Lagrange Interpolation by C Cubi
Splines on Triangulated Quadrangulations
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Abstra t. We des ribe lo al Lagrange interpolation methods based on C 1

ubi splines on triangulations obtained from arbitrary stri tly onvex quadrangulations by adding one or two diagonals. Our onstru tion makes use of a fast
algorithm for oloring quadrangulations, and the overall algorithm has linear
omplexity while providing optimal order approximation of smooth fun tions.

x1. Introdu tion
In this paper we are interested in onstru ting lo al Lagrange interpolation methods
whi h are based on the spa e

S31 (4) := fs 2 C 1 ( ) : sjT 2 P3 , all T 2 4g
of C 1 ubi splines de ned on a triangulation 4 of a planar domain . While there
are several C 1 ubi spline interpolation methods whi h make use of Hermite data, it
is only re ently that lo al s hemes based only on Lagrange data have been developed,
see [24℄ and the referen es therein. There are two approa hs to developing su h
s hemes. The rst involves modifying a given triangulation by applying a CloughTo her split to some of the triangles, see [25{27℄. The se ond approa h works with
ertain triangulations whi h have been obtained from quadrangulations by inserting
one diagonal in some of the quadrilaterals and both diagonals in others, see [21,22℄.
This paper is a ontinuation of [21,22℄, where we onsidered the following problem:
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V := fi gni=1 be a set of points in the plane, and let } be a
quadrangulation with verti es at the points of V . Find a triangulation 4 of } and
N
a set of additional points fi gN
i=n+1 su h that for every hoi e of the data fzi gi=1 ,
there is a unique C 1 ubi spline s 2 S31 (4) satisfying
Problem 1.1. Let

s(i ) = zi ;
i = 1; : : : ; N:
(1:1)
1
We all P := fi gN
i=1 and S3 (4) a Lagrange interpolation pair.
In [21℄ we solved this problem for a spe ial lass of so- alled he kerboard
quadrangulations, see Remark 7.1, while in [22℄ we extended the results to a larger
lass of so- alled separable quadrangulations, see Remark 7.2. Here we deal with
ompletely arbitrary stri tly onvex quadrangulations. In parti ular, we give expli it algorithms for reating the Lagrange interpolation pair P and S31 (4) in su h
a way that for any given data, the interpolating spline depends lo ally on the data
and an be onstru ted in O(n) operations. The asso iated triangulation 4 is onstru ted by rst oloring }, and then using the oloring to add either one or two
diagonals to ea h quadrilateral. In addition, the oloring is used to organize the
interpolation points su h that the method be omes lo al. We also show that the
method produ es optimal order approximation of smooth fun tions.
Throughout the paper we shall make extensive use of the well-known BernsteinBezier representation of splines, see [1,2,12{16,21,22℄ and referen es therein. We
re all that in this representation of a ubi spline, for ea h triangle T = hv1 ; v2 ; v3 i
in 4, the orresponding polynomial pie e p = sjT is written in the form
p=

X

i+j +k=3

T B ;
ijk ijk

(1:2)

where Bijk are the Bernstein basis polynomials of degree 3 asso iated with T . As
usual, we identify the oeÆ ients f Tijk gi+j +k=3 with the set of domain points DT :=
T := (iv1 + jv2 + kv3 )=3gi+j +k=3 . Then a spline in S 0 (4) is uniquely determined
fijk
3
by a set of oeÆ ients where there is one oeÆ ient asso iated with ea h point in
the set
[
D := DT :
(1:3)
T 24
The paper is organized as follows. In Se tion 2 we des ribe an algorithm for
oloring a quadrangulation to separate its quadrilaterals into lasses. The result is
used in Se tion 3 to de ne an asso iated triangulation 4 and orresponding set P of
interpolation points. This se tion also ontains the main result of the paper, whi h
shows that the onstru ted P and S31 (4) form a Lagrange interpolating pair. In
Se tion 4 we ompute the dimension of the spline spa e S31 (4), and show that the
asso iated ardinal basis splines form a stable lo al basis for S31 (4). In Se tion 5
we de ne a orresponding interpolation operator, and show that it provides optimal
order approximation of smooth fun tions. In Se tion 6 we dis uss a simpli ation
of the method whi h is based on a di erent oloring of quadrangulations. Finally,
several remarks are olle ted in Se tion 7.
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Fig. 1.

A typi al oloring produ ed by Algorithm 2.1.

x2. Coloring a Quadrangulation

A nite olle tion } of quadrilaterals is said to be a quadrangulation of a onne ted
set  IR2 provided the union of the quadrilaterals in } is equal to , and provided
the interse tion of any two quadrilaterals in } is either empty, a single point, or a
ommon edge. We all } a stri tly onvex quadrangulation if the largest angle in any
quadrilateral Q 2 } is less than  . For referen es on onstru ting quadrangulations,
see Remark 7.3.
Throughout the remainder of this paper we assume that } is a stri tly onvex
quadrangulation of a onne ted set . We say that two quadrilaterals in } are
neighbors provided they have a ommon edge. Given a quadrangulation }, we
write V} and E} for the number of verti es and edges, respe tively.
We now present an algorithm for oloring quadrangulations whi h will be of importan e later as a means for organizing the quadrilaterals of } so that a Lagrange
interpolation pair an be onstru ted.
Algorithm 2.1. Start with any bla k and white oloring of }. Repeat until every
quadrilateral of } has at most two neighbors of the same olor:
1) Choose a Q with at least three neighbors of the same olor.
2) Swit h the olor of Q.

