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Abstract: This paper describes the foundations and algorithms of a new probabilistic roadmap (PRM)
planner that is: single-query – instead of pre-computing a roadmap covering the entire free space, it uses the
two input query configurations to explore as little space as possible; bi-directional – it explores the robot’s
free space by building a roadmap made of two trees rooted at the query configurations; and lazy in checking
collisions – it delays collision tests along the edges of the roadmap until they are absolutely needed. Several
observations motivated this strategy: (1) PRM planners spend a large fraction of their time testing
connections for collision; (2) most connections in a roadmap are not on the final path; (3) the collision test for
a connection is most expensive when there is no collision; and (4) any short connection between two
collision-free configurations has high prior probability of being collision-free. The strengths of single-query
and bi-directional sampling techniques, and those of delayed collision checking reinforce each other.
Experimental results show that this combination reduces planning times by large factors, making it possible
to efficiently handle difficult planning problems, such as problems involving multiple robots in geometrically
complex environments. This paper specifically describes the application of the planner to multi-robot
planning and compares results obtained when the planner uses a centralized planning approach (PRM
planning is then performed in the joint configuration space of the robots) and when it is uses a decoupled
approach (the PRM planner is invoked several times, first to compute a path of each robot independent of the
others, and then to coordinate those paths). On a simulated six-robot welding station combining 36 degrees of
freedom, centralized planning has proven to be a much more effective approach than decoupled planning.

1. Introduction
Probabilistic roadmaps (PRM) and related methods are an effective tool to solve path-planning problems with
many degrees of fredom (dofs) [Ahu94, ABD+98, BKL+97, BK00, BL91, BOvdS99, HST94, Hsu00,
HLM+99, HXCW98, Kav94, KSLO96, LS01, NSL99, Sve97]. They also make it possible to handle various
admissibility constraints, such as nonholonomic and kinodynamic constraints [Hsu00, KHLR00, Kuff99, LK99,
LK01, SSLO98, SO95], maintenance of stability [Cas01, KNK+01], avoidance of moving obstacles [Bag96,
KHLR00], deformable objects [GHK99, HKW98, LamK99], closed-loop kinematic chains [HA01, LYK99],
and motion in contact [JX01]. PRM and related planners have not only been used for basic trajectory
generation. They have also been applied to (dis-)assembly and manipulation planning [CL95, KL94, NK00,
SLL01, SRA01], finding the placement of a robot arm [HLS99], planning the motions of air-cushion robots
dodging moving obstacles [Kin01], planning aggressive maneuvers of autonomous helicopters [FDF00],
locomotion and manipulation planning for humanoid robots [KNK+01], reconfiguration planning for modular
self-reconfigurable robots [Cas01], solving inverse kinematic problems [AG99], multi-robot coordination
[AdB+99], multi-goal planning [SR00], graphic animation of digital characters [CLS00, KKKL94, Kuff99],
surgical planning [TAL99], and molecular motion prediction [ABG+02, SLB99, SA01].
A PRM planner samples the configuration space at random and retains the collision-free points as milestones. It
connects pairs of milestones by simple paths and retains the collision-free ones as local paths. The milestones
and local paths form the probabilistic roadmap. The motivation is that, while it is often impractical to compute
an explicit geometric representation of the collision-free subset (the free space) of a configuration space,
existing collision-detection algorithms can efficiently check whether a given configuration or local path is
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collision-free [BKL+97]. Under broad assumptions, the probability that an adequately designed PRM planner
finds a collision-free path, if one exists, goes to 1 quickly in the number of milestones [HLM97, Hsu00,
KKL98, LK02, Sve97]. This property is called probabilistic completeness.
Not surprisingly, PRM planners spend most of their time performing collision checks (often more than 99%).
Several approaches reviewed in Section 2.1 have been proposed to reduce the total cost of collision checking.
They consist of designing faster collision-checking algorithms, as well as smarter sampling and connection
strategies. In this paper, we propose a connection strategy that (1) delays collision tests until they are absolutely
needed to check that a candidate path is a solution, and (2) schedules these tests along the path in order to reveal
a collision as early as possible, if there is one. This strategy is related to those introduced in [BK00, NK00], but
it is combined here with a single-query bi-directional sampling strategy similar to the one in [HLM97, Hsu00].
We name the resulting planner SBL – for Single-query, Bi-directional, Lazy collision-checking planner.
More precisely, SBL concurrently builds and searches a network of milestones made of two trees rooted at the
input query configurations, hence focusing its attention to the subset of the free space that is reachable from
these configurations. It also locally adjusts the sampling resolution, taking larger steps in regions of the free
space for which there is evidence that they are wide-open, and smaller steps in regions that appear to be
cluttered with obstacles. Like in [BK00] it does not immediately test connections between milestones for
collision. When a sequence of milestones joining the two query configurations is created, then (and only then)
the connections between milestones along this path are tested. In a way related to [NK00] this test is performed
at successive points carefully ordered according to their likelihood of revealing a collision. Hence, no time is
wasted testing connections that are not on a candidate path, and relatively little time is spent checking
connections that are not collision-free. On a 1-GHz Pentium III processor, SBL reliably solves problems for 6dof robots in environments whose geometry is described by several dozen thousand triangles, in times ranging
from a small fraction of a second to a few seconds. Comparison with a single-query bi-directional planner using
a traditional collision-checking strategy shows that the lazy strategy cuts the number of collision tests (and the
total planning time) by a large factor. In our experiments, this factor ranged between 4 and 40.

Figure 1: Spot-welding stations in automotive body shops
This increased efficiency makes it possible to use SBL on complex tasks. One particularly interesting task is the
programming of multi-robot welding stations in automotive body shops (Figure 1). A typical such station
include 4 to 10 robots, each sharing a portion of its workspace with 1 to 4 other robots. The geometric model of
a station (robots and car bodies) may consist of several 100,000 triangles. The task of manually programming a
spot-welding station is long, fastidious, and prone to errors. Late adjustments in the positions of weld points
(such as those suggested by data collected during crash-tests) may cause manufacturing interruptions, as some
robot trajectories must be modified. It is then highly desirable to generate the new trajectories as quickly as
possible. Using this example as a source of inspiration, we have extended SBL to solve multi-robot problems.
There exist two traditional approaches to multi-robot motion planning: centralized and decoupled planning.
Centralized planning has been seldom used in the past because it requires searching a high-dimensional joint
configuration space. Instead, decoupled planning breaks the planning problem into smaller problems, but the
approach is inherently incomplete. SBL can be used to implement either approach. We experimented with it on
a six-robot welding station combining 36 dofs. When performing centralized planning, SBL has been fully
reliable and reasonably fast. When performing decoupled planning, it was marginally faster (when it succeeded
in finding a solution), but much less reliable (due to the incompleteness of the approach, it sometimes failed to
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find a solution). This observation is important as it invalidates the prevailing assumption that the loss of
completeness in performing decoupled planning is not very significant in practice and worth the computational
gain. Our results indicate instead that centralized planning may be a much more desirable approach, and that the
existence of efficient PRM planners such as SBL makes this approach technically feasible.
This paper is organized into two main sections. Section 2 first describes the basic planner. Subsection 2.1 relates
the proposed sampling and connection strategies to prior work in PRM planning. Subsection 2.2 establishes the
foundations of the lazy collision checking strategy. Subsection 2.3 describes SBL’s algorithms. Subsection 2.4
presents experimental results on a single robot. Section 3 then describes the application of SBL to multi-robot
planning. It also relates our work to previous research on multi-robot planning.
This paper extends the descriptions in [SL01, SL02], while a more extensive presentation can be found in
[San02]. The code of SBL can be downloaded from http://robotics.stanford.edu/~latombe/projects/.
Notations: Throughout this paper, C denotes the robot’s configuration space and F ⊂ C its free space. We
normalize the range of values of each dof to be [0,1], and we represent C as [0,1]n, where n is the number of
dofs of the robot. We define a metric d over C. The metric used in SBL is the L∞ metric, but others would work
as well. For any q ∈ C, the neighborhood of q of radius r is B(q,r) = {q’ ∈ C | d(q,q’) < r}.

