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Abstract
We present a logical foundation for object-oriented specifications which supports a rigorous formal development of
object-oriented systems. In this setting, we study two different views on a system, the implementor’s view (glass-box
view) and the user’s view (black-box view) which both are
founded on a model-theoretic semantics. We also discuss the
hierarchical construction of specifications and realisations.
Our approach is abstract in the sense that it can be instantiated by various concrete specification formalisms like OCL
or JML.

1. Introduction
One of the main approaches to support formal objectoriented software development are assertion-based techniques which use invariants to describe properties of objects and pre-/postconditions to describe properties of operations. In this area, many formalisms have been developed
which either are tailored to a particular programming language, like the assertion language of Eiffel [15] and the
“Java Modeling Language” (JML [14]), or are programming language independent like Object-Z [9] and the “Object Constraint Language” (OCL [23]). There are also many
kinds of semantic interpretations of invariants and pre/postcondition constraints, for instance, axiomatic interpretations using Hoare-style triples [19, 17, 8, 1], translations
into algebraic specifications [4, 6] or into (dynamic) firstorder logic [3], coalgebraic interpretations [21], functional
interpretations [12] and there are semantic approaches using labelled transition systems [10, 7, 2, 16].
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Even for a single formalism like OCL, two different styles of interpretations, in the following called
the “implies”-style and the “and”-style (see also [7]),
have been proposed. Given a pre-/postcondition constraint of the form C::op(. . . ) pre: P post: Q,
the “implies”-style ([4, 20, 12]) basically requires that if
the precondition P is satisfied in the state σ before the operation is performed then the postcondition is satisfied in the state σ 0 after the execution of the operation.
If the precondition is not satisfied in σ then the operation yields an arbitrary result. On the other hand, the
“and”-style ([7, 18]) considers relations (or state transitions) between pre- and poststates which simply do not
contain any pair (σ, σ 0 ) where the precondition is not satisfied in the prestate σ.
The semantic variations point out that there is still no
consensus on the meaning of the crucial specification constructs which is definitely needed to gain a larger acceptance
of formal object-oriented methods in practice. Important issues that must be clarified concern, for instance, the following questions:
• In which states should an invariant hold?
• Can we consider invariants and pre-/postconditions in
isolation or only in the context of each other?
• What is the meaning of a precondition? Is it a domain
constraint for an operation or is it bound to a postcondition?
• When does an object-oriented specification satisfy a
constraint, when is it satisfiable?
An Abstract Framework for Object-Oriented Specifications. In order to focus on the crucial aspects of objectoriented specifications we develop in this paper an abstract
object-oriented framework which is independent of both, of
a programming language and of a concrete specification formalism. The framework can be instantiated by any concrete
language which provides some basic ingredients like the notions of a class with attributes together with some expression language for describing properties of states. The underlying idea of our framework is to provide a foundation

of object-oriented specifications which is based on model
theory and mathematical logic where, in particular, satisfiability is a standard notion. Satisfiability of a formula (logical sentence) ϕ means that there is a model, i.e. a structure for the chosen logic which satisfies ϕ. Hence we investigate in the context of object-oriented systems appropriate notions of sentence, model, and satisfaction: As sentences we use invariants and so-called bi-state sentences for
specifying the behaviour of operations. Models are considered as abstract representations of non-deterministic objectoriented programs thus representing concrete realisations.
Formally, a model is defined as a non-deterministic labelled transition system (with output) which conforms to a
given class signature. In particular, a model has to respect
the domain constraints of the operations which means that
whenever an operation is called in a state where the domain
constraint of the operation is satisfied then there must be a
transition leading to a well-defined successor state. Domain
constraints represent preconditions in the sense of UML
stereotyped pre constraints and the application requirements by Poetzsch-Heffter [19] and hence are not bound
to a specific postcondition. An object-oriented specification
Sp = (Σ, Inv , Beh) consists of a class signature Σ, a set
of invariants Inv and a set Beh of behaviour specifications
for the operations. The semantics of Sp is given by the class
of all glass-box Σ-models which satisfy the given invariants
and behaviour specifications. Thus we use the loose semantics approach where the semantics of a specification consists of all its correct realisations. We also provide proof
rules for verifying the correctness of a realisation which are
variants of well-known strategies considered in the literature (like the invariant rule of Eiffel [15]). The soundness of
these rules can now be formally justified in terms of our satisfaction relation.
Black-Box Views on Object-Oriented Specifications.
Following the contract principle described by Meyer [15]
there are two different views on an object-oriented specification, the implementor’s and the user’s point of
view. The user has to ensure that the operations are
only called when their domain constraints are satisfied. On the other hand, the implementor can assume that
the user respects the domain constraints and must then ensure that the operations have the specified behaviour. In
particular, a correct realisation may have an arbitrary behaviour if the domain constraints are not satisfied. The
semantics of an object-oriented specification Sp considered so far has reflected all correct realisations of
Sp, i.e. the implementor’s point of view, and is therefore also called the glass-box semantics of Sp. To model
the user’s point of view we restrict the state space of a realisation to those states which are indeed reachable by
correct operation calls of the user and we forget all transitions that a realisation performs outside the domain