Dis ussion: It is easy to see that the number of edges shared by two quadrilaterals
with the same olor de reases at ea h step. It follows that the algorithm terminates
after at most E} steps.
Figure 1 shows an example of a quadrangulation that has been olored by this
algorithm. As we shall see, it is onvenient to deal with groups of quadrilaterals
of the same olor. Following [22℄, we say that a olle tion C := fQ1 ; : : : ; Qm g of
quadrilaterals in } is a onne ted omponent (of length m) provided that Qi and
Qi+1 are neighbors for ea h i = 1; : : : ; m 1. We all a onne ted omponent C a
3

Fig. 2.

hain if

Six di erent kinds of bla k hains.

jj ij > 1 implies Qi and Qj are not neighbors (ex ept that we allow Qm

and Q1 to be neighbors, in whi h ase we have a losed hain). It is lear that for
any quadrangulation, Algorithm 2.1 produ es a oloring whi h involves only hains
in ea h of the two olors. Figure 2 shows the six di erent kinds of bla k hains that
an arise.

x3. Constru tion of a Lagrange Interpolation Pair
We begin with an algorithm for triangulating }.
Algorithm 3.1. Suppose } is a quadrangulation that has been olored by Algorithm 2.1.
1) For every bla k omponent C := fQ1 ; : : : ; Qm g, insert one diagonal in ea h of
the odd numbered quadrilaterals of C .
2) Insert both diagonals in all remaining quadrilaterals.

We denote the triangulation produ ed by this algorithm by 4. Figure 3 shows
4 for the olored quadrangulation } in Figure 1. The inserted diagonals are shown
with dotted lines. In this example, } onsists of 42 quadrilaterals, where Algorithm 3.1 has inserted one diagonal in 15 of the quadrilaterals, and two diagonals
in the remaining 27 quadrilaterals.
We are now ready to des ribe an algorithm for onstru ting a orresponding
set P of interpolation points. As in [21,22℄, we shall hoose P as a subset of the
set D of domain points (1.3) asso iated with the Bernstein-Bezier representation of
ubi splines. As is well known, D ontains one point at ea h vertex v of 4, two
points on ea h edge e := hu; v i lo ated at (2u + v )=3 and (u + 2v )=3, and one point
at the enter T := (u + v + w)=3 of ea h triangle T := hu; v; wi. For ea h v 2 4, we
4

Fig. 3.

The triangulation 4 resulting from Algorithm 3.1.

Fig. 4.

Domain points: enter points, rings and disks.

de ne the ring of radius one around v to be the set R(v ) onsisting of the loser of
the two domain points in the interior of ea h edge atta hed to v . We de ne the disk
of radius one around v as D(v ) := R(v ) [ fv g. Figure 4 illustrates these de nitions.
Points in the enters are marked with grey dots. Points in disks of radius one are
shown in bla k and white, with those on rings of radius one being marked in bla k.
For ea h quadrilateral Q 2 } with two diagonals, we write vQ for the point
where the two diagonals of Q interse t. For onvenien e, we suppose the quadrilaterals in ea h omponent are numbered starting with one. We refer to a quadrilateral
in a hain as being either even or odd depending on its subs ript. We say that Q1
and Qm form an odd pair of quadrilaterals provided they are neighbors and m is
odd. Clearly, su h pairs an o ur only in an odd losed hain.
5

Algorithm 3.2. Initialize P by in luding all of the verti es of }. Then
1) For ` = 4; 3; 2; 1, repeat as often as possible: If there exists Q 2 } with `
unmarked verti es v1 ; : : : ; v` , then for ea h i = 1; : : : ; `, add the points in
R(vi ) that lie on edges of Q, and mark v1 ; : : : ; v` .
2) Suppose C is a bla k omponent.
a) For ea h odd pair Q1 , Qm of quadrilaterals in C , add the enter point of
one of the subtriangles of Q1 .
b) For all other odd quadrilaterals in C , add the enter point of one of the
subtriangles of Q.
3) For ea h even quadrilateral Q in a bla k omponent, let k be the number
of other bla k quadrilaterals that share an edge with Q. We all su h edges

determined edges.
a) If k = 1, pi k some triangle T in Q and add the three points in T \ D(vQ ).
b) If k = 2, add the point vQ and one additional point  on R(vQ ). If the two
determined edges e1 ; e2 meet at a vertex u of Q, then  should be hosen
on the edge hvQ ; wi, where w 6= u is an endpoint of either e1 or e2 .
4) For ea h even quadrilateral Q in a white omponent, let k be the number of
edges of Q shared with bla k quadrilaterals, and all these determined edges.
a) If k = 0, hoose some triangle T in Q and add the enter T and the three
points in T \ D(vQ ).
b) If k = 1, hoose some triangle T in Q and add the three points in T \D(vQ ).
) If k = 2, add the point vQ and and one additional point  on R(vQ ). If
the two determined edges e1 ; e2 meet at a vertex u of Q, hoose  on the
edge hvQ ; wi, where w 6= u is an endpoint of either e1 or e2 .
d) If k = 3, add vQ .
5) For ea h odd quadrilateral Q in a white omponent (ex ept for the last quadrilateral in an odd losed hain), let k be the number of edges of Q that are
shared with either bla k or other white quadrilaterals. Call these determined
edges, and hoose additional points for P as in Step 4.
6) If Qm is the last quadrilateral in an odd losed white hain, let k be de ned as
in Step 5, but do not ount the edge between Qm and Q1 . Then add additional
points to P as in Step 4.

Figure 5 shows the result of applying Algorithm 3.2 to the quadrangulation in
Figure 1, where the interpolation points are marked with bla k and white dots.
Before showing that the algorithm produ es a Lagrange interpolation pair, we
make some remarks on the steps of the algorithm. Step 1 is the key to the whole
pro ess, as the points hosen there uniquely determine s on all of the edges of } (in
Figure 5 these points are marked with white dots). The order in whi h the points
are hosen is riti al for ensuring that the resulting interpolation method is lo al
(see below). Steps 2 and 3 deal with hains of bla k quadrilaterals, and the idea is
6
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Fig. 5.

Fig. 6.

The point set P produ ed by Algorithm 3.2.

Standard hoi es of interpolation points in Steps 2{ 6 of Algorithm 3.2.

to hoose enough points in ea h even bla k quadrilateral to uniquely determine s
there. Steps 4{6 deal with hains of white quadrilaterals. Here we rst do the even
white quadrilaterals, then the odd ones. The interpolation points hosen in Steps
2{6 of the algorithm are marked with bla k dots in Figure 5.
To further illustrate the algorithm, in Figure 6 we show some standard hoi es
of points for both bla k and white omponents. If a white quadrilateral ontains
boundary edges, then Algorithm 3.2 pi ks ertain additional points. Figure 7 shows
the various ases whi h an arise in Step 4 when we add one, two, three, or four
7

Fig. 7.