2. Basic Planner
2.1. Relation to previous work
The goal of the techniques embedded in SBL – lazy collision checking combined with single-query bidirectional sampling – is to speed up PRM planning by spending less time in unnecessary collision tests. Here,
we review existing techniques related to this same goal. We organize them into three groups: (1) collisionchecking techniques, which directly affect the performance of PRM planning; (2) milestone sampling strategies,
since smart sampling strategies may make it possible to answer planning queries correctly with smaller
roadmaps; and (3) connection strategies, as a large fraction of the collision checks are done to test connections
between milestones.

2.1.1. Collision checking
PRM planners heavily rely on fast collision-checking algorithms to test both sampled milestones and
connections between milestones. Collision tests must scale up to complex geometric environments. A common
practice is to represent objects by their triangulated surfaces. In practical problems, models may contain several
100,000 triangles, or more. Recently, a number of efficient algorithms have been proposed [Lin00]:
(1) Feature-based methods [Bar90, LC91, Mir98] exploit temporal and spatial coherence in the dynamic
geometric model to maintain the pair of closest features (vertices, edges, faces) between the robot and the static
obstacles. This pair is first computed at the initial configuration of the robot along a given path τ. It is then
updated along this path by exploiting the facts that (1) it does not change continuously, but only at discrete
configurations of the robot, and (2) each change yields an update that can be computed at relatively small cost.
(2) Hierarchical decomposition methods pre-compute a hierarchy of bounding volumes for each object (robot
link, obstacle) [CLMP95, Fav89, GLM96, KHM98, KPLM98, Qui94]. During a collision test, large subsets of
the objects whose bounding volumes do not intersect are quickly discarded. Several bounding volumes have
been proposed: spheres [Hub95, PG95, PSI92, Qui94], axis-aligned bounding boxes (AABBs) [CLMP95],
oriented bounding boxes (OBBs) [GLM96], discrete-orientation polytopes (DOPs) [KHM98], and sphere shells
[KPLM98]. Some volumes (e.g., OBBs and DOPs) yield smaller hierarchies, but intersection tests on such
volumes are slightly more costly.
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Although each approach has distinct advantages and drawbacks, hierarchical decomposition methods have been
more widely used so far. Feature-based algorithms have two major drawbacks as far as PRM planning is
concerned: (1) they assume that collision tests are made while the robot is continuously displaced along a
certain path, hence do not apply to check configurations picked at random; (2) they work well only when the
objects can be described by small collections of convex pieces, which is rarely the case in robotics.
In PRM planners, the hierarchical decomposition approach has already proven to scale up well to environments
where object surfaces are described by several 100,000 triangles [HLM97]. Our own experiments on several
types of objects show that the PQP checker [GLM96] can test two non-convex objects whose triangulated
surfaces are described by 500,000 triangles each in times ranging between .0001 to .002 seconds on a 1-GHz
Pentium III processor. (The pre-processing time is on the order of 60 seconds.) Tests are particularly fast when
the objects are well separated and when they actually intersect. In practice, the time required by a collision test
tends to grow logarithmically in the number of triangles (although it is linear in the worst case).
A simple way to test a connection between two milestones for collision is to discretize the connection into a
sequence of segments shorter than some given ε, and to return that the connection is collision-free if the
endpoints of all the segments are collision-free [ABD+00, KSLO96]. This procedure is easily implemented as
recursive bisection, but it is not a fully rigorous test. It may miss collisions if ε is set too large, while being unnecessarily slow if ε is set too small.
Instead, one can exploit the ability of some checkers, such as Quinlan’s [Qui94] and PQP [GLM96], to compute
the Euclidean distance between two objects. Consider a straight-line segment in C between two configurations q
to q’. During a motion of the robot along this segment, every point of the robot traces a distinct curve in the
workspace. Denote by L(q,q’) the Euclidean length of the longest such curve over all robot points. For any
given robot, there exists a constant α > 0 such that L(q,q’) ≤ α × d(q,q’), where d is the metric over C. As a
simple example, let the robot be a rigid object moving in translation and rotation in a two-dimensional
workspace. Let (x,y,θ) be its configuration, where (x,y) are the coordinates of a robot’s “reference” point P in
the workspace coordinate system and θ is the angle between an axis of this coordinate system and a “reference”
vector on the robot. Let the distance d(q,q’) between q = (x,y,θ), and q’= (x’,y’,θ’) be the weighted L∞ metric
d(q,q’) = max{|x’-x|, |y’-y|, R×|θ’-θ=|}, where R is the maximal distance between P and the robot’s contour.
When the robot moves along the segment joining q to q’, none of its points moves along a curve of Euclidean
length greater than |x’-x| + |y’-y| + r × |θ’-θ=| ≤ 3 × d(q,q’), yielding α = 3. Other constants would be established
for different metrics in C and other robots. If there exists a series of r points q1,…,qr on a robot path τ, where q1
and qr are the two endpoints of τ,=such that=α × d(qi,qi+1) ≤ max{D(qi),D(qi+1)} for every i = 0,…,r-1, then τ is
guaranteed to be collision-free [BKL+97, Hsu00]. So, checking the segment between q to q’ can be done as
follows. Compute D(q) and D(q’). If any of these two distances is 0, then return that the segment collides.
Otherwise, if α × d(q,q’) ≤ max{D(q),D(q’)} then return that it is collision-free; else break it into two halves
and test each half recursively.
Since most of the computational time of a PRM planner is spent testing collision, any improvement in collision
checking will translate into a similar speed-up of the planner. But considerable progress has recently been made
and further significant progress seems difficult. One approach could be to design a sampling strategy and a
checker that work in symbiosis, with the sampling strategy picking each new configuration so that part of the
collision-checking work done for previous sampled configurations could be re-used. SBL simply uses an
existing checker – PQP [GLM96] – to perform all its collision tests. We have chosen PQP because it is both fast
and easy to use (in particular, it needs little parameter tuning).
2.1.2. Milestone sampling strategies
Another way to reduce collision-checking work in PRM planning is to design smarter sampling strategies that
avoid generating many milestones in un-interesting areas of the free space F:
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(1) Multi-stage strategies. The planner in [Kav94] first generates milestones uniformly distributed over F and
local paths between these milestones. Next, in a second stage, called the enhancement step, it selects additional
milestones around milestones that have few or no connections to other milestones. Indeed, poorly connected
milestones tend to lie in narrow areas of F, whose connectivity is more difficult to capture than wide-open
areas. The enhancement step yields a greater density of milestones in such narrow areas. Experimental results
reported in [Kav94] show that, in general, a roadmap of s milestones is much better connected when roughly
2s/3 milestones are picked uniformly and s/3 milestones are generated during the enhancement step, than when
all s milestones are picked uniformly.
(2) Obstacle-sensitive strategies. The areas of F whose connectivity is the most difficult to capture by a
roadmap are usually close to F’s boundary. Instead of discarding configurations sampled in the forbidden
region, an obstacle-sensitive strategy uses each such point to cast rays along randomly selected directions.
Discrete “walks” along the rays, performed incrementally with a fixed step or using bisection techniques, yield
free configurations near the boundary of F [AW96, Ove92]. Gaussian sampling is another obstacle-sensitive
strategy that retains a sampled configuration as a milestone only if it is collision-free and a forbidden
configuration has been found in its neighborhood [BOvdS99]. At the limit, this technique produces a Gaussian
distribution of milestones whose density peaks near F’s boundary and fades away from it. In [HST94] rays are
cast from milestones and are reflected at F’s boundary to create more milestones near F’s boundary.
(3) Narrow-passage strategies. A notorious difficulty for PRM planners is finding connections through narrow
passages of F [HKL+98, HLM97]. The previous strategies are relevant to this difficulty, but do not address it
explicitly. Instead, the strategies in [Bag97, HKL+98] build a first roadmap in a “dilated” free space F’ by
allowing the robot to slightly penetrate the obstacles. The purpose of the dilatation of F is to widen the narrow
passages, hence making it easier to find connections through them. Local re-sampling is then used to generate a
collision-free milestone in the neighborhood of every milestone contained in F’\F. But this strategy suffers from
