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1

The Roots of Infinity

We begin our study with a fundamental query of modern Linguistics:
(1) How do speakers of a natural language produce and understand

novel expressions?
Natural languages are ones like English, Japanese, Swahili, . . . which

human beings grow up speaking naturally as their normal means of com-
munication. There are about 5,500 such languages currently spoken in
the world1. Natural languages contrast with artificial languages con-
sciously created for special purposes. These include programming lan-
guages such as Lisp, C++ and Prolog and mathematical languages such
as Sentential Logic and Elementary Arithmetic studied in mathematical
logic. The study of natural language syntax and semantics has benefit-
ted much from the study of these much simpler and better understood
artificial languages.

The crucial phrase in (1) is novel. An ordinary speaker is compe-
tent to produce and understand arbitrarily many expressions he or she
has never specifically heard before and so certainly has never explic-
itly learned. This chapter and the next are devoted to supporting this
claim as well as introducing some descriptive mathematical notions and
notations as needed.

And in the following chapter we initiate the study of the linguists’
response to the fundamental query: namely, that speakers have inter-
nalized a grammar for their language. That grammar consists of a set
of lexical items – meaningful words and morphemes – and some rules
which allow us to combine lexical items to form arbitrarily many com-
plex expressions whose semantic interpretation is determined by that of
the expressions they are formed from. We produce, recognize and inter-
1This figure is “rough” for both empirical and conceptual reasons. For example,

how different may two speech varieties be and still count as dialects of the same
language as opposed to different languages?

3



pret novel expressions by using our internalized grammar to recognize
how the expressions are constructed, and how expressions constructed in
that way take their meaning as a function of the meanings of what they
are constructed from – ultimately their lexical items. This last feature
is known as Compositionality.

In designing grammars of this sort for natural languages we are pulled
by several partially antagonistic forces: Empirical Adequacy (Complete-
ness, Soundness, Interpretability) on the one hand, and Universality on
the other. Regarding the former, for each natural language L the gram-
mar we design for L must be complete: it generates all the expressions
native speakers judge grammatical; it must be sound: it only generates
expressions judged grammatical, and it must be interpretable: the lexical
items and derived expressions must be semantically interpreted. Even
in this chapter we see cases where different ways of constructing the
same expression may lead to different ways of semantically interpreting
it. Finally, linguists feel strongly that the structure of our languages re-
flects the structure of our minds, and in consequence, at some deep level,
grammars of different languages should share many structural proper-
ties. Thus in designing a grammar for one language we are influenced
by work that linguists do with other languages and we try to design our
(partial) grammars so that they are similar (they cannot of course be
identical, since English, Japanese, Swahili, . . . are not identical).

1.1 The Roots of Infinity in Natural Language
Here we exhibit a variety of types of expression in English which support
the conclusion that competent speakers of English can produce, recog-
nize and understand unboundedly many expressions. What is meant by
unboundedly many or arbitrarily many? In the present context we mean
simply infinitely many in the mathematical sense. Consider for example
the set N of natural numbers, that set whose members (elements) are
the familiar 0, 1, 2, . . .. Clearly N has infinitely many members, as they
“continue forever, without end”. A less poetic way to say that is: a set
L is infinite if and only if for each natural number k, L has more than k
members. By this informal but usable definition we can reason that N
is infinite: no matter what number k we pick, the numbers 0, 1,. . . , k
constitute more than k elements of N ; in fact precisely k + 1 elements.
So for any k, N has more than k elements. This proves that N is an
infinite set according to the definition of infinite above.
Jargon In mathematical discourse if and only if, usually abbreviated
iff, combines two sentences to form a third. P iff Q means that P and
Q always have the same truth value: in an arbitrary situation s they



are both true in s or both false in s. iff is often used in definitions, as
there the term we are defining occurs in the sentence on the left of iff,
and the sentence we use to define that term occurs on the right, and the
purpose of the definition is to say that whenever we use the word being
defined, we may replace it by the definition which follows.
When are independently defined sets A and B the same set?
A and B are equal iff they have the same members. To say this, we
write A = B. To explain this important use of iff, we expand on this
statement: If sets A and B are equal, then they count as the same
object. So if some object x belongs to A, then x also belongs to B; and
vice-versa. Conversely, if A and B are sets which happen to have the
same elements, then they are equal; again, this means that they are the
same set.

To say that they are not the same, we write A != B. Note that if A
and B are not the same then one must have a member the other doesnt
(otherwise they would be the same).

The important point from a semantic point of view is that sets which
are described in different ways but which happen to have the same el-
ements are nevertheless considered the same. For example, the set of
female presidents of the United States is the same set as the set of fe-
male prime ministers of England. This set is empty: it has no elements
whatsoever.
The empty set There is a set with no elements, called the empty set
or the null set. We use the notation ∅ for this set.

Returning now to sizes of sets, a set is finite iff it has exactly k
elements for some natural number k. For example the set {0, 1, 2} is
finite since it has exactly three elements. We commonly exhibit small
sets in this list notation: write down names of the elements separated by
commas and enclose the whole list in set brackets { and }. Also, to say
that an object x is a member (element) of a set A we write x ∈ A, using
a stylized Greek epsilon, ∈, for the set membership sign. For example
1 ∈ {0, 1, 2}. 5 is not a member of {0, 1, 2}, a fact which we write as
5 /∈ {0, 1, 2}. Similarly 2 ∈ N but −2 /∈ N and 1/2 /∈ N .

Here are two ways to show that a set is infinite: One, show that
it has an infinite subset; and two, show that it has the same number
of elements as a set already known to be infinite. First, we need an
important definition:
(2) A ⊆ B means that every element of A is also an element of B, in

which case we say that A is a subset of B (or, less frequently,
that B is a superset of A).



When A ⊆ B, it is possible that A and B have all the same elements,
in which case we write A = B and say that A and B are equal, or
identical, or the same. But it is also possible that B has some element(s)
that are not in A. In this case, in which case we say that A is a proper
subset of B, noted A ⊂ B.

Now returning to the question of how to show a set to be infinite, if
A is infinite and A ⊆ B then B is infinite. Reason: given any natural
number k we know that A has more than k elements since A is infinite.
Let’s pick k +1 different elements of A, say a1, . . . , ak+1. Since all these
a’s are also in B, B has more than k elements. So B is infinite.

Regarding test two, we say that sets A and B have the same number
of elements if we can match up the elements of one with the elements
of the other in such a way that distinct elements of one are always
matched with distinct elements of the other, and no elements in either
set are left unmatched. The matching in (3) shows that A = {1, 2, 3}
and B = {a, b, c} have the same number of elements. (We also say they
have the same size or the same cardinality.) (3) never matches distinct
elements with the same element, and each object in each set is matched
with one in the other:
(3)

A B

1

!!!!!!!!!!!!!!!!!!!!! a

2 "" b

3

##""""""""""""""""""" c

Other matchings, such as 1 with b, 2 with c and 3 with a, would
have worked just as well. A more interesting illustration is the matching
given in (4), which shows that the set EVEN, whose elements are just
0, 2, 4, . . ., is infinite. (When we write the three dots, as here, we just
indicate that the reader knows how to continue the sequence.) To give
the matching explicitly we must say what even number an arbitrary
natural number n is matched with.
(4)

N 0 1 2 · · · n · · ·
' ' ' '

EVEN 0 2 4 · · · 2n · · ·

So each natural number n is matched with the even number 2n. And
distinct n’s get matched with distinct even numbers, since if n is different



from m, noted n != m, then 2n != 2m. And clearly no element in either
set is left unmatched. Thus EVEN has the same size as N and so is
infinite.
Exercise 1.1 This exercise is about infinite sets.

1. Show by direct argument that EVEN is infinite. (That is, show
that for arbitrary k, EVEN has more than k elements).

2. Let ODD be the set whose elements are 1, 3, 5, . . ..
a. Show directly that ODD is infinite.
b. Show by matching that ODD is infinite.

We now return to our inventory of types of expression in English
which lead to infinite subsets of English expressions.
Iterated words There are a few cases in which we can build an infinite
set of expressions by starting with some fixed expression and forming
later ones by repeating a word in the immediately previous one. GP
below is one such set; its expressions are matched with N showing that
it is an infinite set.
(5)

N GP
0 my grandparents
1 my great grandparents
2 my great great grandparents
· · · · · ·
n my (great)n grandparents
· · · · · ·

In line n, (great)n on the right denotes the result of writing down
the word great n times in a row. Thus great1 = great, great2 = great
great, etc.

When n = 0 we haven’t written anything at all: so my (great)0
grandparents is simply my grandparents. We often leave spaces between
words when writing sequences of words from a known language (such
as English). We usually do not do this when concatenating random
sequences of letters: (aab)3 = aabaabaab.

One sees immediately from the matching in (5) that the set GP is
infinite. Hence the set of English expressions itself is infinite since it has
an infinite subset. Moreover the expressions in GP all have the same
category, traditionally called Noun Phrase and abbreviated NP. So we
can say that PH(NP), the set of phrases of category NP in English is
infinite.



Note too that each expression in GP is meaningful in a reasonable
way. Roughly, my grandparents denotes a set of four people, the (biolog-
ical) parents of my parents. my great grandparents denotes the parents
of my grandparents, an 8 element set; my great great grandparents de-
notes the parents of my great grandparents, a 16 element set, and in
general the denotation of my (great)n+1 grandparents denotes the par-
ents of my (great)n grandparents. (For each n ∈ N , how many (great)n

grandparents do I have2?).
We turn in a moment to more structured cases of iteration which

lead to infinite subsets of English. But first let us countenance one rea-
sonable objection to our claim that my (great)n grandparents is always
a grammatical expression of English. Surely normal speakers of English
would find it hard to to interpret such expressions for large n, even say
n = 100, so can we not find some largest n, say n = 1, 000, 000, beyond
which my (great)n grandparents is ungrammatical English?

Our first response is a practical one. We want to state which se-
quences of English words are grammatical expressions of English. To
this end we study sequences that are grammatical and ones that aren’t
and try to find regularities which enable us to predict when a novel se-
quence is grammatical. If there were only 25 grammatical expressions
in English, or even several hundred, we could just list them all and be
done with it. The grammaticality of a test expression would be decided
by checking whether it is in the list or not. But if there are billions in
the list that is too many for a speaker to have learned by heart. So we
still seek to know on what basis the speaker decides whether to say Yes
or No to a test expression. In practice, then, characterizing membership
in large finite sets draws on the same techniques used for infinite sets.
In both cases we are looking for small descriptions of big sets.

Our task as linguists is similar to designing chess playing algorithms.
Given some rules limiting repetitions of moves, the number of possible
chess games is finite. Nonetheless we treat chess as a game in which
possible sequences of moves are determined by rule, not just membership
in some massive list.

The second response is that even for large n, speakers are reluctant
to give a cut off point: n = 7?, 17?, 1017 ? In fact we seem competent to
judge that large numbers of repetitions of great are grammatical, and we
can compute the denotation of the derived expression, though we might
have to write it down and study it to do so. It is then like multiplying
two ten digit numbers: too hard to do in our head but the calculation
still follows the ordinary rules of multiplication. It seems reasonable
2This is a tricky question.



then to say that English has some expressions which are too long or too
complicated to be usable in practice (in performance as linguists say),
but they are nonetheless built and interpreted according to the rules
that work for simple expressions.

We might add to these responses the observation that treating certain
sets as infinite is often a helpful simplifying assumption. It enables us to
concentrate on the simple cases, already hard enough! We return now
to the roots of infinity.
Postnominal Possessives Syntactically the mechanism by which we
build the infinite set GP above is as trivial as one can imagine: arbitrary
repetition of a single word, great. But English presents structurally less
trivial ways of achieving similar semantic effects with the use of relation
denoting nouns, such as mother, sister, friend, etc. Here is one such
case, with the matching defined more succinctly than before:
(6) For each natural number n, let M(n) be the result of writing

down the sequence the mother of n times followed by the
President. That is, M(n) = (the mother of)nthe President.

Clearly M matches distinct numbers n and n′ with different English
expressions, since M(n) and M(n′) differ with regard to how many times
the word mother occurs: in M(n) it occurs n times, and in M(n′) it
occurs n′ times. Clearly then, the set whose elements are M(0), M(1),
. . . is an infinite set of English NPs .

Moreover, what holds syntactically holds semantically: when n != n′,
M(n) and M(n′) denote different objects. Think of the people M(n)
arranged in a sequence M(0), M(1), M(2), . . . = the President, the
mother of the President, the mother of the mother of the President, . . ..
Now think of the sequence of denotations y0, y1, . . ., they determine.
the President denotes some individual y0, and each later expression, (the
mother of)k the President, denotes an individual yk who is the mother
of the immediately preceding individual yk−1 . Since no one can be their
own (biological) mother, grandmother, greatgrandmother, etc., all these
individuals yi are different. So yn, the denotation of (the mother of)n

the President, is different from yn′ , the denotation of (the mother of)n′

the President.
Exercise 1.2 1. Exhibit the matching in (6) using the format in (5).

2. Like great above, very can be repeated arbitrarily many times in
expressions like He is tall, He is very tall, He is very very tall,. . ..
Define a matching using any of the formats so far presented which
shows that the number of expressions built from very in this way
is infinite.



Observe that the matching function M introduced in (6) has in effect
imposed some structure on the expressions it enumerates. For any n >
0, M(n) is an expression which consists of two parts, (constituents),
namely the mother of, written n times, and the President. And the
leftmost constituent itself consists of n identical constituents, the mother
of. We exhibit this structure for M(1) and M(2) below. (7c) is a tree
representation of the constituent structure of M(2).
(7) a. M(1): [the mother of][the President]

b. M(2): [(the mother of)(the mother of)][the President]
c.

####################

$$$$$$$$$$$$

%%%%%%%%% the President

the mother of the mother of

Now M(1) is not a constituent of M(2). Therefore given Composi-
tionality, the meaning of M(1) is not part of the meaning of M(2). This
seems slightly surprising, as one feels that M(2) denotes the mother of
the individual denoted by M(1). For example, if Martha is the mother of
the President then M(2) denotes the same as the mother of Martha. So
let us exhibit a different, recursive, way of enumerating the expressions
in (6) in which in effect M(1) is a constituent of M(2).
(8) For each n ∈ N , F (n) is a sequence of English words defined by:

a. F (0) = the President,
b. For every n ∈ N , F (n + 1) = the mother of F (n).

(Note that F succeeds in associating an expression with each number
since any number k is either 0 or the result of adding 1 to the previous
number). Observe too that M and F associate the sequence of English
words with same number (try some examples!). So, for each n, F (n) =
M(n). But F and M effect this association in different ways, ones
which will be reflected in the semantic interpretation of the expressions.
Compare F (2) with M(2). F (2) has two constituents: the mother of
and F (1), the latter also having two constituents, the mother of and the
President. (9) exhibits the constituent structure imposed by F in F (1)
and F (2). The gross constituent structure for F (2) is given by the tree
in (9c).
(9) a. F (1): [the mother of][the President]

b. F (2): [(the mother of)[(the mother of)(the President)]]



c.

&&&&&&&&&&&&&&&&&&&&

''''''''''''

the mother of

(((((((((

the mother of the President

On the analysis imposed by F , F (1) is a constituent of F (2), and in
general F (n) is a constituent of F (n + 1). So F (n) will be assigned a
meaning in the interpretation of F (n + 1).
Exercise 1.3 Exhibit the constituent structure tree for F (3) analogous
to that given for F (2) in (9c).

So these two analyses, M and F , make different predictions about
what the meaningful parts of the expressions are3. Our original sugges-
tion for an F -type analysis was that the string M(1) – a string is just
a sequence of symbols (letters, words, . . .) – was a meaningful part of
M(2). Notice that the fact that the string M(1) occurs as a substring
of M(2) was not invoked as motivation for an F -type analysis. And this
is right, as it happens often enough that a substring of an expression is,
accidentally, an expression in its own right but not a constituent of the
original. Consider (10):
(10) The man who fired John is easy to please.

Now (11a) is a substring of (10), and happens to be a sentence in its
own right with the same logical meaning as (11b) and (11c).
(11) a. John is easy to please.

b. To please John is easy.
c. It is easy to please John.

But any attempt to replace John is easy to please in (10) by the
strings in (11b) or (11c) results in ungrammaticality (as indicated by
the asterisk):
(12) a. ∗The man who fired to please John is easy.

b. ∗The man who fired it is easy to please John.
The reason is that John is easy to please is not a constituent, a

meaningful part, of (10).
3In fact both analyses are amenable to a compositional semantic analysis, but the

analyses differ and the M one requires a richer semantic apparatus than the F one.
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The constituent structure trees for the F analysis in (9) are right
branching in the sense that as n increases, the tree for F (n) has more
nodes going down the right-hand side. Compare the trees in Figure 1.1.

Verb medial languages, like English, Vietnamese, and Swahili use the
order Subject + Verb + Object (SVO) in simple transitive sentences:
John writes poetry. Indeed, English, like verb medial and verb initial
languages generally, favors right branching structures; however, some
expression types such as prenominal possessors, (15), are left branching.
Verb initial languages, such as Tagalog, classical Arabic, and Welsh are
usually VSO: Writes John poetry, though occasionally (Fijian, Tzeltal,
Malagasy) VOS: Writes poetry John. Verb final languages, such as Turk-
ish, Japanese, and Kannada are usually SOV John poetry writes and
favor right branching expressions).

Finally we note that the postnominal possessive NPs in (9) are atyp-
ically restricted both syntactically and semantically. It is unnatural for
example to replace the Determiner the with others like every, more than
one, some, no, . . .. Expressions like every mother of the President, more
than one mother of the President seem unnatural. This is likely due to
our understanding that each individual has a unique (exactly one) bio-
logical mother. Replacing mother by less committal relation nouns such
as friend eliminates this unnaturalness. Thus the expressions in (13)
seem natural enough:
(13) a. the President

b. every friend of the President
c. every friend of every friend of the President
d. . . .

We call (13) a pseudolist because it is not complete, ending with the
three dots, indicating as usual that the reader understands how the list
is to be continued. Now we can match the natural numbers with the



elements of the pseudolist in (13) in a way fully analogous to that in
(6). Each n gets matched directly with (every friend of )n followed by
the President.
Exercise 1.4 Exhibit a matching for (13) on which every friend of the
President is a constituent of every friend of every friend of the President.

This has been our first instance of formalizing the same phenomena in
two different ways (M and F ). In fact being able to change your formal
conceptualization of a phenomenon under study is a major advantage
of mastering elementary mathematical techniques. Formulating an issue
in a new way often leads to new questions, new insights, new proofs,
new knowledge. As a scientist what you can perceive and formulate and
thus know, is limited by your physical instrumentation (microscopes, lab
techniques, etc.) and your mental instrumentation (your mathematical
concepts and methods). Man sieht was man weiss (One sees what one
knows). Mathematical adaptability is also helpful in distinguishing what
is fundamental from what is just notational convention. The idea here
is that significant generalizations are ones that remain invariant under
changes of descriptively comparable notation. Here the slogan is:

If you can’t say something two ways you can’t say it at all.

Worth emphasizing here also is that mathematically we often find differ-
ent procedures (algorithms) that compute the same value for the same
input, but do so in different ways. Here is an example from high school
algebra: compare the functions f and g below which map natural num-
bers to natural numbers:
(14) a. f(n) = n2 + 2n + 1

b. g(n) = (n + 1)2

g here seems to be a simple two step process: given n, add 1 to it and
square the result. f is more complicated: first square n, hold it in store
and form another number by doubling n, then add those two numbers,
and then add 1 to the result. But of course from high school algebra
we know that for every n, f(n) = g(n). That is, these two procedures
always compute the same value for the same argument, but they do so in
different ways. A cuter, more practical, example is given in the exercise
below.
Exercise 1.5 Visitors to the States must often convert temperature
measured on the Fahrenheit scale, on which water freezes at 32 degrees
and boils at 212, to Celsius, on which water freezes at 0 degrees and



boils at 100. A standard conversion algorithm C takes a Fahrenheit
number n, subtracts 32 and multiplies the result by 5/9. So for example
C(212) = (212− 32)× 5/9 = 180× 5/9 = 20× 5 = 100 degrees Celsius,
as desired. Here is a different algorithm, C ′. It takes n in Fahrenheit,
adds (!) 40, multiplies by 5/9, and then subtracts 40. Show that for
every natural number n, C(n) = C ′(n).
Prenominal possessors are possessive NPs like those in (15a), enu-
merated by G in (15b).
(15) a. the President’s mother, the President’s mother’s mother, the

President’s mother’s mother’s mother, . . .
b. G(0) = the President, and for all n ∈ N ,

G(n + 1) = G(n)’s mother.
So G(2) = G(1)’s mother = G(0)’s mother’s mother = the Pres-

ident’s mother’s mother. This latter NP seems harder to process and
understand than its right branching paraphrase the mother of the mother
of the President. We have no explanation for this.
Adjective stacking is another left branching structure in English, eas-
ier to understand than iterated prenominal possessives but ultimately
more limited in productivity. The easy to understand expressions in
(16) suggest at first that we can stack as many adjectives in front of the
noun as we like.
(16) a. a big black shiny car

b. an illegible early Russian medical text
But attempts to permute the adjectives often lead to less than felic-

itous expressions, sometimes gibberish, as in ∗a medical Russian early
illegible text. Now if we can’t permute the adjectives, that suggests that
adjectives come in classes with fixed positions in relation to the noun
they modify, whence once we have filled that slot we can no longer add
adjectives from that class, so the ability to add more is reduced. And
this appears to be correct (Vendler [61]). We can substitute other na-
tionality adjectives for Russian in (16b), as in an illegible early Egyptian
medical text, but we cannot add further nationality adjectives in front of
illegible, ∗an Egyptian illegible early Russian medical text. It is plausible
then that there is some n such that once we have stacked n adjectives
in front of a noun no further ones can be added. If so, the number of
adjective-noun combinations is finite. In contrast, postnominal modifi-
cation by relative clauses seems not subject to such constraints:
Relative clauses have been well-studied in modern linguistics. They
are illustrated by those portions of the following expressions beginning
with that:



(17) a. This is the house that Jack built.
b. This is the malt that lay in the house that Jack built.
c. This is the rat that ate the malt that lay in the house that

Jack built.
d. This is the cat that killed the rat that ate the malt that lay

in the house that Jack built.
These examples of course are adapted from a child’s poem, and sug-

gest that relative clauses can iterate in English: for each natural number
n we can construct a relative clause with more than n properly nested
relative clauses, whence the number of such clauses is infinite, as is the
number of NPs which contain them. One might (rightly) quibble about
this quick argument from the above example, however, on the grounds
that successively longer relative clauses obtained as we move down the
list use words not in the previous sentences. So if the number of words in
English were finite then perhaps the possibility of forming novel relative
clauses would peter out at some point, albeit a very distant point, as
even desk top dictionaries in English list between 100, 000 to 150, 000
words. But in fact this is not a worry, as we can repeat words and thus
form infinitely many relative clauses from a small (finite) vocabulary:
(18) Let H(0) = every student, and for all n ∈ N ,

H(n + 1) = every student who knows H(n).
Thus
H(1) = every student who knows H(0)

= every student who knows every student
H(2) = every student who knows H(1)

= every student who knows every student who knows every st.

And so on. Clearly H enumerates an infinite set of NPs built from a
four-word vocabulary: every, student, who, knows.

The relative clauses in these examples consist of a relative pronoun,
that or who, followed by a sentence with an NP missing. In the cases
that iterate in (17) it is always the subject that is missing. Thus in
the malt that lay in the house . . . that, which refers back to malt, is the
subject of lay in the house . . .; in the rat that ate the malt . . ., that is
the subject of ate the malt. . ., and in the cat that killed the rat. . ., that
is the subject of killed the rat . . .. In the rightmost relative clause, that
Jack built, that, which refers to house, is the object of the transitive
verb build. Notice that the matching function H in (18) provides a right
branching structure for the NPs enumerated. This analysis, naively,
follows the semantic interpretation of the expressions. Viz., in H(n+1),
H(n) is a constituent, in fact an NP, the sort of expression we expect



to have a meaning. But as we increase n, the intonationally marked
groups are different, an intonation peak being put on each noun that is
later modified by the relative clause, as indicated by square bracketing
in (1.1) in which each right bracket ] signals a slight pause and the noun
immediately to its left carries the intonation peak:
This is the cat [that killed the rat][that ate the malt] . . .

A matching function H ′ that would reflect this bracketing in (1.1)
would be: H ′(n) = every student (who knows every student)n.

Attempts to iterate object relatives rather than subject ones quickly
lead to comprehension problems, even when they are right peripheral.
(19a) is an English NP built from an object relative. It contains a proper
noun Sonia. (19b) is formed by replacing Sonia with another NP built
from an object relative. Most speakers do not really process (19b) on
first pass, and a further replacement of Sonia by an object relative NP
yielding(19c) is incomprehensible to everyone (though of course you can
figure out what it means with pencil and paper).
(19) a. some student who Sonia interviewed.

b. some student who some teacher who Sonia knows
interviewed.

c. some student who some teacher who every dean who Sonia
dislikes knows interviewed

The comprehensibility difference between the iterated object rela-
tives in (19) and iterated subject ones in (17) is quite striking. Linguists
have suggested that the reason is that the iteration of object relatives
leads to center embedding: we replace a Y in a string with something
that contains another Y but also material to the left and to the right of
that new Y , yielding XY Z. So the new Y is center-embedded between
X and Z. One more iteration yields a string of the form [X1[X2Y Z2]Z1],
and in general n + 1 iterations yields

[X1 . . . [Xn [Xn+1 Y Zn+1 ]Zn] . . . Z1].

Postnominal Prepositional Phrase (PP) modification is illus-
trated by NPs of the form [NP Det N [PPP NP]], such as a house
near the port, two pictures on the wall, a doctor in the building. Choos-
ing the rightmost NP to be one of this form, [Det N [P NP]], we see
the by now familiar right branching structure. Again a children’s song
provides an example of such iterated PPs :
(20) a. There’s a hole in the bottom of the sea.

b. There’s a log in the hole in the bottom of the sea.



c. There’s a bump on the log in the hole in the bottom of the
sea.

d. There’s a frog on the bump on the log in the hole in the
bottom of the sea.

As with the relative clauses we must ask whether we can iterate such
PPs without always invoking new vocabulary. We can, but our examples
are cumbersome:
(21) a. a park near [the building by the exit]

b. a park near [the building near [the building by the exit]
c. a park (near the building)n by the exit

Note that one might argue that PP modification of nouns is not inde-
pendent of relative clause modification on the grounds that the grammar
rules of English will derive the PPs by reducing relative clauses: a house
near the port ⇐ a house which is near the port. Perhaps. If so, then
we have just shown that such reduction is not blocked in contexts of
multiple iteration.
Sentence complements concern the objects of verbs of thinking and
saying such as think, say, believe, know, acknowledge, explain, imagine,
hope, etc.. They would be most linguists’ first choice of an expression
type which leads to infinitely many grammatical expressions, as shown
in (22):
(22) SC(0) = he destroyed the house;

SC(n + 1) = he said that SC(n).
SC enumerates in a right branching way he said that he said that . . .
he destroyed the house. Note too that such expressions feed relative
clause formation: the house which (he said that)n he destroyed, yielding
another infinite class of NPs .
Sentential subjects in their simplest form resemble sentence comple-
ments but function as the subject of a verb rather than as the objects.
They determine center embeddings, and as with the earlier cases become
virtually impossible to understand after one embedding:
(23) a. That Sue left early surprised me.

b. That that Sue left early surprised me is strange.
c. That that that Sue left early surprised me is strange is false.

Even (23b) is sufficiently hard to understand that we perhaps should
just consider it ungrammatical. However if the sentential subjects are
replaced by sentence complements of nouns, such as the claim that Sue
left early, the resulting Ss improve:
(24) a. The claim that Sue left early surprised me.



b. The belief that the claim that Sue left early surprised me is
strange.

c. The fact that the belief that the claim that Sue left early
surprised me is strange is really outrageous.

Here (24b) can be given an intonation contour that makes it more
or less intelligible. Another variant of (23) concerns cases in which the
sentential subject has been extraposed, as in (25).
(25) a. It surprised me that Sue left early.

b. It is strange that it surprised me that Sue left early.
c. It is false that it is strange that it surprised me that Sue left

early.
These are right branching expressions and are considerably easier to

comprehend than their center embedding paraphrases in (23).
Caveat Lector On the basis of (23) and (19) we are tempted to con-
clude that center embedding in general is difficult to process. Don’t!
One robin doesn’t make a spring and English is but one of the 5,500
languages in the world. SOV languages, the most widespread word
order type across areas and genetic groupings of languages, present a
variety of expression types which induce center embedding. These types
include some that translate the right branching sentence complements
in English. Consider for example sentence (26) from Nepali:
(26) Gı̄tāle

Gita
Rāmlā̄ı
Ram

Anjal̄ılā̄ı
Anjali

pakāuna
cook

sahayog garna
help

sallāh gar̄ı.
advised.
Gita advised Ram to help Anjali cook.

In these, lā̄ı is a postposition carried by human names which are
objects of transitive verbs, and le is a postposition associated with the
past tense form. The forms pakāuna and sahayog garna are infinitives.
As one can see from this example, the subjects are grouped together
ahead of all of the verbs. The form is the center embedding pattern

NP1 NP2 NP3 V3 V2 V1,

with two proper center embeddings, rather than the (rough) form of its
English translation:

NP1 V1 NP2 V2 NP3 V3.

(Again, the subjects and verbs, whether in the main clause or in embed-
ded clauses, have special endings that need not concern us here.)



Now, impressionistically, Nepali speakers seem to process Ss like (26)
easily, arguing against rash conclusions concerning the difficulty of center
embedding. More psycholinguistic work is needed here.
Exercise 1.6 1. Exhibit an enumeration of infinitely many Ss of the

sort in (23) allowing repetition of verbs, as in that he left early
surprised me, that that he left early surprised me surprised me, . . .

2. Exhibit an enumeration of their extraposed variants, (25), under
the same repetition assumptions.

Center Embedding: a few historical remarks Center-embedding
was the subject of numerous papers in the linguistic and psychological
literature. Some of the earliest references are: Chomsky and Miller [14],
Miller and Isard [46], and de Roeck et al [19]. One consequence of cen-
ter embedding is that the set of sentences of a natural language cannot
be described as a regular set of strings of words. Finally, since 1990
the subject of center-embedding has again been taken up by researchers
interested in processing models of human speech. Some references here
are Church [15], Abney and Johnson [2], and Resnik [56], A paper pre-
senting psycholinguistic evidence that increasing center embedding in
SOV languages does increase processing complexity is Babyonyshev and
Gibson [5]; they study Japanese. At this time, however, we lack good
comparisons of the relative difficulty of center embedding in SOV lan-
guages versus SVO/VSO/VOS languages.
Infinitival complements come in a variety of flavors in English illus-
trated in (27–29). The infinitival complements in (27) and (28) are the
untensed verbs preceded by to. Verbs like help, make, let and perception
verbs like watch, see, hear take infinitival complements without the to.
(27) a. Mary wanted to read the book.

b. She wanted to try to begin to read the book.
(28) a. She asked Bill to wash the car.

b. She forced Joe to persuade Sue to ask Sam to wash the car.
(29) a. She helped Bill wash the car.

b. She let Bill watch Harry make Sam wash the car.
The b-sentences suggest that we can iterate infinitival phrases, though

the intransitive types in (27) are hard to interpret. What does He began
to begin to begin to wash the car mean? The transitive types in (28) and
(29), where the verb which governs the infinitival complement takes an
NP object, iterate more naturally: She asked Bill to ask Sue to ask Sam
to . . . to wash the car. She helped Bill help Harry help Sam . . . wash
the car or She watched Bill watch Mary watch the children . . . play in
the yard . Repeating proper names here, however, can be unacceptable:



*?She asked Bill to ask Bill to wash the car. But to show that this
structure type leads to infinitely many expressions it suffices to choose
a quantified NP object, as in (30).
(30) a. She asked a student to ask a student to . . . to wash the car.

b. She helped a student help a student . . . wash the car.
Exercise 1.7 1. Exhibit an enumeration of one of the sets in (30).

2. Another way to avoid repeating NP objects of verbs like ask is
to use a previously given enumeration of an infinite class of NPs.
Exhibit an enumeration of She asked every friend of the President
to wash the car, She asked every friend of the President to ask
every friend of every friend of the President to wash the car, . . ..

Embedded questions are similar to sentence complements, but the
complement of the main verb semantically refers to a question or its
answer, not a statement of the sort that can be true or false. Compare
(31a), a True/False type assertion, with (31b), which requests an iden-
tification of the Agent of the verb steal, and (31c), an instance of an
embedded question, where in effect we are saying that John knows a
true answer to the question in (31b).
(31) a. Some student stole the painting.

b. Which student stole the painting?
c. John knows which student stole the painting.

The question in (31b) differs from the assertion in (31a) by the choice
of an interrogative Determiner which as opposed to some4. The embed-
ded question following knows in (31c) uses the same interrogative Det.
And of course we can always question the subject constituent of sen-
tences like (31c), yielding Ss like (32a), which can in turn be further
embedded, ad infinitum.
(32) a. Who knew which student stole the painting?

b. John figured out who knew which student stole the painting
c. Which detective figured out who knew which student stole

the painting?
d. John knew which detective figured out who knew which

student stole the painting
4This simple relation between declaratives and interrogatives only holds when we

question the subject. In other types of constituent questions the interrogative ex-
pression is moved to the front of the clause and the subject is moved behind the
auxiliary verb if there is one; if there isn’t an appropriately tensed form of do is
inserted. Compare: John stole some painting with Which painting did John steal?



In distinction to sentence complements, attempts to form relative
clauses from embedded questions lead to expressions of dubious gram-
maticality (indicated by ?? below):
(33) ?? the painting that John knew which detective figured out

which student stole
Exercise 1.8 The function EQ exhibited below (note the notation)
matches distinct numbers with distinct expressions, so the set of em-
bedded questions it enumerates is infinite.

EQ n *→ Joe found out (who knew)n who took the painting.

Your task: Exhibit a recursive function EQ′ which effects the same
matching as EQ but does so in such a way as to determine a right
branching constituent structure of the sort below:

Joe found out [who knew [who knew [who took the painting]]].

Notation and a Concept The matchings we have exhibited between
N = {0, 1, 2, . . .} and English expressions have all been one-to-one,
meaning that they matched distinct numbers with distinct expressions.
More generally, suppose that f is a function from a set A to a set B,
noted f : A → B. A is called the domain of the function f , and B is
called its codomain. So f associates each object x ∈ A with a unique
object f(x) ∈ B. f(x) is called the value of the function f at x. We
also say that f maps x to f(x). “Unique” here just means “exactly
one”; that is, f maps each x ∈ A to some element of B, and f does
not map any x to more than one element of B. Now, f is said to be
one-to-one (synonym: injective) just in case f maps distinct x, x′ ∈ A
to distinct elements f(x), f(x′) ∈ B5. So a one-to-one function is one
that preserves distinctness of arguments (the elements of A being the
arguments of the function f). A function which fails to be one-to-one
fails to preserve distinctness of arguments, so it must map at least two
distinct arguments to the same value. Also, f is surjective, or maps onto
its codomain if for each b ∈ B there is some a ∈ A such that f(a) = b.
One often hears “f is onto”. If f is both injective and surjective, it is
said to be bijective, or a bijection.