Choi e of points in Step 4 of Algorithm 3.2.

points, respe tively.
As we shall see, in ea h of these steps the interpolation points have been hosen
arefully to ensure that the orresponding interpolating spline depends only lo ally
on the data. We emphasize that, in ontrast with the ase of Hermite interpolation
(see [2,9,12,14℄), ex ept at verti es, there are no simple relations between an interpolation ondition at a point of D and the Bernstein-Bezier oeÆ ient asso iated
with that point.
In the proof of our main result on interpolation (Theorem 3.4, below) we make
use of the following elementary lemma.
Lemma 3.3. Suppose 4Q is the triangulation that is obtained by inserting both
diagonals in a quadrilateral Q := hv1 ; v2 ; v3 ; v4 i, and suppose Ti = hvQ ; vi ; vi+1 i,
i = 1; : : : ; 4, are the four triangles of 4Q . Let E be the set of 12 domain points
situated on the edges of Q, and let

M1 = fT1 ; T2 ; T3 ; T4 g; M2 = fT1 ; T2 ; T3 ; vQg;
M3 = fT1 ; T3 ; vQ ; (2vQ + v1 )=3g; M4 = fT1 ; T2 ; vQ; (2vQ + v1 )=3g;
M5 = fT1 ; vQ; (2vQ + v1 )=3; (2vQ + v2)=3g:
Then for ea h ` 2 f1; : : : ; 5g, the set
` := E [ M`
is a minimal determining set for S31 (4Q ), i.e., any spline s 2 S31 (4Q ) is uniquely
determined by the B- oeÆ ients asso iated with the domain points ` .

Proof: It is lear that given oeÆ ients asso iated with E , we an uniquely
ompute the other oeÆ ients of s asso iated with domain points in the disks
D(vi ), i = 1; 2; 3; 4. This leaves the nine oeÆ ients 1 ; : : : ; 8 ; Q asso iated with
the domain points a1 ; : : : ; a8; aQ shown in Figure 8. Then the C 1 smoothness
onditions imply that
5 = r 1 + (1 r) 2 ;
7 = r 4 + (1 r) 3 ;
Q = r 8 + (1 r) 6 ;

6 = r~ 2 + (1
8 = r~ 1 + (1
Q = r~ 5 + (1

r~)
r~)
r~)

where 0 < r; r~ < 1 are su h that

vQ = rv1 + (1 r)v3 = r~v2 + (1 r~)v4 :
8

3;
4;
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(3:1)

v3
v2

a2
a5
a1

a6
a3

aQ
a7

a8
a4

v4
v1
Fig. 8.

Notation for the domain points in Lemma 3.3.

We now laim that in ea h of the ve ases, the oeÆ ients 1 ; : : : ; 9 whi h
are not set are uniquely determined by (3.1). This is well known for the ase ` = 1,
see [10,12,28℄. Indeed, in this ase we an use (3.1) dire tly to ompute 5 ; 6 ; 7 ; 8
and Q . While it appears that Q has been determined in two possibly di erent
ways, in fa t both expressions redu e to
Q = rr~( 1

2+ 3

4 ) + r( 4

3 ) + r~( 2

3) + 3:

We now onsider the ase ` = 2, and use (3.1) to ompute 5 ; 6 ; 7 ; 8 in that
order. Then 4 an be determined in two di erent ways, but we get the same value
either way. The other ases are similar.
We are now ready to state and prove our main result on interpolation.
Theorem 3.4. Let 4 and P := fi gNi=1 be the triangulation and point set onstru ted by Algorithm 3.2. Then P and S31 (4) form a Lagrange interpolation pair,
and dim S31 (4) = N .
Proof: We show that given any data z := fzi gNi=1 , there exists a unique s 2
S31 (4) satisfying the interpolation onditions (1.1). We suppose s is represented in
Bernstein-Bezier form as des ribed in the introdu tion. We need to show that ea h
of the B- oeÆ ients f  g2D is uniquely de ned by the data, where D is the set of
domain points (1.3). First, we note that for ea h domain point  lying at a vertex
of }, the orresponding oeÆ ient is equal to the data value asso iated with that
point.
We now show how to ompute the oeÆ ients of s asso iated with domain
points on the edges of }. Algorithm 3.2 divides the quadrilaterals of } into four
lasses }` , where we say that Q 2 }` if Q was a quadrilateral with ` unmarked
verti es in arrying out Step 1 of the algorithm. Now onsider Q 2 }4 . For ea h
9