the fact that techniques for computing penetration distances are much slower than for computing separation
distances. Another narrow-passage strategy is to extract the medial-axis or Voronoi diagram of the workspace,
and to pick more samples around the branches of the diagram that have small clearance [GHK99, HCK+00,
WAS99]. Medial-axis strategies have proven effective when the robot is rather compact and rigid (or with
relatively small changes in shape). So far, they have not scaled up well to articulated arms, as it is then difficult
to meaningfully relate the medial axis of the workspace to the connectivity of F.
(4) Single-query strategies. The above strategies apply well when the roadmap is fully computed before
processing path-planning queries. Instead, a PRM planner using a single-query sampling strategy computes a
new roadmap for each query [AG99, BL91, HLM97, Kuf99, Hsu00, LK01, VRA01]. It uses its knowledge of
the query configurations to only explore restricted subsets of the components of F reachable from these
configurations. This is done by growing one tree of milestones from the initial configuration, until a connection
is found with the goal configuration (single-directional search), or by growing two trees concurrently,
respectively rooted at the initial and goal configurations, until a connection is found between them (bidirectional search). In both cases, milestones are iteratively added to the roadmap. Each new milestone m’ is
picked in a neighborhood of an existing milestone m and is connected to m by a local path. In practice, singlequery strategies are much faster, per query, than multi-query ones. Often, the cost of pre-computing a roadmap
is justified only if several dozens or even hundreds of queries use this roadmap. Bi-directional PRM planners
are also usually more efficient than single-directional ones [Hsu00].
(5) Diffusion strategies. In order to be effective, tree-growing single-query strategies must carefully avoid oversampling some areas of F. The roadmap tree(s) they expand must “diffuse” across the components of F
reachable from the query configurations. The technique in [HLM97, Hsu00] first selects an existing milestone
m at random with probability inverse to the sampling density around m, and next picks a successor of m by
sampling a neighborhood of m uniformly at random. The technique in [Kuf99, LK01] picks a configuration q at
random in the configuration space, then selects the existing milestone m that is the closest to q, and finally picks
a successor of m along the line connecting m to q. In both cases, efficient space-indexing techniques [Aga97]
must be used when the number of milestones becomes large, either to update the sampling density around each
milestone, or to identify the closest milestone to a given configuration q.
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There also exist sampling strategies that are not intended to achieve greater computational efficiency, but to
deal with motion constraints other than collision avoidance. For instance, the control-based strategies in [LK99,
KHLR00] directly generate local paths that satisfy kino-dynamic constraints.
SBL applies a bi-directional single-query strategy and a diffusion strategy similar to those described in
[HLM97, Hsu00]. In addition, it also uses an adaptive technique that results in taking longer steps in wide-open
area of F than in narrow ones. It is the combination of these sampling techniques with a connection strategy
based on delayed collision checking that makes it particularly efficient.
2.1.3. Connection strategies
A third way to reduce collision-checking work is to avoid testing all possible connections between milestones.
This is the main approach investigated in this paper. Two types of strategies have been proposed so far:
(1) Connection reduction strategies. This type of strategy was introduced in [Kav94] and is applicable during
the pre-computation of a roadmap. It consists of testing a reduced set of connections, either by setting a
threshold on the length of the tested connections, or by limiting the number of tested connections from each
milestone. The algorithm in [Kav94] also maintains an explicit representation of the connected components of a
roadmap, while it is being generated, and never tests a connection between two milestones already in the same
component. The visibility-based-roadmap strategy in [LS01, NSL99] pushes this idea further, by discarding a
new milestone m if it does not satisfy any of the following two conditions: (1) m cannot be connected to any
previous milestone (then, m is retained in a new component of the roadmap) and (2) m can be connected to two
previous milestones belonging to separate components of the roadmap (then, the two components are merged
into one that includes m). Experiments show that this technique yields smaller roadmaps that still cover F well.
It is not clear, however, whether the relatively high cost of processing each milestone is later recovered by a
greater saving.
(2) Delayed collision-checking strategies. The underlying idea is to avoid performing collision tests before they
are absolutely needed. The lazy collision-checking planner of [BK00] generates an initial roadmap by sampling
the configuration space uniformly at random. It initially assumes that all points and connections are collisionfree; hence, the initial roadmap is the complete graph whose nodes are the sampled configurations. To process a
query, it adds the two query configurations to the graph and computes the shortest path between them in the
roadmap. Only then it tests the connections along this path for collision. If a collision is found, the node and/or
connection where the collision is detected are erased, and a new shortest path is computed and tested; and so on.
The fuzzy-roadmap planner of [NK00] also generates an initial roadmap, but here the nodes of the roadmaps are
tested for collision. The connections are not immediately tested, and a probability is associated with each one
indicating the likelihood that it is collision-free. The probability that a path between two nodes of the roadmap
is collision-free is computed as the product of the probabilities associated with the connections it contains. The
planner computes the path between the query configurations that has the highest probability of being collisionfree. Then it tests each connection along this path for collision, starting with the one that has the highest
probability to reveal a collision.
We think that delaying collision checks is a promising approach to speed up PRM planners. SBL draws upon
the ideas pioneered in [BK00, NK00], but applies them quite differently. It tries to exploit them to a fuller
extent, in particular by combining them with a single-query bi-directional sampling strategy. The initial network
built by the planners in [BK00, NK00] is reminiscent of a roadmap pre-computed by multi-query planners. One
must decide in advance how large it should be. If it is too coarse, it may fail to contain a solution path. But, if it
is too dense, time will be wasted checking similar paths that will successively test to be colliding. The choice of
the size of the network is made even harder by the fact that in most practical problems the free space occupies a
relatively small fraction of the configuration space (i.e., most points picked at random in configuration space
eventually test to be colliding). The focus on shortest paths in [BK00] or on paths with highest probability of
being collision-free [NK00] may also introduce an inappropriate bias when obstacles force the robot to take
long detours. Such difficulties are recognized in [BK00], where a re-sampling step is added to the basic
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strategy. This step, which is performed when the basic strategy fails to find a path, adds milestones in regions
selected around existing milestones. The planners in [BK00, NK00] are related to “customizable” PRM
planners that pre-compute a partial roadmap by performing only approximate validation of the nodes and edges,
and complete this roadmap during the query phase [SMA01]. SBL is definitely a single-query planner.

a)

c)

b)

d)

e)
Figure 2: Path planning environments

2.2. Experimental foundations of SBL
The design of SBL was suggested by early experiments that we performed with the single-query PRM planner
described in [Hsu00]. To study the impact of collision checking on the running time, we modified the planner’s
code by removing collision checks for connections between milestones (hence, only the milestones remained
tested). The planner was faster by two to three orders of magnitude, but surprisingly a significant fraction of the
generated paths were actually collision-free. Figure 2 shows environments in which we made this observation.
Every connection created by the planner in [Hsu00] is relatively short – less than 0.3, while the L∞ diameter of
C is 1. Thus, the above observation suggests that if two configurations picked at random are both collision-free
(milestones) and close to each other, then the straight-line segment between them has high prior probability of
being collision-free. This explanation was confirmed by subsequent experiments presented below.
Following this somewhat surprising observation, we performed several additional experiments that eventually
resulted in the following key observations, from which our collision-checking strategy is derived:

1. Most local paths in a roadmap are not on the final path. Using the planner of [Hsu00] in the examples of
Figure 2, we measured that the ratio of milestones on the final path varies between 0.1 and 0.001.
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2. The test of a connection is most expensive when it is actually collision-free. Indeed, the test ends as soon as
a collision is detected, but is carried down to the finest resolution when there is no collision.
3. A short connection between two milestones has high prior probability of being collision-free. Thus, testing
PRM connections early is likely to be both useless and expensive.
4. If a connection between two milestones is colliding, its midpoint has high probability to be in collision, so
that this point should be tested next (a choice that can be applied recursively)
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Figure 3: Collision ratios along connections
Observations 3 and 4 are made more explicit in Figure 3. We generated 10,000 segments at random with L∞
lengths uniformly distributed between 0 and 1. This was done by picking 100 collision-free configurations in C
uniformly at random and connecting each such configuration q to 100 additional collision-free configurations
obtained by randomly sampling neighborhoods of q of different radii. We then tested each of the 10,000
segments for collision. Figure 3a (generated for the environment of Figure 2a) displays the ratio of the number
of segments that tested collision-free in each interval. Here, a segment shorter than 0.25 has probability greater
than 0.6 of being collision-free. Similar charts were obtained with the other environments. Figure 3b shows, for
each interval of Figure 3a, the fraction of colliding segments whose midpoints are colliding. Hence, if a short
connection is colliding, its midpoint has high probability to collide.

q

q

q’
neighborhood

a)

b)

Figure 4: Illustration for the result of Figure 3
There is a simple explanation for the results of Figure 3. Since the robot and most of the obstacles are “thick” in
all or most directions, the obstacle regions in C are also thick in most directions (a concept related to that of a
“fat obstacle” [SHO93]). Hence, a short colliding segment with collision-free endpoints is necessarily almost
tangential to an obstacle region in C, an event that has small probability of happening. Indeed, consider Figure
4, where the dark (blue) region is a thick obstacle region in a fictitious 2-D configuration space. Let q and q’ be
two configurations picked at random that are both collision-free, close to each other, and such that the straight
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segment joining them intersects the obstacle region (Figure 4a). Assume that q has been picked first (necessarily
near F’s boundary) and that q’ is selected next inside a relatively small neighborhood of q. The gray (green)
subset of this neighborhood (shown in Figure 4b) is the area in which q’ must be selected in order to satisfy the
above conditions. In general, this subset is only a small fraction of the neighborhood’s collision-free subset, so
that the probability of picking q’ in it is small. This would not be true if the obstacle regions in C were thin, e.g.,
if the robot was a point moving in a planar maze of arbitrarily thin walls.
The lazy collision-checking strategy of SBL derives directly from the four observations listed above. These
suggest that we should check the sampled configurations for collision before retaining them as milestones, but
not the connections to their parents. The test of these connections should be delayed until a sequence of
milestones is found that connects the initial and goal configurations. Together, observations 3 and 4 suggest
scheduling collision tests so that the midpoint of the longest un-tested segment is always tested next. SBL
assumes that obstacle regions in C are thick in most directions, a condition usually satisfied in practical
problems.

2.3. Description of SBL
SBL is given two parameters: s – the maximum number of milestones that it is allowed to generate – and ρ – a
distance threshold. Two configurations are considered close to one another if their L∞ distance is less than ρ. In
our implementation, ρ is typically set between 0.1 and 0.3. Since SBL does not immediately test connections
between milestones for collision, rather than referring to a connection between milestones as a local path, we
call it a segment.

2.3.1. Overall algorithm

Algorithm SBL
1. Install qinit and qgoal as the roots of Tinit and Tgoal, respectively
2. Repeat s times
2.1. EXPAND
2.2. τ ← CONNECT
2.3. If τ=≠ nil then return τ
3. Return failure

SBL builds two milestone trees, Tinit and Tgoal, respectively rooted at the configurations qinit and qgoal. Each loop
of Step 2 performs two steps: EXPAND adds a milestone to one of the two trees, while CONNECT tries to
connect the two trees. SBL returns failure if it has not found a solution path after s iterations at Step 2. In this
case, either no solution path exists between qinit and qgoal, or the planner failed to find one.

2.3.2. Roadmap expansion

Algorithm EXPAND
1. Pick T to be either Tinit, or Tgoal, each with probability 1/2
2. Repeat until a new milestone q has been generated
2.1. Pick a milestone m from T at random, with probability π(m) ∼ 1/η(m)
2.2. For i = 1, 2, … until a new milestone q has been generated
2.2.1. Pick a configuration q uniformly at random from B(m,ρ/i)
2.2.2. If q is collision-free then install it as a child of m in T
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Each expansion of the roadmap consists of adding a milestone to one of the two trees. The algorithm first
selects the tree T to expand. The alternation between the two trees (Step 1) prevents one tree from eventually
growing much bigger than the other, as we would then lose the advantages of bi-directional search. The number
η(m) associated with each milestone m in T measures the current density of milestones of T around m. (See
implementation details in Subsection 2.3.5.) A milestone m is picked from T with probability proportional to
1/η(m) and a collision-free configuration q is picked at close distance (less than ρ) from m. This configuration
q is the new milestone.
The probability π(m) ∼ 1/η(m) at Step 2.1 was introduced in [HLM97] to avoid over-sampling regions of F. It
guarantees that the distribution of milestones eventually diffuses through the component(s) of F reachable from
qinit and qgoal. In [HLM97, Hsu00] this condition is needed to prove that the planner is probabilistically complete
with fast convergence. Another diffusion technique is proposed in [Kuf99, LK01] (see Subsection 2.1.2).
Step 2.2 selects a series of milestone candidates, at random, from successively smaller neighborhoods of m,
starting with a neighborhood of radius ρ. When a candidate q tests collision-free, it is retained as the new
milestone. The segment from m to q is not checked here for collision. On the average, the jump from m to q is
greater in wide-open regions of F than in narrow regions. Though not described further in this paper, the impact
of this adaptive technique on SBL’s efficiency is quite significant.
Since the segment from m to q is not checked for collision, there is a small risk that the tree T “jumps” over an
obstacle and expands outside the connected component of F reachable from its root. Our experimental results
show that this risk is dwarfed by the computational benefits of postponing collision tests.

2.3.3. Tree connection

Algorithm CONNECT
1. m ← most recently created milestone
2. m’ ← closest milestone to m in the tree not containing m
3. If d(m,m’) < ρ then
3.1. Connect m and m’ by a bridge w
3.2. τ ← path connecting qinit and qgoal
3.3. Return TEST-PATH (τ)
4. Return nil

Let m now denote the milestone that was just added by EXPAND and m’ be the closest milestone to m in the
other tree. If m and m’ are less than ρ apart, then CONNECT joins them by a segment, called a bridge. The
bridge creates a path τ joining qinit and qgoal in the roadmap. The segments along τ, including the bridge, are now
tested for collision. TEST-PATH returns nil if it detects a collision.