We also introduce some notation that we use in many later chapters.
Let [A → B] denote the set of functions from A to B.
Exercise 1.9 In the diagram below we exhibit in an obvious way a
function g from A = {a, b, c, d} to B = {2, 4, 6}. The use of arrows tells
5A one-to-one function is actually “two-to-two.”



us that the elements at the tail of the arrow constitute the domain of g,
and those at the head lie in the codomain of g.

a

$$2
22

22
22

2
2

b

%%3
33

33
33

3
4

c

&&44444444

6
d

''55555555

a. Is g one-to-one? Justify your answer.
b. Is g surjective? Justify your answer.
c. Do there exist any one-to-one functions from A into B? Exhibit

one if your answer is ‘yes’, say why not if your answer is ‘no’.
d. Exhibit by diagram two different one-to-one functions from B into

A.

Exercise 1.10 Let S be the set of English sentences, and let W be the
set of words of English. Let f : S → W be the function that takes a
sentence to its first word. Is f injective? Surjective? [There are more
than one reasonable answer.]
Exercise 1.11 We say that a set A is less than or equal in size (car-
dinality) to a set B, written A , B, iff there is a one-to-one map from
A into B. (We use map synonymously with function). This (standard)
definition is reasonable: if we can copy the elements of A into B, match-
ing distinct elements of A with distinct elements of B, then B must be
at least as large as A.

Observe that for any set A, A , A. Proof: Let id be that function
from A into A given by: id(α) = α, for all α ∈ A6. So trivially id is
injective (one-to-one).

a. Similarly, let A and B be sets with A ⊆ B. Show that A , B.
b. Show that EVEN , N , where, EVEN = {0, 2, 4, . . .}, and N =

{0, 1, 2, . . .}.
c. Show that N , EVEN.
d. Mathematically we define sets A and B to have the same size (car-

dinality), noted A ≈ B, iff A , B and B , A. A famous theorem
of set theory (the Schroeder-Bernstein Theorem) guarantees that
this definition coincides with the informal one – matching with

6α is the first “lower case” letter of the Greek alphabet, given in full at the end of
this text. The reader should memorize this alphabet together with the names of the
letters in English, as Greek letters are widely used in mathematical discourse.



nothing left unmatched – given earlier. On this definition, then,
EVEN ≈ N . Your task: show that N ≈ ODD = {1, 3, 5, . . .}.

e. We say that A is strictly smaller than B, A ≺ B, iff A , B and it
is not the case that B , A (noted B !, A). Show informally that
{a, b} ≺ {4, 5, 6}.

Although we rarely need it in this text, we state a basic theorem of
set theory.
Theorem 1.1 (Schröder-Bernstein Theorem) Let A and B be sets, and
suppose that A , B , A. Then A ≈ B.

1.2 Boolean Compounding
Boolean compounding differs from our other expression building op-
erations which build expressions of a fixed category. The boolean connec-
tives however are polymorphic, they combine with expressions of many
different categories to form derived expressions in that same category.
The boolean connectives in English are (both) . . . and, (either) . . . or,
neither . . . nor . . ., not and some uses of but. Below we illustrate some
examples of boolean compounds in different categories. We label the
categories traditionally, insisting only that expressions within a group
have the same category. We usually put the examples in the context of
a larger expression, italicizing the compound we are illustrating.
(34) Boolean Compounds in English

a. Noun Phrases Neither John nor any other student came to
the party. Most of the students and most of the teachers
drink. Not a creature was stirring, not even a mouse.

b. Verb Phrases
She neither sings nor dances, He works in New York and
lives in New Jersey, He called us but didn’t come over.

c. Transitive Verb Phrases
John both praised and criticized each student, He neither
praised nor criticized any student, He either admires or
believes to be a genius every student he has ever taught.

d. Adjective Phrases
This is an attractive but not very well built house. He is
neither intelligent nor industrious. She is a very tall and
very graceful dancer

e. Complementizer Phrases
He believes neither that the Earth is flat nor that it is round.
He believes that it is flat but not that it is heavy. He showed
either that birds dream or that they don’t, I forget which,



f. Prepositional Phrases
That troll lives over the hill but not under a bridge. A strike
must pass above the batter’s knees and below his chest.

g. Prepositions
There is no passage either around or through that jungle.
He lives neither in nor near New York City.

h. Determiners
Most but not all of the cats were innoculated. At least two
but not more than ten students will pass. Either hardly any
or else almost all of the students will pass that exam.

i. Sentences
John came early and Fred stayed late. Either John will come
early or Fred will stay late. Neither did any student attend
the lecture nor did any student jeer the speaker.

In terms of productivity, boolean compounds are perhaps compara-
ble to iterating adjectives: we can do it often, but there appear to be
restrictions on repeating words which would mean that the productivity
of boolean compounding is bounded. There are a few cases in which
repetition is allowed, with an intensifying meaning:
(35) John laughed, and laughed, and laughed.

But even here it is largely unacceptable to replace and by or or
neither . . . nor . . .: ∗John either laughed or laughed or laughed. Equally
other cases of pure repetition seem best classed as ungrammatical:
(36) ∗Either every student or every student came to the party. ∗Fritz

is neither clever nor clever. ∗He lives both in and in New York
City.

On the other hand judicious selection of different words allows the
formation of quite complex boolean compounds, especially since and and
or combine with arbitrarily many (distinct) expressions, as per (37b):
(37) a. either John and his uncle or else Bill and his uncle but not

Frank and his uncle or Sam and his uncle
b. John, Sam, Frank, Harry and Ben but not Sue, Martha,

Rosa, Felicia or Zelda
Note too that the polymorphism of the boolean connectives allows

the formation of Ss for example with boolean compounds in many cat-
egories simultaneously:
(38) Every student, every teacher and every dean drank and caroused

in some nightclub or bar on or near the campus until late that
night or very early the next morning



Concluding Remarks We have exemplified a variety of highly pro-
ductive (even if not always infinitely iterable) expression types in En-
glish and we have considered the linguistic challenge of accounting for
how speakers of English produce, recognize and interpret large numbers
of novel expressions. In the remainder of this book, we shall concern
ourselves primarily with how to define a language and how to inter-
pret its expressions. In the process we shall enrich the mathematical
apparatus we have begun to introduce here. And as with many math-
ematics oriented books, much of the learning takes place in doing the
exercises. If you only read the text without working the exercises, you
won’t be learning all you should.

Learning mathematics is like learning to dance:
You learn little just by watching others.



2

Some Mathematical Background

In this chapter, we introduce some basic mathematics which will be used
in the rest of the book. Readers with experience will surely have come
across parallel treatments, and they are encouraged to simply glance
through our text at the notation and results. But readers who are rusty
on some of this chapter’s points are encouraged to read more slowly, and
especially to try as many of the exercises as possible.

2.1 Sets
The terms boolean connective and boolean compound derive more from
logic than linguistics and are based on the (linguistically interesting)
fact that expressions which combine freely with these connectives are
semantically interpreted as elements of a set with a boolean structure.
We use this structure extensively throughout this book. Here we exhibit
a “paradigm case” of a boolean structure, without, yet, saying fully
what it is that makes it boolean. Our example will serve to introduce
some further notions regarding sets that will also be used throughout
this book.

Consider the three element set {a, b, c}. Call this set X for the mo-
ment. X has several subsets. For example the one-element set {b}
is a subset of X. We call a one-element set a unit set. Note that
{b} ⊆ X, because every element of {b} - there is only one - is an element
of X. Similarly the other unit sets, {a} and {c}, are both subsets of X.
Equally there are three two-element subsets of X: {a, b} is one, that is,
{a, b} ⊆ X. What are the other two? And of course, X itself is a subset
of X, since, trivially, every object in X is in X. (Notice that we are not
saying that X is an element of itself, just a subset.) There is one further
subset of X, the empty set, noted ∅. This set was introduced on page 5.
Recall that ∅ has no members. Trivially (or better, vacuously), ∅ is a
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FIGURE 2.1 The Hasse diagram of P({a, b, c})

subset of X (indeed of any set). Otherwise there would be something in
∅ which isn’t in X, and there isn’t anything whatsoever in ∅.

The set of subsets of a set X is called the power set of X and noted
P(X). In the case under discussion we have:

P({a, b, c}) = {∅, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}, {a, b, c}}.
On the right we have a single set with 8 elements; those elements are
all themselves sets. Indeed, on the right we have just listed all of the
subsets of our set X. Note that {a, b, c} has 3 elements, and P({a, b, c})
has 23 = 2 × 2 × 2 = 8 elements. So in this case, in fact in every case,
X ≺ P(X). Now let us arrange the 8 elements of P({a, b, c}) according
to the subset relations that obtain among them, with the largest set,
{a, b, c}, at the top of our diagram (called a Hasse diagram) and the
smallest one, ∅, at the bottom. See Figure 2.1.

We have used the lines (edges) between set symbols here to indicate
certain of the subset relations that obtain between the sets pictured
in the diagram. Specifically, if you can move up from a set A to a
set B along lines then A ⊆ B. Note that we have not for example
drawn a line directly from {a} to {a, b, c}. Our diagram allows us to
infer that {a} ⊆{ a, b, c}, since it shows that {a} ⊆{ a, b}, and also
{a, b} ⊆ {a, b, c}, and we know that subset is a transitive relation:
(1) Transitivity of subset: For all sets A, B, and C: if A ⊆ B and

B ⊆ C, then A ⊆ C.
Proof Let A, B, and C be arbitrary sets. Assume that A ⊆ B and



B ⊆ C. We must show that A ⊆ C, that is, that an arbitrary element of
A is also an element of C. Let x be an arbitrary element of A. Then x lies
in B, since our first assumption says that everything in A is in B. But
since x lies in B, we infer it also lies in C, since our second assumption
says that everything in B is also in C. Thus given our assumptions, an
arbitrary element of A is an element of C. So A ⊆ C, as was to be
shown. /

There is one instance of the subset relation not depicted in Figure 2.1.
Namely, we have not drawn a line from each set to itself to show that
each set is a subset of itself. This is because we know that the subset
relation is reflexive, that is, Z ⊆ Z, no matter what set Z we pick
(even Z = ∅), as we have already seen. So here we rely on our general
knowledge about sets to interpret the Hasse diagram. For the record,
(2) Reflexivity of subset: For all sets A, A ⊆ A.
(3) Non-subset-hood: A !⊆ B iff there is some x ∈ A which is not in

B.
Exercise 2.1 Exhibit the Hasse diagram for each of:

a. P({a, b}).
b. P({a}).
c. P({a, b, c, d)}.
d. P(∅).

Hasse diagrams of power sets incorporate more structure than meets
the eye. Specifically they are closed under intersection, union, and rel-
ative complement:

Definition Given sets A and B,
1. A ∩ B (read “A intersect B”) is that set whose members are just

the objects which are elements of both A and of B. For example,
i. {a, b} ∩{ b, c} = {b}.
ii. {a, b} ∩{ a, b, c} = {a, b}.
iii. {a, b} ∩{ c} = ∅.

2. A∪B (read “A union B”) is that set whose members are just the
objects which are members of A or members of B (and possibly
both). For example,

i. {a, b} ∪{ b, c} = {a, b, c}.
ii. {b} ∪{ a, b} = {a, b}.
iii. {c, b} ∪∅ = {c, b}.

3. A − B (read “A minus B”) is the set whose members are those
which are members of A but not of B. For example,



i. {a, b, c} −{ a, c} = {b}.
ii. {a, c} −{ a, b, c} = ∅.
iii. {b, c} −∅ = {b, c}.

A−B is also called the complement of B relative to A. Now to say that
P({a, b, c}) is closed under intersection, ∩ is just to say that whenever
A and B are elements of P({a, b, c}), then so is A ∩ B. In fact, for all
sets X, P(X) is closed under ∩.
Exercise 2.2 Let K be any collection of sets. What does it mean to
say that K is closed under union? under relative complement? Is it true
that for any set X, P(X) is closed under union and relative complement?

Exercise 2.3 Complete the following equations:
a. EVEN ∩ODD = .
b. EVEN ∪ODD = .
c. N − EVEN = .
d. (N − EVEN) ∩ODD = .
e. (N ∩ EVEN) ∩ODD = .
f. (N ∩ EV EN) ∩ {1, 3} = .
g. {1, 2, 3} ∩ EVEN = .
h. {1, 2, 3, 4} ∩ODD = .
i. {1, 2, 3} ∩ (EVEN ∪ODD) = .
j. (N ∩ ∅) ∪ {0} = .
k. (ODD ∪ODD) ∩ODD = .

Exercise 2.4 Prove each of the statements below on the pattern used in
(1). Each of these statements will be generalized later when we discuss
the semantic interpretation of boolean categories.

(4) a. For all sets A and B, A ∩B ⊆ A (and also A ∩B ⊆ B).
b. For all sets A and B, A ⊆ A ∪B (and also B ⊆ A ∪B).

2.1.1 Cardinality
We will be concerned at several points with the notion of the cardinality
of a set. The idea here is that the cardinality of a set is a number which
measures how big the set is. This “idea” is practically the definition in
the case of finite sets, but to deal with infinite cardinalities one has to
do a lot more work. We will not need infinite cardinals in this book at
many places, so we only give the definition in the finite case and the
case of a countably infinite set.



Before we discuss cardinality, we recall the notion of a one-to-one
function from page 21.

Definition Let S be a finite set, and suppose that n is the unique num-
ber such that there is a one-to-one function from S onto {1, 2, . . . , n}.
Then we say that n is the cardinality of S, and we write |S| = n.

If there is a one-to-one function from S onto the set IN of natural
numbers, then we say that S is countably infinite, and we write |S| = ℵ0.
(This is the Hebrew letter aleph, written ℵ; the same number is somtimes
written as ω0, using the Greek letter omega, ω.)

Here are some examples. For any object a, |{a}| = 1. Intuitively,
{a} is a set with one element, so its cardinality is 1. Formally, we have
a one-to-one function f : {a} → {1}, namely the one given by f(a) = 1.

Similarly, if a and b are different objects, then |{a, b}| = 2. Intu-
itively, {a, b} is a set with two elements, so its cardinality is 2. Formally,
we have a one-to-one function f : {a, b} → {1, 2}, namely the one given
by f(a) = 1 and f(b) = 2. (Notice also that we have also a different
function g : {a, b} → {1, 2}, namely the one given by g(b) = 1 and
g(a) = 2.)

Another example concerns the empty set ∅. This set has no elements,
and so we expect that |∅| = 0. Indeed this turns out to be the case,
though the formal reasoning is apt to be confusing at first glance. It is
because when n = 0, the notation {1, 2, . . . , n} means the empty set ∅,
and the empty function counts as a one-to-one map from ∅ onto itself.

Here are some of the most important properties of cardinality:
(5) If A ⊆ B, then |A| ≤ |B|.
(6) If A and B are sets, then

a. |A ∩B| ≤ |A| ≤ |A ∪B|.
b. |A| = |B| iff |A| ≤ |B| and also |B| ≤ |A|.
c. |A| < |P(A)|.

In the last point here, |A| < |P(A)| means that |A| ≤ |P(A)| and
also that |P(A)| != |A|.

We might note that (6a) is a corollary of (5). A statement A is a
corollary of another statement B if A follows from B in a reasonably
direct manner. In our case, the assertion that |A ∩ B| ≤ |A| follows
from (5), because A ∩ B is a subset of A. Similarly, the assertion that
|A| ≤ |A ∪B| follows from (5), because A is a subset of A ∪B.1

1Note that when we deduced the parts of (6a) from (5) we first substituted A ∩ B
for A and also A for B. Then we substituted A for A and also A ∪ B for B. The
point is that we needed to be clever about what to plug in. This is usually the way
things work in mathematics, so you should get used to this phenomenon.



Exercise 2.5 If A is a finite set and B ⊆ A, find a formula for |A−B|
in terms of |A|, |B|, |A ∩B|, and |A ∪B|. What is the formula when B
is not assumed to be a subset of A?
Exercise 2.6 If A and B are sets, and b is any element of B, then the
constant function with value b is the function constb : A → B with the
property that for all a ∈ A, constb(a) = b.

Show that constb is one-to-one if and only if |A| = 1.
We now have the definition of cardinality, and in terms of this we

measure the sizes of sets. We conclude by defining
A ≺ B iff|A| < |B|
A , B iff|A| ≤ |B|

2.1.2 Definitional Techniques
In doing formal, or even semi-formal work in Linguistics, itis important
to know how to define things – properties, relations, functions – and to
recognize when such an object has been well-defined. This discussion is
intended to help you understand definitions.

To define a set you must say exactly what its members are. You
need say no more than that. Here are some common formats in which
definitions of set are given.
Listing Write down the names of the members of the set, separating
them by commas. Enclose the list in curly brackets.

For example, we can define a set A to be {0, 2, 4}.
Listing is obviously a very limited technique. It can’t be applied

when the set you’re defining is infinite, and it assumes that the the ob-
jects in your set have names. This is true for example in Elementary
Arithmetic, where the objects have names: ‘0’, ‘1’, ‘2’, . . .. But in Eu-
clidean geometry we prove theorems about points and lines in the plane.
Yet we cannot name any of them, no point has a proper name. More-
over, listing by name the element of large sets is impractical. You cannot
in practice define the set of social security numbers of legal residents of
California by listing.
Providingnecessary and sufficient conditions for an arbitrary object to
be in the set you are defining. For example, in arithmetic we might
define the set Even of even numbers as follows:
(7) For all natural numbers x, x ∈ Even iff for some natural number

y, x = 2y.
In giving definitions in this format, the x’s we mention on the left of
iff are understood to be drawn from some other set which we might
call the background ; in the example above, the background set is the



set of natural numbers. Failure to observe this condition can lead to
paradoxes, in particular to Russell’s Paradox. We discuss this later, at
the end of this section (so as to not lead you into confusion at this early
stage). Often the background set is known (or assumed) from context
and not mentioned explicitly. The statement of the definition has the
form of an if and only if statement. The statement on the right of the
iff sign gives the conditions which are jointly necessary and sufficient
for the statement on the left of iff to be true. And recall that P iff
Q means that P and Q have the same truth value, both True or both
False. Here is how to argue from (7) that 7 /∈ Even:
(8) Since (7) holds (by definition) for all natural numbers, we infer

that it holds in particular for 7. Thus

7 ∈ Even iff for some natural number y, 7 = 2y.

Now from your knowledge of arithemetic you know that there is no
natural number y such that 7 = 2y. So we know that the sentence for
some natural number y, 7 = 2y is false. Therefore the statement on the
left of the iff just above is false. This guarantees that 7 /∈ Even. And
this is what we wanted to show.

Defining a set by giving necessary and sufficient conditions for an
object to be in it is a technique that always works, but it is sometimes
lengthy and tedious. So we often use various abbreviated notations to
simplify the presentation. For example, we might define Even as in (9):
(9) Even =def {x ∈ IN : for some y ∈ IN , x = 2y}.
We write the subscript def to tell you what kind of speech act (9) is,
namely it is a definition. From this notation, one infers that an object
b is in Even if and only if b ∈ IN and b = 2y for some natural number
y. Definitions in this format are (unhelpfully) said to be definitions by
abstraction.

An even more compressed notation which we shall often use is given
in (10)
(10) Even =def {2y|y ∈ IN}.
Think of this definition as follows: run through the y ∈ IN . For each
one, form the number 2y. Put that in the set you are forming. The
elements of that set are therefore all and only the numbers of the form
2y.

2.1.3 Notation for Sets
We have already been describing sets using natural language, as in the
following examples:



(11) a. IN is the set {0, 1, 2, . . .} of natural numbers.
b. Even is the subset of IN consisting of 0, 2, 4, . . ..

In principle, one could probably describe every set in this book in natural
language. But this would quickly get cumbersome. For the same reason,
books and articles that use mathematics, usually have other notations
for sets. For example, recall that squaring a number means multiplying
it by itself, and that the squares are the numbers 02 = 0, 12 = 1, 22 = 4,
32 = 9, etc. Let SQ be the set of squares. Here are some ways that this
set SQ might be written:
(12) a. {0, 1, 4, 9, . . .}.

b. {n ∈ IN : n is a square}.
c. {n ∈ IN : (∃m)n = m2}.
d. {n2 : n ∈ IN}.

These are all valid ways to name the same set, and the choice of which to
use is for the most part a stylistic matter. However, you should be able
to read and use all of these. This is parallel to comparable situations in
natural language usage: speakers use different formulations to speak in
different “registers”, to communicate with “overtones”, etc.

We have already seen a formulation like (12a) in Example 13 on
page 12. We call a description of a set in this form a pseudolist. It might
be noted that pseudolists are verboten in areas of mathematics which
are primarily concerned with foundational matters. One reason for this
is that sets must be exactly specified, and a pseudolist like {2, 3, . . .} is
interpretable in at least two ways: the set of prime numbers, or the set
of all numbers bigger than one. We only use pseudolist notation when it
is clear how to continue the set. In such situations, pseudolist notation
is usually easier to read than the other kinds.

Notation as in (12b) is perhaps the most common way sets are spec-
ified. One takes a big set, or universe, and then specifies a condition on
elements of that big set. The set defined is all of the elements of the big
set which meet the condition. In (12b), the big set is N , and the condi-
tion is being a square. The letter n is used as a variable here. Variables
are problematic for beginners in mathematics, and this course should
help you a great deal with this. We’ll spend more time on this later,
but for now, we must mention that there is nothing special about the
letter n. We would specify the exact same set using any of the following
notations:
(13) a. {n ∈ IN : n is a square}.

b. {m ∈ IN : m is a square}.
c. {i ∈ IN : i is a square}.



The letter n is used for numbers as a matter of custom only.
In (12c) we have a more sophisticated use of variables. The symbol

∃ is read “there exists” or “for some”. You should read (12c) as the set
of all numbers n such that there exists some number m with the property
that n = m2. It is essential that you get comfortable with this kind of
English. You might need to read our translation a few times, and you
might also want to practice recasting other sentences of English into this
form. There are some fine points. In our sentence, for a given n, the
sought-after m might or might not be different from n. In mathematical
English, the use of different variable letters does not mean that the
values must differ. They may, but they do not have to.

∃ is a symbol from logic, called the existential quantifier. It is used in
all kinds of formal and informal mathematical contexts. Another such
symbol is ∀, the universal quantifier, read “for all” or “for every.” For a
little more practice here, we note the following facts.
(14) A ⊆ B iff (∀x ∈ A) x ∈ B.
(15) A !⊆ B iff (∃x ∈ A) x /∈ B.
These statements are just reformulations of our definition of subset in
(2) and our characterization of the non-subset relation in (3).

Getting back to our discussion of the sentences in (12), notice that
(12d) is a bit different than the others. The way to read it is the set
of squares of numbers n, as n ranges over all numbers. We think of
a machine spitting out the squares of numbers, and so the notation in
(12d) says to take everything spat out and gather it into one set. So the
metaphor behind (12d) is close to the one of (12a), and different from
the one behind (12b) and (12c).
Russell’s paradox Suppose that there were a set R satisfying the
condition R = {x|x /∈ x}. Now it is a logical truth that either R ∈ R or
else R /∈ R. Suppose that R ∈ R. Then R fails the condition x /∈ x, so
R is not in the set {x|x /∈ x}. But since that set is R, we have inferred
that R /∈ R, contradicting our assumption. So R ∈ R is false, whence
R /∈ R. But then R satisfies the condition x /∈ x, so R is a member of
{x|x /∈ x}. That is, R ∈ R, another contradiction. Thus there is no set
R such that R = {x|x /∈ x}.

This is called a paradox since at first glance it should be possible
to define a set by any precise condition whatsoever. There are many
possible replies to the paradox. The standard one is to insist that in
defining a set using the kind of notation that we have been discussing
here, one must always have a “big set” at hand and then use a precise
condition to carve out a subset of it.



2.2 Sequences
We are representing expressions in English (and language in general) as
sequences of words, and we shall represent languages as sets of these se-
quences. Here we present some basic mathematical notation concerning
sequences, notation that we use throughout this book.

Think of a sequence as a way of choosing elements from a set. A
sequence of such elements is different from a set in that we keep track
of the order in which the elements are chosen. And we are allowed to
choose the same element many times. The number of choices we make
is called the length of the sequence. For linguistic purposes we need only
consider finite sequences (ones whose length is a natural number).

In list notation we denote a sequence by writing down names of the
elements (or coordinates as they are called) of the sequence, separating
them by commas, as with the list notation for sets, and enclosing the
list in angled or round brackets, but never curly ones. By convention
the first coordinate of the sequence is written leftmost, then comes the
second coordinate, etc. For example, 〈2, 5, 2〉 is that sequence of length
three whose first coordinate is the number two, whose second is five, and
whose third is two. Note that the sequence 〈2, 5, 2〉 has three coordinates
whereas the set {2, 5, 2} has just two members.

A sequence of length 4 is called a 4-tuple; one of length 5 a 5-tuple,
and in general a sequence of length n is called an n-tuple, though we
usually say pair or ordered pair for sequences of length 2 and (ordered)
triple for sequences of length 3.

If s is an n-ary sequence (an n-tuple) and i is a number between 1 and
n inclusive (that is, 1 ≤ i ≤ n) then we write si for the ith coordinate
of s. Thus 〈2, 5, 2〉1 = 2, 〈2, 5, 2〉2 = 5, etc2. If s is a sequence of length
n then s = 〈s1, . . . , sn〉. The length of a sequence s is noted |s|. So
|〈2, 5, 2〉| = 3, |〈2, 5〉| = 2, and |〈2〉| = 1. The following is fundamental:
(16) a. To define a sequence s it is necessary, and sufficient, to (i)

give the length |s| of s, and (ii) say for each i, 1 ≤ i ≤ |s|,
what object si is.

b. Thus sequences s and t are identical iff |s| = |t| and for all i
such that 1 ≤ i ≤ |s|, si = ti

For example, the statements in (17a,b,c,d) are all proper definitions
of sequences:
(17) a. s is that sequence of length 3 whose first coordinate is the
2In more technical literature we start counting coordinates at 0. So the first coor-

dinate of an n-tuple s would be noted s0 and its nth would be noted sn−1.



letter c, whose second is the letter a, and whose third is the
letter t. In list notation s = 〈c, a, t〉.

b. t is that sequence of length 4 given by: t1 = 5, t2 = 3,
t3 = t2, and t4 = t1.

c. u is that sequence of length 7 such that for all 1 ≤ i ≤ 7,

ui =
{

3 if i is odd
5 if i is even

d. v is that sequence of length 3 whose first coordinate is the
word Mary, whose second is the word criticized, and whose
third is the word Bill.

We frequently have occasion to consider sets of sequences. The fol-
lowing notation is standard:

Definition For A and B sets,
1. A∗ is the set of finite sequences of elements of A. That is, s ∈ A∗

iff for some natural number n, s ∈ An.
2. A+ = {s ∈ A∗ | |s| > 0}.
3. A×B is the set of sequences s of length two such that s1 ∈ A and

s2 ∈ B. We write

A×B =def {〈x, y〉|x ∈ A and y ∈ B}.
A× B is read “A cross B” and called the Cartesian product of A
with B. Generalizing,

4. If A1, . . . , Ak are sets then A1 × · · · ×Ak is the set of sequences s
of length k such that for each i, 1 ≤ i ≤ k, si ∈ Ai. We abbreviate
A × A as A2 and A × · · · × A (n times) as An. A special case:
A0 = {e}, where e is the unique (see below) sequence of length
zero. So the empty sequence e belongs to A∗ but not to A+.

|A × B|, the cardinality of the set A × B, is exactly the product
|A| ×| B|. This is what accounts for the notation. We have |A| many
choices for the first element of a pair in A×B and |B| many choices for
the second. Thus we have |A| × |B| choices in toto. So |A× A| = |A|2,
and more generally |An| = |A|n.
Exercise 2.7 1. Exhibit the sequences (17b,c,d) in list notation.

2. Answer the following True or False; for a false statement explain
why it is false.

a. 〈2, 4, 6〉2 = 2.
b. |〈3〉| > 1
c. |〈3, 3, 3〉| = 3



d. for some i between 1 and 3 inclusive, 〈c, a, t〉i = b.
e. for some i < j between 1 and 3 inclusive, 〈c, a, t〉i = 〈c, a, t〉j .

3. Let A = {a, b, c} and B = {1, 2}. Exhibit the following sets in list
notation:

i. A×B.
ii. B ×A.
iii. B ×B.
iv. B × (A×B).

We allow sequences to have length zero. Such a sequence has no
coordinates whatsoever. And from (16b) there cannot be two different
sequences both of length zero, since they have the same length and do
not differ at any coordinate. To summarize this point:
(18) There is a sequence of length zero, called the empty sequence,

often noted e

We note one widely used binary operation on sequences: concatena-
tion, noted $ :

Definition If s is a sequence 〈s1, . . . , sn〉 of length n and t a sequence
〈t1, . . . , tm〉 of length m then s $t is that sequence of length n + m
whose first n coordinates are those of s and whose next m coordinates
are those of t. That is, s$t =def 〈s1, . . . , sn, t1, . . . , tm〉.

For example, 〈3, 2〉$ 〈5, 4, 3〉 = 〈3, 2, 5, 4, 3〉. Similarly 〈1〉$ 〈1〉 =
〈1, 1〉. Observe that concatenation is associative: (s$t)$u = s$(t$
u). For example, (19a) = (19b):
(19) a. (〈3, 4〉$〈5, 6, 7〉)$〈8, 9〉 = 〈3, 4, 5, 6, 7〉$〈8, 9〉 =

〈3, 4, 5, 6, 7, 8, 9〉
b. 〈3, 4〉$(〈5, 6, 7〉$〈8, 9〉) = 〈3, 4〉$〈5, 6, 7, 8, 9〉 =
〈3, 4, 5, 6, 7, 8, 9〉

So as with intersection, union, addition, etc. we omit parentheses
and write simply s$t$u . The empty sequence e exhibits a distinctive
behavior with respect to concatenation. Since e adds no coordinates to
anything it is concatenated with we have:
(20) For all sequences s, s$e = e$s = s.

Note that just as sets can be elements of other sets, so sequences
can be coordinates of other sequences. For example the sequence s =
〈4, 〈3, 5, 8〉〉 is a sequence of length 2. Its first coordinate is the number
4, its second a sequence of length 3: 〈3, 5, 8〉. That is, s1 = 4 and
s2 = 〈3, 5, 8〉. Observe:



(21) a. |〈j, o, h, n, c, r, i, e, d〉| = 9
b. |〈〈j, o, h, n〉, 〈c, r, i, e, d〉〉| = 2

(21a) is a 9-tuple of English letters. (21b) is a sequence of length 2,
each of whose coordinates is a sequence of letters. If we call these latter
sequences words then (21b) is a two coordinate sequence of words, that
is, an (ordered) pair of words.
Exercise 2.8 Answer True or False to each statement below. If False,
say why.

a. |〈c, a, t〉| < |〈〈e, v, e, r, y〉, 〈c, a, t〉〉|
b. |〈a, b, a〉| = |〈b, a〉|
c. |〈0, 0, 0〉| < |〈1000〉|
d. |〈2, 3, 4〉$e| > |〈1, 1, 1〉|
e. for all finite sequences s, t, s$t = t$s .
f. 〈2 + 1, 32〉 = 〈3, 23〉.
g. For all finite sequences s, t,

i. |s$t | = |s|+ |t|; and
ii. |s$t | = |t$s |.

Exercise 2.9 Compute stepwise the concatenations in (a) and (b) be-
low, observing that they yield the same result, as predicted by the asso-
ciativity of concatenation.

a. (〈a, b〉$〈b, c, d〉)$〈b, a〉 =
b. 〈a, b〉$(〈b, c, d〉$〈b, a〉) =

Exercise 2.10 Fill in the blanks below (correctly), taking s to be
〈0, 〈0, 1〉, 〈0, 〈0, 1〉〉〉.

a. s1 =
b. s2 =
c. (s2)2 =
d. s3 =
e. (s3)2 =
f. ((s3)2)1 =

Prefixes and subsequences Given a sequence s, a prefix of s is a
piece of s that comes “at the front.” For example, if s = 〈2, 4, 5, 1〉, then
the prefixes of s are ε (the empty string), 〈2〉, 〈2, 4〉, 〈2, 4, 5〉, and s itself.

Similarly, a subsequence of s is a string t that comes “somewhere
inside” s. That is, t might not be at the very front or the very end.
For example, the substrings of s are the prefixes of s listed above, and
also 〈4〉, 〈4, 5〉, 〈4, 5, 1〉, 〈5〉, 〈5, 1〉, and 〈1〉. But we would not count a



string like 〈2, 5〉 as a substring of s; we want substrings to be connected
occurrences.
Exercise 2.11 Fix a string s. Consider the following definitions of sets
of strings:

a. {t : (∃w)s = t$w}.
b. {t : (∃w)s = w$t}.
c. {t : (∃w)(∃v)s = v$t$w}.

Which of these defines the set of substrings of s? Which defines the set
of prefixes of s? What would should we call the remaining set?
Exercise 2.12 We have emphasized that listing an object twice in a
set doesn’t change the set: {a, b, c} is the same set as {a, b, a, c, b}, for
example. To keep track of the number of times that an element occurs,
we need a notion different from a set called a multiset. A multiset on A
is a subset of A×N , where N is the set of natural numbers. So if X is
a multiset on A and (a, 3) ∈ X, we think of a as occurring three times
in X. And if (a, 0) ∈ X, we think of a not appearing at all in X. We
write Pm(A) for the multisets on A.

a. If A = {a, b, c, d}, what multiset correctly represents what is in-
tended by the notation {a, b, a, c, b}?

b. Figure out how to define the union of two multisets on A, say X
and Y . This union is sometimes written with a fancy symbol, as
in X ⊕ Y . Your task is simply to give the precise definition.

c. Also, define functions f : A∗ → Pm(A) and g : Pm(A) → P(A) in
very natural ways.

d. To check that your definitions are sensible, check that for all s, t ∈
A∗,

f(s$t) = f(s)⊕ f(t).
e. Finally, if s ∈ A∗, what is g(f(s))?

2.3 Arbitrary Unions and Intersections
In this section, we want to generalize the notions of union and intersec-
tion. We begin with the intuition.

Suppose we have a bunch of sets (we don’t care how many). Then
the union of the bunch is a set that set whose members are just the
things that are in at least one of the sets in the bunch. The intersection
of the bunch is the set of objects that lie in all the sets in the bunch.
Let us say this a little more carefully.

Given a universe E of objects, let K be a set whose members are



subsets of E. In such a case we usually call K a family of subsets of E
(sometimes a collection of subsets of E). And we define:

a.
⋃
K =def {x ∈ E| for some A ∈ K, x ∈ A}.

Equivalently: For all x ∈ E, x ∈
⋃
K iff for some A ∈ K, x ∈ A.

b.
⋂
K =def {x ∈ E| for all A ∈ K, x ∈ A}.

Equivalently: For all x ∈ E, x ∈
⋂

K iff for all A ∈ K, x ∈ A.
⋃
K is read “union K” or “the union of K;

⋂
K is read “intersection K”

or “the intersection of K.
As a linguist, you are no doubt sensitive to the effect that a choice

of notation has on (y)our understanding of concepts. In this discussion,
it might be useful to note that people naturally prefer different letters,
even different types of notation for the elements of underlying universe
sets, subsets of them, and families of subsets. Typically the elements of
the underlying universe are noted by lower-case letters like x or a, the
sets by upper-case letters, and the families by some fancy script like K
as we are doing it.

Here is an example. Let E be the set N of natural numbers. Let
K be the collection of subsets of N which have 5 as a member. For
example, {5} ∈K , {5, 7, 9} ∈ K, ∅ /∈ K, {2} /∈ K, and EVEN /∈ K. You
should then check the following facts.

⋃
K = N and

⋂
K = {5}.