constraints of the operations (which anyway are irrelevant and cannot be observed by the user). In this way
we obtain black-box models of object-oriented specifications. We show that the glass-box and the black-box
views can be formally related by a satisfaction preserving function which maps glass-box to black-box models.
Hierarchical Object-Oriented Specifications. For developing large systems, specifications and realisations should
be constructed in a modular way by composing single constituent parts. For this purpose we consider hierarchical
ˆ consisting
object-oriented specifications Sp H = (Sp, Sp)
of a subsystem specification Sp and a “body” specification
ˆ According to usual software engineering principles we
Sp.
require some basic properties like the independent realizability of the different constituent parts, the reusability of
subsystem realisations and the preservation of the properties of local realisation pieces after their integration in the
overall system. Taking into account these requirements we
define the semantics of a hierarchical specification as a suitable class of functions which can be applied to any realisation M of a subsystem specification and yields a realisation F (M ) of the overall system (see e.g. [5]). Hence
F plays the role of a user of M and therefore, for proving the correctness of F , it should be enough if F relies on
the black-box views of the correct subsystem realisations
M . We show that this is indeed the case if F is stable (in
the sense of Schoett [22]) which means that F preserves the
behavioural equivalence of models.
The paper is organised as follows: We start, in Sect. 2,
summarising the necessary assumptions and considering
the basic notion of state over a given attribute signature.
In Sect. 3, we develop the crucial concepts of our abstract object-oriented framework. In particular, we introduce (domain-constrained) class signatures and their models and we define the satisfaction relation for models and
sentences. In Sect. 4, object-oriented specifications and
proof rules for their correct realisation are discussed. In
Sect. 5, we focus on the black-box views on object-oriented
specifications and we establish a satisfaction preserving relation between glass-box and black-box views. In Sect. 6
we consider hierarchical object-oriented specifications and
we discuss how to make use of black-box views for proving the correctness of realisations of hierarchical specifications. Finally, some concluding remarks are given in Sect. 7.
We assume that the reader is familiar with the basic notions of algebraic specifications [25] and labelled transition
systems [24]. In particular, we build on the notion of an
order-sorted signature Σ = (S, ≤, F ) where S is a set of
sorts, ≤ is a partial order on S, and F is a set of function
symbols f : s1 , . . . , sn → s. A signature Σ = (S, ≤, F )
is a subsignature of a signature Σ0 = (S 0 , ≤0 , F 0 ), de-

noted by Σ ⊆ Σ0 , if S ⊆ S 0 , ≤ ⊆ ≤0 , and F ⊆ F 0 .
A (total) Σ-algebra A = ((sA )s∈S , (f A )f ∈F ) consists of
a set sA for each sort s with sA ⊆ tA if s ≤ t, and an
A
A
interpretation function f A : sA
for each
1 , . . . , sn → s
f : s1 , . . . , sn → s ∈ F . For signatures Σ = (S, ≤, F ),
Σ0 = (S 0 , ≤0 , F 0 ) with Σ ⊆ Σ0 , the Σ-reduct of a Σ0 algebra A is given by AΣ = ((sA )s∈S , (f A )f ∈F ). If A is
a Σ-algebra and X = (xi : si )i∈I is an S-sorted set of variables, a valuation ρ : X → A assigns to each variable x of
sort s ∈ S a value in sA .

2. Basic Framework for States
We fix a framework for describing states in objectoriented systems. A state is given by an algebra over a
signature that captures the structural features of a class hierarchy. State formulae express properties in a single state
or between two states.
An attribute signature ΣA is a triple (hT, Ci, ≤, hP, Ai)
such that (T ∪C, ≤, P ∪A) is an order-sorted signature. For
the sorts, the set T contains (sorts for) predefined types (e.g.
for booleans, integers, collections, etc.), the set C contains
classes. For the function symbols, the set P contains the
predefined operations (e.g. addition, multiplication, etc.),
the set A contains the attributes of classes. Finally, the ordering ≤ represents the subtype relationship.
A ΣA -state is a ΣA -algebra σ with a fixed interpretation of the primitive types and the predefined operations. In
particular, for each class type c the carrier set cσ in a ΣA state σ represents the actually existing objects of c; we have
cσ ⊆ dσ if c ≤ d in ΣA ; and for each o ∈ cσ and an attribute a : c → t the actual attribute value of o is given by
aσ (o). The class of ΣA -states is denoted by State ΣA .
Example (Counter). An attribute signature for a
class Counter with an attribute val which determines
the actual value of a Counter object is given by
ΣCnt
= (hT, Ci, ≤, hF, Ai) with T at least containA
ing the sort Integer, C = {Counter}, ≤ the trivial partial ordering on {Integer, Counter}, F at least
containing the usual operations on Integer, and
A = {val : Counter → Integer}.
An actual state where, for instance, exactly one Counter
object o exists with value 4 is given by the ΣCnt
A -algebra σ
with carrier set Counterσ = {o} and valσ (o) = 4.
We employ the “states-as-algebras” [11] approach which
proves to be advantageous for building hierarchical objectoriented specifications, since it provides the notion of (state)
reducts.
For an attribute signature ΣA we assume given ΣA sentences which are either
1. mono-state ΣA -sentences ϕ with associated set var(ϕ)
of sorted variables; or