2.3.4. Path testing
Let v be the straight segment connecting two collision-free configurations q and q’. Let COLLISION(v) be the
procedure that returns no if α × d(q,q’) ≤ max{D(q),D(q’)} and maybe otherwise (see Subsection 2.1.1).
When a segment u is added to the roadmap, COLLISION(u) is invoked; if it returns no, then u is marked safe.
Otherwise, the planner associates with u a set Unsafe(u) of unsafe sub-segments, which is initialized to {u}.
TEST-PATH (described below) makes use of the algorithm TEST-SEGMENT(u) that tests the unsafe subsegments in Unsafe(u) by breaking each of them into two halves:
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Algorithm TEST-SEGMENT(u)
1. S ← empty set
2. For every v ∈ Unsafe(u) do
2.1. Let qmid be the midpoint of v; if D(qmid) = 0 then return collision
2.2. Break v into two halves, v1 and v2
2.3. For i = 1,2 do
2.3.1. If COLLISION(vi) = maybe then add vi to S
3. If S is empty then mark u as safe; else Unsafe(u) ← S
Note that at any one time all sub-segments in Unsafe(u) have the same length, which we denote by ε(u). The
smaller ε(u), the greater the chances that u will actually test collision-free. A side-effect of every call to TESTSEGMENT(u), if it neither detects a collision, nor marks u as safe, is to divide ε(u) by 2.
Let p be the number of segments in the path τ to be tested by TEST-PATH, and u1, u2, …, up denote those
segments, with u1 originating at qinit and up ending at qgoal. TEST-PATH(τ) maintains a priority queue U of all
the segments in {u1, u2, …, up} that are not marked safe. U is sorted in decreasing order of=ε(ui). Intuitively, the
first segment in U is the “most unsafe” segment, i.e., the one the most likely to be colliding. A similar technique
is used in [NK00], where the segments are sorted according to some probability of being collision-free.
Algorithm TEST-PATH(τ)
1. While U is not empty do
1.1. u ← extract(U)
1.2. If TEST-SEGMENT(u) = collision then
1.2.1. Remove u from the roadmap
1.2.2. Return nil
1.3. If u is not marked safe, then re-insert it in U
2. Return τ

Each loop of Step 1 tests the segment u that is in first position in U at one additional level of resolution. This
segment is removed from U. It is re-inserted in U if TEST-SEGMENT(u) neither detects a collision, nor marks
u as safe. If u is re-inserted in U, it may not be in first position, since the quantity ε(u) has been divided by 2.
TEST-PATH terminates when a collision is detected – then the colliding segment is removed – or when all
segments have been marked safe (i.e., U is empty) – then the path τ is returned.

a)

b)

Figure 5: Transfer of milestones between trees
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The removal of a segment u disconnects again the roadmap into two trees. If u is the bridge that was created by
CONNECT, the two trees return to their previous state (except for some Unsafe sets, whose contents may have
changed). Otherwise, the removal of u results in transferring milestones from one tree to the other. Assume that
u is in Tgoal, as illustrated in Figure 5a, where w ≠ u denotes the bridge added by CONNECT. The milestones m1,
…, mr between u and w (r = 3 in Figure 5) and their children in Tgoal are transferred to Tinit as shown in Figure
5b. The connections between transferred milestones remain the same, except those between m1, …, mr, which
are inverted. So, no milestone is ever removed from the roadmap. The collision-checking work done along all
segments, except u, is saved in the Unsafe sets. Hence, if one of them later lies on another candidate path, the
work previously done is not repeated.

2.3.5. Implementation details
Collision checking. SBL’s collision checker is PQP [GLM96]. Each obstacle and robot link is described by a
collection of triangles representing its surface. PQP pre-computes a bounding hierarchical representation of
each object using oriented-bounding boxes. No other pre-computation is done.
PQP can be used to compute the distance between two objects, or to only check whether a collision occurs. In
the current SBL’s implementation, it is used as a pure collision checker. To check whether a segment u
connecting two milestones is collision-free, we test its midpoint (this point has a high probability of colliding if
the segment collides) and, if this point is collision-free, we recursively break the segment into halves and test
the midpoint of each half. The recursion ends either when a collision is detected, or when the distance between
two consecutive tested points is less than some predefined ε, in which case u is marked safe.
SBL associates an index κ(u) with each segment u (including the bridge). κ(u) is an integer indicating the
resolution at which u has already been tested. If κ(u) = 0, then only the two endpoints of u (both are milestones)
have been tested. If κ(u) = 1, then the two endpoints and the midpoint of u have been tested. More generally, for
any κ(u), 2κ(u)+1 equally distant points of u have been tested. Let λ(u) be the length of u. If 2-κ(u)=λ(u) < ε, then u
is marked safe. The index of each new segment is initialized to 0.
Let σ(u,j) designate the set of points in u that must have already tested collision-free in order for κ(u) to take the
value j. The implemented algorithm TEST-SEGMENT(u) increases κ(u) by 1:

Algorithm TEST-SEGMENT(u)
1. j ← κ(u)
2. For every point q ∈ σ(u,j+1)\σ(u,j), if D(q) = 0 then return collision
3. If 2-(j+1)λ(u) < ε, then mark u as safe, else κ(u) ← j+1
For each segment u that is not marked safe, the value of 2-κ(u)=λ(u)=is cached in the data structure representing u.
The priority queue U maintained by the implemented TEST-PATH consists of all the segments in {u1, u2, …,
up} that are not marked safe, sorted in decreasing order of 2-κ(ui)=λ(ui). Each loop of TEST-PATH increases the
index of the first segment in U by 1.
Spatial Indexing. SBL spatially indexes every milestone of Tinit (resp. Tgoal) in an h-dimensional array Ainit
(resp. Agoal). Both arrays partition the subspace defined by h dimensions of C (in our implementation, h = 2) into
the same grid of equally sized cells. Whenever a new milestone q is installed in a tree, the appropriate cell of the
corresponding array is updated to contain q. When a milestone is transferred from one tree into the other, the
two arrays are updated accordingly. Ainit and Agoal are used at Step 2.1 of EXPAND where we pick a milestone m
from one tree T with probability 1/η(m). Rather than maintaining the density η(m) around each milestone, we
do the following. Assume that T = Tinit. We first pick a non-empty cell of Ainit, then a milestone from this cell.
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Hence, the probability to pick a certain milestone is greater if this milestone lies in a cell of Ainit containing
fewer milestones. This technique is fast and results in a good diffusion of milestones in F along the h selected
dimensions. To ensure diffusion along all dimensions of C, we pick the h dimensions at random and we
periodically change them. Each change requires re-constructing the arrays Ainit and Agoal, but the total cost of this
operation is negligible relative to collision tests.
CONNECT also uses Ainit and Agoal at Step 2 to identify the milestone m’ that will be connected to the newly
added milestone m. Our implementation of CONNECT tries two connections: (1) instead of selecting m’ as the
closest milestone to m in the other tree, it picks m’ to be the closest milestone in the same cell as m, but in the
other array (m and m’ are then only guaranteed to be close to each other along h dimensions); (2) it picks m’
uniformly at random in the other tree. Our experiments show that this technique is faster on average than
connecting m to the closest milestone. (The “closest-milestone” heuristics often delays the finding of some easy
connections.)
Path optimization. We added a simple path optimizer to SBL to remove blatant jerks from paths. This
optimizer takes a path τ as input and performs the following operation a number (typically, 10 to 20) of times:
pick two points q and q’ in τ at random and, if the straight-line segment joining them tests collision-free, replace
the portion of τ between q and q’ by this segment.

2.4. Experimental results
SBL is written in C++ and compiled with g++ 2.5.3. The running times given below were gathered on a 1-GHz
Pentium III processor with 1 GB of main memory running Linux. The distance threshold ρ was set to 0.15 and
the collision-checking resolution ε to 0.01. Each of the arrays Ainit and Agoal had size 10×10. The two dimensions
of these arrays were changed every 50 milestones. The pre-computation time of PQP is not included in the
planner’s running time, but is indicated separately below. The value of ε was determined to ensure that the
probability of SBL generating an incorrect path is negligible in the geometric environments in which we did our
experiments. It is similar to the one used in some previous papers (e.g., [BK00]). However, it would be
preferable to perform the rigorous collision test defined in Subsection 2.1.1.