It probably is worthwhile to stop here until you work out for yourself
the reasoning behind these statements.

Returning to the definitions of
⋃

and
⋂

, note that K might be empty:
the empty family of sets is certainly a family of subsets of any set. We
have ⋃

K = {x ∈ E| for some A ∈ ∅, x ∈ A} = ∅⋂
K = {x ∈ E| for all A ∈ ∅, x ∈ A} = E

Note that in the case of
⋂

it matters what universe E was chosen at the
outset.

If K is a finite set, say K = {A1, A2, A3, A4, A5}, then
⋃
K may be

written in some notation like
5⋃

i=1

Ai

Actually, we would even be likely to write
⋃
K as A1 ∪ · · · ∪A5 in a case

like this. Similar remarks apply to
⋂

, of course.
In the paragraph just above, the set K = {A1, A2, A3, A4, A5} is

called an indexed family of sets. The index set in this case is {1, 2, . . . , 5}.



This just means, in effect, that A is to be thought of as a function

A : {1, 2, . . . , 5} → P (E).

In such cases we usually write Ai instead of A(i). That is, we think of
the subscript as the argument of the function A. And K then is given
as {Ai|i ∈ {1, 2, . . . , 5}}. We often use letters like I and J for arbitrary
index sets and when we say ‘Let K be an indexed family of sets” we
mean that{Ai|i ∈ I} for some index set I. And now arbitrary unions
and intersections are noted:

⋃

i∈I

Ai and
⋂

i∈I

Ai

Their definitions are given formally as follows:
⋃

i∈I Ai = {x ∈ E| for some i ∈ I, x ∈ Ai}⋂
i∈I Ai = {x ∈ E| for all i ∈ I, x ∈ Ai}

When the index set I is clear from context we may just drop it and write⋃
i Ai and

⋂
i Ai.

Understandably the arbitrary intersection and union notation is use-
ful when the index set is large. Here is one application which we will
use later in defining the set Cat of category names used in Categorial
Grammar. First we define a function Cat with domain Nas follows:

a. Cat0 = {S,N,NP}
b. Catn+1 = Catn∪{(A/B)|A,B ∈ Catn}∪{(A\B)|A,B ∈ Catn}.

(It does not matter at this point what this all means; the point is to illus-
trate the definitional technique.) Finally, we define CAT =def

⋃
n Catn

(So C ∈ CAT iff for some n, C ∈ Catn.)
Exercise 2.13 Prove that for all sets A,

⋃
P(A) = A.

Exercise 2.14 Find an example of a set with more elements than its
union.

2.4 Cantor’s Theorem
You are now in a position to understand the proof of a surprisingly
strong result in set theory.
Theorem 2.1 (Cantor, late 1800’s) For all sets A, A ≺ P(A).

The theorem says that any set A is strictly smaller than its power
set. You might try a few examples to see that this seems to be so. For
example,

1. ∅ ≺ P(∅) = {∅}). That is, the empty set has no members, its
power set has one.



2. {∅} ≺ P({∅}) = {∅, {∅}}. More generally, every unit set has just
one member, while its power set always has two.

3. {0, 1} ≺ P({0, 1}) = {∅, {0}, {1}, {0, 1}}.
But no finite number of examples proves the general theorem. We require
a general proof. And for this, recall some definitions and theorems.
Proof Let A be an arbitrary set. We show that A ≺ P(A). First we
show that A , P(A). Define f : A → P(A) by setting f(x) = {x} for
all x ∈ A. Then A is the domain of f . And since for each x ∈ A we have
{x} ⊆ A; so {x} ∈ P(A). We conclude that f is a bona fide function
from A to P(A). And clearly f is one-to-one since if x != y then the
two sets {x} and {y} have different elements and so are different. Thus
A , P(A).

The more interesting point is that there is no surjection h of A onto
P(A). To see this, suppose that h : A → P(A). For any x ∈ A,
h(x) ⊆ A. So it makes sense to ask whether x ∈ h(x) or not. Let

K = {x ∈ A|x /∈ h(x)}.
K might well be empty; this is not a problem. The point is that we have
just given a proper definition of a subset of A.

We want to show that h cannot be a surjection. So suppose toward
a contradiction that h were mapped onto P(A). Then for some x ∈ A,
h(x) = K. We have two cases: either x ∈ K, or x /∈ K. We show that
either of these leads to a contradiction. In our first case, if x ∈ K, then
the definition of K tells us that x /∈ h(x) = K. So this contradicts the
statement of our first case. And in the second case, x /∈ K, we see that
x ∈ h(x) = K. Again, we contradict this very case. We thus conclude
that h is not a surjection. Since h was arbitrary, no function from A to
P(A) is a surjection. Thus A !, P(A), and we conclude that A ≺ P(A).
And since A itself was an arbitrary set, we have the general proof that
for all sets A, A ≺ P(A). /

Corollary 2.2 IN ≺ P(IN).
This follows immediately from Cantor’s Theorem. Let us now define

the following infinite sequence H of sets:
H(0) =def IN
H(n + 1) =def P(H(n))

Then we have that for each natural number n, H(n) ≺ H(n + 1). Thus
we have an infinite sequence of increasingly large infinite sets

IN ≺ P(IN) ≺ P(P(IN)) ≺ · · ·
Hmmmm. It seems that a little thought goes a long way.



Some references on sets and infinity If you are interested in getting
more background on set theory, we recommend the following books:
Enderton [21], and Halmos [23].



3

Syntax I: Trees and Treelike Graphs

We think of a language as a set of meaningful, pronounceable (or
signable) expressions. A grammar is a definition of a language. As
linguists, we are interested in defining (and then studying) languages
whose expressions are approximately those of one or another empirically
given natural language (English, Japanese, Swahili, . . .). If a proposed
grammar of English, for example, failed to tell us that Every cat chased
every mouse is an expression of English, that grammar would be incom-
plete. If it told us that Cat mouse every every chased is an expression
of English, it would be unsound. So designing a sound and complete
grammar for a natural language involves considerable empirical work,
work that teaches us much about the structure and nature of human
language.

And as we have seen in Chapter 1, a grammar for a natural language
cannot just be a finite list of expressions: natural languages present too
many expressions to be listed in any enlightening way. Moreover, a mere
list fails to account for the productivity of natural language – our ability
to form and interpret novel utterances – as it fails to tell us how the
form and interpretation of complex expressions depends on those of its
parts.

Consequently, a grammar G of a language is presented in two gross
parts: (1) a Lexicon, that is, a finite list of expressions called lexical
items, and (2) a set of Rules which iteratively derive complex expres-
sions from simpler ones, beginning with the lexical items. The language
L(G) generated by the grammar is then the lexical items plus all those
expressions constructible from them by applying the rules finitely many
times.

In this chapter, we present some standard techniques and formalisms
linguists use to show how complex expressions incorporate simpler ones.
So here we concentrate on generative syntax, ignoring both semantic

45



representation (see Chapters 6– 10) and phonological representation (see
Chapter 4). In Chapter 5, we consider a specific proposal for a grammar
of a fragment of English.

3.1 Trees
The derivation of complex expressions from lexical items is commonly
represented with a type of graph called a tree. Part, but not all, of
what we think of as the structure of an expression is given by its tree
graph. For example, we might use the tree depicted in (1) to represent
the English expression John likes every teacher (though the actual tree
linguists would currently use is much more complicated than this one):
(1)

S

((
((

((
777777777

DP VP

8888
9999

TV DP

8888
%%%%%

Det N

John likes every teacher

This tree is understood to represent a variety of linguistic informa-
tion. First, its bottommost items John, likes, every, and teacher are
presented here as underived expressions (lexical items) having the cat-
egories indicated by the symbols immediately above them. Specifically,
according to this tree (given here for illustrative purposes only), John is
a DP (Determiner Phrase), likes is a TV (Transitive Verb), every is a
Det (Determiner), and teacher is a N (Noun).

The tree in (1) identifies not only the lexical items John likes every
teacher is constructed from, it also defines their pronunciation order.
Specifically, we use the convention that the word written leftmost is
pronounced first, then the next leftmost item, and so on. (Other writing
conventions could have been used: in Hebrew and Arabic items written
rightmost are pronounced first; in Classical Chinese reading may go from
top down, not left to right or right to left).

Finally, (1) identifies which expressions combine with which others
to form complex ones, resulting ultimately in the expression John likes
every teacher. The expressions a derived expression is built from are
its constituents. (1) also identifies the grammatical category of each
expression. This in (1), every and teacher combine to form a constituent



every teacher of category DP. The TV knows combines with this con-
stituent to form another constituent, knows every teacher of category
VP. And this in turn combines with John of category DP to form John
likes every teacher of category S. Note that some substrings of the string
John likes every teacher are not constituents of it according to (1): they
were not used in building that particular S. For example, knows every
is not a constituent, and that string has no category. Similarly, John
knows and John knows every are not constituents of (1).

The tree in (1) does not exhibit the rules that applied to combine
various words and phrases to form constituents. In the next chapter,
we formulate some such rules. Here we just suggest some candidates so
that the reader can appreciate the sense in which (1) records the deriva-
tional history of John likes every teacher, even though some structurally
relevant information has been omitted.

To build the DP every teacher from the Det every and the N
teacher, the simplest rule would be the concatenative one whose effect
is given in (2):
(2) if s is a string of category Det and t is a string of category N,

then s$t is a string of category DP.
Recall that s$t denotes the concatenation of the sequences s and t.
Similarly, we might derive the VP knows every teacher by concate-

nating knows of category TV with every teacher of category DP. And
then we might derive the S John likes every teacher by concatenating
John with that VP.

Linguists commonly assume that the trees they use to represent the
derivation of expressions are in fact derived by concatenative functions
of the sort illustrated in (2). Such functions will take n expressions as
arguments and derive an expression by concatenating the strings of those
expressions, perhaps inserting some constant elements. For example, we
might consider a function of two arguments, John of category DP and
cat of category N, and map them to John’s cat of category DP. This
function introduces the constant element ’s.

We are not arguing here that the rules of a grammar – its structure
building functions – should be concatenative, we are simply observing
that linguists commonly use such functions. And this in turn has a
limiting effect, often unintended, on how expressions can be syntactically
analyzed and hence how they can be semantically interpreted. Here is
an example which illustrates the use of a non-concatenative function. It
introduces some non-trivial issues taken up in more detail in our later
chapters on semantics.



Ss like (3) present a subtle ambiguity. (3) might be interpreted as in
(a), or it might be interpreted as in (b).
(3) Some editor read every manuscript.

a. Some editor has the property that he read every manuscript.
b. Every manuscript has the property that some editor read it.

One the a-reading, a speaker of (3) asserts that there is at least one
editor who read all the manuscripts. But the b-reading is weaker. It
just says that for each manuscript, there is some editor who read it.
Possibly different manuscripts were read by different editors. Thus in
a situation in which there are just two editors, say Bob and Sue, and
three manuscripts, say m1, m2, and m3, and Bob read just m1 and m2,
and Sue read just m2 and m3, we see that (3) is true on the b-reading:
every manuscript was read by at least one editor. But (3) is false on the
a-reading, since no one editor read all of the manuscripts. Ambiguities
of this sort are known as scope ambiguities and are taken up in Chapter
7.

One approach to representing these ambiguities originates with the
work of Montague [48]. This approach says that (3) is syntactically
ambiguous – derived in two interestingly different ways. In one way,
corresponding to the a-reading, it is derived by the use of concatenative
functions as we have illustrated for (1). The difference this time is that
the last step of the derivation concatenates a complex DP some editor
with the VP read every manuscript; earlier we had used not a complex
DP but rather the lexical DP John. The derivation of the S whose
interpretation is the b-reading is more complicated. First we derive by
concatenation a VP read it using the pronoun it. Then we concatenate
that with the DP some editor to get the S Some editor read it. Then
we form every manuscript by concatenation as before. In the last step,
we derive Some editor read every manuscript by substituting every
manuscript for it. So the last step in the derivation is a substitution
step, not a concatenation step. It would take two arguments on the left
in (4) and derive the string on the right.
(4) every ms, some editor read it =⇒ some editor read every ms

Let us emphasize that while the a-reading has a standard tree deriva-
tion, the b-reading does not, since read every manuscript is not formed
solely by concatenative functions. Thus if we were to limit ourselves to
the use of standard trees in representing derivations of natural language
expressions, we would exclude some ways of compositionally interpret-
ing semantically ambiguous expressions. For the record, let us formally
define the core substitution operation.



Definition Let s be a string of length n > 0. Let t be any string, and
let i be a number between 1 and n. Then s(i/t) is the string of length
n whose ith coordinate is t and whose jth coordinate is sj , for all j != i.
We call s(i/t) the result of substituting the ith coordinate of s by t.

Exercise 3.1 Complete the following in list notation.
a. 〈2, 5, 2〉(2/7) = .
b. 〈2, 2, 2〉(2/7) = .
c. 〈John, ’s, cat〉(3/dog) = .
d. 〈every, cat〉(2/fat cat) = .

Trees as mathematical objects Having presented some motivation
for the linguists’ use of trees, we now formally define these objects and
discuss several of the notions definable on trees that linguists avail them-
selves of. For convenience, we repeat the tree in (1).
(5)

S
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777777777

DP VP

8888
999

99

TV DP

888
88

%%%%%

Det N

John likes every teacher

The objects presented in (5) are linguistic labels – names of gram-
matical categories, such as S, DP, VP, etc., or English expressions such
as John, knows, etc. These labels are connected by lines, called branches
or edges. We think of the labels as labeling nodes (or vertices), even
though the nodes are not explicitly represented. But note, for example,
that the label DP occurs twice in (5), naming different nodes. The node
representing the category of John is not the same as that representing
the category of every teacher, even though these two expressions have
the same category. So we must distinguish nodes from their labels, since
different nodes may have the same label. In giving examples of trees be-
low, we shall commonly use numbers as nodes, in which case (5) could
receive a representation as in (6) in the next figure.

Now we can say that node 2 and node 5 have the same label, DP. Our
formal definition of tree will include nodes, and their absence on specific



(6)

(1,S)

::::::

***********

(2,DP) (3,VP)

;;
;;

;;
;

<<
<<

<<
<

(4,TV) (5,DP)

;;
;;

;;
;

%%%%%%%

(6,Det) (7,N)

(8, John) (9, likes) (10, every) (11, teacher)

occasions is just one more typical instance of simplifying a notation when
no confusion results.

Now let us consider what is distinctive about the graph structure of
trees. Some nodes as we see are connected to others by a line (a branch).
If we can read down along branches from a node x to a node y, we say
that x dominates y. And the distinctive properties of trees lie in the
properties of this dominance relation. First, we understand that if we
can move down branches from a node x to a node y (so x dominates
y), and we can move down from y to a node z (so y dominates z), then
we clearly can move down from x to z, whence x dominates z. Thus
dominates is a transitive relation.

We have already seen one transitive relation, namely inclusion of
subsets (⊆): given a collection of sets, we see that if X ⊆ Y and Y ⊆ Z,
then also X ⊆ Z. Many common mathematical relations are transitive.
For example, the ≥ relation on natural numbers is transitive: if n ≥ m
and m ≥ p, then n ≥ p. So let us define more generally.

Definition R is a binary relation on a set A if R is a subset of A×A.
Instead of writing (x, y) ∈ R, we often write xRy, read as “x stands in
the relation R to y.”

In general, to define a binary relation R on a set A we must say for
each choice x and each choice y of elements from A whether xRy or not.



In particular this means that we must say for x ∈ A, whether xRx or
not.

In what follows we are concerned with whether various relations we
define of interest are reflexive, antisymmetric, asymmetric, or transitive.
These notions are defined below.

Definition A relation R on a set A is transitive if for all x, y, z ∈ A,
if xRy and yRz, then xRz.

As we have seen, the dominates relation among nodes in a given tree
is transitive. Further, dominates is “loop-free”, meaning that we can
never have two different nodes each of which dominates the other. The
traditional term for “loop free” is antisymmetric:

Definition A binary relation R on a set A is antisymmetric iff for
x, y ∈ A, xRy and yRx jointly imply x = y. (Antisymmetry should not
be confused with asymmetry, defined as follows: A binary relation R on
a set A is asymmetric iff for x, y ∈ A, if xRy, then yRx is false. For
example the proper subset relation ⊂ is asymmetric: if A proper subset
of B, B is certainly not a subset of A, hence not a proper subset of A.
Similarly the ‘is strictly less than’ relation < in arithmetic is asymmetric,
as is the ’is a parent of’ relation on people.

Again, ⊆ is antisymmetric. If X ⊆ Y and Y ⊆ X, then X and Y
have the same members and are hence equal. Similarly, one checks that
the arithmetical ≥ is antisymmetric.

Note that the antisymmetry of a relation R still allows that a given
element x stand in the relation R to itself. In what follows, we treat
dominates as a reflexive relation, meaning that each node is understood
to dominate itself. For the record:

Definition A binary relation R on a set A is reflexive iff for x ∈ A,
xRx. R is irreflexive iff for x ∈ A, it is not the case that xRx. We write
¬xRx or even x ! Rx in this case as well.

Now the cluster of properties that we have adduced for dominates,
transitivity, antisymmetry, and reflexivity, is a cluster that arises often
in mathematical study. We note:

Definition A binary relation R on a set A is a (reflexive) partial order
iff R is reflexive, transitive, and antisymmetric. The pair (A,R) is often
called a partially ordered set or poset



In practice, when we refer to partial order relations, we shall assume
that they are reflexive unless explicitly noted otherwise. Note that ⊆
and ≥ are reflexive partial orders.
Exercise 3.2 Exhibit a binary relation R on {a, b, c} which is neither
reflexive nor irreflexive.
Exercise 3.3 We define a binary relation R on a set A to be symmetric
if whenever xRy then also yRx. R is asymmetric if whenever xRy then
it is not the case that yRx. Let R be a reflexive partial order on a set
A, and define another binary relation SR, strict-R, on A by

for all x, y ∈ A, x SR y iff xRy and x != y.

Prove that SR is irreflexive, asymmetric, and transitive. Such relations
will be called strict partial orders.

For example, the strictly greater-than relation on numbers, >, is the
strict-≥ relation. So by this exercise, it is is a strict partial order. So
is the strict-⊆ relation defined on any collection of sets. This relation is
written ⊂.
Exercise 3.4 Given a relation R on a set A, we define a relation R−1

on the same set A, called the converse of R by: xR−1y iff yRx, for all
x, y ∈ A. Show that

a. If R is a reflexive partial order, so is R−1.
b. If R is a strict partial order, so is R−1.

In each case, state explicitly what is to be shown before you show it.
Returning to dominates, it has two properties that go beyond the

partial order properties. First, it has a root, a node that dominates all
nodes. In (6) it is node 1, the node labeled S.
Observation If R is a partial order relation on a set A, then there
cannot be two distinct elements x and y such that each bears R to all
the elements of A. The reason is that if both x and y have this property,
then each bears R to the other. Hence by the antisymmetry of R, we
have x = y. This shows that x and y are not distinct at all.

The second and more important property of the dominance order is
that its brances never coalesce: if two nodes dominate a third, then one
of those two dominates the other. We summarize these conditions below
in a formal definition. The objects we define are unordered, unlabeled
trees which we call simple trees (usually omitting ‘simple’). We do not
impose a left-right order on the bottommost nodes, and we do not require
that nodes be labeled. For this reason, simple trees might well be called
mobiles. Simple trees are ideal for studying pure constituent structure.



Once they are understood, we add additional conditions to obtain the
richer class of trees that linguists use in practice.

Definition A simple tree T is a pair (N,D), where N is a set whose ele-
ments are called nodes and D is a binary relation on N called dominates,
satisfying (a) - (c):

a. D is a reflexive partial order relation on N .
b. the root condition: There is a node r which dominates every

node. In logical notation, (∃r ∈ N)(∀b ∈ N) rDb. This r is
provably unique (see the Observation above) and called the root
of T .

c. chain condition For all nodes x, y, z, if x D z and y D z, then
either x D y or y D x. 1

On this definition, the two pictures in (7) are the same (simple) tree.
The difference in left-right order of node notation is no more significant
then the left-right order in set names like ‘{2, 3, 5}’; it names the same
set as ‘{5, 2, 3}’.
(7)

5
==>>

6 7

5
==>>

7 6

Unordered trees are frequently used to represent structures of quite
diverse sorts – chain of command hierarchies, classification schemes, ge-
netic groupings of populations or languages. These often do not have a
left-right order encoded. For example, Figure 3.1 is a tree representing
the major genetic groupings of Germanic languages.

The root node of Figure 3.1 represents a language, Germanic, from
which all other languages shown are genetically descended. The leaves
(at the bottom) are languages or small groups of closely related lan-
guages. Notice that Gothic is also a leaf. To see how closely related two
languages are, read up the tree until you find the first common ancestor.
For example, (Modern) German and Yiddish are more closely related
than either is to (Modern) English, since they are descended from Low
German, itself coordinate with High German. So the least common an-
cestor of English and German is W. Germanic, itself a proper ancestor
of High German.
1The reason for this name is that the chain condition as defined above is equivalent

to the assertion that the set of nodes dominating any given node is a chain, that is,
linearly ordered, by D. For the definition of a linear order, see page 72.
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FIGURE 3.1 The major Germanic Languages

And observe that the left-right order on the page of the names of the
daughter languages has no structural significance. There is no sense in
which Icelandic is to the left of, or precedes, English, or Dutch to the
right of English

Let us consider in turn the three defining conditions on trees. The
discussion will be facilitated by the following definitions:

Definition Let T = (N,D) be a tree. Then for all x, y ∈ N ,
a. x strictly dominates y, x SD y if xDy and x != y.
b. x immediately dominates y, x ID y, if x strictly dominates y, but

there is no node z such that x strictly dominates z and z strictly
dominates y.

In drawing pictures of trees, we just draw the ID relation. So in (6),
1 ID 2 and 1 ID 3, but ¬1 ID 4. This last fact holds despite the fact
that 1 D 4 and indeed 1 SD 4. Observe that when ϕ is a sentence, we
sometimes write ¬ϕ for the sentence “it is not the case that ϕ”.

Definition A tree T = (N,D) is finite if its node set N is finite.

In this book we only consider finite trees.



Consider the dominance relation D on trees. Because D is an order
relation (transitive and antisymmetric), we know that there can be no
non-trivial cycles, that is no sequences of two or more nodes that begin
and end with the same node and in which each node (except the last)
immediately dominates the next one. Such a sequence couldn’t have the
form 〈x, x, x, . . .〉 because no node x can immediately dominate itself
(since then x would strictly dominate itself and hence be non-identical
to itself). Nor could such a sequence have the form 〈x, y, . . . , x, . . .〉,
with x != y, since then we could infer that xDy and yDx, whence x = y
by antisymmetry of D. This contradicts our assumption.

Second, linguists often don’t consider the case where a given node
might dominate itself. Usually when we speak of x dominating y, we
are given that x and y are different nodes. In case where x and y are
intended as different but not independently given as different, it would
be clearer for the linguist to say “x strictly dominates y”.

Third, our tree pictures do not include the transitivity edges – there
is no edge directly from 1 to 4 in (6), for examples. Nor do we have to
put in the reflexivity loops, the edges from each node to itself. We just
represent the immediate dominance relation (sometimes called the cover
relation), the rest being recoverable from this one by the assumptions
of transitivity and irreflexivity. Now, of the three conditions that the
dominance relation D must satisfy, the root condition rules out relations
like those with diagrams in (8):
(8)
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In (8a) there is clearly no root, that is no node that dominates every
node. And (8b) is just a pair of trees. There is no root since no node
dominates both a and 5. (A graph with all the properties of a tree except
the root condition is sometimes called a forest.) So neither (8a) nor (8b)
are graphs of trees.

The truly distinctive condition on trees, the one that differentiates
them from many other partial orders, is the chain condition. Consider
the graph in (9), as always reading down.
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(9) violates the chain condition: for example, both 4 and 3 dominate
5, but neither 4 nor 3 dominates the other.

We present in Figure 3.1 a variety of linguistic notions defined on
simple trees (and thus ones that do not depend on labeling or linear
order of elements).
Exercise 3.5 For each graph below, state whether it is a tree graph or
not (always reading down for dominance). If it is not, state at least one
of the three defining conditions for trees which fails.
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Exercise 3.6 Below are four graphs of trees, T1, . . ., T4. For each
distinct i, j between 1 and 4, state whether Ti = Tj or not. If not, give
one reason why it fails.

T1 1
LL MM

2 3
NNOO

6 4 5

T2 1
LL MM

3
OO NN

2

5 4 6

T3 1
LL MM

2
OO NN

6

4 5 3

T4 1
LL MM

2
OO NN

3

4 6 5

Exercise 3.7 Referring to the tree below, mark each of the statements



Let T = (N,D) be a tree, and let x and y be nodes of N .
a. x is an ancestor of y, or, dually, y is a descendent of x, iff xDy.
b. x is a leaf (also called a terminal node) iff {z ∈ N |xSDz} = ∅.
c. the degree of x, noted deg(x), is the size of {z ∈ N |xIDz}.

(Some texts write outdegree where we write simply degree). So
if z is a leaf then deg(z) = 0.

d. x is a n-ary branching node iff |{y ∈ N |xIDy}| = n. We write
unary branching for 1-ary branching and binary branching for
2-ary branching. T itself is called n-ary branching if all nodes
except the leaves are n-ary branching. In linguistic parlance, a
branching node is one that is n-ary branching for some n ≥ 2.
(So unary branching nodes are not called branching nodes by
linguists).

e. x is a sister (sibling) of y iff x != y and (∃z ∈ N)z IDx & z ID y.
f. x is a mother (parent) of y iff x ID y; Under the same conditions

we say that y is a daughter (child) of x.
g. The depth of x, noted depth(x), is |{z ∈ N |z SDx}|.
h. Depth(T ) = max{depth(x)|x ∈ N}. This is also called the

height of T . Note that {depth(x)|x ∈ N} is a finite non-empty
subset of IN . (Any finite non-empty subset K of IN has a
greatest element, noted max(K).)

i. x is (dominance) independent of y iff neither dominates the
other. We write IND for is independent of. Clearly IND is a
symmetric relation. This relation is also called incomparability.

j. A branch is a pair (x, y) such that either x immediately domi-
nates y or y immediately dominates x.

k. p is a path in T iff p is a sequence of two or more distinct nodes
such that for for all i, 1 ≤ i < |p|, pi ID pi+1 or pi+1 ID pi.

l. x c-commands y, noted xCC y, iff
a. x and y are independent and
b. every branching node which strictly dominates x also

dominates y

We say that x asymmetrically c-commands y iff x c-commands
y but not vice-versa.



T (true) or F (false) correctly. If you mark F , say why.

1
PPPPPPPPPPPPP

NN
NN

NN
NN

NN
NN

NN
N

2
???

? HHH
H

3 4 9

5
???

? HHH
H

6 7 10 8

a. 4 and 9 are sisters b. 2 SD 7 c. 1 ID 8
d. 2 and 8 are sisters e. 1 is mother of 8 f. 3 is a leaf
g. depth(5) = 3 h. depth(T ) = depth(7) i. 5 IND 7
j. depth(8) > depth(2) k. depth(7) = depth(10) l. 2CC 5
m. 〈4, 2, 3, 2〉 is a path n. 〈7, 5, 4, 2, 3〉 is a path o. 5CC 3
p. 〈8〉 is a path

q. 8 asymmetrically c-commands 3.
r. For all nodes x, y, if x is mother of y, then y is mother of x.
We conclude with an important fact about trees:

Theorem 3.1 If x and y are distinct nodes in a tree T , then there is
exactly one path from x to y in T .
The topic of trees is standard in mathematics and computer science
books (these will be on topics like graph theory, discrete mathematics or
data structures). But there, the basic definition is often graph theoretic:
one takes vertices and symmetric edges as primitive, and the definition
of a tree is as in Theorem 3.1: between every two vertices there is a
unique path. One can also go the other way, starting with a tree in the
graph-theoretic sense, specify a root, and then recover the dominance
relation.

3.2 C-command
Figure 3.1 defines a number of concepts pertaining to trees. Perhaps
the only one of these that originates in linguistics is c-command. We
want to spell out in detail the motivations for this concept. Here is one:
Reflexive pronouns (himself, herself, and a few other self forms) in Ss like
(10) are referentially dependent on another DP, called their antecedent.
(10) John’s father embarrassed himself at the meeting.

In (10) John’s father but not John is the antecedent of himself. That
is, (10) only asserts John’s father was embarrassed, not John. A linguis-
tic query: Given a reflexive pronoun in an expression E, which DPs in



E can be interpreted as its antecedent? (11) is a necessary condition for
many expressions:
(11) Antecedents of reflexive pronouns c-command them.

Establishing the truth of a claim like (11) involves many empirical
claims concerning constituent structure which we do not undertake here.
Still, most linguists would accept (12) as a gross constituent analysis of
(10). (We “cover” the proper constituents of at the meeting with the
widely used “triangle”, as that internal structure is irrelevant to the
point at hand).
(12)
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We see here that node 2, John’s father, does c-command node 11,
himself. Clearly 2 and 11 are independent, and every branching node
which strictly dominates 2 also dominates 12 since the only such node
is the root 1. In contrast, node 7, John does not c-command 11, since
both 2 and 4 are branching nodes which strictly dominate 7 but do not
dominate 11.

One might object to (11) as a (partial) characterization of the con-
ditions regulating the distribution of reflexives and their antecedents
on the grounds that there is a less complicated (and more traditional)
statement that is empirically equivalent but only uses left-right order:
(13) Antecedents of reflexive pronouns precede them

In fact for basic expressions in English the predictions made by
(11) and (13) largely coincide since the c-commanding DP precedes
the reflexive2. But in languages like Tzotzil (Mayan; [3]) and Mala-
2Some known empirical problems with the c-command condition are given by:

i. It is only himself that John admires.
ii. Which pictures of himself does John like best?
iii. The pictures of himself that John saw in the post office.



gasy (Malayo-Polynesian; Keenan [31]) in which the basic word order in
simple active Ss is VOS (Verb + Object + Subject) rather than SVO
(Subject + Verb + Object) as in English, we find that antecedents fol-
low reflexives but still c-command them. So analogous to (10), speakers
of Malagasy understand that (14) only asserts that Rakoto’s father re-
spects himself, but says nothing about Rakoto himself. So c-command
wins out in some contexts in which it conflicts with left-right order.

(14)
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Rakoto’s father respects himself (Malagasy)
Pursuing these observations it is natural to wonder whether c-

command is a sufficient condition on the antecedent-reflexive relation.
That is, can any DP which c-commands a reflexive be interpreted as its
antecedent? Here the answer is a clear negative, though moreso for Mod-
ern English than certain other languages. Observe first that in (15a), the
DP every student is naturally represented as a sister to the VP thinks
that Mary criticized himself and
(15) a. ∗Every student thinks that Mary criticized himself

b. ∗Every student thinks that himself criticized John
The DP every student is naturally represented as a sister to the VP
thinks that Mary criticized himself. And since himself lies properly
within that VP, we have that every student (asymmetrically) c-commands
himself. But it cannot be interpreted as its antecedent. Comparable
claims hold for (15b). But patterns like those in (15), especially (15b),
are possible in a variety of languages: Japanese, Korean, Yoruba, even
Middle English and Early Modern English:

But these expressions are derivationally complex. It may be that c-command holds in
simple expressions (e.g., John admires only himself) and that the antecedent-reflexive
relation is preserved under the derivation of more complex ones.



(16) (Japanese; Kuno [39])
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Taroo thinks that he (Taroo) is a genius.
(17) . . . a Pardonere . . . seide that hymself myghte assoilen hem alle

Piers Plowman c.1375 . . . a Pardoner . . . said that himself might
absolve them all (Keenan [35])

(18) he . . . protested . . ., that himselfe was cleere and innocent
Dobson’s Drie Bobbes, 1607. (Keenan [35])

(19) But there was a certain man, . . . which . . . bewitched the people
of Samaria, giving out that himself was some great one (King
James Bible, Acts 8.9, 1611)

So the possible antecedents for a reflexive pronoun in English thus
appear to be a subset of the c-commanding DPs with the precise de-
limitation subject to some language variation. See Büring [12] for an
overview discussion.
Exercise 3.8 For each condition below exhibit a tree which instantiates
that condition:

a. CC is not symmetric
b. CC is not antisymmetric
c. CC is not transitive
d. CC is not asymmetric

In each case say why the trees show that CC fails to have the property
indicated. We note regarding part (c) that asymmetric c-command is a
transitive relation.
Exercise 3.9 In any tree,

a. if a CC b and b D x does a CC x?
b. Do distinct sisters c-command each other?
c. c-command is irreflexive. Why?



d. For all nodes a, {x ∈ T |x D a} != ∅. Why?

3.3 Sameness of Structure: Isomorphism
Our interest in trees concerns the structural relations between nodes –
relations defined in terms of dominance – not the identity of the nodes
themselves. For example the tree T1 below whose nodes are the numbers
1 through 5 and T2 whose nodes are the letters a through e are regarded
as “essentially” the same. They have the same “branching structure”,
differing just by identity of nodes. And these, as we have noted, are
normally not even noted in tree graphs used by linguists.

T1 1

11
11

11
1 22

a

VV
VV

VV
V 22

2 T2

3
3355

c
WW

W
55

2 4 5 b d e

Thus we want away of saying that T1 and T2 have the same structure, are
isomorphic, even though they fail to be identical. Then any structural
claim we can make of one will hold of the other as well. For example the
statement “All non-terminal nodes are binary branching” holds of both;
“The total number of nodes is 9” fails of both trees. But no structural
statement can hold of one but fail of the other.

Here is the core idea of isomorphism (an idea that generalizes natu-
rally to other types of structures such as boolean algebras, groups, etc.
and so is not peculiar to trees): Trees T and T ′ are isomorphic iff (1) we
can match up their nodes one for one with none left over and (2) when-
ever a node x dominates a node y in one tree the node x is matched with
dominates the one y is matched with in the other tree, and conversely.
Formally:

Definition A tree T = (N,D) is isomorphic (∼=) to a tree T ′ = (N ′, D′)
iff there is a bijective function m from N to N ′ satisfying:
(20)

for all x, y ∈ N , xDy iff m(x)D′m(y).

Such a bijection is called an isomorphism (from T to T ′).

Thus, to prove that T1 above is isomorphic to T2, we must show that
there is a bijection from the nodes of T1 to those of T2 satisfying (20).
We do this by exhibiting such a bijection, m below as a dotted arrow.



(21)
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To establish that the m shown in (21) is an isomorphism, we must verify
(1) that m is a bijection, and (2) that m satisfies condition (20). Visual
inspection establishes that m is a bijection. To visually establish that
m strongly preserves dominance as per (20) check first that whenever
xDy in T1 than m(x) dominates m(y) in T2 . Then you must check the
converse: whenever x′ dominates y′ in T2 then m−1(x′), the node in T1

that m maps to x′, dominates m−1(y′) in T1 . This verifies that T1 and
T2 have the same dominance structure.
Exercise 3.10 Let T be any collection of trees. Each statement below
is true. Say why.

a. For all T ∈ T, T ∼= T .
b. For all T, T ′ ∈ T, if T ∼= T ′ then T ′ ∼= T .
c. For all T, T ′, T ′′ ∈ T, T ∼= T ′ and T ′ ∼= T ′′, then T ∼= T ′′.