2. bi-state ΣA -sentences π with associated sets varin (π)
of sorted input variables and varout (π) of sorted output variables.
ΣA -sentences are further assumed to be equipped with a
satisfaction relation |=st for states:
1. σ, ρ |=st ϕ for a mono-state ΣA -sentence ϕ, a ΣA -state
σ, and a valuation ρ : X → σ where var(ϕ) ⊆ X;
2. σ, ρ; σ 0 , ρ0 |=st π for a bi-state ΣA -sentence π, ΣA states σ, σ 0 , and valuations ρ : Xin → σ, ρ0 : Xout →
σ 0 where varin (π) ⊆ Xin and varout (π) ⊆ Xout .
For a mono-state sentence ϕ we write σ |=st ϕ if σ, ρ |=st
ϕ for all valuations ρ : X → σ with var(ϕ) ⊆ X.
Note that the satisfaction relation assumes valuations
which are defined on supersets of the corresponding sets of
the free (input or output) variables. This is needed to handle sentences which are bound to operations with input and
output parameters in the next sections.
Example (OCL). Our basic framework for states can be
instantiated, for instance, by the “Object Constraint Language” (OCL [23]).
Attribute signatures are directly derived from the OCL
primitive and collection types and from UML class signatures (cf. [18, App. A] and [13]). UML class names are
translated into sorts, attributes and role names at association ends are both translated into attributes of appropriate
sorts. The OCL type hierarchy, which also reflects the inheritance relation between UML classes, is translated into
the ordering relation of the attribute signature.
Mono-state sentences are simply the OCL expressions
of type Boolean which do not contain the OCL constructs
@pre and oclIsNew(). Bi-state sentences are arbitrary
OCL expressions of type Boolean. The satisfaction relation for bi-state OCL sentences is defined by
σ, ρ; σ 0 , ρ0 |=st π

iff JπKσ,ρ,σ0 ,ρ0 = true

where J K denotes the interpretation of OCL expressions
defined in the mathematical semantics of OCL (see [18,
App. A]). Similarly, the satisfaction relation for mono-state
OCL sentences is defined by
σ, ρ |=st ϕ

iff JϕKσ,ρ,σ,ρ = true .

Considering the example of the counter above, monostate sentences are, for instance,
self.val >= 0 ,
Counter.allInstances()->isEmpty()
with a variable self of type Counter. A bi-state sentence
is, e.g.,
self.val >= self.val@pre+1

where self is considered as an input variable.
In all subsequent examples sentences will be represented
by OCL expressions.

3. Class Signatures and Glass-Box Models
Class signatures extend the basic framework for states
by introducing operations. For each operation we assume
given a so-called domain constraint which can be considered as an application requirement in the sense of PoetzschHeffter [19] or as a UML stereotyped pre constraint. A
domain constraint imposes obligations on both the user and
the implementor of an operation: The user is obliged to call
the operation only in a state where the domain constraint of
the operation is satisfied. The implementor guarantees that
then the operation is enabled and leads to a valid successor state, i.e., the operation terminates and does not produce
a runtime error.
An operation op has the form name(Xin , Xout ) where
Xin is a set of sorted input variables and Xout is a set of
sorted output variables; the input variables Xin of op are
denoted by varin (op), the output variables Xout of op by
varout (op). A method for a class C is an operation whose
input variables contain a special variable self : C of sort
C. A constructor for a class C is an operation whose output variables contain a special variable new : C of sort C.
A domain constraint dom op of an operation is a mono-state
ΣA -sentence with var(dom op ) ⊆ varin (op).

conforms to Σ. For this purpose we use as an appropriate
formalisation non-deterministic labelled transition systems
with output where the state space is given by Q ⊆ State ΣA ,
i.e., a set of ΣA -algebras over the underlying attribute signature ΣA . The labels, denoted by Label Σ , express operation calls in a state σ ∈ State ΣA , formally represented
by pairs (op, ρ) consisting of the called operation op together with actual input parameters provided by a valuation ρ : varin (op) → σ. Similarly, the outputs, denoted
by Output Σ , represent the result of an operation call on an
op ∈ Op in a state σ ∈ State ΣA and are given by a valuation ρ : varout (op) → σ.
The essential part of a Σ-model is the transition relation
∆ ⊆ Q × Label Σ × (Q × Output Σ )⊥
where (Q×Output Σ )⊥ is defined by (Q×Output Σ )∪{⊥}.
A transition (σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆ with σ 0 ∈ Q and
ρ ∈ Output Σ models the fact that in state σ the operation call (op, ρ) is enabled and among the possible choices
there is a valid successor state σ 0 with output ρ0 . A transition (σ, (op, ρ), ⊥) ∈ ∆ models the fact that in state σ the
operation call (op, ρ) is enabled but may diverge, i.e., may
not terminate or lead to a runtime error. Generally, we assume that valuations ρ and ρ0 occurring in a transition of ∆
are well-defined w.r.t. pre- and post states:
(wdef1) For each (σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆ we have ρ :
varin (op) → σ and ρ : varout (op) → σ 0 .

