP of the
wanders in a sphere centered at the origin. At
ODE) or that
the same time, we know that either these points are of the form
, or they satisfy
.
with
; then,
Suppose
. If this is to be an SP of the ODE,
) must be an eigenpair of . This is not
then (
cannot be an eigenvector associated to two
possible since
different eigenvalues. In addition, observe that the intersection
with a sphere centered at the origin
of the manifold
consists only of two isolated points.
. Since by
On the other hand, suppose that
, it follows that
,
definition
) is an eigenpair of . This can yield an SP
i.e., (
(for example, if
). However, this is as
if
is not simple,
may
good as the original SP. If
wander in a manifold of eigenvectors with unit magnitude
(without affecting the performance of the algorithm). That
is simple: Note that any vector
is not possible if
whose -component is
(the only unit-norm eigendifferent from
) satisfies
vector associated with
. Therefore, for a
sufficiently small perturbation, the trajectory of cannot pass
through such a .
and that
To sum up, we have that
can happen only at isolated time instants. Therefore,
, implying that
; the SP corresponding to the smallest
eigenvalue is locally stable.
Theorem 1 ensures local stability of the SP of interest when
is simple. When
is multiple, it follows from
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Fig. 2.
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(a)

(b)

(c)

(d)

Results of a single run of the new algorithm. Dashed lines indicate the true parameter values.

the proof above that the parameter estimate may wander in a
manifold of eigenvectors; nevertheless, since all eigenvectors
provide the same cost reduction, this behavior is acceptable. Finally, Theorem 1 does not provide information about the SPs
. For the
corresponding to the eigenvalues other than
maximum eigenvalue, the same reasoning that led to (19) shows
is positive semidefinite so
that the corresponding matrix
that the corresponding SP is never stable. With respect to the
remaining eigenvalues, simulation results suggest that the corresponding SPs are not stable either, although a formal proof is
not available at this time.
IV. SIMULATIONS
A system identification experiment was carried out in order
to verify the general performance of the algorithm. The fourthorder system given by
(20)
is a zero-mean white
is to be identified. The input signal
process with unit variance.
and
was
The value of the stepsize for the parameters
. Although the analysis of Section III-B, which
showed local stability of the stationary point, is valid only if

the stepsize for the Lagrange multiplier is half of that of the
coefficients, i.e.,
, it was found experimentally that the
performance of the algorithm is best when is chosen a few
orders of magnitude greater than ; in this experiment, we set
. This has the effect of speeding up parameter
convergence for a fixed .
Another feature that proved useful in the practical implementation of the algorithm was to restrict the evolution of the mul. This is because the value of
tiplier to the region
upon convergence is just the value of the cost function at the
stationary point, which is always non-negative. Thus, it makes
sense to avoid excursions of into the negative region.
,
The output noise is a white process with variance
.
giving a signal-to-noise ratio of 10.8 dB in the reference
All the adaptive coefficients are initially set to zero, except for
. Fig. 2 shows the results obtained in a single run of
the algorithm (9)–(11). As expected, the adaptive coefficients
converge in the mean to their true values despite the presence
is seen to flucof output noise. In addition, the parameter
. This
tuate around its theoretical value
fluctuation translates to the oscillations of the adaptive filter coefficients seen in the figure. In order to assess the influence of
this behavior in the overall misadjustment, the algorithm was
compared with other unit-norm adaptive schemes, namely, those
of Ho and Chan [10], Douglas and Rupp [12], and Gao et al.
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(a)

(b)

(c)

(d)

Fig. 3. Output error learning curves SNR

= 10.8 dB. Dashed lines indicate the noise floor.

[9]. All the algorithms used a value of
. Fig. 3
shows the learning curves of the four algorithms, which reflect
the mean squared value of the output error
averaged over 100 independent runs. It is observed that the oscillation phenomenon in the proposed algorithm does not seem
to induce any noticeable increase in misadjustment compared
with the other schemes.
Fig. 4 shows the evolution of the squared norm of the parameter error vector, averaged over 100 trials. In terms of this
measure, the new scheme is seen to perform slightly better in
this example than the algorithms of Douglas and Rupp and Gao
et al.. The best performance is obtained by the computationally
more costly algorithm of Ho and Chan, which was implemented
with explicit normalization at every iteration.

V. CONCLUSIONS
A new adaptive algorithm for equation-error system identification has been presented. This algorithm is based on the idea of
imposing a unit norm constraint on the filter coefficients in order
to obtain consistent estimates. Its main novelty is the inclusion
of a new adaptive parameter, which plays the role of a Lagrange
multiplier. An appealing feature is that there is no need for normalization steps, and therefore, divisions are avoided. The sta-

Fig. 4.

Comparison of the parameter error vector norm evolution.

tionary points of the method were analyzed, concluding that the
point of interest is locally stable. The idea behind this technique
can be applied to any adaptive filtering problem where the filter
coefficients are required to meet some constraints upon convergence. Further study should address the theoretical implications
as well as a mean-squared parameter converof using
gence analysis.
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