When two relational structures are isomorphic they have the same
structurally definable properties. In particular, if two trees are isomor-
phic then they have the same tree definable properties. For example,
Fact 1 Let T = (N,D) and T ′ = (N ′, D′) be isomorphic trees, let h be
an isomorphism from T to T ′. Then, for all a, b ∈ N :

a. a SD b iff h(a) SD ′h(b).
b. a ID b iff h(a) ID ′h(b).
c. deg(a) = deg(h(a)).
d. a is 3-ary branching iff h(a) is 3-ary branching.
e. leaf (a) iff leaf (ha).
f. depth(a) = depth(ha)
g. a IND b iff h(a) INDh(b).
h. h(root(T )) = root(T ′).
i. aCC b iff h(a)CCh(b).
j. a and b are sisters iff h(a) and h(b) are sisters.
k. |N | = |N ′|.

Remark You don’t really know what the structures of a given class are



Basic Facts About Bijections and Isomorphisms
1. Let h be a bijection from a set A to a set B (So h is one to

one and onto). Then h inverse, noted h−1, is a bijection from
B to A, where h−1 is defined by:

for all b ∈ B, h−1(b) = a iff h(a) = b.

So h−1 maps each b in B to that element of A that h maps to
b. So h−1 runs h backwards.

2. If h is a bijection from A to B, and g a bijection from B to
C, then g ◦ h (read: g compose h) is a bijection from A to C,
where g ◦ h is that map from A into C defined by:

for all a ∈ A, (g ◦ h)(a) = g(h(a)).

3. Let (A,R) and (B,S) be relational structures (So R is a binary
relation defined on the set A, and S is a binary relation defined
on B). Then (A,R) is isomorphic to (B,S), noted (A,R) ∼=
(B,S), iff there is a bijection h from A into B satisfying

for all x, y ∈ A, xRy iff h(x)Sh(y)

Such an h is called an isomorphism (from (A,R) to (B,S)).
a. If h is an isomorphism from (A,R) to (B,S) then h−1 is

an isomorphism from (B,S) to (A,R)
b. If h is an isomorphism from (A,R) to (B,S) and g is an

isomorphism from (B,S) to some (C, T ) then g ◦ h is an
isomorphism from (A,R) to (C, T ).

c. Every relational structure (A,R) is isomorphic to itself,
using the identity map idA : A → A. This map is defined
by idA(a) = a for a ∈ A.

until you can tell when two such are isomorphic. Using the fundamental
fact that isomorphic structures make the same sentences true we see
that trees T1 and T2 below are not isomorphic. T2 for example has one
node of outdegree 2, T1 has no such node.

Fact 2 If T is a simple tree with exactly four nodes, then T is isomorphic
to exactly one of the following:



T1 1

2

3

4

T2 1

2
OO NN

3 4

T3 1
LL MM

2 3

4

T4 1
XXX

X YYY
Y

2 3 4

Exercise 3.11 1. In (21) we exhibited an isomorphism from T1 to
T2 . Exhibit another isomorphism from T1 to T2 and conclude that
there may be more than one isomorphism from one structure to
another (in fact a very common case).

2. Exhibit a set of five-node trees with the following two properties:
i. no two of them are isomorphic
ii. any tree with exactly five nodes is isomorphic to one you have

exhibited (Hint: the set you want has exactly 9 members).

3.3.1 Constituents
We turn to the important definition of constituent.

Definition Let T = (N,D) be a tree. For each node b of T , we define
Tb =def (Nb, Db), where

i. Nb = df{x ∈ N |b D x},
ii. for all x, y ∈ Nb, xDb y iff xD y

We show that each Tb as defined is a tree, called the constituent of
T generated by b. (Note already that Nb is never empty. Why?)

For example, consider the tree T depicted on the left in (22); T3 is
depicted on the right in (22):
(22)
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Exercise 3.12 Using the T exhibited on the left in (22), exhibit
a. T2

b. T10

c. T1



Theorem 3.2 Let T = (N,D) be a tree. For all b ∈ N , Tb = (Nb, Db)
is a tree whose root is b.

Definition For all trees T = (N,D) and T ′ = (N ′, D′), T ′ is a con-
stituent of T (T ′ CON T ) iff for some b ∈ N , T ′ = Tb.

Theorem 3.3 Consider the set T (IN) of finite trees (N,D) with N ⊆
IN . CON, the “is a constituent of” relation defined on T (IN) is a
reflexive partial order relation.

Remark Our mathematically clear and simple definition of constituent
should not be confused with the empirical issue of identifying the con-
stituents of any given expression. This is often far from obvious. Here
are a few helpful rules of thumb given just so the reader can see that
our examples of constituents are not utterly arbitrary. Suppose that an
expression s is a constituent of an expression t. Then, (1) s is usually
semantically interpreted (has a meaning). (2) s can often be replaced
by a single lexical item. (3) s has a grammatical category and can often
be replaced by another expression of the same category. And (4), s will
usually form boolean compounds in and, or, and neither . . . nor . . . with
other expressions of the same category.

3.4 Labeled Trees
We now enrich the tree structures we have been considering to include
ones whose nodes are labeled. The basic idea of the extension is fairly
trivial; it becomes more interesting when the set of labels itself has some
structure (as it does in all theories of grammar).

Definition T is a labeled tree iff T is an ordered triple (N,D,L) satis-
fying:

i. (N,D) is a simple tree, and
ii. L is a function with domain N .

Terminology For x ∈ N , L(x) is called the label of x. When we say
that a labeled (unordered) tree is a triple we imply that to define such
an object there are three things to define: a set N of nodes, a dominance
relation D on N , and a function L with domain N .

Graphically we represent an (unordered) labeled tree as we repre-
sented unlabeled ones, except now we note next to each node b its label,
L(b):



(23)
1,S
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So the labeled tree represented in (23) is that triple (N,D,L), where
N = {1, 2, . . . , 11}, D is that dominance relation on N whose immedi-
ate dominance relation is graphed in (23), and L is that function with
domain N which maps 1 to ’S’, 2 to ‘DP’, . . ., and 11 to ‘Bill’.
Labeled bracketing One often represents trees on the page by la-
beled bracketing, flattening the structure, forgetting the names of the
nodes of the tree, and showing only the labels. For example, the labeled
bracketing corresponding to (23) is

[[[every]Det[teacher]N]NP[[knows]V[Bill]N]VP]S.

Given our discussion above, a natural question here is “Under what
conditions will we say that two (unordered) labeled trees are isomor-
phic?” And here is a natural answer, one that embodies one possibly
non-obvious condition:
(24) h is an isomorphism from T = (N,D,L) to T ′ = (N ′, D′, L′) iff

a. h is an isomorphism from (N,D) to (N ′, D′) and
b. for all a, b ∈ N , L(a) = L(b) iff L′(h(a)) = L′(h(b)).

Condition (24a) is an obvious requirement; (24b) says that h maps
nodes with identical labels to ones with identical labels and conversely.
It guarantees for example that while T1 and T2 below may be isomorphic,
neither can be isomorphic to T3:

T1 1, A

44
44 22

22

2, B 3, C

T2 4, X

55
55 22

22

5, Y 6, Z

T3 7, J

44
44 22

22

8,K 9,K

The three trees obviously have the same branching structure, but
they differ in their labeling structure. In T3, the two leaf nodes have the
same label, ‘K’, whereas the two leaf nodes of T1 (and also of T2) have
distinct labels. Hence no map h which preserves the branching structure
can satisfy condition (24b) above, since h must map leaf nodes to leaf



nodes and hence must map nodes with distinct labels to ones with the
same label.

A deficiency with (24), however, is that all current theories of gener-
ative grammar use theories in which the set of category labels is highly
structured. But we have not committed ourselves to any particular lin-
guistic theory, only considering the most general case in which nodes are
labeled, but no particular structure on the set of labels is given. When
such structure is given, say the set of labels itself is built by applying
some functions to a primitive set of labels, then that structure too must
be fixed by the isomorphisms.

Below we consider informally one sort of case based on work in GB
(Government & Binding) theory (Chomsky [13]). Within GB theory
category labels (we usually just say “categories”) are partitioned into
functional ones and content ones. The latter include Ns (like book and
mother), Vs (like sleep and describe), Ps (like for and to) and As (like
bold and bald). The former include categories of “grammatical” mor-
phemes like Poss for the possessive marker ’s (as in John’s book) or I
for the inflection which marks tense and person/number on verbs, such
as the is in John is running, or the will in John will sleep.

Cross classifying with the functional content distinction is a “bar
level” distinction. A basic category C comes in three bar levels: C0, C1,
and C2. The bar level of a category pertains to the internal complexity
of an expression having that category. Thus C0’s, categories of bar level
zero, are the simplest. Expressions of zero level categories are usually
single lexical items like book and sleep, or grammatical morphemes like ’s
and will. C2’s, categories of bar level 2, are complete phrasal expressions.
For example John will sleep and John’s cat have (different) categories of
bar level 2. A category X of bar level 2 is called a phrasal category and
noted XP.

Phrasal categories combine with categories of bar level 0 to form ones
of bar level one according to the tree schema below (nodes suppressed,
as is common practice).
(25)

A1

AA
A QQ

Q

A0 B2

The expression of category A0 in (25) is called the head of the entire
A1, and the expression of category B2 is called its Complement. An
example is the V1 describe the thief whose head is the V0 describe and
whose complement is the thief. Similarly, in the garden is a P1 headed
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by the P0 in. A second type of labeled tree accepted by GB grammars
is illustrated in (26).
(26)

A2

AA
A QQ

Q

C2 A1

A category of level 2 which is sister to a one level category as in (26)
is called the Specifier of the entire expression. The head of an expression
like (26) is the head of the A1 expression. In the next figure, we exhibit
two expressions each illustrating (25) and (26), noting that we allow that
Specifiers and Complements may be absent.

These two expressions have different categories. (27a) is an I2, that
is, an Inflection Phrase (IP) and (27b) is a Poss2, that is, a Possessive
Phrase (PossP ). It is easy to see that (27a) and (27b) are isomorphic.
Having drawn the graphs to scale we can superpose (27a) and (27b) in
such a way that (1) the branching structures coincide and (2) the bar
levels of labels on matching nodes coincide and (3) the labels on nodes
in (27a) are distinct iff the ones they are matched with in (27b) are
distinct. Note that this last condition does not follow from the others.
Suppose for example that we replaced the label N0 in (27b) with D0 (a
replacement which is not in fact sanctioned by GB grammars). Then
we have not changed branching structure nor bar level of labels (since



we replaced a zero level label with a zero level one) but now the distinct
D0 and V0 nodes in (27a) correspond to two distinct D0 nodes in (27b);
that is, nodes with distinct labels are matched with ones having the
same label and thus the trees are not isomorphic.

In addition to trees whose labels satisfy the schema in (25) and (26),
we also find GB trees like those in (28), called Adjunction structures
(Adv2 is read “Adverb Phrase”):
(28)
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Usually will sleep

(28) has the same branching structure as (27a) and (27b). So if the
labeling on these trees were erased the resulting unlabeled trees would be
isomorphic. But none of those isomorphisms can preserve distinctness
of node labels or their bar level. Any isomorphism from (27a) to (28)
must map the root to the root and hence associate a 2 level label with a
1 level one. And since it must map daughters of the root to daughters of
the root, it cannot preserve label distinctness since both root daughters
in (27a) have different labels from the root label. But this is not so in
(28).

We see, then, that if h is an isomorphism from a GB tree T =
(N,D,L) to a GB tree T ′ = (N ′, D′, L′), then, in addition to the condi-
tions in (24), we should require:
(29) For all nodes x of T ,

a. the bar level of L(x) = the bar level of L′(hx), and
b. L(x) is a functional category iff L′(hx) is a functional

category.

Exercise 3.13 For all distinct T , T ′ in the set of (unordered) labeled
trees below, exhibit an isomorphism between them if they are isomor-
phic, and give at least one reason why they are not isomorphic if they



are not. (The nodes are exhibited to facilitate your task).

T1 1, e
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T5 1, a
cc
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dd
dd

9, d
cc
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ee
ee

4, s

5, w 6, a

3.5 Ordered Trees
As already noted, linguists use labeled trees to represent the pronunci-
ation order of expressions. Pronounced expressions are represented by
the labels on the leaf nodes of trees, and the pronunciation order is given
by the left-right order in which the labels on leaf nodes are written on
the page: the leftmost expression is pronounced first, then the second
leftmost, etc. Thus in ordinary usage the tree graph in (23), repeated
below as (30), not only represents constituents and their labels, it also
tells us that every is pronounced before knows, knows before Bill, etc.
(30)
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We consider more precisely the properties of the pronunciation order
of expressions. Clearly it is transitive: if x is pronounced before y, and
y before z, then, obviously, x is pronounced before z. It is also clearly
asymmetric: if x is pronounced before y, then y is not pronounced before
x. (This also means that antisymmetry holds, albeit vacuously).

Let us write simply ‘<’ for the left-right order on the leaf nodes of
a tree. When x < y we say that x precedes y or that y follows x. And



observe that for any two distinct leaves one must precede the other.
That is, < is a total (synonym: linear) order of the leaf nodes. Here is
the definition:

Definition A binary relation R on a set A is a linear (total) order iff
i. R is transitive, and
ii. R is antisymmetric, and
iii. R is total (that is, for all x, y ∈ A, xRy or yRx.)

Examples Clearly ≤ in arithmetic is a linear order. We have already
seen that it is transitive and antisymmetric. And for totality we observe
that for any distinct numbers m and n, either m < n or n < m. Also the
strictly less than relation, <, is a linear order. It is obviously transitive.
Since it is asymmetric (n < m implies ¬(m < n)), it is antisymmetric.
And it is total: for distinct m and n, either m < n or n < m. In contrast
the subset relation ⊆ defined on P(A) (the power set of A) for A with
at least two distinct elements, say a and b, . . ., is not total. There are
subsets of A such that neither is a subset of the other. For example
{a} and {b} have this property. So in general the subset relation on
a collection of sets is a properly partial order, not a total (or linear)
order. Note further, in analogy to >, that the proper subset relation is
irreflexive, asymmetric and transitive, and again, normally not a total
order.

Using these notions we define the notion ordered tree. We take a con-
servative approach at first, defining a larger class of ordered trees than
is commonly considered in linguistic work. Then we consider an addi-
tional condition usually observed in the linguistic literature but which
rules out some trees which seem to have some utility in modeling prop-
erties of natural language expressions.

Definition a. T = (N,D,L,<) is a leaf ordered labeled tree (or lol
tree) iff

i. (N,D,L) is a labeled tree, and
ii. < is a strict linear order of the terminal nodes.

The graphical conventions for representing lol trees are those we have
been using, with the additional proviso that the left-right written order
of leaf labels represents the precedes order <. The notions we have
defined on trees in terms of dominance carry over without change when
passing from mere unordered or unlabeled trees to lol trees. Only the
definition of “constituent” needs enriching in the obvious way. Each



node b of a tree T determines a subtree Tb, the constituent generated
by b, as before, only now we must say that nodes of the subtree have
the same labels they have in T and the leaves of the subtree are linearly
ordered just as they are in T . Formally,

Definition Let T = (N,D,L,<) be a lol tree. Then for all b ∈ N ,
Tb =def (Nb, Db, Lb, <b, ), where

Nb = {x ∈ N |bDx}
Db = D ∩ (Nb ×Nb)

Lb(x) = L(x), all x ∈ Nb

<b= {(x, y)|x, y ∈ Nb and x < y}

And one proves that Tb is a lol tree, called, as before, the constituent
generated by b.

An additional useful notion defined on lol trees is that of the leaf
sequence of a node. This is just the sequence of leaves that the node
dominates. It is often used to represent the constituent determined by
the node. Formally we define:

Definition For b a node in a lol tree T , LS(b) or the leaf sequence
determined by b, is the sequence 〈b1, . . . , bn〉 of leaves which b dominates,
listed in the < order.

That is, the leaf sequence of a node is the string of leaf nodes it domi-
nates.

What we have defined as lol trees differ from the type of tree most
widely used in generative grammar in that we limit the precedes order
< to leaves. It is the labels of leaves which represent the words and
morphemes that are actually pronounced and our empirical judgments
of pronunciation order are highly reliable. Now the < order on the leaf
nodes extends in a straightforward way to certain internal (non-leaf)
nodes as follows:

Definition For x, y nodes of a lol tree T, x <∗ y iff every leaf which x
dominates precedes (<) every leaf node that y dominates.

Note that when x and y are leaves, then, x <∗ y iff x < y since the
leaf nodes that x dominates are just x and those that y dominates are
just y. When being careful, we read <∗ as derivatively precedes. But
most usually we just say precedes, the same as for the relation <. By
way of illustration consider (31), reading ‘Prt’ as particle:



(31)

1,S

SS
SS

SS
SS

SS
SS

SS
SS

SS
S

CCCCCCCCCC

3,VP

aaaaaaaa
000000

4,TVPp

)))
)) <<<

<<
5,NP

ff
ff ]]

]]
]

2,NP 6,TVP 7,Prt 8,Det 9,N

10, John 11,wrote 14,down 12, the 13,names

Here 4 precedes (<∗) 12, since every leaf that 4 dominates, namely 11
and 14, precedes every leaf that 12 dominates (just 12 itself). Equally 4
precedes 5, 8, 9, and 13. But 4 does not precede 7: it is not so that every
leaf 4 dominates precedes every leaf that 7 dominates since 4 dominates
14 and 7 dominates 14, but 14 does not precede 14 since < is irreflexive.
Observe now that (32) is also an lol tree:
(32)
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The lol trees in (31) and (32) are different, though they have the same
nodes and each node has the same label in each tree. They also have
identical dominance relations: n dominates m in (31) iff n dominates m
in (32). But they have different precedence relations since in (31), 14
precedes 5 and everything that 5 dominates, such as 12 and 13. But in
(32), 14 does not precede 5 or anything that 5 dominates. In consequence
the constituents of (31) are not exactly the same as those of (32), though
there is much overlap. For example (33a) is a constituent of both (31)
and of (32). So is (33b)



(33)
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Exercise 3.14 Exhibit the smallest constituent of (31) that is not a
constituent of (32).

The constituent T4 in (32) is a classical example of a discontinuous
constituent : its sequence of leaf nodes 〈11, 14〉 is not a subsequence of
the leaf sequence 〈10, 11, 12, 13, 14〉 of the entire tree. (Recall that a
sequence s is a subsequence of a sequence t iff there are sequences u,v
(possibly empty) such that t = usv). Formally,

Definition For all lol trees T, T ′, T ′ is a discontinuous constituent
of T iff T ′ is a constituent of T and the leaf sequence of T ′ is not a
subsequence of the leaf sequence of T .

Note that we have here defined a binary relation between trees: is a
discontinuous constituent of. Whether a tree like (33a) is a discontinuous
constituent of a tree T depends crucially on the relative linear order of
leaves of (33a) with the leaves of T . We cannot tell just by looking at a
tree T ′ in isolation whether it is discontinuous or not.

Most work in generative grammar does not countenance discontinu-
ous constituents so our understanding of the role they might play in lin-
guistic description, and theory, is limited. Still, drawing on Blevins [10],
Huck and Ojeda [28], McCawley [44, 45], and Ojeda [54], here are three
phenomena whose representation by discontinuous constituents is prima
facie plausible.

i. cooccurrence restrictions The simplest cases here are ones
in which the possibility of occurrence of a certain word depends on
the presence of another. This is naturally accounted for if the two
words are introduced as a single unit, though perhaps presented in non-
adjacent positions. In fact the Verb+Particle construction in (31) and
(32) illustrates this case. The choice of particle, down in our exam-
ples, depends significantly on the choice of verb: we do not say ∗John
printed/erased/memorized/forgot the names down. One way to represent



this would be to treat 〈write,TV, down, PRT 〉 as a kind of complex lex-
ical item, the rules which combine it with a DP object like ‘the names”
being defined in such a way as to allow the particle on either side of the
DP . Formalism aside, the effect of the rules would be:
(34) If 〈x, y〉 is a TVP-Particle pair and z is a DP, then

i. xzy is a string of category VP, and
ii. if z is not a pronoun, xyz is a string of category VP.

(The condition ii. blocks generating strings like ∗write down them).
There are many other sorts of lexical cooccurrence restrictions in

English. For example observe that in humble coordinations we find
that the presence of both, either, and neither conditions the choice or
coordinator and, or, or nor:
(35) a. Neither Mary nor Sue came early;

∗Neither Mary and Sue came early
b. Either Mary or Sue came early;

∗Either Mary nor Sue came early
c. Both Mary and Sue came early;

∗Both Mary nor Sue came early
We might represent these cooccurrence restrictions by treating 〈both, and〉,

〈either, or〉, and 〈neither,nor〉 as complex lexical items and code this in
our representations as in (36):
(36)
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5,neither 6,Mary 7,nor 8,Sue

Node 5 labeled neither precedes 6, labeled Mary, but node 2, which
represents the complex conjunction neither . . . nor . . . neither precedes
nor follows 6, Mary.

ii. semantic units In mathematical languages the syntactic con-
stituents of an expression are precisely the subexpressions which are
assigned denotations. But it seems that in (37) and (38) the prenominal
adjectives easy and difficult form a semantic unit with the postnominal
to-phrase. Note that the (a,b) pairs are paraphrases of the right-hand
ones in which the the adjective occurs postnominally and more clearly
forms a constituent with the to-phrase.
(37) a. an easy rug to clean



b. a rug which is easy to clean
(38) a. an easy theorem to state but a difficult one to prove

b. a theorem which is easy to state but difficult to prove
Rugs of the sort mentioned in (37a) are understood to have the prop-

erty expressed by easy to clean; (overtly expressed by the postnominal
constituent which is easy to clean in (37b)). Typically the constituents
of an expression are assigned a meaning. But easy rug in (37a) does
not have a meaning, nor does easy theorem in (38b). It seems then that
we want to think of easy to clean as having a semantic interpretation in
(37a) and easy to state and also difficult to prove as having semantic in-
terpretations in (38b). Assuming that only constituents are interpreted
we can represent these judgments of interpretation by:
(39)
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iii. binding (Blevins [10]) Here we consider some expression types
that play an important role in current linguistic theorizing. In expres-
sions like (40) the pronoun his can be understood as bound by each
teacher, indicated here by the use of the same subscript i.
(40) Each teacheri criticized many of hisi students

Linguists have observed that in cases like this the antecedent each
teacher c-commands the referentially dependent expression his (as well
as his students and many of his students). The relevant constituency
relations in (40) are given by (41):
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But when the c-command relations are reversed, as in (42a,b) graphed
in (42c), the pronominal expressions are not naturally interpretable with
his bound to each teacher.
(42) a. ∗Many of hisi students criticized each teacheri

b. ∗Which of hisi students criticized each teacheri?

c.
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But suppose we question the object of criticize in (40). In such
cases the interrogative DP, noted DP[+Q] here, occurs initially in the
question, noted S[+Q], and the subject DP, which denotes the ones
doing the criticizing, remains in place preverbally. To avoid irrelevant
complications due to auxiliaries, we present the questions in an indirect
context determined by the frame I don’t know .
(43) a. I don’t know which of hisi students each teacheri criticized.

b. I don’t know how many of hisi students each teacheri

criticized.
Now under standard ways of presenting the constituent structure of
(43a,b) the interrogative DPs which of his students and how many of his
students would not be c-commanded by each teacher so we should pre-
dict that we cannot interpret these Ss in such a way that the pronominal
DPs are referentially dependent on each teacher. But in fact we can. The
judgments of referential dependency are those appropriate to the case
where each teacher c-commands the pronominal DPs. But that would
be the structure on the discontinuous constituent analysis in (44). (We
only graph that part of (43a,b) following I don’t know).
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Thus the discontinuous constituent (DC) analysis preserves the gen-
eralization that quantified DP antecedents of pronominal expressions
c-command them.

Our purpose here is not to claim that DC analyses can be used
to represent the full range of facts concerning the distribution of refer-
entially dependent expressions and their antecedents. Much has been
discovered about these relations in the past twenty years, and we have
just mentioned one of the relevant facts. No current analysis adequately
represents all the (known) facts. But DC analyses have not been ex-
tensively investigated in these or other regards, and we now understand
that lol trees are mathematically clear and respectable objects which
allow DCs. As students of language structure, then, we have a new tool
of analysis at our disposal and should feel free to use it.

The constituent structure trees most commonly used by linguists
are required to satisfy an additional conditions, called the Exclusivity
Condition :

Definition A leaf ordered tree T satisfies the Exclusivity Condition iff
for all nodes b, d, if b and d are independent then b <∗ d or d <∗ b.
(Nodes x and y are independent, recall, iff neither dominates the other).

(32) fails Exclusivity since nodes 4 and 5 are independent but neither
precedes the other. So the lol trees satisfying Exclusivity constitute a
proper subset of the lol trees.
Exercise 3.15 On the basis of the data in (a), exhibit plausible tree
graphs using discontinuous constituents for the expressions in (b). (You
may hide small amounts of ignorance with little triangles). State why
you chose to represent the discontinuous expressions as single con-
stituents.



a.1.
More boys than girls came to the party.
Five more students than teachers signed the petition.
(Many) fewer boys than girls did well on the exam.
More than twice as many dogs as cats are on the mat.
Not as many students as teachers laughed at that joke.

a.2.
∗More boys as girls came to the party.
∗Five more students as teachers signed the petition.
∗Fewer boys as girls did well on the exam.
∗More than twice as many dogs than cats are on the mat.
∗Not as many students than teachers laughed at that joke.

b.1. More boys than girls
b.2. Exactly as many dogs as cats

Exercise 3.16 Consider the intuitive interpretation of the Ss in (i) be-
low:

i.a. some liberal senator voted for that bill
i.b. every liberal senator voted for that bill
i.c. no liberal senator voted for that bill

We can think of these three Ss as making (different) quantitative claims
concerning the individuals who are liberal senators on the one hand and
the individuals that voted for that bill on the other. (i.a) says that
the intersection of the set of liberal senators with the set of individuals
who voted for that bill is non-empty; (i.c) says that that intersection is
empty; and (i.b) says that the set of liberal senators is a subset of the
set of those who voted for that bill. In all cases the Adjective+Noun
combination, liberal senator, functions to identify the set of individu-
als we are quantifying over (called the domain of quantification) and
thus has a semantic interpretation. That interpretation does not vary
with changes in the Determiner (every, some, no). Similarly we can
replace liberal senator with, say, student, tall student, tall student who
John praised, etc., without affecting the quantitative claim made by the
determiners (Dets) some, every, and no. So the interpretation of the
Det is independent of that of the noun or modified noun combination
that follows it. These semantic judgments are reflected in the following
constituent analysis:
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Similarly, in (i.c), the relative clause that we interviewed functions
to limit the senators under consideration to those we interviewed and
thus seems to form a semantic unit with senator to the exclusion of the
Dets every, no, . . . as reflected in the constituent structure in (i.d).
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Current linguistic theories vary with regard to the categories assigned
to the constituents in (i.b) and (i.d), but for the most part they agree
with the major constituent breaks, specifically that the adjective and
relative clause form a constituent with the common noun senator to the
exclusion of the Dets every, no, . . . But consider the expressions in (e):

e. the first man to set foot on the moon; the next village we visited;
the second book written by Spooky-Pooky; the last student to
leave the party

Question 1 give a semantic reason why we should not treat the ap-
parent adjectives (first, next, . . . ) as forming a constituent with the
following common noun (man, village, . . .) to the exclusion of the ma-
terial that follows the common noun. So your semantic reason should



argue against a constituent structure of the sort below:
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Question 2 give a semantic reason why the apparent adjectives (first,
next, . . .) should be treated as forming a unit with the expression that
follows the common noun (man, village, . . .).

Question 3 give a syntactic reason why the apparent Det the forms
a syntactic unit with the apparent adjective (first, next, . . .). Exhibit a
discontinuous tree structure for these expression which embodies both
the facts.
Exercise 3.17 Consider the DPs below:

the tallest student in the class the fastest gun in the west
the most expensive necktie John owns the worst movie I ever saw

1. Give a semantic reason why we do not want to treat the superla-
tive adjective (tallest, fastest, worst, most expensive) as forming a
constituent with the following common noun to the exclusion of
the postnominal material (in the class, in the West, . . .).

2. Give a syntactic reason why the initial occurrence of the should
form a constituent with the comparative adjective to the exclusion
of the common noun.

3. Exhibit a gross constituent structure for one of these DPs which
incorporates these judgments. (“gross” means you can use little
triangles to avoid detailing irrelevant structure).

Exercise 3.18 Consider the DPs below:

John’s favorite book; his latest play; my most treasured pictures

Find reasons supporting a constituent analysis compatible with (i.a)
rather than (i.b)
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Exercise 3.19 Exhibit gross constituent structures for each of the Ss
below (Ojeda [54]).

a. Tu quieres poder bailar tangos “You want to be able to dance
tangos”

b. Quieres tu poder bailar tangos? “Do you want to be able to dance
tangos?”

c. Quieres poder tu bailar tangos? “Do you want to be able to dance
tangos?”

d. Quieres poder bailar tu tangos? “Do you want to be able to dance
tangos?”

Exercise 3.20 Let T = (N,D,L,<) and T ′ = 〈N ′, D′, L′, <′〉 be lol
trees. Complete the following definition correctly (the correct defini-
tion is the same regardless of whether T and T ′ are required to satisfy
Exclusivity):

A function h : N → N ′ is an isomorphism from T to T ′ iff .

Exercise 3.21 Linear orders were defined in this chapter, on page 72.
Let A be a finite set, say listed in some fixed order as a1, a2, . . ., an.
Define the dictionary order ≤ of A∗ as follows s ≤ t iff there is some
common prefix u of s and t such that either u = s, or else there is i ≤ j
such that u$〈ai〉 is a prefix of s and u$〈aj〉 is prefix of t. Prove that
≤ is a linear order.

The dictionary order is usually called the lexicographic order.
Exercise 3.22 In their book on minimalist syntax, H. Lasnik and
J. Uriagereka [43] define c-command as follows (p. 51):

Definition A c-commands B iff (1) and (2) both hold:
1. A does not dominate B.
2. Every node that dominates A dominates B.

This is simpler than the definition which we gave in Figure 3.1 on
page 57.
Query Are these definitions equivalent? That is, in an arbitrary tree
is it the case that a node x c-commands a node y using the original defi-
nition iff x c-commands y in the alternative sense mentioned just above.
Hint: the answer is NO. Give an example illustrating the difference.



4

Naive Segmental Phonology

This chapter has two main purposes. It presents some of the basic ideas
in segmental phonology, drawing on the mathematics of partially ordered
sets (posets). The mathematical background on posets is presented in
Section 4.1 just below, and you are encouraged to either read it now or
to wait until you need it. Phonology proper begins in Section 4.2.

4.1 Posets
Ordered structures are sets which come with an additional relation that
is denoted ≤. These kinds of structures occur in most branch of math-
ematics and also in most applications of mathematical ideas. You are
no doubt familiar with the use of the symbol ≤ to talk about numbers.
The idea is to abstract the properties of ≤ on numbers to much more
general contexts.

The basic definitions concerning ordered structures are found in Fig-
ure 4.1 below. We have already seen one type of example of a poset: for
any set S, 〈P(S),⊆〉 is a poset. What we mean here is that for any set
S, we get a poset by taking P(S) as the “set part” of the structure, and
the ⊆ relation1 on P(S) as the “order part”.

Once again, you are also familiar with other examples of posets:
〈N,≤〉, the natural numbers with their usual order; 〈R,≤〉 the real num-
bers with their usual order, etc.

A point of notation: when we know what the order relation on a
poset is, we always drop it from the notation. So from now on, we’ll
write “the poset N” instead of the more pedantic “the poset 〈N,≤〉.”

The idea again is that in a poset, the order ≤ has some of the prop-
1Incidentally, the ⊆ relation is usually called inclusion. We say that A includes B

if B ⊆ A. And A contains B if B ∈ A. Although people often use the same word
for inclusion and containment, it is important to keep the difference between ∈ and
⊆ straight, especiallly in situations when both are studied.
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erties of the usual orderings from numbers. Specifically, we know in a
poset that everything is ≤ itself. And if one thing is ≤ a second, and
that second thing is ≤ a third thing, then the first is ≤ the third. But ≤
in a poset may lack other familiar properties. For example, in numbers,
we have the following property:
(1) For all x, y, either x ≤ y or y ≤ x.
This property does not hold in every poset. For example, consider
P({a, b}). We have two elements of it, {a} and {b} that are not re-
lated either way by the subset relation.

The property in (1) is called linearity, and a poset with this extra
property is called a linear order because its Hasse diagram is just a
straight line. What we know at this point is that the number posets are
linear orders, while the power set poset P({a, b}) is not a linear order.

The Main Definitions Concerning Ordered Structures

A relational structure is a pair X = 〈X, R〉, where R is a binary
relation on the set X. R is not required to have any properties. To
say that two elements of X, say x and y are related by R, we write
one of the following things: xRy, R(x, y) or 〈x, y〉 ∈ R.

If R satisfies the property that for all x ∈ X, xRx, we say that the
structure 〈X, R〉 is reflexive.

If R satisfies the property that for all x, y, z ∈ X,

xRy and yRz implies xRz,

we say that the structure 〈X, R〉 is transitive.

If R satisfies the property that for all x, y ∈ X,

xRy and yRx implies x = y,

we say that the structure 〈X, R〉 is anti-symmetric.

If 〈X, R〉 is reflexive, transitive, and anti-symmetric, it is called a
poset, a partially ordered set.

4.2 Phonological features
Thoughts, and expressions of thoughts, are discrete. We can count them.
But when you tell me your daughter won a scholarship to the Naval



Academy, what impinges on my ears is a continuously varying sound
wave. Somehow, perhaps in a succession of steps, I convert your emission
to a discrete (= digital) form, something we represent in written English
by a sequence of letters (including the space). And letters, and sequences
of letters, are discrete. The fundamental cognitive issue in phonology is
to account for this conversion of the continuous to the the discrete. This
is where the magic begins.

To make our concerns more concrete, imagine that we record an ex-
tensive speech corpus and find that the word dog occurred say 9 times.
Imagine further, as is realistic, that our recording machine has a timer,
so that we can associate the recording of the speech with the temporal
order. Then it makes sense to speak of the speaker’s first utterance of
dog , his second utterance of dog , and so on. Now playing back the dif-
ferent utterances of dog we can detect, indeed measure, that different
utterances differed slightly in duration, pitch, loudness, breathiness, etc.
So by paying careful attention to each utterance we could learn to distin-
guish all 9 in such a way that if you copy them on another recording but
in a different order we could say “Ah, the one you’re playing first now
was the fourth one in the original recording”, and so on. Thus we can
physically (as we say, phonetically) distinguish the utterances, but we
agree that they are all utterances of the same word, dog. That is, these
utterances count as repetitions of each other, despite their measurable
differences.

We also agree that each utterance of dog can be represented as a
sequence of three subutterances, called segments, represented by the
letters d, o, and g. The problem of representing how two utterances
are conceptualized as the same reduces in the first instance to that of
representing how their corresponding segments are the same. Given2

two utterances U1 and U2 of dog, if we treat their initial d sounds as
the same, and similarly their o sounds and their final g sounds, then
we will regard U1 and U2 as the same, that is as repetitions of each
other: they are three element sequences with the same first, second and
third coordinates. In this way the problem of characterizing sameness
of sound sequences reduces to that of characterizing the segments they
are built from.

Phonologists distinguish sounds according as their properties differ.
They refer to such properties as features. Consider for example the
initial sounds in pig and big, represented here by the letters p and b.
These two sounds are similar in many ways. Both block the air stream
2For purposes of this example we ignore non-segmental phenomena such as intona-

tion contour, which arise mainly in utterances more complex than dog.



from exiting the mouth and the nose. By contrast, the initial f and v
sounds in fat and vat let sound exit through the mouth (but not the
nose). The m and n sounds in might and night let air exit through the
nose but not the mouth. Equally p and b are similar in that both block
the air stream by compressing the upper and lower lips together (as does
the production of an m). By contrast, t and d, as in tip and dip, also
completely cut off the air flow, but they do so not with the lips but by
pressing the tongue against the alveolar ridge (the ridge just above and
behind the upper front teeth).