Definition. A class signature Σ = (ΣA , Op, dom) consists
of an attribute signature ΣA = (S, ≤, A), a set Op of methods and constructors whose input and output variables have
types in S, and a family dom = (dom op )op∈Op of domain
constraints dom op for each operation op ∈ Op.

(wdef2) For each (σ, (op, ρ), ⊥)
ρ : varin (op) → σ.

Example (Counter). A class signature for the example
Counter (see Sect. 2) is given by ΣCnt = (ΣCnt
A , Op, dom)
where

(cons) For each (σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆ with op a construc0
tor for class c, we have ρ0 (new : c) ∈ cσ \ cσ .

Op = {createCounter(out new : Counter),
inc(in self : Counter),
dec(in self : Counter)}
dom createCounter =
Counter.allInstances()->isEmpty()
dom inc = true
dom dec = self.val > 0
In particular, the domain constraint of createCounter realises
the singleton pattern.
Let us now provide a model-theoretic interpretation of
class signatures. In this section, we consider the implementor’s point of view which we also call the glass-box view.
The crucial idea is that, given a class signature Σ =
(ΣA , Op, dom), a (glass-box) Σ-model provides an abstract representation of a non-deterministic program that

∈

∆ we have

Moreover, we assume that any (non-diverging) call of a
constructor indeed creates a new object that did not exist in
the previous state:

Finally, we have to discuss the impact of the domain constraints (dom op )op∈Op on Σ-models. As pointed out above,
the implementor must guarantee that whenever an operation
call (op, ρ) occurs in a state σ with σ, ρ |=st dom op then
the operation is enabled and does not diverge. It is important to note that it is enough if this property is satisfied for
those states which are indeed reachable by arbitrary operation calls from an initial state which represents the start of
any program execution. According to the contract principle
it can be assumed that the user behaves correctly, i.e., in all
operation calls leading to a reachable state the domain constraints of the corresponding operations have been satisfied.
These states which in the following are considered as the
relevant states are the strongly reachable states Rσdom
(Q)
0 ,∆
that are inductively defined as follows for a transition relation ∆ over a class signature Σ as above and an initial state
σ0 ∈ Q:

1. σ0 ∈ Rσdom
(Q).
0 ,∆
2. If σ
σ, ρ

∈ Rσdom
(Q) and (σ, (op, ρ), σ 0 , ρ0 )
0 ,∆
|=st dom op , then σ 0 ∈ Rσdom
(Q).
0 ,∆

∈ ∆ such that

The subset Rσdom
(∆) ⊆ ∆ of domain-respecting transi0 ,∆
tions on strongly reachable states is given by
Rσdom
(∆)
0 ,∆

0

0

= {(σ, (op, ρ), σ , ρ ) ∈ δ |
σ ∈ Rσdom
(Q), σ, ρ |=st dom op } .
0 ,∆

We can now formalise the additional property induced
by the domain constraints which we require for Σ-models:
(dom1) For all σ ∈ Rσdom
(Q), op ∈ Op, and ρ :
0 ,∆
varin (op) → σ with σ, ρ |=st dom op , there are
σ 0 ∈ Q and ρ0 : varout (op) → σ 0 such that
(σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆.
(Q), op ∈
(dom2) If (σ, (op, ρ), x) ∈ ∆ for σ ∈ Rσdom
0 ,∆
Op, and ρ : varin (op) → σ with σ, ρ |=st dom op
then x 6= ⊥.
Definition. Let Σ = (ΣA , Op, dom) be a class signature. A glass-box Σ-model is a triple (Q, σ0 , ∆) with Q ⊆
State ΣA such that σ0 ∈ Q and ∆ ⊆ Q × Label Σ × (Q ×
Output Σ )⊥ which satisfy the conditions (wdef1), (wdef2),
(cons), (dom1), and (dom2).
The class of glass-box Σ-models is denoted by
Modgb (Σ).
Example (Counter). The labelled transition system M Cnt
in Fig. 1 is a glass-box ΣCnt -model.
The strongly reachable states of M Cnt are the initial
state σ (∅) , states σ (0) , σ (1) , and all other states σ (k) with
o.val >= 0. According to the conditions (dom1) and
(dom2), the constructor call to createCounter must be enabled and terminate successfully in state σ (∅) , the method
call o.inc must be enabled and terminate successfully in all
states with o.val >= 0 and the method call o.dec must
be enabled and terminate successfully in all states with
o.val > 0. Note, however, that conditions (dom1) and
(dom2) say nothing about operation calls which occur in
states where the domain constraint of the operation is not
satisfied. In these situations the operation may also be enabled, like o.dec in σ (0) and o.inc in σ (−1) , but then may
lead to a state which is not strongly reachable like σ (−1) ,
but only reachable.
Given a class signature Σ = (ΣA , Op, dom), the set of
Σ-sentences is defined as follows:
1. Each mono-state ΣA -sentence ϕ is a (mono-state) Σsentence.
2. For each op ∈ Op and for each bi-state ΣA -sentence π with varin (π) ⊆ varin (op) and varout (π) ⊆
varout (op), op : π is a (bi-state) Σ-sentence (bound
by op).