2.4.1. Environments
The environments in Figure 2 are among those we used to test SBL. In each example, we let nrob and nobs denote
the numbers of triangles in the geometric models of the robot and the obstacles, respectively.
•

The robot in Figure 2a is a 6-dof robot arm equipped with a welding gun. The obstacle is a car body that
contains both thin (surface-like) and narrow (line-like) components. The robot has much maneuvering
space, except when its tool gets close to the car body. Here, nrob = 5,000 and nobs = 21,000.

•

The robot in Figure 2b is another 6-dof arm. The environment was designed to produce narrow passages in
configuration space. Such passages (e.g., the hole in the wall) require several dofs to move, or stay almost
still, in a tightly coordinated way. Here, nrob = 3,000 and nobs = 100.

•

In Figure 2c, the robot must transfer a large metal sheet from a table to a press. nrob = 5,000; nobs = 83,000.

•

In Figure 2d, the robot loads/unloads parts into/from a lathe. The regions close to the initial and final
configurations are highly constrained. nrob = 3,000 and nobs = 50,000.

•

Figure 2e shows another environment designed to create narrow passages. nrob = 3,000; nobs = 50.
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SBL computes robot paths in configuration space, but in Figure 2, we show the curves traced by the centerpoint of the robot’s end-effector in the workspace. In each environment, the dark-color (red) and light-color
(yellow) curves respectively correspond to paths before and after optimization.
The time used by PQP to pre-compute the bounding hierarchies goes from 0.19 seconds for the environment with
the fewest triangles (e) to 3.87 seconds for the environment with the largest number of triangles (c).
Running
Time(secs)

Milestones in
Roadmap

Milestones
in Path

0.36
1.19
0.4
0.64
1.09
0.78
0.51
0.46
0.46
0.63

112
216
95
167
200
178
150
67
104
194

9
21
9
18
10
20
14
15
16
13

Total Nr of
Collision Checks
Collision Checks
on the Path

934
3170
884
1701
2625
2038
1307
1112
1213
1499

247
602
234
461
272
520
411
377
420
322

Sampled
Milestones

Comput. Time for
Coll-Check (secs)

174
334
148
265
311
260
239
100
156
329

0.36
1.17
0.4
0.64
1.06
0.76
0.5
0.45
0.46
0.62

Figure 6: Experimental results in the environment of Figure 2a

2.4.2. Basic performance evaluation
Figure 6 shows results for the environment of Figure 2a for 10 runs with the same query configurations, but
with different seeds of the random number generator. The running times are without optimization. The nonoptimized path shown in Figure 2a corresponds to the third line in the table of Figure 6. In that example, the
optimized path took an additional 0.19 seconds to generate.
Example

Running
Time (s)

a
b
c
d
e

0.60
4.45
4.42
0.17
6.99

Milestones in
Roadmap

159
1609
1405
33
4160

Milestones
in Path

Total Number of
Collision Checks

13
39
24
10
44

Collision Checks
on the Path

1483
11211
7267
406
12228

342
411
277
124
447

Sampled
Milestones

245
7832
3769
47
6990

Computational Time
for Coll-Check (s)

0.58
4.21
4.17
0.17
6.30

Std. Deviation PQP Pre-comp.
for running time
time (s)

0.38
2.48
1.86
0.07
3.55

1.65
0.31
3.87
2.65
0.19

Figure 7: Statistics on experiments in the environments of Figure 2
The table in Figure 7 shows averages for 100 runs of SBL on five examples, each in a different environment of
Figure 2. The last column indicates the standard deviation on the running times. In all cases, SBL successfully
found a path; there was no failure (the maximal number of milestones s was set to 10,000). In all runs, a
significant fraction of the collision checks were made on the solution path. As noticed in [BK00], these tests
cannot be avoided.
On several examples, we collected statistics for different values of the parameter ρ ranging between 0.1 and 0.3.
They did not reveal major variations in the planner’s running time. We also tried indexing arrays of resolutions
other than 10×10, including three-dimensional arrays; performance results were not significantly different.

2.4.3. Experimental convergence rate
Figure 8 shows two diagrams respectively established for the examples of Figures 2c and 2d. Each diagram was
generated by running SBL with increasing values of the maximum number of milestones, s, from very small ones
to larger ones. The values are indicated on the horizontal axis of the diagram. For each value of s, we ran SBL 200
times with different seeds, and we counted the number of failures (vertical axis of the diagram). When s is very
small, SBL fails consistently; when it is sufficiently large, its success rate is 100%. The transition between
consistent failures and consistent successes is rather fast, which is coherent with the theoretical result that a PRM
planner has a fast convergence rate in the number of milestones [Hsu00].
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Figure 8: Experimental convergence rate of SBL on problems c and d, respectively

2.4.4. Comparative performance evaluation
To assess the efficiency of the lazy collision-checking strategy, we have implemented a version of our planner
that fully tests every connection before inserting it in the roadmap. This planner is similar to the one presented
in [Hsu00]. Note, however, that our two planners do not exactly generate the same milestones, even when they
use the same seed for the random number generator. Indeed, while SBL considers any collision-free
configuration q picked in the neighborhood of a milestone m as a new milestone (Step 2.2 of EXPAND), the
full collision-check planner also requires that the connection between m and q be collision-free. Moreover, in
the second planner no milestone is ever transferred from one tree to the other.
Example

a
b
c
d
e

Running
Time (s)

2.82
106.20
18.46
1.03
293.77

Milestones in
Roadmap

Milestones
in Path

22
3388
771
29
6737

5
32
16
9
24

Total Nr of
Collision Checks

Collision Checks
on the Path

7425
300060
38975
2440
666084

173
421
219
123
300

Sampled
Milestones

Comput. Time
for Coll-Check (s)

83
9504
3793
46
11971

2.81
105.56
18.35
1.02
292.40

Std. Deviation
for running time

3.01
59.30
15.34
0.70
122.75

Figure 9: Experimental results for the full collision-check planner
Figure 9 shows results with this full collision-check planner, on the same five problems as above. Again, the
maximal number of milestones s was set to 10,000 and the results are averages over 100 runs. The average
running times (and numbers of collision checks) for the lazy planner are significantly smaller than for the full
collision-check planner. The speed-up is greater on problems b, c, and e, which have the longest running times.
Moreover, in example b, there were some cases in which the full collision-check planner was not able to find a
path in 10,000 iterations. Thus, in this example, the lazy planner compares more favorably than indicated in the
tables (the averages in Figure 9 were computed over the successful runs only). These results cannot be
compared to those in [BK00], where the improvement was measured relative to a multi-query planner, which
must pre-compute a large roadmap to cover the entire free space.