Where p and b differ is with regard to voicing. When a b is produced
the vocal folds in the larynx open just enough to make them vibrate,
creating the “voice” sound in b which is absent in p. Phonologists say
that b is voiced, or equivalently, +VOICE, and that p is voiceless, or
−voice. The voicing feature similarly distinguishes many other pairs of
English sounds, such as t and d, and f and v noted above. Further such
pairs are the k and g sounds in cot and got and the final sounds in bath
and bathe as well as those in batch and badge.

Another feature we have mentioned is nasality. The m sound in mig
is similar to p and b in that all block air from escaping through the oral
cavity. And m is similar to b in that both are +VOICE. But m differs
from p and b in that producing m allows air to escape through the nasal
cavity. So m is +NASAL, and p and b are −NASAL.

The mathematical representation of sound features is conceptually
familiar. We have already seen that in general a property P of objects
X can be represented by a function from X into the set {T,F} of truth
values. If P maps some b ∈ X to T we say that b has property P . If P
maps it to F we say that b lacks P . In the phonological literature the
notation {+,−} is used rather than {T,F}. + corresponds to T and −
(read “minus”) to F. We shall use the phonologically familiar notation
(having already acquired some habits in switching notations).

But if features are modeled as functions with codomain {+,−}, what
precisely is the domain of these functions? We have referred to the
elements of their domain as “sounds” but for concreteness let us be a
little more precise. Imagine that we have spliced together say 20 hours
of recorded speech. We now listen with our timer running and at every
50 ms (milliseconds) or so we erase the next 50 ms leaving the tape
blank. This leaves us with a 20 hour recording of speech intervals of
approximately 50ms, separated by blanks of about the same length. Let
us refer to each non-blank 50ms interval as a token, and the set of these
tokens as TOKEN. We use the letter t to range over these tokens, but
please do not confuse that usage with the completely unrelated use, as
in a “t sound.” Now it makes sense to ask if, say, token 429 is +NASAL



or not, or +VOICE or not, and so on for other features below. And we
define:

Definition PF =def [TOKEN → {+,−}]. Elements of this set are
called possible features.

Using PF, the voicing and nasality features discussed here may be
defined as follows:
(2) VOICE and NASAL are those elements of [TOKEN → {+,−}]

given operationally by:
VOICE(t) = + iff the vocal folds vibrate3 in the production of t.
NASAL(t) = + iff in producing t air is expelled through the nasal
passages.

Given a token t, our way of saying that t is voiced is to say
VOICE(t) = +. Often we abbreviate this statement by “t is +VOICE”.
More generally, to say that a token t has a feature F is just to say that
t is +F (that is, F (t) = +).

Now which possible features are used in characterizing the phono-
logical properties of (standard, American) English expressions? Many
features that are possible will not be selected. Those that are are called
distinctive features (for English). A sufficient reason to say that voicing
is distinctive for English is that we can find distinct expressions, like pig
and big above, whose pronunciation differs just by this feature.

In contrast aspiration is not distinctive in English (though it is in
Thai for example). The t in ton and the p in pun are +aspirated, mean-
ing that when we pronounce these words the t and the p are released
with a little puff of air (put your hand in front of your mouth when
you say these words). By contrast in stun and spun the t and p are
not aspirated. So we can phonetically distinguish aspirated t’s and p’s
from unaspirated ones, but this distinction is not used to signal meaning
differences, so the feature aspirated is not distinctive in English. We do
not find two words whose pronunciation differs solely by aspiration.

Deciding which features to use in the phonological description of a
language involves studying phonological regularities of the language in
great detail. We present shortly a list of features for English, but our in-
terest is in the structure of the set of features, not in whether we choose
this or that feature, though it is important to realize that the initial fea-
tures (in terms of which others are defined) are defined empirically, not
mathematically. Features used distinctively for different languages are
3Actually phonologists count a token as +VOICE if it is made with the vocal folds

set in a position to vibrate.



usually not identical. But we may hope that the mathematical structure
of the sets needed for different languages have properties in common.

But first, assuming a set of features, like the aforementioned voicing
and nasality, how do we use them to characterize segments?

Definition Given a set F of possible features, a token t is F-equivalent
to a token t′, noted t ≡F t′, iff for all F ∈ F , F (t) = F (t′).

So tokens t and t′ are equivalent relative to a set F of possible features
iff they are assigned the same value by each feature in the set F . Observe
that no matter what set F of features is chosen, the relation ≡F is
reflexive x ≡F x for all x), symmetric (if x ≡F y, then y ≡F x) and
transitive for all x, y, and z: if x ≡F y and y ≡F z, then x ≡F z).
Relations with these three properties are called equivalence relations.
Order relations and equivalence relations are the two major types of
relations that are useful in linguistic study, and we already have seen
them in Section 4.1. For the record we define, and note:

We have stated two results in Figure 4.1. Here are the proofs.
Proof of Theorem 4.1. First we show the left to right direction:
[x] = [y] implies xRy. Assume the antecedent. We have that x ∈ [x],
and by assumption [x] = [y]. So x ∈ [y], and therefore yRx by the
definition of [y]. But then xRy since R is symmetric.

Going the other way, we show that xRy implies [x] = [y]. Assume
xRy. Let z be an arbitrary element of [x]. So xRz, whence zRx by the
symmetry of R. We have then that zRx xRy, so by the transitivity of
R, zRy and so yRz (as R is symmetric), whence z ∈ [y]. Since z was
arbitrary in [x], we infer that all members of [x] are in [y]. That is,
[x] ⊆ [y]. In an analogous way we show that [y] ⊆ [x], whence by the
antisymmetry of ⊆, [x] = [y]. /

Proof of Theorem 4.2. Since s and t are equivalence classes let x, and
y be such that s = [x] and t = [y]. Now suppose towards a contradiction
that there is some z ∈ [x] ∩ [y]. Then xRz and yRz, whence zRy by
the symmetry of R. So xRy by the transitivity of R. But then by
Theorem 4.1, [x] = [y], contradicting the assumption. Hence there is no
z ∈ [x] ∩ [y] = s ∩ t, so s ∩ t = ∅. /

We have shown then that when R is an equivalence relation on a
set A the set of equivalence classes R determines is a collection of non-
empty disjoint subsets of A, and each element of A belongs to one (in fact
exactly one) of these sets. The number of equivalence classes is never
greater than the number of elements in A, and it typically is much less.
Trading in objects for their equivalence classes then usually simplifies



Let R be a binary relation on a set A which is reflexive, symmetric
and transitive. Such a relation R is called an equivalence relation.

For x ∈ A, [x]/R (or [x]R) is defined to be {y ∈ A|xRy}. [x]/R is
called the equivalence class of x (modulo R). Write [x] for [x]/R
when no confusion results.

So [x] is the set of objects that x bears the relation R to. Note that
[x] is never empty: since R is reflexive, we have xRx, whence x ∈ [x].
Moreover if yRx, then y ∈ [x], since xRy, because R is symmetric.
The converse holds as well: if y ∈ [x], then xRy; hence yRx by the
symmetry of R.
Theorem 4.1 The R-equivalence classes of objects x and y are
identical if, and only if, x and y are equivalent. That is,

for all x, y ∈ A, [x] = [y] iff xRy.

Theorem 4.2 If s and t are distinct equivalence classes (modulo R)
then s ∩ t = ∅.
A partition P of a set A is a collection of non-empty, pairwise disjoint
subsets of A such that each x ∈ A is a member of (exactly) one of
the elements of P .
Theorem 4.3 The collection of sets {[x]|x ∈ A} is a partition of A.

FIGURE 4.1 The basic definitions and properties of equivalence relations, equivalence classes, and partitions.



our study in cases where we are not interested in distinguishing among
equivalent objects.

Returning now to tokens and features, when the set F of features is
clear from context we omit the subscript and write t ≡ t′ and say that t
and t′ are (phonologically) equivalent rather than saying “F-equivalent”.
For tokens t and t′ of English4 to be phonologically equivalent they must
both be +VOICE or both −VOICE; both +NASAL or both −NASAL, and
so on for all the actual features that phonologists provide for English.
We now define segments in terms of a set F of features.

Definition a. For all tokens t, [t] =def {t′ ∈ TOKEN|t ≡F t′}. [t] is
called the segment generated by t. Note that [t] is just the equivalence
class of t under the ≡F relation. That is, [t] is just the set of tokens
having the same features as t.
b. A set s of tokens is a segment iff for some token t, s = [t].

Observe the following important properties of segments:
Theorem 4.4 a. The segments generated by phonologically equivalent

tokens are the same. That is, for all tokens t, t′, if t ≡F t′, then
[t] = [t′].

b. The segments generated by tokens that differ in some feature are
different. That is, for all tokens t, t′, if F (t) != F (t′), then [t] != [t′].

c. Each token t is a member of exactly one segment, namely [t].
d. For all segments s, s′, if s != s′ then s ∩ s′ = ∅. That is, distinct

segments have no tokens in common.
Tokens t and t′ are considered to be repetitions if and only if they

have the same phonological features. That is, if and only if they are
phonologically equivalent (Theorem 4.1).

Finally, it is natural to speak of a segment s as having a feature
like VOICE. Formally we extend the feature functions, which originally
just had tokens in their domain, to include segments by saying that a
segment s has a feature F iff for some t ∈ s, t has F . Formally,

Definition For s a segment and F a possible feature, we set F (s) = +
iff for some token t ≡ s, F (t) = +. In such a case we say that s is +F .
4There are many varieties – dialects and sociolects – of English, and they vary sig-

nificantly in their phonological systems. One distinguishes easily among the varieties
of English spoken in New Zealand, Australia, India, South Africa, the United States,
England and Scotland. Within a region subvarieties are distinguishable: the “ac-
cents” of Boston, Atlanta, and Kansas City vary. RP (Received Pronunciation) and
Cockney vary in England.



The statement above is a well definition since the different tokens
in a given segment take the same values at all features. For if a given
segment s had tokens t and t′ such that F (t) = + and F (t′) = −, then
we could conclude that F (s) = + and F (s) = −, whence + = −, which
is false. But in fact this can never happen.

We now present for later reference some distinctive features of Gen-
eral American English.

4.2.1 Some English features
We present operational definitions of a variety of features phonologists
actually use to characterize English segments. The definitions are ac-
companied by some non-definitional comments to help the reader under-
stand what sounds have the feature in question. Our interest is in the
mathematical structure of the set of features, not the precise choice of
features or the nature of their operational definitions or the motivation
for picking out this set from PF as opposed to others. We use the fea-
tures Giegerich [22] gives for “General American” (the most widespread
variety of American English outside of New England and the South).
We also draw on Spencer [57], Kenstowicz [38] and Ladefoged and Mad-
dieson [40].

CONS (consonantal). A token t is +CONS iff producing t involves a
radical obstruction in the vocal tract. (“Vocal tract” here refers to pas-
sage through the mouth, not the nose). Sounds traditionally called con-
sonants are in fact +CONS, those traditionally called vowels are −CONS.
The w sound in we and the y sound in yes are −CONS. even though
they are called consonants in the phonological literature.

SON (sonorant). A token t is +SON iff producing t primarily involves
resonance (not turbulence, as with f , v, s, z in fine, vine, sign, and zone).
Sonorant sounds can be “sung”. Vowels in English are sonorant, as are
consonants like the r in run, the l in land, the w in we, and the y in yes.

VOICE. A token t is +VOICE iff in the production of t the vocal folds
are set to vibrate producing a periodic sound. The b, d, and g sounds
in beer, dear, and gear are +VOICE while the p, t, and k sounds in pot,
tot, cot are −VOICE.

NASAL. A token t is +NASAL iff t is produced by lowering the velum
so that air flows out the nasal passages. The m and n sounds in might
and night, as well as ram and ran are +NASAL. So is the sound indicated
by underlining in sang.

CONT (continuant). A token t is +CONT iff producing t does not
stop the air flow in the oral cavity (the mouth). p, t, k and their voiced
counterparts b, d, g are −CONT. So are the nasals m and n since
they do block the air flow through the mouth. Non-nasal sonorants are



+CONT, as are tokens of f , v, s, z, and tokens of the sounds indicated
by underlining in thigh, then, pressure, treasure, and help.

ANT (anterior). A token t is +ANT iff producing t involves an ob-
struction located in front of the palatal region of the mouth. Sounds that
are +ANT are p, b, m, n, t, d, l, f , v, s, z, as well as those expressed
by the underlined letters in thigh and then. Sounds produced with an
obstruction farther back in the mouth such as k and g, the r sound in
rot, and the sounds expressed by the underlined letters in pressure and
treasure are −ANT.

COR (coronal). A token t is +COR iff producing t requires raising
the blade of the tongue. E.g. t’s and d’s are +COR, m’s, k’s and g’s are
not.

STRID (strident). A token t is +STRID iff producing t involves pro-
ducing high frequency noise (“white noise”). English sounds associated
with s, z, f , and v are +STRID, as are the indicated sounds in pressure
and treasure. By contrast the sounds indicated by underlining in thigh,
then, and help are −STRID.

RND (round). A token t is +RND iff producing t requires narrowing
the lip oriface (i.e., rounding the lips). Vowel sounds like those indicated
in boot, put, boat, and caught as well as the w in we are +RND.

HIGH. A token t is +HIGH iff producing t requires raising the body
of the tongue above its neutral position. Some vowel sounds which are
+HIGH are those indicated by underlining in seat, sit, boot, and put.
Some consonant sounds which are +HIGH are k, g, w, and y, as well as
those indicated in pressure and treasure.

LOW. A token t is +LOW iff producing t requires lowering the body
of the tongue below its neutral position. Tokens of h in help are +LOW.
Vowel sounds which are +LOW are those in car, bat, and caught.

BACK. A token t is +BACK iff producing t involves retracting the
body of the tongue., The vowel sounds in eat, fit, bait, bet, and bat are
−BACK; those in cool, pull, boat, but, cot, and caught are +BACK. Some
consonant sounds that are +BACK are those marked in sang, dock, dog,
and we.

LAT. (lateral) A token t is +LAT iff t is produced by lowering the
mid-section of the tongue at least on one side allowing the air to flow
out of the mouth in the vicinity of the molar teeth. The initial l sound
in laugh is +LAT. All other sounds considered above are −LAT.

TENSE. A token t is +TENSE iff producing t requires a tighten-
ing (tensing) of the articulators (lips, tongue, . . .,) used in producing t.
Tensed sounds are (relatively) clear and distinct. The vowel sounds in
beat and bit differ just by this feature, with that in beat being +TENSE,
that in bit being −TENSE. Similarly the vowel in cool is +TENSE, that



in pull is −TENSE; that in boat is +TENSE, that in but is −TENSE. Re-
garding consonant sounds, p, t, and k are +TENSE, their voiced counter-
parts b, d, and g are −TENSE. Similarly, f and s are +TENSE, and their
voiced counterparts v and z are −TENSE. Finally the indicated sounds
in thigh and pressure are +TENSE, and their voiced counterparts, the
sounds indicated in then and treasure are −TENSE.
(3) For the record, the set IF of initial features (for English) is

defined to be the set{
CONS,SON,VOICE,NASAL,CONT,ANT,COR,
STRID,RND,HIGH, LOW,BACK, LAT,TENSE

}

IF is a set with 14 elements, each one an element of PF. So IF ⊆ PF.
We note that for purposes of characterizing phonological regularities in
English, linguists distinguish features in addition to those in IF. We
have already noted ASP (aspirated) which distinguishes the p sound in
pin from that in spin. Another feature, RETROFLEX would distinguish
the t in strip, in which the tip of the tongue is curled backwards in the
mouth, from that in stop, in which it is not. As additional features are
added to IF the segments they define come to approximate ones called
allophones in traditional phonological descriptions. Here we focus on
the formal structure of feature sets, not additional features.
The structure of feature sets Given that a primary motivation
for studying features is to characterize segments, a reasonable ques-
tion to ask about IF is “Just how many segments can in principle be
distinguished by 14 features?”. The answer is 214 = 16, 384. In fact
Giegerich [22] only distinguishes 34. This gap between the possible and
the actual is of some linguistic interest, so let us first see how we arrive
at the figure for possible segments.

That figure 214 is the same as the number of lines in a truth table
for a formula composed of 14 propositional letters. Here is the working
intuition: suppose we have a feature set with just one element, call it
F . Then there would be at most 2 segments, those that were +F and
those that were −F . (Two tokens that are both +F or both −F get the
same value on all features and so belong to the same segment.) We say
at most 2 segments because it might be that all our tokens are +F (or
all −F ), in which case F does not distinguish among the tokens (and so
is phonologically rather useless).

Now suppose we have a set of features and we add a new one, G.
This will in principle double the number of segments we can define, since
for each old segment s we now form two new possible segments: the set
of tokens in s that are +G; and (2) the set of tokens in s that are −G. So
since one feature determines 21 = 2 possible segments, then 2 features



determine twice that many, 2 × 2 = 22 = 4, three features determine
twice that many, 2 × 22 = 23 = 8, and in general n features determine
2× 2n−1 = 2n possible segments. So in particular 14 features determine
214 = 16, 384 possible segments.

For illustrative purposes suppose our set F of features had just three
elements: F1, F2, and F3. Here is the 8 line feature table for F (written
horizontally):
(4)

F1 + + + + − − − −
F2 + + − − + + − −
F3 + − + − + − + −

Each column in (4) represents a possible segment. Consider for ex-
ample column 3: if there are tokens t and t′ which are both +F1, −F2

and +F3 then they belong to the same segment, since they get the same
value under every feature. If for each column in (4) there are some to-
kens with those feature values then we say that the features F1, F2, and
F3 are independent. And in general set F of features is independent if
the value of any one of the features on a token is not predictable from
knowing the values of the other features on that token.

The set IF of features we discussed for English above is not an inde-
pendent set of features. There are two reasons for this. One is concep-
tual: the operational definitions of some of the features forces certain
choices of values at other of the features. For example, a +HIGH to-
ken must be −LOW, since your tongue cannot be simultaneously raised
above the neutral position and also lowered below it. A token that is
+LAT (lateral) must be +CONT (continuant), since being lateral means
allowing air to escape from the mouth in a certain way, whence the air
stream isn’t blocked in the mouth. Similarly, a token that is +SON must
be +VOICE, since a sound can’t resonate if it is not voiced.

A second reason for the lack of independence of IF is empirical, not
conceptual. Namely, a given language will in practice simply not realize
all its conceptual possibilities, resulting in redundancies in the data. For
example segments that are +RND in English are normally also +BACK.
But there is nothing physically or conceptually wrong with being both
RND and −BACK (= FRONT). The French sounds underlined in tu
‘You’ and feu ‘fire’ are rounded front vowels. So it is just an empirical
fact about English that rounded sounds are back.

The simple dependencies between features that we have illustrated
so far express an order relation between features, one we note ⇒ and
read as implies. Formally,



Definition For all possible features F,G,
F ⇒ G iff for all t ∈ TOKEN , if F (t) = +, then G(t) = +.

So to say F ⇒ G, that is, F implies G, is to say that whenever a
token has the property expressed by F then it also has the property
expressed by G. Thus SON ⇒ VOICE and RND ⇒ BACK are truths
of English. Such dependencies are called redundancy rules and often
written in the form [+SON] ⇒ [+VOICE], [+RND]⇒[+BACK], etc.

We have defined ⇒ as a binary relation on the entire set PF of
possible features, not just the initial features in IF we gave operational
definitions for earlier. This is so that we can consider features other
than those in IF without changing the definition of the ⇒ relation.

Taking {+,−} to be a notational variant of {T, F}, which is a small
boolean lattice, we see that ⇒ is just the pointwise partial order relation
inherited from {T, F}. In fact, from Chapter 7, PF = [TOKEN →
{+,−}] is a boolean lattice! This is mildly surprising. Phonologists
study sound systems, not the structures we have been associating with
and, or, and not. We will see in fact that phonologists use some of this
boolean structure for phonological purposes. First however we show by
way of review that ⇒ has the partial order properties we claim.

First, ⇒ is transitive. Let F,G, H ∈ PF, and assume that F ⇒ G
and G ⇒ H. We show that F ⇒ H. So we must show that for any
token t, if F (t) = +, then H(t) = +. So let t be an arbitrary token and
assume F (t) = +. We must show that H(t) = +. But since F (t) = +,
we can infer that G(t) = + because F ⇒ G. And since G(t) = + and
G ⇒ H, we infer that H(t) = +, which is what we desired to show.

Second, ⇒ is antisymmetric. For this, let F,G be arbitrary in PF,
and assume that F ⇒ G and G ⇒ F . We must show that F = G, that
is, F and G are the same function. Clearly their domains and codomains
are the same, TOKEN and {+,−} respectively. So we need only show
that F and G take the same value at each token. Let t be an arbitrary
token. Suppose first that F (t) = +. But then G(t) = + since F ⇒ G.
So in this case F (t) = G(t). Suppose second that F (t) = −. Then G(t)
must be −, for if G(t) = + then, since G ⇒ F , F (t) = +, contrary to
assumption. Thus G(t) = −, so in this case as well F (t) = G(t). This
covers all the cases, and since t was arbitrary then for all t, F (t) = G(t).
Hence F = G.

Since ⇒ is transitive and antisymmetric it is an order relation. To
see that ⇒ is reflexive we must show that F ⇒ F any possible feature.
But this just means that for all tokens t, F (t) = F (t), which is trivially
true. Thus ⇒ is a reflexive partial order.



So far we have seen that the set PF of possible features possesses
a natural mathematical order, the one given by ⇒. Moreover phonol-
ogists use the ⇒ relation to express certain facts, both conceptual and
empirical, about the sound system of natural languages. But many
redundancies do not have the simple form F ⇒ G, where F and G
are initial features. It turns out that the set of possible features has
additional structure, structure which enables us to extend the class of
features beyond IF and to extend the class of regularities we can express.

As we shall see in Chapter 7, PF is a boolean lattice. IN particular,
it is complemented. This means that for every possible feature F there
is a possible feature −F such that F ∧ −F = 0. We can concretely
describe −F in terms of F : −F is that possible feature mapping each
token t to the opposite value that F itself maps t to. And we observe
that phonologists generally treat complements of initial features also as
features. For example tokens that are −CONT, the non-continuants, are
more usually called stops and are among the traditional natural classes
of consonants. Observe however that
(5) Complements of initial features are not themselves initial

features.
For example, that function (−CONT) that maps a token t to + iff t

is not a continuant (that is, iff CONT maps t to −) is not itself in IF.
So by including complements of initial features among our features we
have properly enlarged the class of features we consider.

The truth of (5) is easily verified by checking the 14 initial features.
Perhaps the one case that gives pause is that of HIGH and LOW. But
while HIGH ⇒ −LOW) and LOW ⇒ −HIGH, it is not the case that
HIGH = −LOW or that LOW = −HIGH. Sounds that are produced with
the tongue in the neutral position are neither HIGH nor LOW, that is,
they are both −HIGH and −LOW. Examples are the sounds marked in
hair, bed, boat, and but. However, no sounds are both HIGH and LOW.

Note that (5) tells us that by adding complements of initial features
to IF we have properly enlarged the set of features we study. Just how
many new features do we add? Theorems 4.2 and 4.3 together with (5)
yield an easy answer.
Theorem 4.5 (Double Complements) For all possible features F , −−
F = F .
Proof It suffices to show (1) − − F ⇒ F and (2) F ⇒ −− F . Then
−−F = F by the antisymmetry of⇒. We prove (1). We must show that
for all tokens t, if −−F (t) = + then F (t) = +. So let t be an arbitrary
token and assume − − F (t) = +. We must show that F (t) = +. Since



− − F (t) = +, we infer from the definition of − that −F (t) = −. And
from this fact plus again the definition of −, we infer that F (t) = +,
which is what we desired to show. (Note that Double Complements
holds in any boolean lattice). /

Exercise 4.1 Complete the proof above by proving part (2).
Note that linguists never talk about features like − − CONT, “non-

non-continuant”. Theorem 4.2 says they don’t need to, the feature −−
CONT is the feature CONT.
Theorem 4.6 For all possible features F,G, if F != G, then −F != −G.
5

Proof Since F != G and they have the same domain and codomain
there must be some token t that they assign different values to, that
is, F (t) != G(t). Say, without loss of generality (wlg), that F (t) = +
and G(t) = −. But then from the definition of −, −F (t) = − and
−G(t) = +. So −F (t) != −G(t), which implies that −F != −G. This is
what we wanted to show. /

Consider again how many features we have if we start with IF. and
add in the complements of all its members. Call this set CF. So CF =
dfIF ∪ {−F |F ∈ IF}. Clearly CF has twice as many features as IF
since for each F in IF we added in one new feature, −F . −F is new,
that is, it is not already in IF by (5), an empirical fact. Moreover by
Theorem 4.6, it can’t happen that complements of distinct features are
the same. So since we started with 14 features in IF adding in their
complements yields 28 features.

If we try this move again with CF, namely for each feature G in CF
we add in −G, we see that in fact we have added nothing new. The
complement of any feature G in CF is already in CF. This is obvious
if G is a initial feature, since we formed CF by adding complements
of initial features. And if G is a complement of a initial feature, say
G = −F , then −G = − − F = F , by Theorem 4.5. So G is already
in CF. We say then that CF is closed under complements. (In general
a set K of features is said to be closed under complements iff for each
F ∈ K, −F ∈ K as well).

The criteria for choosing which possible features are to be initial
features are largely empirical. What segments do we want in order to
characterize phonological regularities in the phonologically acceptable
sequences of segments which constitute complex expressions (words,
5Note that treating complement, − , as a function from PF to PF, Theorem 4.6

just says that that function is one to one.



phrases, . . .)? Equally we use features to distinguish changes of seg-
ments induced by phonological context. For example, in Dutch the
final sound in und ‘dog’ is voiceless, a t sound; but in the plural,
Hunden ‘dogs’ that position corresponds to a voice +d sound. (This
voiceless/voiced alternation is common in German and Russian; English
presents a few cases, like loaf/loaves, leaf/leaves, life/lives, shelf/shelves,
wolf/wolves,wharf/wharves).

However one mathematical criterion we might expect a set of initial
features to satisfy concerns definability. If one of the features in IF
were definable in terms of the others it would at least seem needless to
include it, we could just add it later by definition. Just what counts as
a definition here is a topic that would take us too far into logic. One
case however is clear: we would not select the elements in IF in such a
way that they included both some feature F and its complement −F .
There is no need for both since we are going to add in complements
anyway. We return to these considerations shortly. First observe that
complements interact in a predictable way with the ⇒ relation between
features.
Theorem 4.7 (Contraposition) For all possible features F,G, if F ⇒
G then −G ⇒ −F .
Proof Let F,G be arbitrary possible features. Assume F ⇒ G. Show
−G ⇒ −F . So we must show that for all tokens t, if −G(t) = +, then
−F (t) = +. So let t be arbitrary and assume −G(t) = +. We show that
−F (t) = +. Since −G(t) = +, by the definition of −, G(t) = −. And
since F ⇒ G, we know that if F (t) = +, then also G(t) = +. So since
G(t) = − we infer that F (t) = −. Whence, from the definition of −,
−F (t) = +, which is what we desired to show. /

So since SON ⇒ VOICE we infer that −VOICE ⇒ −SON. (This just
says that since being sonorant implies being voiced, then being non-
voiced implies being non-sonorant).
Corollary 4.8 For all possible features F,G

a. if F ⇒ −G, then G ⇒ −F .
b. if −F ⇒ G, then −G ⇒ F .
c. if −F ⇒ −G, then G ⇒ F .

As an example of the corollary we observe that since−CONS ⇒ SON,
we infer from Corollary 4.8(b) that −SON ⇒ CONS.
Exercise 4.2 Prove the Corollary.

In practice, forming complements of features is an operation that



is often used in conjunction with the greatest lower bound operation.
Recall:
Theorem 4.9 For F,G possible features, F ∧G is that possible feature
such that for all tokens t:

(F ∧G)(t) =
{

+ if F (t) = + and G(t) = +
− otherwise

So F ∧G is the feature a token has iff it has both F and also G. Many
natural classes of tokens are given as meets of the form J ∧K, where J
and K are either initial features or complements of initial features. Here
are some examples together with traditional names for these classes:
(6) a. SON∧CONT (approximants). Tokens with this property are

sonorant, so they resonate, and continuant, so they are not
stops, either oral or nasal. Examples are the sounds
indicated in ran, land, we, and yes.

b. −SON ∧ CONT (fricatives). Tokens with this property let
air out the mouth (they are continuant) but do not
resonate. They include sounds noted f , v, s, z, h and those
marked in thigh, then, pressure, and treasure.

c. SON ∧ −CONT (nasal stops). Tokens with this property
resonate and block air from exiting the mouth. Examples
are tokens indicated by mad, no and sang.

d. −SON ∧ −CONT (oral stops, also called plosives). Such
tokens neither resonate nor allow air to exit the mouth.
Familiar examples are p, t, k, b, d, and g.

e. SON ∧ −NASAL (vowels, glides (we, yes) and liquids (r, l)).
Intutively these are the vowels and those consonant-like
tokens which are most like vowels.

f. −HIGH ∧ −LOW (mid vowels). The vowel sounds in hair,
bed, boat, but.

g. −CONT ∧ −VOICE (voiceless stops). In effect just the p, t,
and k tokens in English.

Note that closing the set of features under meets further constrains
which features we would naturally take as initial. There would be, it
seems, no point in choosing an initial feature that could be expressed as a
meet of other initial features or their complements, since we are going to
consider all those features independently. Curiously, our initial feature
set, taken from that given in Giegerich [22], is redundant in just this way.
The feature LAT (lateral) is uniquely definable as SON∧−NASAL∧ANT.
So the laterals in English (just /l/) are just the sonorants which are not



NASAL (m, n, sing), COR (r) or HIGH (w,j). So Giegerich could have
used merely 13 initial features, not the 14 given.

Note now, a general truth of boolean algebra, that a meet of features
is a feature which implies each of the features we have taken the meet
of. Formally,
Theorem 4.10 For all possible features F and G, F ∧ G ⇒ F and
F ∧G ⇒ G.

This can be checked directly, and it also follows from the fact that
F ∧ G is the greatest lower bound and thus a lower bound for {F,G}.
Thus
(7) For all possible features F,G

{t ∈ TOKEN |(F ∧G)(t) = +} ⊆ {t ∈ TOKEN |F (t) = +}.
Whether classes of sounds are called natural by phonologists is not

dependent on some vague intuition of “naturaleness”; rather natural
classes are ones in terms of which phonological regularities are stated.
These regularities concern, among other things, ways in which segments
change in certain phonological environments. For example, in English
the voiceless stops, (6g), are just those sounds which are aspirated. An-
other case: Spencer [57], pp. 180–181, discusses a phonological process
in Italian in which a consonant C is “doubled” when it follows a stressed
vowel and precedes a non-nasal sonorant – just the class given (for En-
glish) in (6e). For further such regularities see the works cited at the
end of this chapter.

Forming new features by taking meets of old ones both enriches con-
siderably our feature set and allows us to characterize several new prop-
erties of linguistic interest. Observe first the following new, and appar-
ently uninteresting, possible features:
Notation 0 is that possible feature which maps all tokens to −. 1 is
that possible feature which maps all tokens to +.
Theorem 4.11 For all F ∈ PF, (F ∧ −F ) = 0.6

Proof Let F be an arbitrary possible feature. The domain and
codomain of F ∧ −F is the same as that of 0, so we need only show
that F ∧ −F and 0 take the same value at every argument. Since 0
takes value - at every argument we must show that F ∧−F also has the
property. But F ∧−F maps a token t to + iff F (t) = + and −F (t) = +.
And this cannot happen by the definition of −. Thus for any token t,
(F ∧ −F )(t) = −, whence F ∧ −F = 0. /
6In all boolean lattices, (x ∧ −x) = 0.



0 and 1 might seem useless as features since they cannot distinguish
among segments. But in fact they play a useful role in the theory of
features. The core case of interest to us is:
Theorem 4.12 For all possible features F,G, F ⇒ G iff (F ∧−G) = 0.

In other words, if a property F implies G then no tokens have both
F and the complement of G. The converse holds as well.
Exercise 4.3 Prove Theorem 4.12.

4.3 Independence
The use of meets and complements of features enables us to give an en-
lightening measure of the independence of a set of features. Suppose for
illustrative purposes that we have a two element set {F,G} of features.
To say that they are independent means all +/− combinations of values
are instantiated by some tokens. Now to say that there are tokens t that
are +F and +G just says that (F ∧ G)(t) = +. And this is equivalent
to saying that (F (∧G) != 0. To say that there are tokens which are +F
and −G says that (F ∧ −G) != 0. To say there are tokens which lack F
but have G says that (−F ∧ G) != 0, and to say that there are tokens
which are − on both features says that (−F ∧ −G) != 0.

Finally, to say that {F,G} is an independent set of features means
that each feature of the form J ∧ K is not 0, where J is either F or
−F , and K is either G or −G. Each feature of this form will be called
a product. We generalize this notion to arbitrarily large sets of features
to obtain a simple, general, test of independence, using the fact that ∧
is associative.

Definition Given a set K = {F1, . . . , Fn} of possible features, a product
over K is a feature of the form J1 ∧ · · · ∧ Jn, where for 1 ≤ i ≤ n, Ji is
Fi or −Fi.

So to form a product over a set K of features we run through the
elements of K choosing in each case the feature we’re looking at or its
complement, and we form the meet of the resulting set of features. Note
that for each Fi we choose just one of Fi or −Fi, but never both.

Definition A set K of possible features is independent iff each product
over K is not 0. A measure of the independence of a set of features is
the percentage of products that are not 0. If that number is 100, then
K is fully independent. Conversely, the percentage of products that are
0 measures the redundancy of K.



Now while we have seen that our original set IF of initial features is
not independent, this lack of independence cannot be determined just
by checking pairs F,G of features to see if they are independent. We
construct sets {F1, . . . , Fk} which are not independent but which meet
the condition that for all i ≤ j, {Fi, Fj} is an independent set. Here is
one example: Set K = {ANT,TENSE,STRID,COR}. The tables below
show that the elements of this set are pairwise independent.
(8)

ANT TENSE
+ + f, s, thigh
+ − m, n, b
− + k, shy
− − g,h

ANT STRID
+ + f, s,v, z
+ − m, n, p, b
− + shy, leisure
− − k, g, sang

Exercise 4.4 Work out the analogous charts and give examples for the
following pairs:

a. TENSE and STRID.
b. TENSE and COR.
c. STRID and COR.

Returning to K itself, we claim that it is not independent. Checking
the 16 line feature table for K, we find that some lines are associated
with no segments. For example there are no segments which are −ANT,
+TENSE, +STRID, −COR. That is,

−ANT ∧ TENSE ∧ STRID ∧ −COR = 0.

In showing that K is pairwise independent, we exhibited in (4.3) six
pairs of features and showed that each line in their feature table deter-
mined a feature that was not 0, that is, which mapped some segments
to +. But how do we know that we have considered all pairs of fea-
tures? Just how many such pairs are there? We are only considering
pairs 〈F,G〉 where F != G. There appear to be 12 such pairs: there are
4 ways to choose the first element, and for each such choice, 3 ways to
choose a distinct second element, making a total of 12. But in fact half
of these 12 choices yield the same result. This is because
Fact ∧ is commutative: For all possible features F,G, F ∧G = G ∧ F .