The satisfaction relation |=gb for (mono-state) Σsentences ϕ and (bi-state) Σ-sentences op : π over a
glass-box Σ-model M = (Q, σ0 , ∆) is given by
1. M |=gb ϕ if for all σ ∈ Rσdom
(Q) and ρ : var(ϕ) →
0 ,∆
σ, we have σ, ρ |=st ϕ.
2. M |=gb op : π if for all (σ, (op, ρ), σ 0 , ρ0 ) ∈
Rσdom
(∆), we have σ, ρ; σ 0 , ρ0 |=st π.
0 ,∆
Note that in (2) σ, ρ; σ 0 , ρ0 |=st π is well-defined (cf.
Sect. 2), since ρ : varin (op) → σ, ρ0 : varout (op) → σ 0
and, by assumption on the form of Σ-sentences, varin (π) ⊆
varin (op) and varout (π) ⊆ varout (op).
The mono-state sentences correspond to global invariants, the bi-state sentences to operation specifications in
the sense of Z [9]. The satisfaction for invariants is relaxed to hold in strongly reachable states only. As has been
illustrated by the example of the counter above, requiring invariants to hold in all reachable, but not necessarily
strongly reachable states would rule out meaningful implementations from the contract point of view. For instance,
M Cnt |=gb self.val >= 0 which would not be the case
if all reachable states including σ (−1) would be considered.
There is a strong similarity of the satisfaction relation
|=gb for glass-box models and the “implies”-style interpretation of pre-/postconditions discussed in the introduction:
M |=gb op : π if, and only if for all strongly reachable
states σ and for all (σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆, it holds that
σ, ρ |=st dom op implies σ, ρ; σ 0 , ρ0 |=st π.

4. Object-Oriented Specifications
We now have at disposition all ingredients that are
needed to defining syntax and semantics of object-oriented
specifications.
Definition. An object-oriented specification Sp = (Σ,
Inv , Beh) over Σ consists of a class signature Σ, a set Inv
of mono-state Σ-sentences, called invariants, and a set Beh
of bi-state Σ-sentences, called behaviour specifications.
The glass-box semantics of Sp is given by
JSpKgb = {M ∈ Modgb (Σ) |
M |=gb Inv and M |=gb Beh} .
A glass-box Σ-model M is called a correct realisation of
an object-oriented specification Sp over Σ if M ∈ JSpKgb .
A specification Sp is consistent, if it has at least one correct realisation, i.e. JSpKgb 6= ∅.
Note that the definition of consistency above and of subclassing by subsorting can be extended to express also behavioural subtyping in the sense that for all redefined operations the domains are (at most) weakened and the behavioural specifications are (at worst) strengthened for subclasses. Moreover, the satisfaction relation for invariants
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Figure 1: Glass-box ΣCnt -model M Cnt

implies that invariants of superclasses are valid for all objects of subclasses.
Example (Counter). The following specification Sp Cnt integrates the various pieces of the previous examples into a
consistent specification of Counter objects and their associated operations:
Sp Cnt = predefined elements +
class Counter
attributes
val : Counter -> Integer
constructors
createCounter(out new : Counter)
methods
inc(in self : Counter)
dec(in self : Counter)
domains
createCounter :
Counter.allInstances()->isEmpty()
inc : true
dec : self.val > 0

invariants
self.val >= 0
behaviours
inc : self.val = self.val@pre+1
dec : self.val = self.val@pre-1

Obviously, M Cnt (cf. Sect. 3) is a correct realisation of
Sp Cnt . Note that for the consistency it is essential that
the domain of the operation dec is properly constrained
by self.val > 0. If, for instance, dom dec = true, the
specification would be inconsistent since in this case the behaviour specification of dec would be incompatible with the
given invariant.
In order to prove that a glass-box Σ-model M is a correct realisation of an object-oriented specification Sp =
(Σ, Inv , Beh) it has to be shown that all invariants and all
behaviour specifications of Sp are satisfied by M . For this
purpose, the following two proof rules (inv) and (beh) for
proving an invariant ϕ and a behaviour specification op : π,
respectively, can be applied:

(inv) If σ0 |=st ϕ, and
if (σ, ρ |=st dom op and σ |=st ϕ) implies σ 0 |=st ϕ
for all op ∈ Op, (σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆,
then M |=gb ϕ.
(beh) If M |=gb ϕ, and
if (σ, ρ |=st dom op and σ |=st ϕ) implies
σ, ρ; σ 0 , ρ0 |=st π
0 0
for all (σ, (op, ρ), σ , ρ ) ∈ ∆,
then M |=gb op : π.
Although the satisfaction of invariants and behaviour
specifications has been defined independently of each other,
it is methodologically desirable to intertwine proofs of invariants and behaviour specifications as done in rule (beh).
The rules (inv) and (beh) occur in several variations in
the literature, see, for example, the invariant rule and the notion of class correctness by Meyer [15]. However, it is the
first time, at least to our knowledge, that the soundness of
these rules can be justified by an underlying satisfaction relation. Indeed, let us stress that both rules are only sound
since our satisfaction relation has been relativised by taking into account only the strongly reachable states and the
domain respecting transitions.