3. Multi-Robot Planning
We now turn to describing the application of SBL to compute coordinated paths for multiple robots sharing a
subset of their respective workspaces. Multi-robot welding stations in automotive body shops (Figure 1) are a
good example of such multi-robot systems, with a number of dofs ranging between 20 and 60.
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3.1. Centralized vs. decoupled planning
There exist two classic approaches to motion planning for multiple interacting robots [Lat91], centralized and
decoupled planning:
(1) Centralized planning consists of considering the robots as if they were forming a single multi-arm robot, by
encoding all their dofs in a single joint configuration space C and searching C for a collision-free path. The
number of dimensions of C is equal to the total number of dofs of the robots. A collision-free path in C, if one
exists, not only describes the individual path to be followed by each robot, but also how the robots are to be
coordinated. Centralized planning has not been considered a practical approach because it leads to searching
configuration spaces of high dimensionality. Most proposed techniques are based on ad-hoc and incomplete
heuristics, for example potential field techniques [BLL92, Buc89, Tou86, War90], which may not be reliable
enough to be widely useful. Complete centralized planning algorithms have only been proposed for very simple
robotic systems, e.g., the coordination of two discs among polygonal obstacles [SS83]. PRM-based centralized
planning has previously been used for disassembly planning [SRA01].
(2) Decoupled planning is a two-phase approach. First, a collision-free path is generated for each robot by
considering only the obstacles in the environment and ignoring the other robots. The second phase, called
velocity tuning, selects the relative velocities of the robots along their respective paths to avoid collision among
them [AdB+99, KZ86, OLP89]. Compared to centralized planning, decoupled planning leads to searching
smaller-dimensional spaces. But it is inherently incomplete, even if the algorithms used in the first and second
phases are complete. Indeed, the second phase may fail because the paths generated in the first phase cannot be
coordinated without collision between robots, while this coordination would have been possible if other paths
had been selected. An alternative to velocity tuning, called prioritized planning, is proposed in [ELP87]. It
consists of processing the robots in some predefined order and planning the path of each robot by treating the
robots whose paths have already been planned as moving obstacles. A resolution-complete algorithm for
coordinating car-like robots along independently planned paths is given in [LLS99]. Other coordination
schemes, e.g., plan-merging techniques [ARIS95], have also been proposed.
Multi-robot planning has attracted considerable research, and the above bibliographical references are not
exhaustive. However, most proposed planners fall into either one of the above two approaches.

3.2. Velocity tuning
Velocity tuning is one possible technique to coordinate independently generated paths, by searching a
“reduced” configuration space. To illustrate, consider two robots whose respective paths, τ1 and τ2, have been
independently planned. By forcing the robots to move along these paths, we reduce the number of dofs of each
robot to 1, hence the dimension of their joint configuration space to 2. Let each path τi (i = 1 or 2) be
parameterized by its curvilinear length si ∈ [0,Li] from the initial configuration; so, Li denotes the total path
length. The set P = [0,L1] × [0,L2] represents the reduced configuration space of the two robots, called the
coordination space. Each point (s1,s2) ∈ P defines a placement of the two robots at their respective
configurations τ1(s1) and τ2(s2). This point is collision-free if at this placement the two robots do not collide with
each other. (Collisions with obstacles in the environment were already taken care of during the generation of τ1
and τ2.) A path joining the point (0,0) – where both robots are at their initial configurations – to the point
(L1,L2) – where they are at their goal configurations – in the collision-free subset of P defines a valid
coordination of the two robots along τ1 and τ2 [OLP89]; it sets the relative velocities of the robots along their
respective paths. Note that the coordinated path may not be monotonic along any of the dimensions of P. If it is
non-monotonic along si (i = 1 or 2), then for a while the ith robot will move backward along τi. Such motion may
be required to provide maneuvering space to the second robot. An unfortunate choice of τ1 and τ2, however,
may lead the points (0,0) and (L1,L2) to lie in two distinct connected component of the free subset of P.
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If there are p > 2 robots, we may generate a coordinated collision-free path in the p-dimensional coordination
space P, where the ith axis encodes the curvilinear length along the path of the ith robot, from the point (0,…,0)
to the point (L1,…,Lp). We term this approach to velocity tuning global coordination. An alternative, pairwise
coordination, consists of planning p-1 paths in a series of p-1 two-dimensional coordination spaces P2,…,Pp.
The axes of P2 encode the lengths along the paths of the 1st and 2nd robots, so that a collision-free path in P2
defines a valid coordination of these two robots. One axis of P3 encodes the length along the path of the 3rd
robot, while the other axis encodes the length along the coordinated path of the 1st and 2nd robots. Hence, each
point in P3 determines a placement of the first three robots, and a collision-free path in P3 defines a valid
coordination of these robots, etc. A decoupled planning algorithm based on global coordination is inherently
incomplete, but less so than one based on pairwise coordination, since a specific path selected in the
coordination space Pi may result into a space Pi+1 with no collision-free path between (0,…,0) and (L1,…Li+1). In
the past, pairwise coordination has been more widely used than global coordination, since it only requires
planning in two-dimensional coordination spaces.

3.3. SBL-based multi-robot planners
We have developed three multi-robot planners respectively based on centralized planning, decoupled planning
with global coordination, and decoupled planning with pairwise coordination:
(1) The first planner (centralized planning) is essentially SBL. In that case, SBL directly plans a path in the joint
configuration space of the robots.
(2) The second planner (decoupled planning with global coordination) makes p+1 calls to SBL, where p is the
number of robots: p calls to plan the path of each robot (ignoring the other robots) in its configuration space;
then, another call to SBL to plan a collision-free path in the coordination space P = [0,L1] × … × [0,Lp]. The
roadmap in P is built as described in Subsection 2.3 by growing two trees of milestones respectively rooted at
(0,…,0) and (L1,….,Lp). A path in this roadmap may not be monotonic along any of the axes of P. The collision
test of a point in P is done by calling the collision checker on every pair of links belonging to two distinct
robots.
(3) The third planner (decoupled planning with pairwise coordination) makes 2p-1 calls to SBL: p calls to plan
the path of each robot in its own configuration space; then, p-1 calls to plan collision-free paths in the twodimensional coordination spaces P2 through Pp. The collision test of a point in Pi is done by calling the checker
on every pair of links consisting of one link of the ith robot and a link of one of the robots 1 to i-1.
All three planners use the path optimizer described in Subsection 2.3.5. In the second and third planners, this
optimizer is called after the robot paths have been coordinated. Indeed, optimizing the individual paths before
they are coordinated would reduce the flexibility left for coordinating them, hence increase the incompleteness
of the planners.
Before showing and analyzing experimental results obtained with these three planners, it is important to discuss
what a failure means for each of them. Since centralized planning is a complete approach to multi-robot
planning and SBL is only probabilistically complete, a failure of the SBL-based centralized planner can have
only two causes: (1) there is no solution to the problem, or (2) the planner failed to find a solution within the
maximum number s of milestones specified as input. On the other hand, decoupled planning is inherently
incomplete. Hence, a failure of any of the two SBL-based decoupled planners can have four causes: (1) there is
no solution to the problem, (2) SBL failed to find a path for one of the robots, (3) it found a path for each robot,
but there is no valid coordination of these paths (i.e., there exists no collision-free path in the coordination space
corresponding to these paths), or (4) there is a valid coordination of these paths, but SBL failed to find it. The
diagrams of Figure 8 show that if SBL returns a solution to a given problem for a certain value of s, then we can
easily make SBL succeed consistently on this problem by increasing s. This is what we did in the experiments
reported below. For each run of SBL, we set s large enough to guarantee (with very high probability) that no
failure is caused by the fact that SBL is only probabilistic complete.
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3.4. Experimental results
We have experimented with the three planners on several examples in the environment of Figure 10, which
represents a welding station similar to those in Figure 1. This station contains six robots with six dofs each. In
order to keep our planners as general as possible, we did not take advantage of certain properties of this
environment. For example, the planners assume that collisions can occur between any two links of any two
robots, while it is clear that many pairs of links cannot collide. So, since each robot consists of 6 rigid links,
testing that no two robots collide at a given configuration requires running the collision checker on 540 pairs of
links. Fortunately, when two links are sufficiently far apart, the pre-computed bounding hierarchies lead the
checker to quickly detect that they cannot possibly collide.