edge e of Q, P in ludes the two domain points on the interior of e, and thereby
uniquely determines the B- oeÆ ients asso iated with those two domain points, see
Remark 7.11. By the C 1 smoothness, this uniquely determines all B- oeÆ ients of
s in the disks D(v ) where v is a vertex of a quadrilateral in }4 .
We now examine quadrilaterals Q 2 }3 . Suppose Q := hu1 ; u2 ; u3 ; u4 i is su h
a quadrilateral. Then Q shares exa tly one vertex, say u4 , with some quadrilateral
in }4 . The C 1 - ontinuity at u4 determines all the B- oeÆ ients asso iated with
domain points in the disk D(u4 ). The B- oeÆ ients asso iated with domain points
in the interiors of the edges hu1 ; u2 i and hu2 ; u3 i are uniquely determined by the
interpolation onditions on those edges. On the edge e := hu1 ; u4 i, we already know
all but one oeÆ ient, and that is determined by the one interpolation ondition
asso iated with the point R(u1 ) \ e, see Remark 7.11. Similarly, the oeÆ ient assoiated with the point R(u3 ) \ hu3 ; u4 i is determined by the interpolation ondition
at that point.
We repeat this argument for quadrilaterals in }2 , and then nally for quadrilaterals in }1 to omplete the proof that all of the B- oeÆ ients of s orresponding
to domain points on the edges of } are uniquely determined. It follows that all
of the oeÆ ients orresponding to domain points in the disks D(v ) surrounding
verti es of } are also uniquely determined.
It remains to onsider B- oeÆ ients asso iated with domain points lying inside
quadrilaterals. We begin by examining quadrilaterals that are part of bla k hains.
Suppose Q is an odd bla k quadrilateral whi h is not part of an odd pair of bla k
quadrilaterals. Then it has been split into two triangles T1 and T2 , and we have an
interpolation ondition at a enter point, say T1 of one of the two triangles. Sin e
we already know all B- oeÆ ients asso iated with domain points on the edges of
both T1 and T2 , the interpolation ondition at T1 uniquely determines the BoeÆ ient asso iated with that domain point, see Remark 7.12. The B- oeÆ ient
asso iated with the domain point T2 is then uniquely determined by C 1 smoothness
a ross the edge between T1 and T2 . If Q is part of an odd pair of bla k quadrilaterals,
then the arguments are similar.
We now onsider even bla k quadrilaterals. Suppose Q is su h a quadrilateral
whi h has been split into four subtriangles T1 ; : : : ; T4 , and let k 2 f1; 2g be the
number of determined edges of Q. For ea h su h edge, C 1 smoothness uniquely
de nes the B- oeÆ ient orresponding to the enter of the triangle Ti sharing that
edge. But then the 4 k interpolation onditions asso iated with points hosen
in Step 3 of the algorithm oupled with C 1 smoothness a ross the edges meeting
at vQ uniquely determine all remaining B- oeÆ ients. To see this, suppose k = 1.
Then using the data from Step 3a of Algorithm 3.2, we an apply Remark 7.11
to ompute the oeÆ ients orresponding to the domain points in the set M5 of
Lemma 3.3, and then apply the lemma. If k = 2, we an use the data from Step 3b
of Algorithm 3.2 and Remark 7.11 to get oeÆ ients in one of the sets M3 or M4
of the lemma.
Now onsider even white quadrilaterals. These quadrilaterals are also split into
four subtriangles. Given su h a quadrilateral Q, let k 2 f0; : : : ; 4g be the number of
10

determined edges. As before, for ea h su h edge C 1 smoothness uniquely determines
the B- oeÆ ient orresponding to the enter of the triangle sharing that edge. But
then the 4 k interpolation onditions orresponding to the points assigned in Step 4
of the algorithm oupled with C 1 smoothness onditions serve to uniquely determine
all remaining B- oeÆ ients asso iated with points in Q. For example, with k = 0
we use the data in Step 4a of Algorithm P and apply Remark 7.11 to ompute
the B- oeÆ ients asso iated with D(vQ ). Then we pro eed as in Remark 7.12 to
ompute the B- oeÆ ient asso iated with the enter point T1 of one subtriangle
T1 of Q and we use Lemma 3.3 with ` = 5 to uniquely ompute the remaining
oeÆ ients. The other ases are similar.
To omplete the proof that P and S31 (4) form a Lagrange interpolation pair,
we deal with the odd white quadrilaterals in the same way as the even white quadrilaterals, but using the points assigned in Step 6 of the algorithm, followed by those
in Step 5.
Finally, the fa t that interpolation at the points of P uniquely determines an
s 2 S31 (4) immediately implies that dim S31 (4) = #P = N .
The proof of Theorem 3.4 des ribes a step{by{step algorithm for omputing a
spline s interpolating a given set of data. In parti ular, after setting the oeÆ ients
orresponding to the domain points at the verti es of }, we determine the remaining
oeÆ ients as follows:
1) by omputing the oeÆ ients of the univariate ubi polynomials that represent
s on a subset of the edges of },
2) by using C 1 smoothness onditions to determine all remaining oeÆ ients in
the disks D(v ),
T
3) by solving for the oeÆ ient orresponding to a Bernstein-basis fun tion B111
asso iated with a triangle T by enfor ing an interpolation ondition at the
T at the enter of T ,
domain point 111
4) by omputing the oeÆ ients of the univariate ubi polynomials that represent
s on ertain edges of 4 inside the quadrilaterals of },
5) by using C 1 smoothness onditions a ross edges of 4 to determine the remaining oeÆ ients.
In parti ular, as des ribed in the proof of Theorem 3.4, oeÆ ients are either determined by expli it equations, or by solving 2  2 linear systems.
Theorem 3.5. Suppose P and 4 are a Lagrange interpolating pair whi h have
been onstru ted from a given quadrangulation } with Algorithm 3.2. Then the
orresponding Lagrange interpolating spline an be onstru ted in O(n) operations,
where n is the number of verti es of }. Moreover, there exists a onstant K
depending only on

} := smallest angle in };
su h that

} := largest angle in };

k k  K kzk;
11

(3:2)

z and are the ve tors of data values and oeÆ ients of s, respe tively, and where

k  k measures the maximum norm.

Proof: The rst assertion follows from the fa t that ea h of the ve omputations
listed above requires only a few ops. We now laim that ea h of these omputations
is also stable. First, we note ( f. Remark 7.11) that the omputations in 1) and 4)
are absolutely stable (i.e., they don't depend on any property of }). As observed
in Remark 7.12, the omputations in 3) are also absolutely stable. The dire t use of
smoothness onditions as in 2) is well known to be stable, but the onstant depends
on both } and } . Finally, the use of C 1 smoothness onditions as in 5) is also
stable as an be seen by examining the proof of Lemma 3.3.
We on lude this se tion by noting that this omputational algorithm is also
lo al in the sense that for ea h domain point  , the orresponding B- oeÆ ient 
depends only on the data values at points in a neighborhood of  . Another way
to say this is as follows. Suppose we set a parti ular data value z to one, and
set all other data values to zero. Then, as we shall show in Theorem 4.3, the
orresponding interpolating spline (sometimes alled a ardinal spline) will have
nonzero oeÆ ients only for domain points whi h are suÆ iently lose to  .

x4. Dimension and a Lo al Basis for S31 (4)

If P and S31 (4) form a Lagrange interpolation pair, then as proved in Theorem 3.4,
the dimension of S31 (4) is equal to the number of points in P . In this se tion we
give an expli it formula for this number whi h (although it may be of no parti ular
pra ti al importan e) is useful for omparing sizes of spline spa es.
We re all that V} and E} denote the number of verti es and edges of },
respe tively. Let n1 be the number of quadrilaterals for whi h Algorithm 3.1 inserts
just one diagonal in onstru ting 4.
Theorem 4.1. Suppose P and S31 (4) are a Lagrange interpolation pair produ ed
by Algorithm 3.2. Then

dim S31 (4) = 3V} + E}

3n1 :