F ∧G is that feature a token has if it has F and it has G, and that’s
so iff it has G and it has F , which is just to say, iff it has G ∧ F . Thus
F ∧ G and G ∧ F assign the same values to all tokens and so are the
same function.

So far we have used products over a set F = {F1, . . . , Fn} of features
to characterize the degree of independence of that set. But products



play another, deeper, role in the theory of phonological features. Any
product J1 ∧ · · · ∧ Jn over F is either 0, that unique feature which no
segment has, or a minimal non-0 feature, which we shall call an atomic
feature (over F). These are features that uniquely determine a segment.
Note that in general a feature determines a set of segments, all those it
maps to +. VOICE for example picks out segments represented by m, b,
d, g, v, z, . . ., whereas −VOICE picks out p, t, k, f , s, . . ., But a product
over the set IF of initial features holds of at most one segment. If the
product is not 0, it holds of exactly one segment. For example the b
segment is assigned value + by the features CONS, ANT, and VOICE;
all other of the 14 initial features assign it value −. No other segment
distinguished in Giegerich [22] has exactly this set of feature values. So
the product in (9) uniquely characterizes b tokens. We write /b/ for
that product. Viz.,
(9) /b/ =def

CONS ∧ ANT ∧ VOICE ∧ −SON
∧ −CONT ∧ −COR ∧ −STRID ∧ −RND
∧ −HIGH ∧ −LOW ∧ −BACK ∧ −TENSE
∧ −NASAL ∧ −LAT

Let us look more carefully at the set of features we are considering
for English. We began with the set IF of initial features, defined by
listing. Then we closed that set under complements by adding in each
−F for each F in IF. We called the resulting set CF. Now let us close
CF under meets. That is, for each non-empty subset {F1, . . . , Fn} of
elements of CF we add in the feature F1 ∧ · · · ∧ Fn. Call the resulting
set MCF. This set contains all the products over IF but it contains
much else that is new as well. Since {CONT,−CONT} is a finite non-
empty and CONT∧−CONT = 0, we see that MCF contains 0. Similarly
features like voiceless stop, −V OICE ∧ −CONT, are in MCF, though
they are not products over IF.

Now MCF is provably closed under meets, meaning that whenever
F and G are in MCF, so is F ∧ G. But MCF is not closed under
complements. That is, it is not the case that for all F in MCF, −F is
also in MCF. Of course −F is in MCF if F itself is an initial feature;
the problem arises when we consider complements of features which are
themselves meets of features in CF. Consider for example the compl-
ment of the voiceless stop feature mentioned above. A token (or seg-
ment) would have that property iff it wasn’t a voiceless stop, that is, iff
either it was voiced or it was continuant. A worse sort of disjunction is
given by the complement of /b/ in (9). A segment has this property just



in case it is not /b/, that is, just in case either it is not consonantal or it
is not voiced or it is sonorant or . . . or it is lateral. Linguists regard such
possible features as unnatural. There are for example no phonological
rules that apply precisely to segments that are not /b/.

And in general disjunctively defined features of this sort are not felt
to be true features. Below we say what is meant by a disjunctive feature
and then point out why they arise as complements of meets.
Theorem 4.13 For all possible features F,G, F ∨ G, the least upper
bound of {F,G}, is that possible feature mapping a token t to + iff
either F (t) = + or G(t) = +.

So a token (or segment) has the property F ∨G iff either it has F or
it has G.
Theorem 4.14 For all possible features F,G, −(F ∨G) = (−F ∧−G).

This theorem is just one of the DeMorgan laws for features. Recalling
that ∨ is associative we have more generally, that
(10) For all possible features F1, . . . , Fn,

−(F1 ∧ · · · ∧ Fn) = (−F1 ∨ · · · ∨ −Fn)
From (10) we guess that if MCF were closed under complements

then it would also probably be closed under joins – meaning that F ∨G
was in it whenever both F and G were. In fact the situation is fully
described in Theorem 4.15, which builds on

Definition JMCF is the set obtained from MCF by closing it under
joins, that is, by adding in all possible features of the form F1∨· · ·∨Fn,
whenever F1, . . . , Fn are in MCF.

Theorem 4.15 JMCF is not only closed under ∨, it is also closed un-
der ∧ and − 7.

Here is a Venn diagram which pictures the construction of our various
sets of features. Each outer circle includes the next innermost circle and
is the result of closing that set under the indicated operation:
(11)
7This theorem, perhaps surprisingly, is often called the Fundamental Theorem of

boolean algebra.



And Theorem 4.15 says that the result of applying the meet, join, or
complement operations to things in JMCF is already in JMCF.

The picture in (11) gives us the right representation to understand
just which “disjunctive” features, ones of the form F ∨G, phonologists
want to exclude. Namely, all the new ones that were added in in forming
JMCF from MCF. In other words, the features they want to regard as
phonologically natural are just those in MCF. For the record:

Thesis The phonologically natural features of English are just
those in MCF.

We cannot obtain this set by merely stipulating that the phonologi-
cally unnatural features are those defined disjunctively, that is, as joins
of other features. The reason is that some disjunctions of features do
lie in MCF. In part this is because of the redundancy in the system.
Observe the following general truth of boolean lattices (applied to fea-
tures):
Theorem 4.16 For all possible features F,G, F ⇒ G iff (F ∨G) = G.

For example, since SON ⇒ VOICE, we infer that (SON ∨ VOICE) =
VOICE. And since VOICE ⇒ −TENSE, we infer that

SON ∨ (VOICE ∨ −TENSE) = (SON ∨ VOICE) ∨ −TENSE
= VOICE ∨ −TENSE
= −TENSE.

Similarly, (HIGH ∨ −LOW) = −LOW. And (STRID ∨ CONT) = CONT.
Thus if we simply banned disjunctive features we would have banned
many of our initial features, ones we chose for empirical reasons.

There are several other cases where joins of elements of MCF lie
in MCF and hence are considered natural by the Thesis. Here are
two: First, since we can represent single segments as products, as in (9)
for /b/, then we can form natural classes by forming the joins of their
members. For example, the voiceless stop feature, −VOICE ∧ −CONT
in English can also be expressed as /p/ ∨ /t/ ∨ /k/, where each term
we are taking the join of is a product, as in (9) for /b/. Thus, again,
we do not want to simply ban disjunctive features as unnatural, as we
would then rule out these natural classes. Second, observe the following
reduction of disjunctive features to simpler ones (again a general boolean
truth):



Theorem 4.17 For all possible features F,G (F ∧G)∨ (F ∧−G) = F .

Proof If (F ∧ G) ∨ (F ∧ −G) maps a token t to +, then one of the
disjuncts maps it to +, and no matter which, F must map t to +. Thus
(F ∧G) ∨ (F ∧ −G) ⇒ F . Going the other way, if F maps a token t to
+, then either G or −G must map it to +. Hence one of the disjuncts
on the left maps it to +, and thus the left hand feature maps it to +.
Thus F ⇒ (F ∧G)∨ (F ∧−G). So the two features are the same by the
antisymmetry of ⇒. /

For this reason, linguists do not want to call unnatural all disjunc-
tively given features, but only those which are in JMCF that are not
already in MCF. They are those disjunctive features that are not para-
phrasable as conjunctions of initial features and their complements.

We see then that this mathematical approach to feature theory leads
us to a clear hypothesis concerning which combinations of features are
natural in the phonologist’s sense.

4.4 The Size and Structure of MC(IF) and JMC(IF)
Given our initial set IF, of features the products over IF turn out to
have a special interest linguistically and a natural characterization math-
ematically. Mathematically it turns out a product of initial features is
either the 0 feature, that feature which no token has, or it is an atomic
feature (called an atom), where:

Definition F ∈ JMC(IF) is atomic iff F != 0 but for all G ∈ JMC(IF),
if G ≤ F then either G = 0 or G = F .

In other words an atomic feature is one which some tokens (segments)
have and which no other non-0 feature implies. This notion of atomicity
should not be confused with notational simplicity. The initial features
are expressed in the simplest notation, but they are not atoms (rather
they are called generators since all other properties are built from them
by forming complements, meets and if desired, joins). The atoms are
the products which are not-0.

Linguistically the atomic features, as we noted earlier, uniquely de-
termine a segment. That is, all the tokens they map to + belong to
the same segment, like the /b/ feature in (9). In contrast, non-atomic
features other than 0 map more than one segment to +.

Atomic features play an important role in enabling us to characterize
the full set of features in JMC(IF). They enable us to tell how many
features there are, or at least to put an upper bound on that set.



Theorem 4.18 The cardinality of JMC(IF) is 2|ATOM|, where ATOM
is the set of atomic features.

Of course one wonders just how many atomic features there are. If
there are n initial features and they are independent, then there are
2n atoms. For the IF we selected there were 14 elements, hence 214 =
16, 384 atoms if those features are independent (which they are massively
not). In such a case, then, JMC(IF) would have 216,384 elements, an
unthinkably large number.
Exercise 4.5 How may digits would 216,384 have if it were written in
standard (base 10) notation? [Hint: This number is the largest integer
less than or equal to log10(216,384). From a table, log10 2 = .301. Use a
fact about logarithms get the desired number.]

Since our initial features are not independent, however, the number
of atoms they determine is significantly less than 16,384, though we do
not know exactly how much less.

We did note earlier that Giegerich [22] only distinguishes 34 seg-
ments (products in our terms, as in b above). Many more segments
exist however, but, Giegerich claims, their differences from ones he does
distinguish are predictable from the phonological context they occur in.
For example no vowel segments are +NASAL in Giegerich, but in fact
the vowels in had and ham differ in that the latter vowel is +NASAL (the
velum is lowered letting air escape through the nasal passages before the
lip closure forming the m). However the nasalization of the vowel is pre-
dictable as an instance of assimilation to the +NASAL segment m that
follows. Thus we need not distinguish nasal from non-nasal vowels in
English if our goal is to merely represent the unpredictable sound distinc-
tions English uses. But just as equally, English presents vowel segments
that are +NASAL, it is just that their distribution is predictable, not
contrastive.
Exercise 4.6 Say informally why the following claim is true (it is true):
Segments differ by some feature iff they differ by an initial feature.

Of course to say that segments s and t differ by a feature F just
says that F (s) != F (t). Obviously if segments s and t differ by an initial
feature F , then they differ by some feature (namely F ). It is the left to
right direction where there is something to argue for. Suppose that s
and t differ by some feature which is built from initial features by meets
and complements. Why can we conclude that s and t must also differ
by an initial feature?



4.5 Addendum: Beyond Naive Segmental Phonology
We have called our chapter naive segmental phonology since in various
languages there are sounds treated as segments by many linguists but
which appear to have internal structure making it difficult to define them
purely in terms of presence or absence of properties (features). One such
case is prenasalization. Languages may present pairs of consonantal seg-
ments differing just in that in one the articulation of the consonant is
preceded by an appropriate nasalization. For example, Malagasy (Aus-
tronesian; Madagascar) has 19 consonant segments (two of them nasals
m and n), 10 of which have prenasalized counterparts. Here are a few
illustrative minimal pairs:
(12) 1. eto here(visible, close) /e.tu/ vs. ento (carry (imperative))

/e.ntu/
2. manatitra (offer, transport) /ma.na.ti.tra/ vs. manantitra

(grow old) /ma.na.nti.tra/
The conceptual problem here is that the segment /t/ is not nasal, so
NASAL(t) = −, but the segment nt is nasal so the feature NASAL must
assign it value +. So treating nt as a segment requires that the property
NASAL map it both to + and to − as it begins with a nasal sound and
ends with one that is not nasal, a contradiction. It appears, then, that
what we are calling a segment here has some internal structure.

There are, to be sure, other options of analysis. We might try saying
that the nasal is just a separate segment, as in English. But speakers,
even when artificially constrained to speak slowly, do not articulate a
separate nasal segment. Moreover the precise closure of the vocal tract
during the articulation of a prenasalized consonant is always one adapted
to the closure properties of the consonant. For example though Malagasy
presents m and n freely before vowels, as in the second example above,
they do not occur freely before consonants. If the following consonant
is bilabial, as with /p/ or /b/, the nasal is always bilabial m. Whereas
if the consonant is coronal, as with /t/ or /d/, the nasal is n. This says
that the shape of the nasal is not independent of that of the consonant,
supporting that they form a single segment.

The more natural analysis then, as in Keenan and Polinsky [29],
allows that Malagasy has a series of 10 pairs of consonants, each member
of a pair differing from the other just by the feature NASAL. This forces
us to say that the prenasalized consonants are assigned value + by the
feature NASAL even though that feature is not present throughout the
articulation of the consonant. Thus we give a logical priority to the +
value over the − value. We forego further discussion of these analytical
problems in phonology here.



A second problem for our feature analysis of phonological segments
concerns what linguists classically call affricates. Examples in English
are the initial consonant sounds in chin and cheek, as well as those in joke
and junk. They are typically written as Ù and Ã, respectively. These
symbols Ù and Ã are also used for the underlined consonant sounds in
fisher and pleasure. Treating Ù and Ã as single segments means that their
initial parts are − continuant, and the final parts are + continuant. So
again it seems that a feature must assign two values to a given segment.

In this case, a common solution is simply to consider each of Ù and
Ã to be a two segment sequence of independently existing segments,
/t/ and /S/, and /d/ and /Z/. So the last segment in patch is /S/ and
the last in badge is /Z/. Some interesting support for this analysis is
that it simplifies somewhat the statement of the rule of Regular Plural
Formation, which we give below as it illustrates how our feature notation
can be used in the statement of morphological rules.

Informally first, the RPF rule distinguishes three shapes of plural
ending: (1) the plural is formed from the singular noun by phonologically
suffixing -@z, as in bus/buses; bush/bushes, maze/mazes, patch/patches,
and badge/badges; (2) the plural is formed from the singular by phono-
logically suffixing -z, as in town/towns, ring/rings, mob/mobs, lathe/lath-
es, pool/pools, oar/oars; and (3) in all other cases the singular is phono-
logically suffixed with -s. This last clause must be reworked slightly,
which we shall see after formulating the RPF rule more explicitly be-
low as a function deriving plural forms of nouns from their singulars,
assumed listed in a Lexicon for English:

4.5.1 A Rule of Regular Plural Formation (RPF)
1. The domain of RPF is the following nouns: aardvark, . . . (assumed

listed, see below).
2. For all nouns s = 〈s1, s2, . . . , sn〉 in the list above,

RPF (s) =






s$/ -@z/ if sn is +COR and +STRID
s$/-z/ if sn is +VOICE and −STRID
s$/-s/ otherwise

Remark A non-trivial number of nouns in English have irregular plu-
rals, that is, not formed according to the three conditions in the defi-
nition of RPF. They must not be included in the list constituting the
domain of RPF. Their plurals will be given explicitly in a separate list.
Here we note a few of the cases:



Case 1 sn = /f/ and the plural voices that f to v and then pluralizes it
per condition 3 above: This change is reflected in the orthography:

leaf ⇒ leaves
shelf ⇒ shelves
scarf ⇒ scarves

knife ⇒ knives
wolf ⇒ wolves
elf ⇒ elves

life ⇒ lives
dwarf ⇒ dwarves (dwarfs?)
wharf ⇒ wharves (wharfs?)

In the last two examples above some, perhaps many, speakers do not
voice the final f to a v. Further these cases must be listed, since several
other nouns that end in f do not voice it all: serf ⇒ serfs, reef ⇒ reefs,
belief ⇒ beliefs, etc. These nouns are regular and occur in the domain
list of RPF.
Case 2 A few plurals inherited from earlier English effect a vowel change
in the stem:

foot ⇒ feet tooth ⇒ teeth mouse ⇒ mice louse ⇒lice

Case 3 Some Greek plurals persist, at least in learned speech:

criterion ⇒ criteria phenomenon ⇒ phenomena thesis ⇒ theses

(And there are yet other irregular plurals in English).
Exercise 4.7 For each noun below give its plural orthographically and
indicate which condition in the definition of RPF applied and say why
your example falls under that condition.

a. senator
b. shmoo
c. box

d. paradigm
e. pitch
f. sack

For example, cat ⇒ cats; falls under condition 3, since its final seg-
ment is /t/ which is −STRID and so fails condition 1, and this segment
is also −VOICE. So it fails condition 2.

Finally, we note without pursuing them that there are a variety of
other ways of modifying segments which may product internally com-
plex ones. For example non-nasal stops (non-continuants) may be pre-
aspirated or post-aspirated (aspiration: expelling a slight puff of air);
they may also be pre- or post- glottalized. And vowels may become
complex in at least two ways. First, diphthongs are typically considered
segments. Compare the vowels in beat, bite, boot ; that in bite is clearly
a diphthong and might be classed as both +LOW for its back part /a/
and also −LOW, indeed +HIGH, for its /i/ part. Second, a language
may use vowel length as a distinctive feature. In English there are no-
ticeable regular differences in vowel length but they are conditioned by
the phonological environment of the vowel. Thus the vowel in beat is
short, as it is followed by a voiceless stop, that in bead is long as it is



followed by a voiced stop. But in some languages differences in vowel
length is distinctive. Words differing just by the length of a vowel can
have different meanings. In fact, Ladefoged and Maddieson [40], (p 320)
cite Mixe (Mexican; Penutian) as having a three way length distinction,
as in poS (guava), po:S (spider), and po::S (knot).



5

Syntax II: Design for a Language

Broadly speaking, a grammar G consists of three parts: a generative,
syntactic, component and two interpretative components, a phonological
one and a semantic one. The syntactic component defines a (typically
infinite) set of expressions, the semantic component tells us what they
mean, and the phonological component tells us how to pronounce them
or gesturally interpret them in the case of signed languages such as
ASL (American Sign Language). The language L(G) generated by a
grammar G is the set of phonologically and semantically interpreted
expressions it defines. A grammar G for an empirically given natural
language L, such as English, Swahili, Japanese, etc. is said to be sound
if all its interpreted expressions are judged by competent speakers to be
expressions of L, that is, L(G) ⊆ L. G is complete if L ⊆ L(G); that is,
every expression competent speakers judge to be in L is generated by G.

In this chapter we illustrate this by constructing a generative gram-
mar to be called Eng. We also want to go through the process of reason-
ing from an existing proposal to one that is more adequate. Specifically
we present a lexicon and some rules which together generate a fragment
of English. In a later chapter, we illustrate how a grammar of this sort
can be semantically interpreted.

We should emphasize that at the time of this writing there does not
exist a sound and complete grammar for English, and extensive on-going
research offers a great diversity of formats in which rules and lexicons are
formulated. We attempt to be fairly generic in our approach here rather
than committing ourselves to one or another particular theory. Still,
explicitness requires we make some commitments if only for illustrative
purposes.
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5.1 Categorial grammar
We choose as lexical items expressions we feel are not built from others.
Crucial in designing the lexicon is the choice of when to assign two
expressions the same grammatical category. The reason is that assigning
the same category to expressions is our way of grouping them together
for purposes of the rules of the grammar the ways we build complex
expressions from simpler ones. Expressions with the same grammatical
category are treated alike by the rules. So if a rule tells us that a string
s of category C combines with a string t of category D to form a string
u of category E then, in general, any other string s′ of category C will
combine with any t′ of category D to form a string u′ of category E.
Choosing a category name for a lexical string is much less important
than deciding that two different strings have the same category.

An issue that arises immediately in choosing a category for an ex-
pression concerns cases in which a given string apparently has more than
one category. Compare the use of walk as a noun in (1a) and as a verb
in (1b):
(1) a. We take a walk after dinner.

b. We walk to school in the morning
In this case we feel that the verbal use of walk in (1b) is more basic

(we do not justify this here), and that the nominal use in (1a) might
reasonably be derived in some way. So rules that derive expressions
from expressions have the option of changing category without audibly
changing the string component of the expression. Conversely the nomi-
nal use of shoulder in He hurt his shoulder is felt to be more basic than
the verbal use in He will shoulder the burden without complaining.

However, many apparently simple expressions have both nominal and
verbal uses where we find no intuition that one is more basic than the
other. Compare the nominal use of honor in She defended her honor
with the verbal use in She refused to honor her boss. Similarly respect
and judge are equally easy as nouns and as verbs. But the distribution
of such expressions as nouns is quite different from their use as verbs.
As a noun, for example, honor (respect, judge) combines with possessive
adjectives to expressions such as her honor, his judge, etc. And as a
verb, honor can be used as an imperative (Honor thy mother and thy
father), take past tense marking (They honored her for her bravery), etc.

And as an item like honor does not appear to be derivationally com-
plex, it will be entered into the Lexicon for English twice: once as a
noun and once as a verb. To handle these facts we represent lexical ex-
pressions, indeed expressions in general, as ordered pairs (s,C), where
s is a string of vocabulary items and C is a category name. s is called



the string coordinate of (s,C) and C is its category coordinate. Linguists
usually write (s,C) as [Cs]. Thus (honor,N) and (honor,V) could be dis-
tinct lexical items in our grammar, ones differing just by their category
coordinate. In fact we do not treat abstract nouns such as (honor,N),
but we will use extensively the possibility of assigning a given string
many categories. We note too that many complex strings seem to have
more than one category. For example, Ma’s home cooking might be a
Sentence, meaning the same as Ma is home cooking, or it might be some
kind of nominal, as in Ma’s home cooking is the best there is.

Now consider some fairly basic expressions of English which we will
design our grammar Eng to generate:
(2) a. Dana smiled.

b. Dana smiled joyfully.
c. Sasha praised Kim.
d. Kim criticized Sasha.
e. He smiled.
f. She criticized him.
g. Sasha praised Kim and smiled.
h. Some doctor cried.
i. No priest praised every senator.
j. He criticized every student’s doctor.
k. Adrian said that Sasha praised Kim.

Competent speakers of English recognize (2a), . . ., (2k) as expressions
of English, indeed as expressions of category S (Sentence). (We shall
accept the S terminology here though some theories of grammar use
other category designations, such as IP “Inflection Phrase” instead of
S).

Independent of the category name chosen, it is reasonable that (2a),
(2b), . . ., be assigned the same category. Here are three such reasons:
One, each can be substituted for the others in embedded contexts like
the one following that in (2k). Thus Adrian said that Dana smiled is
grammatical English, as is Adrian said that Dana smiled joyfully, Adrian
said that Sasha praised Kim, . . . and even, Adrian said that Dana said
that Sasha praised Kim, Adrian said that Dana said that Robin said that
. . ., etc. (see Chapter 1).1

Two, distinct members of this set can generally be coordinated with
1Intersubstitutivity as a test for sameness of grammatical category works better

when applied to lexical items or expressions derived in just a few steps from lexical
items than it does when applied to ones that have undergone many rule applications
where various stylistic factors become more important.



and and or (and with a slight complication, neither . . . nor . . .2. So the
expressions in (3) are grammatical and of the same category as their
conjuncts - the expressions that combined with and and or in the first
place.
(3) a. Either Sasha praised Kim or Kim praised Sasha.

b. Sasha praised Dana and Dana smiled.
c. Kim criticized Sasha but Adrian said that Sasha criticized

Kim.
d. Either Kim praised Dana and Dana smiled or Dana praised

Kim and Kim smiled.
Often expressions of the same category can be coordinated, and ones

of different categories cannot. For example, Ss and NPs do not naturally
coordinate:
(4) ∗Dana smiled joyfully or Sasha

And three, the expressions in (2) are semantically similar: all “make
a claim” that is, they are true, or false, in appropriate contexts. This
property relates to the traditional definition of Ss as expressions which
express complete thoughts. Dana described cannot be said to be true
or false since it is incomplete, it simply fails to make a claim. If we
complete it, as in Dana described the thief, it then makes a claim, and
(given appropriate background information) we can assess whether that
claim is true or not.

So we want our grammar Eng to generate the expressions in (2)
with category S. That is, (Sasha praised Kim,S) will be an expression
in L(Eng). But these expressions are syntactically complex, so they
will not be listed in LexEng, the lexicon for Eng. Rather they will be
derived by rule.

In contrast, consider the expressions Dana, Sasha, Adrian, Robin,
and Kim. These are traditionally called Proper Nouns (or Names) and
they appear to be syntactically simple and so are candidates for being
lexical items. We shall in fact treat them as lexical items of category
NP. That is, (Dana,NP) ∈ LexEng, (Sasha,NP) ∈ LexEng, etc.

2Coordination of an expression with itself is often bizarre, but not always so. The
repetition in (b) below is an intensifying effect, and makes the example natural in a
way in which (a) not.

a. ?Sasha criticized Kim and Sasha criticized Kim
b. Sasha laughed and laughed and laughed

We do not consider such repetition problems here. But note had we decided that
(a) above were ungrammatical, we would not want to change our overall approach
to coordination. Rather we would conclude that the acceptability of conjoining ex-
pressions depends on more than just having the same category.



Note that these expressions satisfy our criteria for being assigned the
same category (regardless of what we call it). They can substitute one
for another in the expressions in (2), they are semantically similar in that
they all function to denote individuals, and they coordinate with each
other: both Dana and Kim, either both Dana and Kim or both Sasha
and Adrian, neither Kim nor Dana, etc. So far, then, LexEng is a set
with five elements: (Dana,NP), (Sasha,NP), etc. We abbreviate this
notation slightly in giving LexEng to date as:
(5) NP: Dana, Sasha, Adrian, Kim, Robin

Now consider how we might generate the S Dana smiled. The tree
in (6) represents what we know so far:
(6)

S
;;

;
%%%

%%

NP ?

Dana smiled

We want to design a category X for smiled and then formulate a
rule whose content will be: A string s of category NP followed by a
string t of category X is a string of category S. Traditionally we might
assign smiled the category Vi, intransitive verb. However most current
theories of grammar use a more systematic notation here rather than
just inventing a totally new category symbol. We shall use the notation
NP\S, read as “NP under S” or “look left for an NP to become an S”3.
The category symbol NP\S is built from other category symbols. And
once we give the rules of our grammar it will follow that an expression of
category NP\S is one that concatenates with a string of category NP to
its left (the direction in which the “slash” \ leans) to form an expression
of category S. More generally an expression of category B\A combines
with an expression of B to its left to form an expression of category A.

So the set CatEng of category symbols used in our grammar is not
just an unstructured list, rather it is constructed from some primitive
categories using some functions that build derived categories from sim-
pler ones. Here is an initial definition with primitive members NP and
S (to which we later add some others):

Definition CatEng is the least set satisfying (i) and (ii) below:

3The slash notation is taken from an approach to grammar called Categorial Gram-
mar (see Oehrle [53]). Our use of that notation is compatible both with traditional
subcategorization notation as well as current Minimalist approaches to grammar.



For all A,B ∈ CatEng, for all strings s, t of vocabulary items,

rule name how it works conditions
RFA (s,A/B), (t, B) =⇒ (s$t,A) none
LFA (t, B), (s,B\A) =⇒ (t$s,A) none

FIGURE 5.1 The rules of Right and Left Function Application.

i. NP and S belong to CatEng.
ii. If A and B are in CatEng , then (A/B) and (B\A) are in

CatEng.

We treat the right slash, /, and the left slash, \, as two place function
symbols, writing them between their arguments. In general, in such
cases, parentheses are needed to avoid ambiguity: A/(B/C) is not the
same category as (A/B)/C, just as 2 + (3 × 4) = 14 is different from
(2 + 3)× 4 = 20. (One way to avoid parentheses is to write all function
symbols initially, as in Polish notation; another is to write them all at
the end, resulting in reverse Polish notation. Either of these ways avoids
ambiguity, but neither is as readable as writing the operation between its
arguments. You will see an example of Polish notation when we turn to
propositional logic in Chapter 6, see page 6.2.) That said, we eliminate
parentheses from category names when no confusion results.

Having defined the set of category symbols we use to categorize ex-
pressions in L(Eng), we can now give our first set of structure building
rules. Specifically, we define two functions, RFA, Right Function Appli-
cation, and LFA, Left Function Application. Both are binary functions.
Each takes a pair of possible expressions (that is, a pair of categorized
strings) and yields as value a possible expression (a categorized string).
The definitions appear in Figure 5.1.

Figure 5.1 is to be understood as follows. The domain of the function
RFA is the set of pairs (x, y) of possible expressions, where for some
categories A,B, x has category A/B and y has category B. The value
RFA assigns to such a pair is the concatenation of the string coordinate
of x with that of y, the derived string having category A. Similarly LFA
concatenates a string t of category B with a string s of category B\A
to yield a string of category A.

The last column deals Figure 5.1 deals with conditions on the rules.
For LFA and RFA, there are no conditions. But normally in defining



a structure building function for a grammar, we stipulate a variety of
Conditions on the domain of the function. These conditions limit what
the function applies to – what it can “see”. These constraints are actu-
ally responsible for much of the “structure” a particular grammar has
(Keenan and Stabler [30]). Later on, functions we discuss will have a
more specialized role in the grammar and only apply to expressions that
satisfy various conditions, both on their category and on their string
coordinates.

We now enrich the lexicon of Eng by adding:
(7) NP\S: smiled, laughed, cried, grinned

The criteria we have been using support treating these as lexical
expressions of the same category. They can substitute for each other,
as in: Dana said that Kim smiled =⇒ Dana said that Kim laughed,
etc. They all denote activities that individuals may experience, and
they coordinate among themselves: Kim both laughed and cried, Dana
neither laughed nor cried, etc. And with this category assignment we
can generate (Dana smiled,S) by applying LFA to the relevant lexical
items:
(8) LFA((Dana,NP), (smiled,NP\S)) = (Dana smiled,S).

We now have a small lexicon and a set of Rules {RFA,LFA}. So
L(Eng), the language generated from the lexicon by the rules, is small
but non-empty. Recall:

Definition L(Eng) is the least set of possible expressions which in-
cludes LexEng and is closed under the rules of RFA and LFA.

Here is a natural way to represent the argument that (Dana smiled,S)
is an expression of L(Eng).
(9)

(Dana smiled, S)

LFA

(Dana,NP)(smiled,NP\S)
HH

HH
HH

??
??

??

We refer to such tree structures as Function-Argument (FA) trees. The
leaves of FA trees are lexical items. At each mother node in the tree,
we indicate the function which applied to the daughters and what the
value of that function is at the daughters. Typically, just one function
could apply; that is, the daughters only lie in the domain of one of the
structure building functions. Thus we can omit the designation of the
function without loss of information. The sense in which (9) represents



the argument that (Dana smiled,S) is in L(Eng) is as follows: We know
that the leaves of the tree are in L(Eng) since they are lexical items. And
we know that L(Eng) is closed under the structure building functions
RFA and LFA. Hence

LFA((Dana,NP), (smiled,NP\S)) = (Dana smiled,S)

is in L(Eng). (See footnote 5).
But note that our generating functions RFA and LFA are concate-

native, so we can represent derivations of expressions by standard trees
as well. We did this in (6), repeated below.
(10)

S
:::

: <<<

NP NP\S

Dana smiled

The simple category forming apparatus we have at hand allows us
to form categories quite productively for a variety of expressions not yet
considered. Consider for example:
(11) Dana praised Kim

We want this to be a string of category S for reasons given earlier
(substitution with other Ss, coordination with them, meaning similar-
ity), and we are already committed to assigning Dana and Kim the
category NP. At issue is to find a category for praised which permits
the sequence of lexical items to cancel to S. There are a couple of
logically acceptable candidates, but the best one draws on the sort of
linguistic reasoning we have been using. Namely (12) shows that praised
Kim coordinates with lexical expressions of category NP\S, suggesting
that it should have that category:
(12) a. Dana both praised Kim and smiled.

b. Dana neither praised Kim nor smiled.
And if we treat praised Kim of category NP\S, it suffices to assign

praised the category (NP\S)/NP. For then by RFA, it will combine
with the NP Kim on its right to form an NP\S, praised Kim. You will
find the standard tree summarizing this discussion in (13) below; the
FA tree is similar.



(13) S

KKKKKKKKKKKKKKK
$$$$$$$$$

NP\S
aaaaa

@@@@

NP (NP\S)/NP NP

Dana praised Kim
So let us further enrich the Lexicon of Eng by:

(14) (NP\S)/NP: praised, criticized, interviewed, teased
Note that such expressions coordinate easily:

(15) a. Dana both praised and criticized Kim.
b. Dana neither praised nor criticized Kim.

As well they are often intersubstitutable in embedded contexts, and
they are semantically similar in expressing a binary relation between
individuals, such as Dana and Kim above. A related point: these words
express a relation between an individual and a property or activity of
individuals, e.g., between Kim and the activity ‘criticize Kim’.

5.2 Manner adverbs, pronouns, coordination, DPs, and
sentence complements

Let us move on to manner adverbs such as joyfully in (2b). In general,
the result of combining a manner adverb with an NP\S yields an NP\S
that is meaningful in the same way as the original one. Indeed observe
the entailment below:
(16) a. Dana smiled joyfully.

b. Dana smiled.
To say that a sentence P entails a sentence Q, noted P |= Q, is just to
say that Q is interpreted as True in every situation (model) in which P
is True. So the truth of P guarantees that of Q. See Section ?? for a
discussion of entailment.

Let us now add manner adverbs such as joyfully, quickly, and carefully
to LexEng, as in ((2b). Such modifiers combine with expressions of
category NP\S to form ones that coordinate with expressions in that
same category, as in Dana smiled joyfully and praised Kim. So they
should combine with an NP\S on the left to form an NP\S. This
means that they should have category

(NP\S)\(NP\S)



as in the FA tree (17a) or the standard tree (17b). In (17a) we have
not explicitly noted the two uses of LFA which derived the non-lexical
items.
(17) a.

(Dana smiled joyfully,S)

(((((((((((( hhhhhhhh

(smiled joyfully,NP\S)
mmmmmmmm

(Dana,NP) (smiled,NP\S) (joyfully,(NP\S)\(NP\S))
b. S

############
777777

NP\S
ZZZ

Z !!!!!!!

NP NP\S (NP\S)\(NP\S)

Dana smiled joyfully

Formally we enrich LexEng to include:
(18) (NP\S)\(NP\S): joyfully, quickly, carefully, tactfully
Summary to date So far our grammar for English has four categories
of lexical items: NP, NP\S, (NP\S)/NP, and (NP\S)\(NP\S). And
we have two rules, RFA and LFA. These suffice to generate a variety
of Ss of the form in (2a) – (2d). But the pronominal forms in (2e,f),
the coordinations in (2g), the quantified expressions in (2h) and (2i),
the possessives in (2j), and the sentence complements in (2k) are not yet
included in L(Eng).
Simplifying notation We shall sometimes write P1, “one place pred-
icate”, for NP\S. Similarly, P2, “two place predicate”, abbreviates

(NP\S)/NP

(and P3, “three place predicate” abbreviates

((NP\S)/NP)/NP).

Using this notation, manner adverbs have category P1\P1. Occasionally
we will use P0, “zero place predicate”, instead of S. For n ≥ 0, Pn+1s are
n place predicates, and hence combine with n NP arguments to form a
P0; the order of combination is rightward, except that the last NP is to
the left.
Pronouns At first blush it might seem that he and she could be added
to the Lexicon in the category NP, the same as for proper nouns like
Dana and Kim. They can, for example, grammatically replace Dana
in Dana laughed, they may coordinate with NPs, as in Both he and



Kim praised Robin. And they seem semantically similar in that in He
laughed, we understand that he refers to an individual, just as in the
case of Robin laughed.

Despite these similarities, however, these pronouns have a vastly dif-
ferent distribution from proper nouns. For example, he (she) cannot
grammatically replace Robin in (19a), which would yield the ungram-
matical (19b,c).
(19) a. Kim praised Robin.

b. ∗Kim praised he.
c. ∗Kim praised she.