5. Black-Box Views on Object-Oriented
Specifications
The notion of a glass-box Σ-model and the semantics
of object-oriented specifications considered so far have reflected the implementor’s point of view. In particular, a correct realisation may have an arbitrary behaviour if the domain constraints of the operations are not satisfied. However, according to the contract principle, we can assume that
the user respects the given domain constraints of the operations. Then, the user can observe only strongly reachable
states and domain respecting transitions. Thus, we can abstract from a given glass-box Σ-model M = (Q, σ0 , ∆) and
obtain the so-called black-box view of M which is given by
the transition system
BbΣ (M ) = (Rσdom
(Q), σ0 , Rσdom
(∆)) .
0 ,∆
0 ,∆
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Figure 2: Black-box view of ΣCnt -model M Cnt
Example (Counter). The black-box view of M Cnt
(cf. Sect. 3 and Fig. 1) yields the transition system
BbΣCnt (M Cnt ) depicted in Fig. 2.
The black-box view of a glass-box Σ-model M has only
(strongly) reachable states, all transitions respect the domain constraints and, moreover, an operation is always enabled if its domain constraint is satisfied. In particular, there
is no diverging transition. These properties lead to the following definition of a black-box model.
Definition. Let Σ = (ΣA , Op, dom) be a class signature. A
black-box Σ-model is a glass-box Σ model M = (Q, σ0 , ∆)
such that
(bb1) Q is reachable w.r.t. σ0 and ∆.
(bb2) For all (σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆ we have σ, ρ |=st
dom op .
(bb3) For all σ ∈ Q, op ∈ Op and ρ : varin (op) → σ,
with σ, ρ |=st dom op , there exist σ 0 ∈ Q and ρ0 :
varout (op) → σ 0 such that (σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆.
The class of black-box Σ-models is denoted by
Modbb (Σ).
In fact, the black-box views of glass-box Σ-models are
exactly the black-box Σ-models:
Proposition 1. Let Σ = (ΣA , Op, dom) be a class signature. The definition of black-box views induces a surjective function BbΣ : Modgb (Σ) → Modbb (Σ) which maps
each M ∈ Modgb (Σ) to its black-box view BbΣ (M ).
Proof. Let M = (Q, σ0 , ∆) be a glass-box Σ-model. We
have to prove that BbΣ (M ) = (Rσdom
(Q), σ0 , Rσdom
(∆))
0 ,∆
0 ,∆
is a black-box Σ-model. Property (bb1) follows from the
definition of Rσdom
(Q); property (bb2) follows from the
0 ,∆
dom
definition of Rσ0 ,∆ (∆); and property (bb3) follows from
the definition of Rσdom
(Q) and (dom1).
0 ,∆
For demonstrating that BbΣ : Modgb (Σ) → Modbb (Σ)
is surjective, let B = (Q, σ0 , ∆) be a black-box Σ-model.
We show that BbΣ (B) = B. Indeed, Q = Rσdom
(Q) by
0 ,∆
dom
(bb1) and (bb2); and ∆ = Rσdom
(∆)
by
Q
=
R
σ0 ,∆ (Q)
0 ,∆
and (bb2).

Two glass-box Σ-models M and M 0 are called behaviourally equivalent, denoted by M ≡bb M 0 if
BbΣ (M ) = BbΣ (M 0 ).
For black-box Σ-models B = (Q, σ0 , ∆) and (monostate) Σ-sentences ϕ and (bi-state) Σ-sentences π we can
define a simpler satisfaction relation |=bb by
1. M |=bb ϕ if for all σ ∈ Q and ρ : var(ϕ) → σ, we
have σ, ρ |=st ϕ.
2. M |=bb op : π if for all (σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆, we
have σ, ρ; σ 0 , ρ0 |=st π.
There is a strong similarity of the satisfaction relation
|=bb for black-box models and the “and”-style interpretation of pre-/postconditions discussed in the introduction:
M |=bb op : π if, and only if for all states σ and for all
(σ, (op, ρ), σ 0 , ρ0 ) ∈ ∆, it holds that σ, ρ |=st dom op and
σ, ρ; σ 0 , ρ0 |=st π.
The black-box function BbΣ is compatible with the satisfaction relations for glass-box and black-box Σ-models.
Theorem 2. Let Σ = (ΣA , Op, dom) be a class signature,
M ∈ Modgb (Σ) a glass-box Σ-model and ψ a Σ-sentence.
Then M |=gb ψ if, and only if BbΣ (M ) |=bb ψ.
Proof. Let M = (Q, σ0 , ∆) be a glass-box Σ-model and
let B = (Q0 , σ0 , ∆0 ) be its black-box view. For mono-state
Σ-sentences the claim follows from Q0 = Rσdom
(Q) and
0 ,∆
the definition of the satisfaction relation |=gb for mono-state
sentences, for bi-state Σ-sentences the claim follows from
(∆) and the definition of the satisfaction rela∆0 = Rσdom
0 ,∆
tion |=gb for bi-state sentences.
As a consequence of the theorem, we obtain that any
behaviourally equivalent glass-box Σ-models M ≡bb M 0
satisfy the same Σ-sentences, i.e., for each Σ-sentence ψ,
M |=gb ψ if, and only if M 0 |=gb ψ.
Object-oriented specifications can be equipped with a
black-box semantics which reflects the user’s view on all
correct realisations of a specification.
Definition. Let Sp = (Σ, Inv , Beh) be an object-oriented
specification. The black-box semantics of Sp is given by
JSpKbb = {M ∈ Modbb (Σ) |
M |=bb Inv and M |=bb Beh} .
Obviously, the black-box semantics of an object-oriented
specification Sp is just the image of the glass-box semantics of Sp (see Sect. 4) under the black-box function, i.e.
JSpKbb = BbΣ (JSpKgb ).