(4:1)

Proof: Consider S31 (+
}), where +} is the triangulation obtained from } by drawing
both diagonals in ea h quadrilateral. As shown in [12℄, the dimension of this spa e
is 3V} + E} . By onstru tion, the only di eren e between +
} and our triangulation
4 is that in some quadrilaterals we have only one diagonal instead of two. Su h
quadrilaterals are either isolated, or o ur in neighboring pairs. For an isolated
quadrilateral Q, it is easy to see that the dimensions of the C 1 ubi spline spa e
on these two di erent triangulations of Q are 16 and 13, respe tively, and so the
di eren e in dimension is exa tly three. In the ase of a neighboring pair, the
di eren e in dimension is exa tly six.
Example 4.2. Let } be the quadrangulation shown in Figure 1.
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Dis ussion: For this quadrangulation we have V} = 53 and E} = 94, and Algorithm 3.1 inserts only one diagonal for n1 = 15 quadrilaterals of }, and both
diagonals for the remaining quadrilaterals. Thus, Theorem 4.1 gives
dim S31 (4) = 3  53 + 94 3  15 = 208:
For omparision purposes, we note that dim S31 (+
}) = 253 when +} is the triangulation obtained from } by drawing both diagonals in ea h quadrilateral. The point
set P of the Lagrange interpolation pair P for S31 (4) produ ed by Algorithm 3.2
(based on the oloring of Figure 1) is shown in Figure 5, where the interpolation
points are marked with bla k and white dots. Counting the bla k and white dots
gives 159 and 49, respe tively, whi h sums up to N = 208.
Although not needed for omputational purposes, as a theoreti al tool it is
onvenient to introdu e the ardinal basis fun tions asso iated with the Lagrange
interpolation pair P and S31 (4). These are the unique splines B 2 S31 (4) satisfying
all ;  2 P :

B ( ) = Æ; ;

(4:2)

These basis fun tions form a stable lo al basis in the sense that there exist onstants
K and ` depending only on the onstants } and } de ned in (3.2) su h that
1) kB k  K for all  2 P ,
2) for ea h  2 P , there exists a quadrilateral Q su h that supp (B )  star ` (Q),
where as usual, star (Q) is the union of all quadrilaterals that interse t with Q in
at least one point, and star m (Q) := star m 1 (star (Q)) for all m > 0. Indeed, we
an take K to be the same onstant mentioned in the stability dis ussion in Se t. 3,
and the following result shows that we an take ` = 9.
Theorem 4.3. Given  2 P , let B be the orresponding ardinal spline satisfying
(4.2). Suppose Q is a quadrilateral whi h ontains the point  . Then
1) if  is stri tly inside Q , then supp (B )  star 5 (Q ).
2) if  lies on the boundary of Q , then supp (B )  star 9 (Q ).
Proof: We analyse the worst ases, i.e., where the support of B is of maximal
size.
Case 1. Suppose  lies stri tly inside the quadrilateral Q . In this ase we have
zero data values asso iated with all verti es of } and with all of the points added
to P in Step 1 of Algorithm 3.2. This implies ( f. the proof of Theorem 3.4) that
all B- oeÆ ients asso iated with domain points on the edges of } must be zero, or
equivalently, s must vanish on this net of edges. It also implies that all oeÆ ients
asso iated with the disks D(v ) surrounding verti es of } are also zero.
To see what an happen with the remaining oeÆ ients, suppose C :=
fQ1; : : : ; Qmg is an odd bla k losed hain with m  5 and that  is the enter
of one of the two subtriangles T1 and T2 of Q1 . Then the interpolation ondition
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Fig. 9.

Maximal support of B when  is inside a quadrilateral Q .

Fig. 10.

Maximal propagation along the edges of }.

B ( ) = 1 implies that  is nonzero, and using the C 1 smoothness ondition, we
see that the oeÆ ient asso iated with the enter of T2 an also be nonzero. Now
sin e Qm is also odd, C 1 smoothness a ross the ommon edge with Q1 an lead
to nonzero oeÆ ients asso iated with the enters of its two subtriangles. These
nonzero values an propagate into both Q2 and Qm 1 , but annot propagate any
further in C sin e Q3 and Qm 2 are odd, and the data implies all oeÆ ients on
these quadrilateral must be zero.
We now tra e the propagation into white quadrilaterals. Suppose C~ :=
fQ~ 1; : : : ; Q~ m~ g is an odd white losed hain with m~  5 and that the quadrilaterals
Qm 1 and Q~ m~ 1 share a ommon edge. The C 1 smoothness a ross this ommon
edge an lead to nonzero oeÆ ients asso iated with domain points inside of Q~ m~ 1 .
Then we an get additional propagation into the quadrilaterals Q~ m~ 2 , Q~ m~ , and
Q~ 1 . However, the propagation now stops sin e Q~ 2 and Q~ m~ 3 are both even, and
the data implies all oeÆ ients on these quadrilaterals must be zero. It follows that
the support of B in this ase an be as mu h as star 5 (Q ). Sin e it is not hard
to see that this is the worst ase under the assumption that  is stri tly inside the
quadrilateral Q , this ompletes the proof of Case 1.
Case 2. Suppose  lies in the interior of an edge e := hu1 ; u
~1 i of the quadrilateral
Q (the ase that  is a vertex of } an be treated analogously). To identify the
support of B in this ase, we now examine the omputation of its oeÆ ients
following the proof of Theorem 3.4 and using the notation there.
Suppose Q0 := Q lies in the lass }4 . Then the rst step of nding the
oeÆ ients of B involves omputing oeÆ ients orresponding to domain points
14

Fig. 11.