Traditionally, he and she are nominative pronouns, combining with
P1s to form a P0 (Sentence). We shall refer to such occurrences of NPs
as subject occurrences. So Dana is the subject of Dana praised Kim.
(We also call it the subject of the P1 praised Kim and also the subject
of the P2 praised). To continue the traditional account, he and she are
subject pronouns, but do not occur as objects NP occurrences which
combine with a P2 to form a P1 or a P3 to form a P2. We may capture
the relevant distributional facts for subjects by the following category
assignment to he and she:
(20) S/(NP\S): he, she, they
Thus we generate He praised Kim as per (21):

(21) (he praised Kim,S)

((((((((((((( nnnnnnn

(praised Kim,P1)
ooooooo

(he,S/P1) (praised,P1/NP) (Kim,NP)

But our grammar will not generate (Robin praised he,S) since praised
has category P1/NP and so is looking right for an NP to make a P1.
But he does not have category NP, so RFA does not apply. Similarly
LFA would not concatenate praised and he since he does not have a left
looking category X\Y.
Exercise 5.1 Add him, her, and them to the Lexicon, assigning them
the same category, in such a way that the grammar generates Kim
praised him but ∗Him laughed. Say in words why the grammar does
not generate (Him laughed,S).

This simple addition of pronouns with their restricted distribution
turns out to have some unexpected consequences for the category assign-
ment to proper nouns. We have been taking coordination as a guideline
for sameness of category. But given the grammaticality of (22a,b) be-



low, this argues that Kim should have the same category as he and also
the same category as him, a contradiction as these two categories are
different!
(22) a. Both he and Kim laughed joyfully.

b. Dana praised both him and Kim.
This is really our first interesting problem in category assignment.

Here we offer a brute force solution whose main merit is empirical ade-
quacy. But first we must enter coordinations in the grammar, since that
is the environment which triggers our problem.
Coordination Traditional categorial grammar would attempt to ex-
tend Eng so that it generates (both) Kim and Dana, neither laughed
nor cried, either praised Robin or criticized Adrian by assigning an ap-
propriate category to and, or, and nor. But this approach is not without
problems. One of some interest is that it forces a coordination such as
Kim and Dana to have an internal constituent structure, typically

[Kim [and Dana]],

where Dana is subordinate to Kim, specifically it is c-commanded by it.
We opt for a different approach. Linguists have observed that co-

ordinate structures differ from subordinate ones, ones constructed with
conjunctions such as because, since, etc., in that certain processes must
treat each conjunct alike, whereas only the main clause is affected by
that process in a subordination context. An example here is the “across
the board” constraint on relativization. Consider the coordinates in
(23a). We can simultaneously relativize into each conjunct, as in (23b),
but we cannot relativize into just one of the conjuncts, (23c,d).
(23) a. Sasha praised Kim and Adrian criticized Dana.

b. the woman whoi Sasha praised ti and Adrian criticized ti
c. ∗the woman whoi Sasha praised Kim and Adrian criticized ti
d. ∗the woman whoi Sasha praised ti and Adrian criticized Kim

In contrast, in Ss built with subordinate clauses, we can just rela-
tivize into the main clause, (24a) below, not the subordinate one, (24b)
or both, (24c):
(24) a. the woman whoi Sasha praised ti because Adrian criticized

Kim.
b. ∗the woman whoi Sasha praised Kim because Adrian

criticized ti.
c. ∗the woman whoi Sasha praised ti because Adrian criticized

ti.
So we will present coordination rules independently of the Function



(c,Conj)(s, C)(t, C) =⇒






(both s and t, C) if c = and
(either s or t, C) if c = or
(neither s nor t, C) if c = nor

C must be one of P0, P1, P2, P1\P1, P0/P1 or P2\P1.

FIGURE 5.2 The coordination rule, Coord.

Application ones. Once their behavior is well understood, perhaps they
can be insightfully assimilated to the slash notation. We begin by adding
a new primitive category to CatEng, namely Conj (coordinate Con-
junction). The lexicon is extended by
(25) Conj: and, or, nor
Then we give the coordination Rule, Coord in Figure 5.2. In giving
examples we may ease readability by omitting the use of both and either.
(We could extend the Coord rule to allow this formally but our interest
here does not lie in the optionality of these items).

You should check that L(Eng) is infinite. Here is one of the new
expressions in it, along with its FA tree:
(26)

(Kim neither laughed nor praised Dana, S)

(Kim, NP)

(neither laughed nor praised Dana, P1)

(nor, Conj) (laughed,P1) (praised Dana, P1)

(Dana,NP)(praised, P2)

nnnnnnnnn

iiiiiiiiiiiii

==
==

==
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>>
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AA
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AA
AA
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A

Exercise 5.2 Provide FA trees for each of the following
a. Dana either praised or criticized Sasha.
b. Dana criticized Sasha neither joyfully nor tactfully.
c. Both Dana cried and Sasha laughed.



Let us turn now to the problematic cases involving coordinations of
pronouns and proper nouns. Clearly we want our grammar to generate
(27) as an S:
(27) Either he or Sasha criticized Kim.

Currently, Eng does not generate (27), since it only coordinates
expressions of the same category, and he and Sasha have different cat-
egories: S/(NP\S) and NP, respectively. In fact, NP is not among the
coordinable categories, so at the moment Eng will not even generate
Either Adrian or Sasha criticized Kim.

We overcome both shortcomings by allowing proper nouns to have
the category S/(NP\S), as well as their current category, NP. Specifi-
cally, enrich LexEng by:
(28) a. P0/P1: Sasha, Adrian, Dana, Kim, Robin

b. P2\P1: Sasha, Adrian, Dana, Kim, Robin
Thus proper nouns combine with P1s on the right to form a P0, and

they combine with P2s on the left to form a P1. (And in general, proper
nouns will combine with Pn+1s to form Pns). To anticipate a worry, we
note, unpacking the category abbreviations, that

(Kim,NP) (Kim,S/(NP\S))
(Kim, ((NP\S)/NP)\(NP\S))

are three different lexical expressions (with the same string coordinate
but different category coordinates). So they can be assigned different
denotations by a semantic interpretation function.

Here now are some FA trees illustrating coordination with proper
nouns, which can be coordinated in category P0/P1 or P2\P1.
(29)

(either he or Dana, S/(NP\S))

GGGGGGGGGGGGG

$$$$$$$$$$$$$$$

(or, Conj) (he, S/(NP\S)) (Dana, S/(NP\S))

From this we can build the S either he or Dana smiled.
(30)



(Kim praised both him and Sasha, S)

(Kim, NP)

(praised both him and Sasha, P1)

(praised, P2) (both,Conj)

(both him and Sasha, P2\P1)

(Sasha,P2\P1)(him, P2\P1)
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Note that the result of replacing (Kim,NP) here with (Kim,S/
(NP\S)) also yields a good derivation, but with different categories.
As the sentence is not felt to be semantically ambiguous, when we give
a semantics for this language, we must make sure that the two structures
are in fact interpreted the same.
Exercise 5.3 Provide FA trees for the following, recalling that NP is
still not coordinable.

a. Either Dana or Kim criticized Sasha
b. Either both Dana and Kim or both Dana and Adrian criticized

Sasha

Exercise 5.4 For each of the Ss in below, provide a syntactic analysis
tree. You must invent a category for at. Give a few reasons to support
your analysis.

a. Robin smiled joyfully at Sasha
b. Robin smiled at Sasha joyfully

Quantified NPs We want to extend Eng so that it generates expres-
sions such as some doctor, no priest, every senator, etc. as they occur
in Ss like (2h) and (2i). Since these expressions combine with Pn+1s to
form Pns quite generally, they appear to have the same distribution as
proper nouns and so shall be assigned some of the same categories. But
they also have some internal structure, consisting of a Det (every, no,
some, etc.) and a common N (doctor, priest, lawyer, etc.). Common
nouns exhibit a few similarities to P1s, but there are also very many
differences. For example, P1s are marked for tense (present walks, past
walked) and person (I walk, she walks) whereas Ns are not. So again we
shall take the safe if unimaginative route and treat N (Noun) as a new
primitive category. Thus we enrich the Lexicon as follows:
(31) a. N: doctor, lawyer, priest, student, teacher



b. (P0/P1)/N: every, no, some, the, a
c. (P2\P1)/N: every, no, some, the, a

Thus Dets like every and some combine with Ns on the right to
yield something that looks for a one place predicate on the right to then
form S; or else they look for a two place predicate on their left to form
a one place predicate. To illustrate, here is an FA tree for No student
criticized every teacher.
(32)

(no student criticized every teacher, S)

(criticized every teacher, P1)

(every teacher, P2\P1)

(criticized, P2)

(no student, P0/P1)

(student, N)

(no, (P0/P1)/N)
(every, ((P2\P1)/N)

(teacher, N)

GGGGGGG
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Terminology Expressions like every doctor, some student, etc. are
often called DPs, “Determiner Phrases”. Sometimes they are called
“Quantified NPs”. As a convenient shorthand we will use the term
DP to range over P0/P1 and P2\P1 (as well as P3P2 when three place
predicates are added to LexEng). Note that (Kim,NP) is not a DP,
though (Kim,P0/P1) and (Kim,P2\P1) are.
Exercise 5.5 Provide FA trees for each of the following:

a. Kim and some student laughed.
b. Sasha interviewed some student and every teacher.
c. They interviewed either him or the teacher.
d. Neither Kim nor Adrian criticized every teacher.

Exercise 5.6 Design a category for give and offer below, and then
exhibit the FA trees for (a) and (b). Assume that apple is a N.

a. Every student gave some teacher an apple.
b. No student offered every teacher an apple.

Exercise 5.7 Add traditional adjectives such as tall, industrious, clever,
and female to the Lexicon. Exhibit FA trees for the following, using the
category you have found.

a. No clever student praised every industrious doctor



b. Every industrious female student laughed

Possessives In English, possessors such as Kim’s in Kim’s doctor be-
have like Dets in the sense of occurring in the same prenominal position:
∗Every Kim’s doctor, etc. So we should like to add ’s to our Lexicon in
such a way that it combines with a DP on the left to form a Det. Here
is one solution:
(33) X\(X/N) for all X ∈ {P0/P1,P2\P1}: ’s,

So the string ’s has two categories. Here is a simple sentence built
with it:
(34)

(some doctor criticized Dana’s teacher, P0)

(criticized Dana’s teacher, P1)

(Dana’s teacher, P2\P1)
(criticized, P2)

(some doctor, P0/P1)

(doctor, N)

(some, (P0/P1)/N)
(Dana’s,(P2\P1)/N)

(Dana, P2\P1) (’s,((P2\P1)\((P2\P1)/N))

(teacher, N)

GGGGGGG
@@@@@@
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Exercise 5.8 Exhibit FA trees for the expressions below
a. Every student’s doctor laughed.
b. Kim’s teacher’s doctor cried.

Sentence Complements We are concerned here with Ss built from
verbs like think, say, and believe. These combine with Sentence Com-
plements to form a P1, as in (35).
(35) Adrian said that Sasha praised Kim

The sentence complement consists of a full S preceded by that, called
a complementizer. Linguists distinguish the category of Sasha praised
Kim, which is S (Sentence), from that of that Sasha praised Kim, called a
CP “Complementizer Phrase”. Here, too, we shall make a category dis-
tinction, though instead of the cumbersome ‘Complementizer Phrase’ we
shall use S (read: “S bar”). One reason for making a category distinction
here is that sometimes the presence vs. absence of the complementizer
leads to differences in interpretation. Compare (36a,b).



(36) a. Kim believes either that there is life on Mars or that there
isn’t.

b. Kim believes that either there is life on Mars or there isn’t.
In (36a), we have a disjunction of two Ss. The whole S claims that

Kim believes one of the disjuncts, though the speaker is not sure which.
In contrast, (36b) seems to simply assert that Kim believes a certain
disjunction So (36a,b) differ in meaning, and they differ in form just by
the presence vs absence of the complementizer that.

Accepting this category distinction then we are obliged to add a
new primitive category to our grammar, S. And we enter that into the
Lexicon as in (37), and sentence complement taking verbs as in (38).
(37) S/S: that
(38) (NP\S)/S: think, say, believe, regret, resent

Then (39) is an FA tree for (35), in which the derivation of the
embedded S Sasha praised Kim is omitted as familiar.
(39)

(Adrian said that Sasha praised Kim, S)

(Adrian, NP)

(said that Sasha praised Kim, NP\S)

(said,(NP\S)/S)

(that Sasha praised Kim, S)

(that, S/S) (Sasha praised Kim, S)
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Let us note a last somewhat subtle distinction to be made among
the sentence complement taking verbs. For many such verbs, especially
semantically “weak” ones like say, think, and believe, the use of the
complementizer that is optional.
(40) a. Adrian said (that) Sasha was fleeing the country.

b. Sasha thought Adrian said that Kim criticized Robin.
But for some “semantically richer” verbs, the complementizer is not

easily omitted:
(41) a. Winston resented that his wife was wealthier than him.

b. ??Winston resented his wife was wealthier than him



Though judgments are not always crisp, let us accept as a first ap-
proximation to reality that some sentence-complement-taking verbs re-
quire a complementizer, and for others it is optional. This regularity
can then be captured by allowing a second categorization in the Lexicon
of the optional-that verbs:
(42) (NP\S)/S: say, think, believe

Thus our grammar also generates (43).
(43)

(Adrian said Sasha praised Kim, S)

(Adrian, NP)

(said Sasha praised Kim, NP\S)

(said,(NP\S)/S)

(Sasha praised Kim, S)
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Note that in (43) said cannot be replaced by resented as the latter does
not combine with S to form anything. resented only combines with S,
and no substring of (43) is an S.
Exercise 5.9 Exhibit an FA tree for each S below. Describe a situation
in which (a) is true and (b) is not.

a. Sasha believes either that Kim laughed or that Dana laughed.
b. Sasha believes that either Kim laughed or Dana laughed.

Summary Grammar For purposes of later reference, we summarize
in Figure 5.3 our grammar Eng as developed so far. We use the category
abbreviations where convenient.

Conditions: C {P0,P1,P2,P1/P1,P0/P1,P2\P1, N/N,P1/S}
Remarks on Eng L(Eng) contains several fundamental structure
types in natural language: Predicate+Argument expressions, Modifier
expressions, Sentence Complements, Possessives, and coordinations. Ar-
guably all languages have expression types of these sorts. The reader
might get the impression that we could attain something like a sound
and complete grammar for English just by continuing in the spirit in
which we have already been moving. But this would be naive. There are
simply a great number of linguistic phenomena we have not attempted



CatEng is the closure of {Conj,N,NP,S,S} under / and \.

Categories of LexEng are listed below, with vocabulary items:
N: doctor, lawyer, student, teacher
NP\S: smiled, laughed, cried, grinned
(NP\S)/NP: praised, criticized, interviewed, teased, is
(NP\S)/S: think, say, believe, regret, resent
(NP\S)/S: say, think, believe
(NP\S)\(NP\S): joyfully, quickly, carefully, tactfully
NP: Dana, Sasha, Adrian, Kim, Robin
P0/P1: Dana, Sasha, Adrian, Kim, Robin
P2\P1: Dana, Sasha, Adrian, Kim, Robin
(P0/P1)/N: every, some, no, the, a
(P2\P1)/N: every, some, no, the, a
P0/P1: he, she, they
P2\P1: him, her, them
N/N: tall, industrious, clever, female
(P1\P1)/(P0/P1): at, to
Conj: and, or, nor
X\(X/N): ’s, for X = P0/P1 or X = P2\P1.
S/S: that

The rules are listed below:
1. FA (Function Application):

For all A,B ∈CatEng, for all strings s, t of vocabulary items,
a. RFA: (s,A/B), (t,B) =⇒ (s$t,A).
b. LFA: (t,B), (s,A\B) =⇒ (t$s,A).

There are no conditions associated with RFA and LFA.
2. Coord (coordination)

(c,Conj)(s, C)(t, C) =⇒






(both s and t, C) if c = and
(either s or t, C) if c = or
(neither s nor t, C) if c = nor

C must be one of P0, P1, P2, P1\P1, P0/P1 or P2\P1.

FIGURE 5.3 Our grammar Eng up until this point.



to account for: Agreement phenomena, impersonal constructions, Ex-
traposition phenomena, clitics, selectional restrictions, Raising, nomi-
nalizations, . . ., The structure types we have considered are all built
by concatenating expressions with great freedom beginning with lexical
items. But natural languages present a significant variety of expression
types which generative grammarians have treated with different types
of structure building operations, specifically movement operations. Here
we consider one such basic case, Relative Clauses. We extend Eng to
account for these structures, together with various constraints to which
they are subject.

5.3 Relative Clauses
Consider the DP in (44a). The substring following the N teacher is
called a relative clause. Most approaches to generative grammar would
derive it from something like (44b) by moving the wh- word (who in
this case) to the complementizer position in front of the S. That posi-
tion is here filled by a special expression e which is not phonologically
interpreted. The position from which the wh- word was moved is filled
by another unpronounced symbol, e, called a trace. The trace and the
moved wh- word are co-indexed, enabling one to retrieve the site from
which movement took place.
(44) a. every teacher whoi Kim criticized ti

b. every teacher [ t [Kim criticized who]]
Linguists have discovered quite a variety of constraints regulating the

formation of relative clauses (RCs) as well as other syntactically related
phenomena such as wh- questions as in (Whoi did Kim criticize ti?).
On this standard approach, these constraints are given as constraints
on the positions from which the wh- word can move and the material
across which it is moved. Below we summarize instances of these con-
straints. Then we formulate RC Formation within the format we have
been presenting, and we show how the classical constraints are satisfied.

Some classical constraints on Relative Clause Formation (RCF)
1. No Vacuous Binding. The remnant following the wh-word must

contain an appropriate gap (traditionally marked t): ∗every teacher
who Kim criticized Sasha.

2. The Coordinate Structure Constraint. We cannot relativize into
just one conjunct of a coordinate expression. So we have ∗every
teacher whoi Kim criticized Robin and Adrian praised ti But a
systematic phenomenon called the Across the Board exception al-
lows relativization into all conjuncts simultaneously, as in Every



teacher whoi Kim criticized ti and Robin praised ti. We discussed
this above in (23) and (24).

3. Subjacency. Given a sentence with an RC, one cannot relativize
out of that RC: So we have John knows the student whoi [ ti
criticized the teacher] but not ∗I see the teacher whoj [John knows
the student whoi [ ti criticized tj]].

4. The Empty Category Principle (ECP): We can relativize the sub-
ject of a sentence complement provided it is not preceded by a
complementizer. Here are some relevant examples:
(45) a. John said the teacher criticized Amy

b. the teacher whoi John said ti criticized Amy
c. John said that the teacher criticized Amy
d. ∗the teacher whoi John said that ti criticized Amy

5. Pied Piping: we can relativize possessors provided the entire pos-
sessive DP is incorporated into the wh- word. For example,
John knows every student’s teacher and also every student [[whose
teacher]i John knows ti] but not ∗every student whoi John knows
[ ti ’s teacher]

6. Wh- phrases coordinate, but not lexical ones. So we have

the student [[whose teacher and whose doctor]i Dana interviewed ti]

but not
∗the student [[who and whose teacher]i Dana interviewed ti]

Similarly, conjuncts into which we have relativized cannot be ex-
hausted by the relativization site, as in the starred example below.
The first example (not generated by Eng) shows that in carefully
selected cases it is possible in English to relativize into coordinate
DPs.
(46) a. the senator who Sue interviewed several friends of t and

several enemies of t
b. ∗the senator who Sue interviewed t and several enemies

of t

The first five constraints are representative of major ones the stan-
dard analysis is subject to. The sixth is less widely acknowledged but
in fact difficult to capture on the standard analysis.

Let us now extend Eng to a grammar Eng∗ in Figure 5.4 whose
language is a superset of L(Eng) which includes RCs and satisfies the
constraints above.
The core idea. Wh- words, such as who and whose teacher will com-
bine with expressions which resemble Ss, but which lack a NP argument.



This gap will be coded in the category of what follows the wh- words. In
the simplified version of RCF we present here, we allow only NP gaps;
in richer versions one would allow Prepositional Phrase gaps as well, as
in the man [with whom]i Mary went to the movies ti (see Keenan and
Stabler [30]), So we will now allow categories of the form S[NP], mean-
ing an S with an NP gap. Similarly (NP\S)[NP] is a P1 with an NP
gap, etc.

RCs themselves have category N\N, they combine with a N to their
left to form a N. The main point on our treatment is the following:
In forming DPs with RCs, only rules of FA, with or without feature
passing are used. So we have no movement rules per se.

We need some new rules of function application. The idea in the
FA[NP] rule is that each instance of FA in Eng now extends so that
one but not both of the two items concatenated may carry the feature
[NP], which is passed to the category of the derived expression. We
impose one limitation on the pairs in the domain of RFA[NP]. This
limitation is a response the constraints on English relative clauses that
we noted above.

Here are some examples, with explanations for why the constraints
are stated as they are. First, a simple RC in standard tree form.
(47)

P0/P1

(P0/P1)/N

N

N

N\N

(N\N)/S[NP]

S[NP]

NP

(NP\S)[NP]

NP[NP]

t

P2

criticizedSashawhoteacherevery

666

666

66

66
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The example makes it easy to see why No Vacuous Binding occurs:
what follows the wh- word (who, that, whose teacher,. . .) must, by the
category of the wh- words, be of category S[NP]. And the only way to
build an S[NP] is to construct an S with a trace t of category NP[NP];
that is, a gap, in some NP position.

To save space in the examples below, we just diagram the RC it-
self, the part beginning with the wh- word, omitting the initial “every



Cat∗Eng = CatEng ∪ {C[NP]| C ∈ CatEng}
∪ {(N\N)/(S[NP]), ((N\N)/(S[NP]))/N}

Lex∗Eng includes LexEng plus the following special items:

NP[NP] : t
(N\N)/(S[NP]) : who, that
((N\N)/S[NP])/N : whose

Rule Eng∗ adds two rules to those of Eng: “feature passing” exten-
sions of those FA rules, called FA[NP], and one additional clause on
the Coord rule.

rule name how it works conditions
RFA[NP] (s,A/B[NP]), (t, B) =⇒ (s$t,A[NP]) see below

(s,A/B), (t, B[NP]) =⇒ (s$t,A[NP])
LFA[NP] (t, B[NP]), (s,B\A) =⇒ (t$s,A[NP]) none

(t, B), (s, (B\A)[NP]) =⇒ (t$s,A[NP])

In order to apply RFA[NP] to (s,S/S) and (t,S[NP]), we require
that none of the immediate constituents of (t,S[NP]) be of the form
(u,NP\S).

The additional clause in the Coord rule is:

(c,Conj)(s, C)(t, C) =⇒






(both s and t, C[NP]) if c = and
(either s or t, C[NP])) if c = or
(neither s nor t, C[NP])) if c = nor

C must be one of P0, P1, P2, P1\P1, P0/P1 N/N, N\N, or (N\N)/
(S[NP]), or some category C[NP], where C is P0, P1, P2, P0/P1,
P2\P1, or P1\P1.
Also we require that nether (s, C) nor (t, C) belongs to

{(who, (N\N)/S[NP]), (that, (N\N)/S[NP]), (t,NP[NP])}

FIGURE 5.4 The grammar Eng∗ used to generate relative clauses.



teacher” which is treated the same in all cases. Usually we just give an
FA tree.

(48)

(who Sasha praised t and Robin criticized t, N\N)

(who, (N\N)/S[NP]))

(Sasha pr t and Robin cr t, S[NP])

(and, Conj)
(Robin cr t, S[NP])

(Sasha pr t, S[NP])

nnnnnnnnn

%%%%%%%%%%%%%

""""""""""""""###########

The two conjuncts shown are generated just like (Sasha criticized t,S[NP])
in (47b). Coord applies to the bottom line as the conjuncts have the
same, coordinable, category, S[NP]. And we see that the coordinate
structure Constraint holds, since if only one conjunct had an NP gap,
it would have category S[NP]. But the other would have category S,
a different category. So the pair together with (and,Conj) would not
lie in the domain of Coord. The Across the Board “exception” holds
since if all conjuncts have an NP gap, they all have the same category,
S[NP]. So the Coord rule applies.

Third, it is also easy to see why we cannot relativize twice into the
same clause (Subjacency):
(49) ∗ I see the teacher whoj [John knows the student whoi [ti

criticized tj ]]
The problem is that strings with traces in two argument positions of

a given predicate are not derived in our grammar. Consider:
(50)

(t criticized t,?)

..........

*************

(t, NP[NP]) (criticized t, (NP\S)[NP])

The strings t and criticized t have only the categories indicated, and
such a pair does not lie in the domain of any of our FA feature passing
rules as they just combine with pairs in which only one element has the
feature [NP].

(51) below shows that we can relativize the subject of a sentence



complement when there is no immediately preceding complementizer,
and (52) indicates that we cannot so relativize when there is a comple-
mentizer.
(51)

(who Kim said t praised Sasha, N\N)

(who, (N\N)/S[NP])

(Kim said t praised Sasha, S[NP])

(Kim,NP)

(said t praised Sasha, NP\S[NP])

(said, (NP\S)/S) (t, NP[NP])

(t praised Sasha, S)

(praised Sasha, NP\S)
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Consider what happens when we try to derive a RC of this sort which
does have a that complementizer. Reading from the top down, we see
that the line corresponding to the next to the last one in (51) above
would be
(52) (said, (NP\S)/S) (that t praised Sasha, S[NP])

The only way to derive the right-hand expression would be to com-
bine
(53) (that, S/S) (t praised Sasha, S[NP])

But this configuration is precisely the one explicitly ruled out by the
condition on the domain of RFA[NP], since (praised Sasha,P1) is an
immediate constituent of (t praised Sasha,S[NP]). Hence

(that t praised Sasha,S[NP])
is not derivable in Eng∗.

We imposed this condition on the domain of RFA[NP] precisely to
block deriving expressions like

(∗every teacher who Kim said that t praised Sasha,P0/P1).
This restriction does not follow from some deep principle of grammar. It
is rather an ad hoc and fairly superficial condition, one that varies across
languages. Spanish, for example, does not really object to relativizing
right after a that-complementizer:
(54) Creo

I believe
que
that

los
the

niños
children

caminaban
were running

en
in

el
the

parque.
park.
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I+believe
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that

t
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park.

We turn to the matter of relativizing on possessors. Simple Pied
Piping works straightforwardly:
(55)

(whose teacher Dana praised t, N\N)

(whose teacher, (N\N)/S[NP])

(Dana praised t, S[NP])

(Dana, (NP) (praised, (NP\S)/NP)

(praised t , NP\S[NP])

(t, NP[NP])
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!!!!!!!!!!!!!

The reason we do not generate expressions such as ∗the student who
John knows t’s teacher is that the trace t only has category NP[NP], and
’s only combines with expressions of category P0/P1 or P2\P1. So our
grammar does not generate [t’s]. (We’ll see in Chapter 5 and Chapter
xxxxx that NP denotations play a role rather different from P0/P1 or
P2\P1 denotations).

We are motivated however to extend the lexical entries in (33) as
follows:
(56) (X\(X/N)): ’s, all X = P0/P1, P2\P1, or ((N\N)/S[NP])
Exercise 5.10 Exhibit an FA tree for

(a student whose teacher’s doctor t interviewed her, P0/P1).

Lastly, observe that Eng∗ does generate (57).



(57)

(the student (whose doctor and whose lawyer Kim interviewed t, N\N)

(whose doctor and whose lawyer, (N\N)/S[NP])

(Kim interviewed t, S[NP])
66666666666
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Coord applies to whose doctor and whose lawyer in part of (57)
which is not shown. The reason is that (N\N)/(S[NP]) is among the
coordinable categories, and the expressions are not among those ex-
cluded. If either or both are replaced simply by (who, (N\N)/S[NP])
or

(that, (N\N)/S[NP]),
the resulting triple would not be in the domain of Coord and so cannot
be coordinated. We note that this constraint is easy to state on the
approach we are proposing, since that approach builds expressions from
the bottom up. We start with lexical items and construct increasingly
complex expressions by applying our generating functions to them. Of
course, we must define the domains of the functions, and to that end we
can rule out anything we find motivated.
Exercise 5.11 Exhibit tree derivations (FA or standard) for the ex-
pressions whose string coordinates are given below:

a. a teacher who t criticized Sasha
b. every student who Sasha said that Robin thought that Dana

praised t
c. a student whose teacher’s doctor Sasha interviewed t

Exercise 5.12 Can the grammar of this chapter generate the following
strings?

a. Every teacher who Sasha criticized t and who t praised Amy smiles.
b. Every teacher who t likes a student who studies smiles.
c. Every teacher who a student who studies likes t smiles.

If so, give a derivation; if not, say why not.
Exercise 5.13 Consider uses of the word which in the sentences below:



a. The book which Mary owns is red.
b. The cat which the dog saw sleeps.

We make a N by combining which with an NP on its right, then a P2,
and finally an N. You have two problems in this exercise:

1. Fnd a category for which. [Hint: Do not be surprised if your answer
is long.]

2. Check that your grammar generates

(The cat which the dog saw sleeps,S).

Exercise 5.14 The ability to assign expressions novel categories has
played perhaps an unexpectedly large role in enabling us to formulate
original answers to problems of generative syntax. Here is a last curious
if not fundamental case. English permits the productive formulation
of modifying phrases consisting of an adjective followed by a body part
Nwith an -ed suffixed, as in: a rosy cheeked girl, a broad shouldered man,
a flat footed cop, etc. Your problem: treating cheek, etc. as an N, rosy,
etc. as an Adj, N/N, design a category for -ed such that we generate
rosy cheeked girl, etc. as an N but do not generate cheeked girl as an N.

This completes our illustrative grammar fragment. We turn now in
the next chapters to discussion of semantic interpretation.
Another treatment Usually in Categorial Grammar relative clauses
and other syntactic problems are treated by adding to the grammar one
or more Type Lifting Rules, also called Raising Rules. This allows us to
change the category of an expression without changing its string coordi-
nate. But it has the effect of assigning every string with a category to an
infinite number of categories, which runs the danger of overgeneration,
and by itself is still not sufficient to capture certain distributional reg-
ularities concerning quantified NPs as objects (as in John interviewed
some senator). The most common of these would take a string s of type
B, say, and raise the type to A/(B\A) and (A/B)\A.
Further Reading The use of the division notation and the function-
argument conception of categories dates from Ajdukiewicz [4]. Early
foundational works in this style of grammar, called Categorial Grammar,
are Lambek [41] and Bar-Hillel, Gaifman and Shamir [6]. Wood [64] is an
introductory book on it. A linguistically useful collection of articles on
various aspects of categorial grammar is Oehrle, Bach and Wilson [53].
A more recent overview is Chapter 1 in Bernardi [8]. A technically more
advanced work is Moortgat [50].



6

Semantics I

6.1 Compositionality
Here we introduce three goals of semantic analysis for natural languages.

Our first goal is compositionality. Our primary way of under-
standing a complex novel expression is understanding what the lexical
items it is composed of mean and how expressions built in that way take
their meaning as a function of the meaning of the expressions they are
built from (beginning with the lexical items). We illustrate this with
our semantics of SL in Section 6.2; in Section 6.3, we formulate a com-
positional semantics for a language which includes some of the linguistic
complexity studied in Ch 5.

The second goal is that there should be insightful semantic char-
acterization of syntactic phenomena. In practice syntactic and
semantic analysis are partially independent and partially dependent. So
a variety of cases arise where the judgments that an expression is gram-
matical seem to be decided on semantic grounds (Chs 9 and 10). Here
are two examples. First, negative elements like not and n’t license the
presence of negative polarity items (NPIs) within the P1 they negate:
(1) a. Sue hasn’t ever been to Pinsk

b. ∗Sue has ever been to Pinsk
However some subject DPs also license NPIs, as in (2a) but not (2b):

(2) a. No student here has ever been to Pinsk
b. ∗Some student here has ever been to Pinsk

The linguistic problem: define the class of subject DPs which, like no
student, license NPIs in their P1s. This class must be defined in order to
define a grammar for English. Intuitively, these DPs are negative ones,
but what exactly does that mean? The best answer we have to date is
stated in semantic terms, specifically in terms of the denotations of the
Dets used in the subject DP.
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Second, a long standing problem in generative grammar is the char-
acterization of the DPs which occur naturally in Existential-There con-
texts:
(3) a. Are there more than two students in the class?

b. ∗Are there most students in the class?
Again, the best answers that linguists have found are semantic in

nature: they are those DPs built from Dets whose denotations satisfy
a certain condition.

The last goal is that semantic analysis should facilitate the study of
issues of expressive power. This is harder to discuss without en-
tering into the technicalities. However, we can state the idea. Given
an adequate semantic analysis of a class of expressions in natural lan-
guage, we can study that analysis to uncover new purely semantic reg-
ularities about the language. For example, we can show that natural
languages present quantifier expressions which are not definable in first
order logic (Chapter 8), and we can show that Det denotations quite
generally satisfy a logically and empirically non-trivial condition known
as Conservativity (Chapter 10).

6.1.1 Semantic Facts
Crucial to each of the three goals above is that we have a clear sense
of the facts that a semantic analysis of natural language must account
for. That is, we need a way of evaluating whether a proposed semantic
analysis is adequate or not. The facts we rely on are the judgments by
competent speakers that a given expression has, or fails to have, a certain
semantic property. More generally, a semantic analysis of a language
must explicitly predict that two (or more) expressions stand in a certain
semantic relation if and only if competent speakers judge that they do.
Pre-theoretically, to say that a property P of expressions is semantic
is just to say that competent speakers decide whether an expression
has P or not based on the meaning of P . Similarly a relation between
expressions is semantic just in case whether expressions stand in that
relation depends on the meaning of the expressions. The best understood
semantic relation in this sense is entailment, introduced briefly in Ch 5.
To repeat and expand that definition:

Definition A sentence P entails (⇒) a sentence Q iff Q is true in every
situation (model) in which P is true. More generally a set K of sentences
entails a sentence Q iff Q is true in every situation (model) in which the
sentences in K are simultaneously true.

In Ch 5 we gave examples using manner adverbs:



(4) a. John walked rapidly to the post office ⇒ John walked to the
post office

b. Sue smiled mischievously at Peter ⇒ Sue smiled at Peter
In a situation in which Sue smiled mischievously at Peter is true, it

is also true that Sue smiled at Peter. Our judgments of entailment here
are good, even though we may be unclear about precisely what a smile
must be like to be mischievous. But the judgment of entailment doesn’t
require that we know precisely the truth conditions of the first sentence,
it just requires an assessment of relative truth conditions. If a situation
suffices to make the first true, does it also suffice to make the second
true?

Thus one adequacy condition on a semantic analysis of English is
that it predicts the entailments in (4). More generally, an adequate
semantic analysis of English must tell us that an English sentence P
entails an English sentence Q if and only if competent speakers judge
that it does. Thus an adequate semantic analysis must correctly predict
the judgments of entailment and non-entailment by competent speakers.

Our observations here incorporate an important assumption concern-
ing the nature of truth, one of our fundamental semantic primitives.
Namely we treat truth as a relation between a sentence in a language
and the world or the situation we are talking about, notions we shortly
represent more formally as models. The truth value (T or F) of a given
sentence may vary according to how the world is. A simple sentence such
as Some woodworker likes mahogany is true in some situations and false
in others. It depends on what woodworkers there are in the situation
and what they like. This is why our definition of entailment quantifies
over situations (models). It says that for P to entail Q it must be so
that in each situation in which P is true Q is true.