6. Hierarchical Object-Oriented
Specifications
When developing an object-oriented program we usually
rely on several components which are plugged in a particu-

lar application. In this section, we extend our previous notions to take into account the hierarchical construction of
object-oriented specifications and their correct realisations.
Let us first summarise our basic requirements for modular
system development which will later be reflected in the semantics of hierarchical specifications.
1. The various pieces of a hierarchical specification should be realisable independently of each
other.
2. Any piece of software that is a correct realisation of a
subsystem specification should be usable without modification for a correct realisation of the overall system
specification.
3. Properties that are satisfied by a subsystem should be
preserved if the subsystem is integrated into the overall system.
In order to express these requirements, we make use
of the notion of subsignatures and reducts on order-sorted
signatures and algebras (cf. Sect. 1): A class signature
Σ = (ΣA , Op, dom) is a subsignature of a class signaˆ if ΣA ⊆ ΣˆA , Op ⊆ Op,
ˆ dom)
ˆ and
ture Σ̂ = (ΣˆA , Op,
ˆ op for all op ∈ Op. The Σ-reduct of a glassdom op = dom
ˆ is given by the transition
box Σ̂-model M̂ = (Q̂, σˆ0 , ∆)
ˆ Σ ) such that
system M̂ Σ = (Q̂Σ , σˆ0 ΣA , ∆
Q̂Σ = {σ̂ΣA | σ̂ ∈ Q̂}
ˆ
∆Σ = {(σ̂ΣA , (op, ρ), σ̂ 0 ΣA , ρ0 ) |
ˆ ∪
op ∈ Op, (σ̂, (op, ρ), σ̂ 0 , ρ0 ) ∈ ∆}
{(σ̂ΣA , (op, ρ), ⊥) |
ˆ
op ∈ Op, (σ̂, (op, ρ), ⊥) ∈ ∆}
where we use the same symbol ρ for the valuations ρ :
varin (op) → σ̂ and ρ : varin (op) → σ̂ΣA and similarly
for ρ0 .
Definition. A hierarchical object-oriented specificaˆ over Σ ⊆ Σ̂ consists of a subsystion Sp H = (Sp, Sp)
tem object-oriented specification Sp = (Σ, Inv , Beh) and
ˆ
ˆ = (Σ̂, Inv
ˆ , Beh)
a body object-oriented specification Sp
such that Σ is a subsignature of Σ̂.
Example (Counter). We extend the example Counter (see
Cnt
Sect. 3) by a user such that Sp Cnt
, Sp User ) forms
H = (Sp
a hierarchical object-oriented specification over ΣCnt ⊆
ΣUser :
Sp User = ΣCnt +
class User
attributes
cnt : User -> Counter
constructors
createUser(in c : Counter, out new : User)
domains


User = ∅
Counter = ∅



o.inc
createCounter : o
$
'?
' =
User = ∅
User = ∅
Counter = {o} 
Counter = {o}
o.dec
o.val = −1
o.val = 0
&
%
&
σ̂ (−1)
createUser : u
'?
User = {u}
u.cnt = o
Counter = {o}
o.val = −1
&


σ̂ (∅)

$
σ̂ (0)
%
$
σ̂ (−1)0
%

Figure 3: Extension of glass-box ΣCnt -model M Cnt by a
User
createUser : c.val = 0

behaviours
createUser : new.cnt = c

The semantics of a hierarchical object-oriented specifiˆ over Σ ⊆ Σ̂ should, as before, decation Sp H = (Sp, Sp)
scribe the class of all correct realisations of Sp H . In accordance with the first requirement above, a correct realisation
of Sp H is taken to be a function F mapping any correct
ˆ Hence,
realisation M of Sp to a correct realisation of Sp.
once a correct realisation of Sp H is provided, it will produce a glass-box Σ̂-model with the desired properties independently of the particular choice of the correct realisation M of Sp. But note that this is not sufficient for satisfying our second requirement above, since it is not yet ensured that F (M ) preserves the model M . This means that
indeed F (M ) should be an extension of M such that the
reduct of F (M ) to the subsignature Σ yields again M , i.e.
F (M )Σ = M . Finally, the third requirement above means
that for any Σ-sentence ψ we would like to have
(sat) If M |=gb ψ, then F (M ) |=gb ψ.
However, the property (sat) is independent of the first
two requirements, as illustrated by the following example:
Example. Let the realisation function for Sp Cnt
H be defined
for the model M Cnt of the counter example (see Sect. 3 and
Fig. 1) such that F (M Cnt ) contains the labelled transition
system depicted in Fig. 3.
Obviously, F (M Cnt )ΣCnt = M Cnt . But state σ̂ (−1)0
does not satisfy the Counter invariant self.val >= 0.
Since σ̂ (−1)0 is a strongly reachable state of F (M Cnt ), we