Maximal support of B when  is on the edge of a quadrilateral Q .

on the edges of all quadrilaterals in }4 . All su h oeÆ ients must be zero ex ept for
those asso iated with points on the edge e of Q0 . This implies that all oeÆ ients
asso iated with points in the disks D(v ) surrounding verti es of }4 must be zero,
ex ept for the two disks D(u1 ) and D(~u1 ).
We now onsider quadrilaterals in }3 . Suppose Q1 lies in the lass }3 . Then,
Q1 has exa tly one vertex v in ommon with a quadrilateral from }4 , sin e otherwise
Q1 would not be an element of }3 . If v 62 fu1 ; u~1 g, then all oeÆ ients asso iated
with points in the disks D(v ) are zero, and therefore all oeÆ ients orresponding
to domain points on the edges of Q1 are zero. Otherwise, if either v = u1 or v = u~1 ,
we get zero values for the oeÆ ients asso iated with domain points on two edges
of Q1 , and possibly nonzero values on the two remaining edges hu2 ; v i and hu~2 ; v i
of Q1 . This implies that all oeÆ ients asso iated with points in the disk D(w)
surrounding the vertex w of Q1 with w 62 fv; u2; u~2 g must be zero, and some of the
oeÆ ients asso iated with the points in the disks D(u2 ) and D(~u2 ) are possibly
nonzero. Sin e there does not exist a quadrilateral Q~ 1 2 }3 di erent from Q1
with vertex u2 or u~2 (otherwise Q~ 1 would not be an element of }3 ) all the possible
nonzero oeÆ ients of B asso iated with domain points in the quadrilaterals of
}3 [ }4 lie in star 1 (Q0).
A similar argument shows that all the possible nonzero oeÆ ients of B assoiated with domain points in the quadrilaterals of }2 [ }3 [ }4 lie in star 2 (Q0 ).
Note that a possible ommon vertex of two di erent quadrilaterals Q2 ; Q~ 2 2 }2 is
already a vertex of a quadrilateral from }3 [ }4 . Finally, looking at quadrilaterals
in }1 , we see that all the possible nonzero oeÆ ients of B asso iated with domain
points in the quadrilaterals of }1 [ }2 [ }3 [ }4 lie in star 3 (Q0 ). In addition, for
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every quadrilateral Q3 from }1 in star 3 (Q0 ) some oeÆ ients asso iated with the
points in the disks D(u4 ) an possibly be nonzero, where u4 is the vertex of Q3
whi h was marked in Step 1 when ` = 1.
Now there an be no further propagation along the edges of }. It is easy to see
that starting with Q in }4 leads to the worst possible ase ( on erning propagation
along the edges of }).
We now examine the pro ess of omputing the oeÆ ients of B asso iated
with domain points whi h lie stri tly inside of quadrilaterals. Suppose that Q4 lies
in star 4 (Q ), and B has nonzero oeÆ ients asso iated with domain points in the
disk D(u4 ) for some vertex u4 of Q4 (i.e., u4 was marked in Step 1 when ` = 1).
Moreover, assume that Q4 is the rst quadrilateral in an odd bla k losed hain.
Then using the C 1 smoothness ondition, we see that the B- oeÆ ient of B asso iated with the enter of one of the two subtriangles of Q4 an be nonzero. Therefore,
the nonzero oeÆ ients in the disks D(u4 ) possibly initiate further hains of propagation through at most two additional bla k quadrilaterals, and three additional
white ones (see Case 1). Combining these observations, we see that the maximal
support B is star 9 (Q ) as asserted.
Figures 9{11 illustrate the proof of Lemma 4.3 for the two ases. Here the point
 is marked with a bla k dot, while the remaining interpolation points involved in
the propagation pro ess are marked with white dots. Figure 10 shows the maximal
propagation along the edges of } for a point  whi h has been hosen in Step 1 of
Algorithm 3.2. Combining this with the maximal propagation for a point  whi h
lies stri tly inside of a quadrilateral Q (Figure 9) gives the maximal propagation
for Case 2 (Figure 11).
Although in the worst ases there may be ardinal basis fun tions with rather
large supports, su h ases are a tually quite rare, and most of the time the basis
splines have mu h smaller supports. Indeed, the supports frequently onsist of a
small hain of quadrilaterals. This an be seen from the following observations:
1) Given a oloring produ ed by Algorithm 2.1, in general there are only a few
losed (odd) hains of one olor, see also Remark 7.6.
2) Maximal propagation along the edges an only happen when there exists a
hain of edges ei = hvi ; vi+1 i; i = 0; : : : ; 2, of } su h that in step 1 of Algorithm 3.2, the vertex v4 ` was unmarked for ` = 4; 3; 2; 1. By the nature of
step 1 ( hoosing quadrilaterals with ` unmarked verti es as long as possible),
su h hains of edges with maximal length are often avoided automati ally.
3) When propagation of the oeÆ ients of B o urs along edges and through the
quadrilaterals in one dire tion of the quadrangulation, it often happens that
the propagation in all other dire tions is mu h shorter (or does not o ur).
Therefore, in most ases there exists a quadrilateral Q 6= Q su h that the
support of B is a tually in star `1 (Q)  star `2 (Q ) with `1 << `2 .
Figure 12 shows the supports for the ardinal basis fun tions B , where  are the
points numbered from 1 to 7 in Figure 5 for the quadrangulation } (and oloring)
in Figure 1.
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Fig. 12.

Supports of B for the points  numbered 1 to 7 in Figure 5.

x5. Bounding the Error of Interpolation
In view of (4.2), it is lear that for every f 2 C ( ), the spline s 2 S31 (4) that
interpolates f at the points of P is given by the formula

s = I f :=

X

2P

f ( ) B :

(5:1)

We an regard I as a linear operator mapping fun tions in C ( ) into splines in
S31 (4). It should be emphasized that we have introdu ed the ardinal basis splines
and this formula purely as a theoreti al tool. We do not make use of this representation for omputing or storing an interpolating spline | for that purpose, the
Bernstein-Bezier representation is mu h better suited. But it is useful for proving
17

Fig. 13.