Figure 10: Six-robot environment

3.4.1. Results with centralized planner
Figures 11-13 show the initial and goal configurations of the robots for three problems named I, II, and III. The
table of Figure 14 shows averages collected over 100 runs of the centralized planner on problems I, II, and III,
with 2, 4, and 6 robots. The robots are identified 1, 2, …, 6, as shown in Figure 10. A problem for 2 (or 4)
robots is defined as shown in Figures 11-13, but restricted to the robots 1 and 2 (or 1, 2, 3, and 4). In all 100 × 3
× 3 = 900 runs, the planner successfully returned a path in a satisfactory amount of time. Figure 15 lists the
largest and smallest running times and numbers of milestones over the 100 runs for each of the 3 × 3 problems.
Figure 16 shows a series of snapshots along a path computed for problem III with two robots.
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Figure 11: Problem I

Figure 12: Problem II

Figure 13: Problem III
Problem
PI- 2 Robots
PII- 2 Robots
PIII-2 Robots

Running time
(secs)
0.26
0.25
2.44

PI-4 Robots
PII-4 Robots
PIII-4 Robots
PI-6 Robots
PII-6 Robots
PIII-6 Robots

Milestones in
Roadmap

Milestones
in Path

Total Nr of
Collision Checks
Collision Checks
on the Path

Sampled
Milestones

Comput. Time for
Coll-Check (secs)

Std. Deviation
for running time

11
11
191

4
5
17

242
248
2356

58
76
243

18
13
718

0.26
0.25
2.41

0.52
0.17
1.57

3.97
3.94
30.82

62
56
841

7
10
32

1015
968
8895

106
166
542

193
112
2945

3.96
3.93
30.57

5.67
2.40
15.55

28.91
59.65
442.85

322
882
5648

14
30
91

3599
6891
47384

212
533
1525

1083
1981
24511

28.82
59.41
439.39

28.91
31.08
170.46

Figure 14: Average measurements for centralized planner
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Problem

Time

Milestones in Roadmap

PI-2 Robots
PI-4 Robots
PI-6 Robots

Min
0.05
0.23
0.85

Max
4.93
28.75
122.55

PII-2 Robots
PII-4 Robots
PII-6 Robots

0.09
0.85
11.28

PIII-2 Robots
PIII-4 Robots
PIII-6 Robots

0.42
8.31
322.52

Min

Max
3
3
3

171
479
1703

1.02
10.63
127.19

6
12
73

81
197
1878

7.60
92.09
564.35

22
188
4378

579
2577
6917

Figure 15: Largest/smallest running times and numbers of milestones for centralized planner

Figure 16: Snapshots along a path computed by the centralized planner for problem III with two robots
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The increase in the running times observed when the number of robots goes from 2 to 4 to 6 is caused in part by
the quadratic increase in the number of pairs of links that may have to be tested at each collision-checking
operation, and in part by the greater difficulty of the problems due to the constraints imposed by the additional
robots upon the motions of the other robots. Note that the time per collision check increases from 0.001 seconds
for 2 robots, to less than 0.004 seconds for 4 robots, to about 0.0085 seconds for 6 robots. So, it increases more
slowly than the number of pairs of links tested. The reason is that each collision check involves testing each link
against the environment and each pair of links from two different robots against each other. On average, the
second type of test is less costly than the first, because the model of the environment contains more triangles
than that of a link, and also because many two links are far apart (especially when the number of robots
increases). While the number of tests of the first type is linear in the number of robots, the number of tests of the
second type is quadratic.
We also created a version of the centralized planner specific to the environment of Figure 10. In this version,
the planner only tests pairs of links that can possibly collide, and it orders the tests from the end-effector of a
robot toward its base, since the links the furthest away from the base are the most likely to collide. For the most
complex problem (problem III with 6 robots), the average running time of the planner was reduced from 443 to
323 seconds.

3.4.2. Results with decoupled planners
Unlike the centralized planner, the decoupled planners failed a number of times on the above 3 × 3 problems.
For each run of SBL, the maximal number of milestones was set large (50,000). In particular, this means that
each of the decoupled planners had up to 50,000 milestones to generate each robot path. The decoupled planner
with global coordination had up to 50,000 milestones to search the coordination space. The decoupled planner
with pairwise coordination had up to 50,000 milestones to search each of the two-dimensional coordination
space.
PROBLEM I
Planner

PROBLEM II

PROBLEM III

2 Robots
4 Robots
6 Robots
2 Robots
4 Robots
6 Robots
2 Robots
4 Robots
6 Robots
Time(s) Failures Time(s) Failures Time(s) Failures Time(s) Failures Time(s) Failures Time(s) Failures Time(s) Failures Time(s) Failures Time(s) Failures

Centralized

0.26

0

3.97

0

28.91

0

0.25

0

3.94

0

59.65

0

2.44

0

30.81

0

442.85

0

Dec. Global

0.22

1

2.74

3

29.53

7

0.37

2

6.59

4

65.45

6

4.32

5

16.23

6

267.81

13

Dec. Pairwise

0.30

3

4.85

5

19.23

9

0.42

3

5.63

7

28.92

6

3.42

9

25.35

13

182.63
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Figure 17: Comparison of centralized and decoupled planners

The table of Figure 17 lists the number of failures and the average running times of the two decoupled planners
over 20 runs on each of problems I, II, and III, with 2, 4, and 6 robots. (The average running times are computed
only over the successful runs.) For comparison, we also include the averages for the centralized planner
(established over 100 runs). The number of failures of each decoupled planner was relatively small for the three
problems with 2 robots. But their rate of failures for the problems with 6 robots ranged from 30% to 75%, with
pairwise coordination being more unreliable than global coordination. The running times are not easily
comparable. For the more complex Problem III with 4 and 6 robots, decoupled planning (when it succeeds) is
only marginally faster than centralized planning.
The decoupled planners never failed while generating individual robot paths. All their failures happened when
velocity tuning in a coordination space failed after generating 50,000 milestones. In every successful run of a
decoupled planner, the number of milestones in each of the roadmaps built by this planner was much smaller
than 50,000 (at least 10 times smaller), indicating that with very high probability the planner’s failures in other
runs were caused by the incompleteness of the decoupled planning approach, not by SBL’s probabilistic
completeness.
These results invalidate the prevailing assumption that the loss of completeness in performing decoupled
planning is not very significant in practice and worth the computational gain. Our results indicate that
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centralized planning may be a much more desirable approach, and that the existence of efficient PRM planners
such as SBL makes this approach technically feasible. Clearly, however, there are problems where centralized
planning is not suitable, or even possible – e.g., problems where mobile robots with onboard computing and
limited communication channels operate in the same environments. For such problems, decoupled planning
remains the preferred approach.

4. Conclusion
The planner’s design and the experimental results presented in this paper demonstrate that a PRM planner
combining a connection strategy based on delayed collision checking with a single-query bi-directional
sampling strategy can solve path-planning problems of practical interest (i.e., with realistic complexity) in times
ranging from fractions of a second to a few seconds for 1 to 4 robots, and from seconds to a few minutes for 4
to 6 robots. Our results on problems requiring tight coordination among several robots clearly show that the
centralized approach to multi-robot planning is preferable over the decoupled approach.
Several relatively straightforward improvements are still possible. For instance, we could use a weighted L∞
metric in configuration space that better reflects the magnitude of the robot’s displacement caused by a small
variation of each dof. We could also use PQP algorithm for computing distances rather than as a pure collision
checker, in order to rigorously test connections between milestones; this could also significantly reduce the
number of calls to PQP. In multi-robot systems, we could speed-up collision checking by using general space
indexing techniques and environment-specific simplifications to reduce the number of pairs of links tested.
Our main current goal is to extend SBL to facilitate the programming of multi-robot welding stations in
automotive body shops (Figure 1). One important extension will be to plan for multiple goals. Each robot must
perform welding operations at various locations on a car body, but the ordering of these locations is not fully
specified. This will require computing an optimized tour of the welding locations to be visited by each robot.
This is a variant of the classical Traveling Salesman Problem, where the distance between two locations is not
given and, instead, must be computed by the underlying PRM planner. Clearly, if there are r locations to visit,
we do not want to invoke our planner O(r2) times; so, a better method must be found. Prior work on multi-goal
planning problems can be found in [BSB99, SR00, WHW99].
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