have
M Cnt |=gb self.val >= 0
but
Cnt
F (M ) 6|=gb self.val >= 0
The reason for this undesired behaviour is that the construction of the ΣCnt -reduct of F (M Cnt ) does not preserve
strongly reachable states. In fact, σ̂ (−1)0 ΣCnt
= σ (−1) (cf.
A
(−1)
Fig. 1), but σ
is not a strongly reachable state of M Cnt .
Indeed, for ensuring (sat), it is obviously sufficient that a
realisation F of a hierarchical object-oriented specification
is constructed in such a way that reducts preserve strongly
reachable states and also the domain respecting transitions
on reachable states. Since the strongly reachable states and
the domain respecting transitions are captured by the blackbox views, this property is equivalent to the fact that reducts
are compatible with black-box views.
In summary, the above considerations lead to the following definition of the semantics of hierarchical objectoriented specifications.
ˆ be a hierarchical objectDefinition. Let Sp H = (Sp, Sp)
oriented specification over Σ ⊆ Σ̂. The semantics of Sp H is
given by
JSp H Kgb = {F : JSpKgb → Modgb (Σ̂) | ∀M ∈ JSpKgb .
ˆ gb ,
F (M ) ∈ JSpK
F (M )Σ = M,
BbΣ̂ (F (M ))Σ = BbΣ (M )} .
A function F : JSpKgb → Modgb (Σ̂) is called a correct realisation of Sp H if F ∈ JSp H Kgb . In order to prove
that an F is a correct realisation, one has to show that the
three properties required for F in the definition of JSp H Kgb
are satisfied. The last two properties can be easily ensured
by good programming practice. In particular, the compatibility of reducts with black-box views is guaranteed if the
program extension defined by F does not produce any state
changes on objects of the subsystem M that could not be
produced by domain respecting transitions of M itself. For
instance, in the counter example above the call of createUser
has changed the value of the counter object to −1 which
would not be possible if only the Counter operations would
have been called inside their domains. Such situations can
be excluded if program extensions respect the following
principles:
• Attributes defined in a subsystem are not accessed by
the program extension (which is guaranteed anyway, if
the attributes are private).
• Operation of a subsystem are only called when their
domain constraints are satisfied (which is the obligation of the user anyway).

Hence, for proving that F is a correct realisation, it remains to check that F (M ) behaves well, i.e. F (M ) ∈
ˆ gb , whenever M behaves well, i.e. M ∈ JSpKgb . BeJSpK
cause of the quantification over all possible M which satisfy Sp this is quite tedious to show. In this scenario, however, F can be considered as a user of M , who should not
take care how the implementor actually did implement operations, if their domain constraints are not satisfied. Thus, for
the user it should be enough to consider the black-box views
of the realisations of Sp and check that for all B ∈ JSpKbb ,
ˆ gb . If the subsystem specification Sp is sufF (B) ∈ JSpK
ficiently complete it may even be the case that there exists
only one black-box model of Sp, but many glass-box models which all are behaviourally equivalent.
Indeed, this strategy works well if the function F enjoys the so-called stability property which was originally
introduced by Schoett [22] and which we conjecture is satisfied by standard object-oriented programming languages
like Java, if program extensions respect domain constraints
of subsystem operations. In our context, a function F :
ˆ is called stable, if for all M, M 0 ∈
JSpKgb → Modgb (Sp)
JSpKgb it holds that M ≡bb M 0 implies F (M ) ≡bb
F (M 0 ). This means that F preserves the behavioural equivalence of models. According to the definition of behavioural
equivalence (see Sect. 5), it is obvious that stability can be
equivalently expressed by the fact that for all M ∈ JSpKgb ,
BbΣ̂ (F (M )) = BbΣ̂ (F (BbΣ (M ))). In summary, we obtain the following theorem:
ˆ be a hierarchical objectTheorem 3. Let Sp H = (Sp, Sp)
oriented specification over Σ ⊆ Σ̂ and let F : JSpKgb →
Modgb (Σ̂) be stable such that for all B ∈ JSpKbb , F (B) ∈
ˆ gb . Then for all M ∈ JSpKgb , F (M ) ∈ JSpK
ˆ gb .
JSpK
Proof. Let M ∈ JSpKgb . Then, BbΣ (M ) ∈ JSpKbb and
ˆ gb . Hence,
thus, by assumption, F (BbΣ (M )) ∈ JSpK
ˆ bb . Since F is stable, we have
BbΣ̂ (F (BbΣ (M ))) ∈ JSpK
ˆ bb . Thus
BbΣ̂ (F (BbΣ (M ))) = BbΣ̂ (F (M )) ∈ JSpK
ˆ
F (M ) ∈ JSpKgb by Theorem 2.

7. Conclusions
We have proposed an abstract framework for objectoriented specifications which is based on model theory.
Following the design by contract principle we have studied semantic notions for glass-box and black-box views on
object-oriented specifications which express the implementor’s and the user’s point of view. Next steps are the investigation of refinement relations taking into account interfaces
and their realisations by class specifications, the formalisation of object-oriented components and the development of
proof calculi on top of our logical system.
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