A (2; 2)

oloring for the quadrangulation from Figure 1.

the following theorem on erning the approximation of fun tions in the Sobolev
m+1 ( ). Let j  jm+1;1 be the standard Sobolev seminorm, and let j4j be
spa e W1
the maximum of the diameters of the triangles in 4.
Theorem 5.1. There exists a onstant C depending only on the onstants } and
m+1 ( ) with 0  m  3,
} de ned in (3.2) su h that if f is in the Sobolev spa e W1

kDx Dy (f I f )k1;  C j4jm+1

jf jm+1;1; ;

(5:2)

for all 0 

+  m.
Proof: We apply Theorem 5.1 of [13℄. Clearly, I p = p for all ubi polynomials.
The hypothesis (5.3) of that theorem is trivial sin e jf ( )j  kf kT , where T is the
triangle that ontains  .

The analog of this error bound also holds for the p-norm, 1  p < 1. For
p = 1, this result an also be established using the Bramble-Hilbert lemma, or by
using the weak-interpolation methods des ribed in [8,27℄.

x6. (2; 2) Coloring of Quadrangulations
In this se tion we brie y dis uss a lass of quadrangulations for whi h the pro ess
of onstru ting a Lagrange interpolating pair an be somewhat simpli ed.
De nition 6.1. A bla k and white oloring of a quadrangulation } is alled a
(2; 2) oloring of } if every quadrilateral of } has at most two neighbors of the
same olor, and if ea h hain of quadrilaterals of one olor has at most length three.
Quadrangulations possessing a (2; 2) oloring are alled (2; 2) olorable.

Obviously, the oloring of the quadrangulation } in Figure 1 is not a (2; 2)
oloring of } sin e there are bla k and white hains of length four. However, as
18

Fig. 14.

A quadrangulation, where hains of length three annot be avoided.

Fig. 15.

Interpolation points in the new ases for the simpli ed algorithm.

shown in Figure 13, a (2; 2) oloring an easily found for this parti ular quadrangulation. We observe that many (natural lasses of) quadrangulations possess a
(2; 2) oloring.
It is known that there is an algorithm similar to Algorithm 2.1 whi h an olor
any given triangulation 4 with two olors so that no hain of triangles of one olor
is of length more that two, see [17,27℄. However, the situation is more omplex for
quadrangulations. In this ase, hains of length three annot be avoided in general
as an be seen from the example in Figure 14. For further information on (2; 2)
oloring of quadrangulations, see Remark 7.9.
If a quadrangulation } admits a (2; 2) oloring, then Algorithm 3.2 an be
somewhat simpli ed in that we insert just one diagonal in every bla k quadrilateral
ex ept in the ase of losed bla k hains where we insert both diagonals in one of
the quadrilaterals. We then apply Algorithm 3.2 to hoose the interpolation points,
but with the following simpli ation of Step 2. For every bla k omponent C whi h
is not a losed hain, hoose a quadrilateral Q in C , and add the enter point of
one of the subtriangles of Q. If the length of C is three, then this quadrilateral Q
should be the se ond quadrilateral in the hain.
Figure 15 shows the ases for whi h the triangulation 4 and the hoi e of
interpolation points is di erent from that in Se tion 3. The simpli ations whi h
apply for a (2; 2) oloring are due to the fa t that in general it is not ne essary to
distinguish between even and odd quadrilaterals in dealing with omponents of one
olor. Roughly speaking, the lo ality of the interpolation points inside the hains
of one olor omes automati ally with the oloring.
In general, in this setting we also get a smaller number of interpolation points
than with Algorithm 3.2. For instan e, onsider the quadrangulation } in Figure 13. Then with the oloring shown there, the modi ed algorithm inserts only
one diagonal in 22 quadrilaterals of }, and thus the dimension of the orresponding
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spline spa e is 187, as ompared to 208 as des ribed in Example 4.2.
Using basi ally the same arguments as in Se tions 3 and 4, it is easy to see
that the simpli ed algorithm is stable and produ es a Lagrange interpolation pair
P and S31 (4) su h that the supports of the orresponding basis splines fB g2P
are at most star 3 (Q ) if  is stri tly inside Q , and at most star 7 (Q ) if  lies on
the boundary of Q . It follows that Theorem 5.1 also holds in this setting.

x7. Remarks
Remark 7.1. A quadrangulation } is said to be a he kerboard quadrangulation
provided that its quadrilaterals an be olored bla k and white in su h a way that
any two quadrilaterals sharing an edge have the opposite olor. An appropriate
algorithm (whi h is signi antly simpler than Algorithm 3.2 here) for onstru ting
a Lagrange interpolation pair in this ase was provided in [21℄.
Remark 7.2. A quadrangulation } is said to be separable provided there exists a
set }0 of quadrilaterals in } su h that for every interior vertex v of }, there is a
unique quadrilateral Q 2 }0 with vertex at v . This ase was studied in [22℄, and the
algorithm presented there for onstru ting a Lagrange interpolation pair in this ase
is also simpler than Algorithm 3.2. It is easy to see that not all quadrangulations
are separable. Figure 1 shows one su h example. For an even simpler example, see
Figure 3 of [22℄.
Remark 7.3. The problem of quadrangulating a given set of points is onsiderably
more diÆ ult than the analogous problem of triangulating them, and has only reently been studied in the omputational geometry literature [3℄. If the number of
boundary points is even, there are algorithms whi h produ e some quadrangulation,
but it is not guaranteed to be onvex. An alternative way to reate quadrangulations (whi h in fa t are guaranteed to be onvex) is to start with an arbitrary
triangulation, and re ne it appropriately (by adding new verti es and edges), see
[15℄,
Remark 7.4. We have not assumed that the domain obtained by taking the
union of the quadrilaterals in } is simply onne ted, i.e., may ontain holes with
polygonal boundaries.
Remark 7.5. It should be lear that starting with a given set of points V as in
Problem 1.1, in general there is more than one way to reate an asso iated Lagrange
interpolation pair. Indeed, there are various freedoms in most of the steps outlined
above. For example, learly the oloring depends on the initial oloring and on
whi h quadrilaterals are sele ted in ea h step of Algorithm 2.1. Similarly, there is
often more than one way to hoose the points in the various steps of Algorithm 3.2.
Making other hoi es would lead to di erent Lagrange interpolation pairs, although
all of them would have more or less the same properties.
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Fig. 16.

A quadrangulation whi h is not 3 olorable but (2; 2)

olorable.

Remark 7.6. In prin iple, Algorithm 2.1 an be started with any initial oloring
(for example olor all quadrilaterals of } white). In pra ti e, it is more eÆ ient to
hoose a (maximal) subset } of quadrilaterals from } su h that the interse tion
of any two quadrilaterals from } is empty or a single point, and olor the quadrilaterals of } and } n } bla k and white, respe tively. In general, this hoi e
results in short bla k hains, and Algorithm 2.1 terminates after a few steps. In
experiments, we observed that the number of losed bla k hains is small, even in
the ase when } onsist of thousands of quadrilaterals. Moreover, the treatment
of some white boundary quadrilaterals an be simpli ed by swit hing their olor
(after Algorithm 2.1 has stopped).
Remark 7.7. We note that Algorithm 2.1 and the modi ations suggested in
Remark 7.6 are variants of the oloring method in [17℄ for bounded degree graphs.
In graph oloring theory, a graph is said to be (m; d) olorable if its verti es an be
olored with m olors su h that ea h vertex has at most d neighbors of the same
olor. If d = 0, this des ribes an ordinary oloring of a graph. For instan e, the
Four Color Theorem ( f. [11℄) says that every planar graph is (4; 0) olorable. For
d  1, the oloring is alled improper or defe tive [5℄. In this ontext, Algorithm 2.1
provides a (2; 2) oloring of the dual graph of }, whi h is a planar graph of maximal
degree four.
Remark 7.8. The oloring in Se tion 2 leads to triangulations in whi h about one
quarter of the quadrilaterals are split into two triangles, while the rest are split
into four triangles. In our experiments with (2; 2) olorable quadrangulations, we
found that about one-half of the quadrilaterals are split into two triangles, while
the rest are split into four triangles.
Remark 7.9. In Se tion 6 we have shown that if a quadrangulation an be olored
su h that ea h hain of quadrilaterals of one olor has at most length three, then
the pro ess of onstru ting a Lagrange interpolating pair an be simpli ed. Our
experien e is that many quadrangulations possess a (2; 2) oloring. On the other
hand, no automati algorithm of linear omplexity is known whi h yields a (2; 2)
oloring for quadrangulations. A natural idea would be to olor a given quadrangulation with three olors, and then afterwards swit h the quadrilaterals with the
third olor to either bla k or white. However, not every quadrangulation an be
olored with three olors [18℄, whi h an be seen from the example in Figure 16
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(left) where the letters symbolize the four olors used. On the other hand, Figure 16
(right) shows that this quadrangulation does possess a (2; 2) oloring. We note
that there are only a few papers on (m; d) oloring, see [4,30℄.
Remark 7.10. Using C 1 ubi splines, it is onsiderably more diÆ ult to onstru t
a lo al interpolation method based on Lagrange data than it is for Hermite data.
Indeed, given Hermite data at the verti es of a quadrangulation } (along with
normal derivatives at the midpoints of the edges of }), then we an apply the wellknown ma ro-element methods based on the triangulation +
} obtained by adding
both diagonals to ea h quadrilateral, see [10,12,28℄. But of ourse, to use these
methods one has to nd a urate estimates for the derivatives at all points where
they are not given. We also note that the method des ribed in this paper an
be easily modi ed to produ e a method whi h would make use of Hermite data
(fun tion values and gradients) at ea h vertex of }.
Remark 7.11. A univariate ubi polynomial p on an interval [a; b℄ whi h satis es
p(a) = z0 and p(b) = z3 an be written in the Bernstein-Bezier form
1
p(x) = 3 [z0 (b x)3 + 3 1 (x a)(b x)2 + 3 2 (x a)2 (b x) + z3 (x a)3 ℄;
h
where h = b a. Then the oeÆ ients 1 and 2 of the unique p that interpolates
given values at the points t1 := a + h=3 and t2 := a + 2h=3, an be determined by
solving a 2  2 linear system whose matrix is


2 2 1
;
9 1 2
independent of the interval [a; b℄. Moreover, if we are given 1 , then we an make p
interpolate a pres ribed value z2 at t2 by simply setting
27z2 z0 6 1 8z3
:
(7:1)
2=
12
Remark 7.12. Suppose s is a ubi polynomial, and that for a given triangle T we
know all of its B- oeÆ ients ex ept for the one asso iated with the domain point
T . Then sin e B T ( T ) = 2=9, we an immediately al ulate T . Clearly, this
111
111 111
111
is a stable omputation independent of the shape of T .
Remark 7.13. While not dire tly appli able to interpolation of s attered data,
Lagrange interpolating pairs an still be a useful tool for tting s attered data as
a se ond stage in a two-stage method ( f. [29℄ for a dis ussion of general two-stage
methods). Here the rst stage would involve interpolation of s attered data by
a linear spline s1 over a triangulation 41 of the data points. Then the se ond
stage would involve interpolation of s1 by a C 1 ubi spline s on a mu h oarser
triangulation 4, based on samples of s1 at the points P . In the ase when data
omes from a C 4 fun tion, the approximation error of s1 is O(h21 ), where h1 is
the maximal diameter of the triangles in 41 , and the approximation error of s is
maxfO(h21 ); O(h4 )g, where h is the maximal diameter of the triangles in 4. If 41
is mu h ner than 4, then the error of s would be O(h4 ), thereby providing an
eÆ ient ompression of the data ( f. [22,26,27℄).
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Remark 7.14. We have shown that the spline spa es S31 (4) onstru ted here
have full approximation power. This should be ontrasted with the situation for
the triangulation obtained from a given quadrangulation by inserting one diagonal
in ea h quadrilateral, where it is known [1℄ that the asso iated spa es of C 1 ubi
splines do not have full approximation power.
Remark 7.15. It is easy to see that the angles of a quadrangulation an be wellbehaved in the sense that the largest angle is bounded by a onstant  <  , but
the smallest angle 4 in the asso iated triangulation an still be arbitrarily small.
However, onversely, learly 24     24 .
Remark 7.16. The interpolation method des ribed in this paper is easy to implement, and due to its low omplexity, an be used on very large data sets. For
some numeri al experiments (based on separable quadrangulations) involving both
syntheti and real world data, see [21,22℄.
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