6.1.2 Further Adequacy Criteria for Semantic Analysis
Semantic ambiguity Not uncommonly, an expression is felt to ex-
press two or more distinct meanings. In such cases, we would like all
the meanings to be represented. To take a classical example, the sen-
tence Flying planes can be dangerous is semantically ambiguous. On the
one hand the subject phrase flying planes can refer to the act of flying
planes, and so is presumably dangerous to those who fly them. On this
interpretation the subject phrase is grammatically singular, as is evident
in the choice of singular is in Flying planes is dangerous. But the original
sentence has another interpretation on which it means that planes that
are flying are dangerous, presumably to those in their vicinity. In this
case the subject phrase is plural, as seen in Flying planes are dangerous.



In our original example, Flying planes can be dangerous, the Predicate
Phrase is built with a modal, can. (Some other modals, of which there
are about 10 in English, are might, may, must, should, will, would and
could). Modals in English neutralize verb agreement. One says equally
well Johnny can read and the children can read with no change in the
form of the predicate despite the first having a singular subject and the
second a plural one.
Exercise 6.1 Each of the expressions below is semantically ambiguous.
In each case describe the ambiguity informally.

a. The chickens are ready to eat
b. France fears America more than Russia
c. John thinks he’s clever and so does Bill
d. Ma’s home cooking
e. John and Mary or Sue came to the lecture
f. John didn’t leave the party early because the children were crying

Of the expressions in our model language LENG, two cases of pos-
sible ambiguity have arisen. First, (Dana smiled, S) was syntactically
ambiguous according as Dana had category NP or S/(NP\S). But
Dana smiled is not felt to be semantically ambiguous. So a semantic
interpretation of LENG must show that the two syntactic analyses are
compositionally interpreted to yield the same result. And second, recall
DP scope ambiguities in Ss like Some student praised every teacher. In
this chapter, we only represent the object narrow scope reading. In the
object wide scope reading, every teacher has the property that some stu-
dent praised him. This is treated in Ch 8. A related type of ambiguity
is the transparency/opacity (= de re / de dicto) one in Ss like (5):
(5) Sue thinks that the man who won the race was Greek

On the opaque (de dicto) reading of the man who won the race we
understand that Sue thinks that the winner was Greek. Sue may have
no direct knowledge of who the winner was, she may just know that all
the contestants were Greek men, so obviously the winner was Greek.
On the transparent reading of this DP, (5) is interpreted like The man
who won the race has the property that Sue thinks that he was Greek.
Here Sue has an opinion about a certain individual, namely that that
individual is Greek, but she may not even know that that individual
won the race.

Variations on this type of ambiguity are rife in the analysis of expres-
sions involving sentence complements of verbs of thinking and saying,
especially in the philosophical literature where such verbs are said to ex-



press propositional attitudes. The ambiguitiy is among the reasons we do
not attempt a quick semantic analysis here. Moreover, these problems
have no fully agreed-upon solution in the literature.
Selection restrictions For most of the expression types considered in
LENG, we find that choices of the slash category expression semantically
constrain the choice of expression in the denominator category. Here are
some examples.

Adj+N: It makes sense to speak of a skillful or accomplished writer,
but not of a skillful or accomplished faucet. Faucets are not the kinds
of things that can be skillful or accomplished – those adjectives require
that the item modified denote something animate at least. We say that
adjectives select (impose selection restrictions on) their N arguments.

Predicate modifiers exhibit similar selection properties. We use #
to indicate a selection restriction violation, and

√
to indicate selection

restriction satisfaction.
(6) a. He solved the problem

√
in an hour / # for an hour.

b. He knocked at the door # in an hour /
√

for an hour
Thus a repetitive or durative action can be modified by durational

phrases such as for an hour but not by modifiers like in an hour. In con-
trast, an accomplishment or achievement predicate like solve the prob-
lem, which is over in an instant when it is over, can sensibly take modi-
fiers like in an hour but not duratives like for an hour (See Dowty [20])

Det + N Dets also place some selection requirements on the Ns
they determine. Many students is natural, #Many gold is senseless. In
contrast, Much gold is sensible, and #Much students is not. Ns like gold,
butter, and hydrogen are called mass nouns, whereas ones like student,
brick, and number are called count nouns. Many abstract nouns, like
honesty, sincerity, and honor behave like mass nouns in this respect.
Our point here is that Dets may select for mass or count nouns.

Predicates + argument P1s: these impose selection restrictions on
their subjects. So The witness lied is fine, but #The ceiling lied is
bizarre: ceilings aren’t the kind of thing that can lie. Also, P2s impose
selection restrictions on their object arguments. It makes sense to say
that John peeled an orange or a grape, but not that he peeled a puddle
or a rainstorm.

Beyond pointing out their existence, we do not study selection re-
strictions in this text. Our examples are in general chosen to satisfy
selection restrictions.

Sense dependency is a phenomenon inversely related to selection re-
strictions whereby the interpretation of the slash category expression is
conditioned by the denotation of the denominator category expression.



Consider again Adj+N constructions. When we speak of a flat road or
table top we interpret flat to mean ‘level, without bumps or depressions’.
But when we speak of flat beer or champagne we mean ‘having lost its
effervescence’. And a flat tire is one that is deflated, a flat voice is one
that is off-key. So the precise interpretation of flat is conditioned by its
argument.

Predicates also have their interpretation conditioned by the nature
of their arguments. In cut your finger, cut means ‘to make an incision
in the surface of.’ But in cut the roast or the cake, cut means ‘to divide
into portions for purposes of serving.’ In cut prices or working hours,
cut means ‘to reduce along a continuously varying dimension.’

Sense dependency is not one of the well studied semantic relations in
the linguistic literature, but dictionaries note them. The examples here
are taken from Keenan [32].

Presupposition is a well studied relation, one which plays an impor-
tant role in many semantic and pragmatic studies. Informally, we say
that a sentence P (logically) presupposes a sentence Q iff Q is an en-
tailment of P which is preserved under Yes-No questioning and natural
negation. Consider for example the classical (7a).
(7) a. The king of France is bald

b. France has a king
c. Is the king of France bald?
d. The king of France isn’t bald

Clearly (7a) entails (7b): if the king of France is bald then France
must indeed have a king. And that information is not questioned in (7c)
or denied in (7d). Hence (7b) is a presupposition of (7a).

Presupposition can be used to distinguish meanings of predicates.
Consider first:
(8) a. It is true that Fred took the painting

b. Fred took the painting
c. Is it true that Fred took the painting?
d. It isn’t true that Fred took the painting

Though (8a) entails (8b), (8b) is not presupposed by (8a). The
information in (8b) is questioned in (8c). Someone who asks (8c) is
asking whether the embedded S, (8b), is true or not. And similarly,
(8d) does deny the information in (8b). We can replace true with false
or probable and argue, even more easily, that they do not presuppose
the b-sentence either. In contrast, consider the examples in (9):
(9) a. It is strange that Fred took the painting

b. Fred took the painting



c. Is it strange that Fred took the painting?
d. It isn’t strange that Fred took the painting

Here (9a) does seem to entail (9b). And in (9c), we are not ask-
ing whether Fred took the painting, we are accepting that and asking
whether that fact is strange or not. Similarly in (9d), we are just deny-
ing the strangeness of the fact, but not the fact itself. It seems then that
(9a) does presuppose (9b). Moreover strange can be replaced by dozens
of other presuppositional adjectives: amazing, unsurprising, pleasing,
ironic, etc.

There is, then, a systematic difference between the predicates in (8)
and those in (9), one that is revealed by observing that they behave
differently with regard to whether the embedded S is presupposed or
not.

In general, presupposition is a relation that is most useful is dis-
cerning how information is packaged in a sentence, as opposed to the
absolute quantity of information. To see this, compare (10a) and (10b):
(10) a. John is the one doctor who signed the petition

b. John is the only doctor who signed the petition
c. Exactly one doctor signed the petition

Each of (10a) and (10b) entails the other, which means that they
are true in the same situations. So in that sense, they express the same
absolute information. They both entail (10c), for example. But (10a)
and (10b) present their information somewhat differently. Compare their
natural negations:
(11) a. John isn’t the one doctor who signed the petition

b. John isn’t the only doctor who signed the petition
Now (11a) still entails (10c), it only denies that John is that doctor.

But (11b) denies that John was the only doctor who signed, implying
thereby that there was an additional doctor who signed. So (11b) does
not entail (10c). And it seems then that (10a) and (10b), while logically
equivalent, differ in that (10a) presupposes (10c), whereas (10b) does
not. Questioning or denying (10b) does not preserve that information.

Now, as we have seen, Ss in natural language are syntactically com-
plex objects, and there are normally infinitely many of them. So we
cannot just list the set of Sentence interpretations in English. Rather
we must show for each S how its interpretation is constructed from the
interpretation of the lexical items which occur in it. Those we can list
– that is, what dictionaries do –since the number of lexical items in a
natural language is finite. Otherwise the recursive construction of in-
terpretations follows the same steps as the recursive construction of the



expressions themselves. And in Eng there are only two rule sets that
build complex expressions from simpler ones: the rules of Function Ap-
plication and the Coordination Rule. Of course, there might be more
rules in a larger fragment of English.

A basic example of compositionality. Our grammar Eng of Ch 5
allows us to form coordinations of Ss using and and or (and with some
modification, neither . . . nor . . .). Such syntactically complex Ss are
called boolean compounds of the ones they are built from. And, or,
neither . . . nor . . . and not are called boolean connectives.

Now in a given situation, the truth value of a boolean compound of
Ss is uniquely determined by (and so is a function of) the truth values
of its conjuncts in that situation. That is, the boolean connectives are
truth functional. In a situation in which P is true and Q is true we infer
Both P and Q is true, Either P or Q is true, and Neither P nor Q is
false.

Many subordinate conjunctions that build an S from two others are
not truth functional. Imagine a situation in which John left the party
early and The children were crying are both true. The sentence John left
the party early because the children were crying may still be either true or
false. So its truth value is not determined by the truth of its component
sentences. Thus because is not a truth functional connective. Sentential
Logic is used by logicians and philosophers to study the meanings of
boolean connectives. Below we present it explicitly as it illustrates in
a simple form the way we may define a language and compositionally
interpret it.

6.2 Sentential Logic
Our language begins with a set AtSen of atomic sentences. We’ll take it
to be the letters p, q, r, . . ., together with these same letters subscripted
with numbers. So p12 and q0 are atomic sentences for us. Clearly, these
do not look like sentences in any natural language. This is a bit of an
anomaly as far as this book is concerned: most of the time when we call
something a “sentence”, it looks like a sentence.

We think of our atomic sentences as things that denote actual sen-
tences with a fixed background. The background must be clear and
complete, so that the truth value of the atomic sentences is fixed by it.

The atomic sentences are like the vocabulary items in a presentation
of the syntax. Technically, all our definitions depend on which set AtSen
we start with. (This is similar to the point in syntax that a language
depends on its vocabulary, not just its overall syntactic rules.) But we’ll



suppress this point from our notation and discussion because in the case
of sentential logic, we almost never need to vary AtSen.

We turn to the rest of the syntax, building it on top of AtSen. Let

V0 = {not , and , or , implies , iff , (, )}
and let V = V0 ∪ AtSen.

This set SL of sentences of propositional logic will be a certain subset
of V ∗, the set of words built from the atomic sentences and the vocab-
ulary items above. There are essentially two ways to get at SL, and we
present both of them. Incidentally, we use Greek letters like ϕ and ψ
to denote sentences, just as we did earlier in this chapter in our more
general discussion.

We define some operations on V ∗ which correspond to the logical
symbols. We write x and y for elements of (AtSen ∪ V )∗. The five
operations are

fnot (x) = (not x)
f and (x, y) = (x and y)
f or (x, y) = (x or y)

and similarly for the other two functions, f implies and f iff .

Definition SL is the closure of V ∗ under the operations fnot , . . .,
f implies .

In more detail, this means that SL is the union of sets SLn, where
SL0 = AtSen, and

SLn+1 = SLn ∪{fnot (x) : x ∈ SLn}
∪{f and (x, y) : x, y ∈ SLn}
· · · ∪ {f iff (x, y) : x, y ∈ SLn}

We also say that the five functions generate SL.
Proposition 6.1 SL is the smallest subset of V ∗ with the following
properties:

1. Each p ∈ AtSen belongs to SL.
2. If ϕ ∈ SL, then also (not ϕ) ∈ SL.
3. If ϕ ∈ SL and ψ ∈ SL, then also (ϕ and ψ), (ϕ or ψ), (ϕ implies ψ),

and (ϕ iff ψ) belong to SL.
Moreover, every element of SL fits into exactly one of the categories
above.

Definition Recall that AtSen is the set of atomic sentences, and so



P(AtSen) is the collection of sets of atomic senteces. We define a map
AF : SL → P(AtSen):

AF(pn) = {pn}
AF(not ϕ) = AF(ϕ)
AF(ϕ + ψ) = AF(ϕ) ∪ AF(ψ)

for + any of our generating functions

The set AF(ϕ) is called the set of atomic sentence which occur in ϕ.

That AF is well defined depends on the fact that the syntactic func-
tions such as not and and are unambiguous.

This is the content of the next result.
Theorem 6.2 SL is syntactically unambiguous. That is:

1. Each generating function fnot , . . ., f implies is one-to-one.
ii. The ranges of any two of these generating functions are disjoint

subsets of V ∗.
iii. AtSen and the range of any of these generating functions are again

disjoint sets.
Thus no formula gets into SL in more than one way.
Here is a stepwise computation using Definition 6.2:

AF((not p2 or p3) and (p3 or p4))
= AF(not p2 or p3) ∪ AF(p3 or p4)
= AF(not p2) ∪ AF(p3) ∪ AF(p3) ∪ AF(p4)
= AF(p2) ∪ {p3} ∪{ p3} ∪{ p4}
= {p2} ∪{ p3, p4}
= {p2, p3, p4}

Exercise 6.2 Compute stepwise each of the following:
1. AF(p5 or not p5)
2. AF(not (p5 or p6))
3. AF(p6 iff p6).
4. AF((p3 and p9) or (p1 and not p9)).

Derivation trees of sentences It might be helpful to put down the
parse trees of senteces in SL. For not (not p or q), for example, we
would have



(12)
not

or
ff

ff bb
bb

not q

p

That is, we have a tree whose leaf nodes are labeled with the atomic
sentences, and whose internal nodes are labeled with the logical symbols.
If a node is labeled not, it has one child, and if it is labeled with any
of the other connectives, then it has two children. These tree are useful
when we want to work with sentences that are already parsed, since the
trees basically are the parse trees. Another way to arrange the syntax
of SL is to define the set of parse trees of sentences directly, and then
to take the strings to be the set of yields of the parse trees.
Exercise 6.3 Find a sentence whose tree will have height at least four,
and draw the tree.
Exercise 6.4 Describe in your own words a procedure to translate sen-
tences to trees, and then a procedure to go back.
Polish notation Since we are discussing syntactic matters, we might
as well point out that the purpose of parentheses in sentential logic is
to disambiguate it. Suppose we dropped the parentheses from the set
V . Then some sentences (considered as yields of trees) would have two
analyses. For example, p and q or r could be analyzed as (p and q) or r
or as p and (q or r). It turns out that these sentences are not equivalent.
So dropping parentheses would result in a language with structural and
semantic ambiguity.

One way to avoid parentheses and yet have an unambiguous language
is to use Polish notation. We replace our original definition by the
following definition of a set SLPol:
(13) 1. Each p ∈ AtSen belongs to SLPol.

2. If ϕ ∈ SLPos, then also Nϕ ∈ SLPol.
3. If ϕ ∈ SLPol and ψ ∈ SLPol, then also Aϕψ, Oϕψ, Iϕψ,

and Uϕψ belong to SLPol.
Note that parentheses are not used in the new language. There is a trans-
lation of all sentences into Polish notation. For example, (p and q) or r
translates to OApqr, and p and (q or r) to ApOqr. The symbol U is for
the biconditional.



p ¬p
T F
F T

p q p ∧ q
T T T
T F F
F T F
F F F

p q p ∨ q
T T T
T F T
F T T
F F F

p q p → q
T T T
T F F
F T T
F F T

p q p ↔ q
T T T
T F F
F T F
F F T

FIGURE 6.1 Tables for the truth functions in sentential logic.

Exercise 6.5 For practice with Polish notation:
a. Translate (p implies q) implies (not q implies not p) into Polish no-

tation.
b. Translate (p implies (q implies r)) implies (p implies (q implies r))

into Polish notation.
c. Translate IIIpqpp into our standard notation.
d. Translate IApqOApqr into our standard notation.

Again, the point of the Polish notation is that it is unambiguous: every
sentence has one analysis. This is achieved in more standard syntaxes
using parentheses, or equivalently, by taking the syntactic objects to be
structured objects like trees.

6.2.1 Semantics
The semantics of sentential logic takes a certain preparatory discussion
dealing with an algebraic structure called Bool (after George Boole, the
same person for whom boolean algebra is named) or {T,F}. We begin
with entities called T and F. We put these two symbols into a tiny set
Bool. Now the basic idea is to define operations on Bool in order to make
it an algebraic structure. The operations work as shown in Figure 6.1.

The tables allow us to compute with our logical symbols on the tiny
universe Bool. For example, ¬¬¬F = ¬¬T = ¬F = T. And F ↔
(T ∨ T) = F ↔ T = F.

At this point, we have the tables which define functions on {T,F}



named by the operators of sentential logic. We now connect these tables
to the syntax of sentential logic in order to give a semantics.

A valuation is a function v : AtSen → {T,F}. Then there is a unique
extension of v called v. This function v will be a function from SL to
{T,F}:

v : SL → {T,F}.
It works in a fairly natural way, by recursion:

v(pn) = v(pn)
v(not ϕ) = ¬v(ϕ)
v(ϕ and ψ) = v(ϕ) ∧ v(ψ)
v(ϕ or ψ) = v(ϕ) ∨ v(ψ)
v(ϕ implies ψ) = v(ϕ) → v(ψ)
v(ϕ iff ψ) = v(ϕ) ↔ v(ψ)

It is important to note that functions like not live on SL, but they have
semantic counterparts on {T,F} like ¬.

For example, suppose that v(p1) = F, v(p2) = T, v(p3) = T, and
v(pi) = F for i ≥ 4. Then it is not hard to check that

v((p1 or p2) ∧ p3) = T.

It is also convenient to work with the tree representation of sentences.
For example, suppose that v(p) = T and v(q) = F. Suppose that we
want to find v(not (not p or q)). We go back to (12), and in place of
the leaves put in the values according to v. We get the tree on the left
below:
(14)

not

or
SS

SS bb
bb

not F

T

T

F

rr
r ss

s

F F

T

At this point, we work our way up the tree, using the truth tables at
every step. We start by changing the label on the lower not to F. Doing
all the steps, we get the tree on the right above. And we conclude from
this that v(not (not p or q)) = T.

One can show that for each v, there is a unique v with the properties
above. Since v and v agree on the atomic sentences, we call v the
extension of v. Moreover, the properties of v allow one to compute



truth values of complex sentences by working “up the tree”, just as we
have seen.
The central idea behind the formal semantics is that the atomic sen-
tences represent independent claims we can make about a situation. If
we reason about a situation in which p is true, we have no predictability
of the truth of any other atomic sentence. A different sentence, q for
example, might be true or it might be false. This is supported by the
fact that there are models v in which v(p) = T and v(q) = F. There are
also other models, say w, in which w(p) = T and w(q) = T. And there
are models for the other two “logical possibilities” as well. However,
once we are fix a model, we have the truth value of each atomic sentence
under it. Then the truth values of the syntactically complex sentences
are determined by extension, and the semantics is compositional.
Models and truth At this point, we have the syntax of our language,
sentential logic. We also have the notion of a valuation. Our next step
is to define the relevant notion of model for this language.

Our notion of a model for sentential logic is a valuation. We write
v |= ϕ to mean that v(ϕ) = T.

Let us emphasize that our semantics is compositional. The truth
value of a sentence ϕ (under a given valuation) is uniquely determined
by the truth values of the atomic sentences it is built from, and in the
same way as ϕ is built up.

A seemingly obvious property of sentential logic is that the truth of
a sentence in a model depends only on the truth of the atomic sentences
which occur in it. Here is a way to say that rigorously:
Lemma 6.3 (The Coincidence Lemma) For all sentences ϕ of senten-
tial logic, and all valuations v and w, if v(pi) = w(pi) for all atomic
sentences occurring in ϕ, then v(ϕ) = w(ϕ).
Exercise 6.6 This problem is about valuations and their extensions.

1. Give an example of a valuation w which differs from v above such
that w(¬(¬p or q)) = T.

2. Give an example of a valuation w such that w(¬(¬p or q)) = F.

6.2.2 Semantic Notions
At this point, we have introduced sentential logic. We did this for two
reasons: first, it is an example of a compositional semantics for a formal
language. Second, it is a model of the way we use natural language
sentences built from others using the boolean connectives. It is this
second aspect that we develop a bit further now.

In Figure 6.2, we have a definitions of concepts such as tautology



ϕ is a tautology if for all valuations v, v(ϕ) = T. We write this as
|= ϕ.
ϕ is satisfiable if there is some v such that v(ϕ) = T.
ϕ logically implies ψ if for all v such that v(ϕ) = T, v(ψ) = T as
well.
ϕ and ψ are logically equivalent if each logically implies the other.
This amounts to the condition that for all v, v(ϕ) = v(ψ).
Satisfiability and logical implication may be generalized to sets S of
sentences as follows: S is satisfiable if there is some v such that for
every sentence ϕ ∈ S v(ϕ) = T. And S logically implies ψ iff v(ψ) is
true for all valuations v that make every sentence in S true.

FIGURE 6.2 The Semantic Notions of Sentential Logic.

and entailment In some cases, the names of the concepts are a little
different with sentential logic than in general, and so our figure lists the
specialized names.

Here are some examples of tautologies: p or not p, and

((p implies q) and p) implies q.

The easiest way to see that these really are tautologies is to use the
truth-table test, which we shall see shortly below.) To show that a given
sentence ϕ is not a tautology is easier: we just have to exhibit one
valuation v such that v(ϕ) = F. Tautologies in sentential logic (or any
other logic) often have the flavor of being “obviously true”, especially
when they are short.

For examples of logical equivalence, p is logically equivalent to p or p,
and not not p is logically equivalent to p.

Here are examples of formal entailment. First, p and q logically en-
tails p. This is sensible: someone who accepts John runs and Mary
jumps in a given situation will accept John runs there. Also, p logically
entails p or q. Finally, the set {p implies q, p} logically entails q.

6.2.2.1 Using truth tables to test for validity
Consider the sentence

ϕ ≡ (q and p) or (not q and not p))(15)

Our very general notions of validity and entailment are defined in terms
of truth in all models. So to come down to Earth, we must have an
organized way to evaluate the truth of ϕ under all valuations. This is



not a completely trivial matter: there are infinitely many valuations, so
a first glance we cannot simply examine a small list of valuations. But
by the Coincidence Lemma, we need only consider a model v in so far as
it assigns truth values to p and q, the atomic sentences occurring in ϕ.
(Here is the reasoning: The lemma tells us that any two interpretations,
say v and w, which assign the same values to p and q must assign the
same truth value to ϕ itself. As a result, v |= ϕ iff w |= ϕ.)

Returning to ϕ from (15), there are just two ways we can assign
truth values to p, and for each of those there are two ways to assign
truth values to q. So there are a total of 2 × 2 = 4 combinations of
truth values that p and q can take jointly. So let us list all cases, which
we can do since there are just finitely many, writing under each atomic
sentence the value we assign it and them computing the truth value
of the entire sentence by writing the truth value of a derived sentence
under the connective ( and , or ,not ) used to build it. Here is what
this procedure yields in this case:
(16)

p q q and p not q not p not q and not p ϕ

T T T F F F T
T F F T F F F
F T F F F F F
F F F T T T T

The first line in this truth table deals with valuations v under which p
and q are both true. It gives the truth values of all of the subsentences
of ϕ, culminating with the assertion that v(ϕ) = T. That is, v |= ϕ.
The other three lines deal with other classes of valuations.

Incidentally, there is no reason why we listed the subsentences of ϕ
in the particular order that you see above. Any order would be fine. It
is also ok to omit some or all of the subsentences if you can compute
everything in your head. We listed everything in order to show that the
whole process can be done in a clear and organized fashion.

The procedure which we described to test a given sentence of sen-
tential logic for validity is called a decision procedure. Because it has a
decision procedure, sentential logic itself is said to be decidable.

The truth table test can be modified to give procedures to test for
other semantic notions. Exercise 6.14 asks you to think about entail-
ment. Concerning logical equivalence, to decide whether two sentences
ϕ and ψ are logically equivalent, one would take the set of all atomic
sentences which occur in either ϕ or ψ and make the tables for the two
sentences. Then an examination of this table would show whether ϕ



and ψ are logically equivalent. But to simply show that ϕ and ψ are
not logically equivalent, it would suffice to exhibit one line of that same
truth table in which they have different values.

We continue with some exercises on the basic semantic notions, spe-
cialized to sentential logic. We recommend them to you as a way to
learn the basics of the semantics, and also to work out for yourself some
the basic properties of valuations, tautologies, and logical equivalence.
Exercise 6.7 Show that the sentence below is a tautology:

(p implies q) implies (not q implies not p).

Exercise 6.8 Is ((p implies q) and not p) a tautology? Is it satisfiable?
Exercise 6.9 Prove that ϕ is a tautology if and only if not ϕ is not
satisfiable. [The reasoning is short, but you need to mention valuations.]
What about the converse: is it true that if not ϕ is not satisfiable, then
ϕ is a tautology?
Exercise 6.10 Establish the claims below by exhibiting a line in the
truth table which makes the left hand sentence true and the right-hand
one false

a. (not p or q) !|= (not q or p)
b. (p or q) and (r or q) !|= p or r
c. (p and q) or r !|= (p and (q or r))

Exercise 6.11 Prove that the relation of logical implication on sen-
tences is reflexive and transitive, and logical equivalence is (as its name
suggests) an equivalence relation.
Exercise 6.12 Decide whether the sentences in the each of the a, b
pairs below are logically equivalent or not. If they are, either give the
truth table or a convincing reason. If they are not, exhibit a line of their
truth table at which they differ.
(1a) (p and q) or (not p and not q) (1b) p implies q
(2a) p implies q (2b) not q iff not p
(3a) p and q (3b) q and p
(4a) p implies q (4b) (p and q) or p
(5a) not not p (5b) p
(6a) (p and q) or p (6b) p
(7a) p and (q or r) (7b) (p implies q) or (p and r)

Exercise 6.13 Decide whether each of the following assertions is true
or false. If true, give a convincing reason. If false, give a counterexample.



a. ϕ is a tautology iff some tautology logically implies ϕ.
b. If ϕ is satisfiable, then so is not ϕ.
c. If ϕ and ψ are satisfiable, then so is ϕ and ψ.
d. If ϕ and ψ logically imply each other, then they logically equiva-

lent.

Exercise 6.14 We saw above an outline of a procedure to tell whether a
sentence ϕ is a tautology or not. Generalize this a bit to give a procedure
to tell whether a sentence ϕ is or is not logically implied by a finite set
{ψ1, . . . , ψn} of other sentences.

6.3 Interpreting a Fragment LENG of English
Interpreting predicates and their arguments is more interesting and more
challenging than merely interpreting boolean compounds of Ss. It also
makes important use of the notion of a model.

Informally first, a model M consists in part of a set of objects (often
called entities). This set is noted EM and called the domain or universe
of the model M. In addition, a model must tell us which properties each
object has and which relations it bears to itself and to the other objects.
So a model M for a language like LENG must tell us what object Dana
is, what object Sasha is, etc. It must tell us which objects are smiling,
which crying, etc. And finally, it must tell us which objects are criticizing
which others, which objects are praising which others, etc. Thus,

Definition A model for a language L is a pair M = (E, [[ ]]), where
E is a non-empty set called the domain (or universe) of M and [[ ]] is
a denotation function assigning a denotation to each expression of L.
We use letters like M and N to denote models. When we have several
models around and need to keep track of different universes and semantic
functions, we subscript them by the name of the model, writing EM and
[[ ]]M, for example. We also do this at other points in this chapter to
make our discussions more explicit, even at the cost of making them a
little less readable.

[[ ]] is defined recursively: denotations are assigned to lexical items
with some freedom (as in SL, in which the atomic formulas are in-
terpreted freely), and then denotations are assigned compositionally to
derived expressions as a function of the denotations assigned to their
constituents. Thus a definition of [[ ]] comes in two parts: (1) specifying
the values of this function on the lexical items, and (2) specifying how
the values of derived expressions are determined from the values of the
constituents. (This is what is meant by compositionality). We treat
these in turn.



Interpreting lexical items
NPs and P1s Given a domain E of a model M, we stipulate that
NPs, such as (Dana,NP), (Sasha,NP), etc. denote elements of E.
For example, [[(Sasha,NP)]] must be some element of E. And we say
that denM(NP) = EM, meaning that the set in which expressions of
category NP take their denotations in M is E. For a language like
LENG, it is quite arbitrary what element of E a particular NP denotes.
Different models, even ones with the same domain, can make different
choices here.

In general, forM a model and C a category of expression in whatever
language L we are providing models for, we write denM(C) for the
set in which expressions of category C are interpreted. denM(C) is
called the denotation set for C (in M). Thus denM(NP) = EM, and
from what we have said earlier, denM(S) = {T,F}. The category S is
exceptional in that denM(S) does not vary from model to model, it is
always {T,F}. However, for M and N different models, EM and EN
may well be different sets. The only general requirement we place on
the domain of a model is that it be non-empty (and that requirement is
imposed just to streamline certain statements; it could perfectly well be
dispensed with). In our next point, recall that for any sets A and B we
write [A → B] for the set of functions from A into B. We stipulate as a
general condition that:
(17) denM(NP\S) is [denM(NP) → denM(S)], that is, the function

set [EM → {T,F}].
This is a natural way to represent properties of objects in EM. They

are functions which look at each object x and say Yes or No, according
as x has the property or not. So

[[(smiled ,NP\S)]]M ∈ [EM → {T,F}].
You should check that you really understand what this line says before
going on. And now we can state the compositional interpretation of a
simple S consisting of an NP and a P1. They are combined by the rule of
LFA to form an S, a truth-value-denoting expression. The truth value
it denotes in a given model M is the one obtained by applying the P1

denotation in M to the NP denotation in M. Thus we require:
(18)

[[LFA((Dana,NP),(laughed ,NP\S))]]M
= [[(laughed ,NP\S)]]M([[(Dana,NP]]M)

Again, you should look at such equations carefully. Start by deciding
which pieces of text are syntactic and which are semantic; for the seman-



In all models M,

denM(B\A) = denM(A/B) = [denM(B) → denM(A)].

And for all vocabulary strings s and t, all categories A and B, and
all models M,

[[LFA((s,B), (t , B\A))]]M = [[(t ,B\A)]]M([[(s,B)]]M)
[[RFA((s,A/B), (t ,B))]]M = [[(s,A/B)]]M([[(t ,B)]]M)

FIGURE 6.3 The Functional Inheritance Principle (FI).

tic ones, which are functions, and in those cases, what are the domains
and codomains?

In (18), we see explicitly that the interpretation of

LFA((Dana,NP), (smiled ,NP\S)),

which is just (Dana smiled ,S), is given in terms of the interpretation of
its two immediate constituents, (smiled ,NP\S) and (Dana,NP). Not-
ing denotations in upper case for the moment, we can represent the
derivation of (Dana smiled ,S) by the upper tree below, and its seman-
tic interpretation by the lower tree (with its root at the bottom).
(19) (Dana smiled, S)

(Dana,NP) (smiled,NP\S)
DANA SMILE
SMILE(DANA)

And the interpretative pattern here is fully general. We call the resulting
principle Functional Inheritance (FI) and list it in a box in Figure 6.3.
Thus a slash category expression is interpreted as a function whose do-
main is the denotation set of the denominator category – the one under
the slash – and whose codomain is the denotation set associated with
the numerator category. In traditional terms our two semantic primi-
tives are truth and reference. The sets in which expressions denoted are
either (reference) or {T,F} (truth) or built from them (recursively) by
forming sets of functions.
For example consider two models, M and N , satisfying the following
conditions:
(20) 1. EM = {a, b, c} and EN = {b, d, e, }.

2. [[(Dana,NP)]]M = a, [[(Sasha,NP)]]M = b;
[[(Dana,NP)]]N = b, [[(Sasha,NP)]]N = d.



3.
x [[(smiled ,NP\S)]]M(x)
a T
b F
c F

x [[(smiled ,NP\S)]]N (x)
b F
d T
e F

Thus in M, Dana smiled is true. But in N , it is false. Formally,
(21)

[[LFA((Dana,NP), (smiled ,NP\S))]]M
= [[(Dana,NP)]]M([[(smiled ,NP\S)]]M)
= [[(smiled ,NP\S)]]M(a)
= T

(22)
[[LFA((Dana,NP), (smiled ,NP\S))]]N

= [[(Dana,NP)]]N ([[(smiled ,NP\S]]N )
= [[(smiled ,NP\S)]]N (b)
= F

P2s The Functional Inheritance principle in Figure 6.3 tells us that the
denotation set for P2 = (NP\S)/NP in a model M is the set of func-
tions with domain EM and codomain the denotation set for P1s, namely
[EM → {T,F}]. For example let M be a model with universe {a, b, c}.
Let us write praise for [[(praise,P2)]]M. This function praise might be
given by:
(23)

x praise(a)(x) praise(b)(x) praise(c)(x)
a F F F
b T T T
c F T F

Needless to say, this is just one of many possible specifications of praise.
In the model so defined, b praised everyone, including himself, a didnt
praise anyone, and c praised only b but not a or himself.
Exercise 6.15 1. Exhibit a three-element model satisfying the fol-

lowing sentence: No one praised himself and no one praised every-
one but everyone was praised by someone.

2. Exhibit a model with a three-element domain simultaneously sat-
isfying the sentences below:

a. Someone smiled and everyone who smiled laughed.
b. Not everyone laughed.



c. Exactly two objects were criticized and they were criticized
by different people.

An aside Many texts treat P1 denotations as subsets of the universe E
of some model M. (We omit M from the notation in this discussion.)
That approach is equivalent to the one given here. Each subset K of
E corresponds to a function χK from E into {T,F} which maps to T
just the elements of K. χK is called the characteristic function of K.
So for anything that can be said about K on the set approach, we can
formulate a comparable statement about χK on the function approach.
For example, if we want to say that some object b ∈ K, we just say
χK(b) = T. Conversely, the functions g from E into {T,F} correspond
one-for-one to the subsets of E. To each such g we associate its truth
set, {x ∈ E|g(x) = T}. So any statement about g can be translated into
a statement about its truth set on the set approach .

Similarly the set oriented approach interprets a P2 as a set of ordered
pairs of elements of the domain E. But consider how we presented the
function praise in (23). In effect it maps each pair (x, y) of elements of
E to a truth value. So for each set of pairs we have a P2 denotation that
maps just those pairs to T. So the sets of pairs and the binary functions
correspond one-for-one, so again anything we can say on one approach
admits of a corresponding statement on the other approach. End aside.

Lexical constraints on interpretations In natural languages it hap-
pens often that lexical items are not interpreted freely in their denotation
set: the interpretation of one lexical item may constrain that of another.
For example:
(24) Here are some examples of antonyms: If Dana is alive then Dana

is not dead. If Dana is male then Dana is not female. If the door
is open it is not closed.

Thus acceptable interpretations of lexical items for English cannot
freely interpret alive and dead, male and female, etc. Treating them as
P1s for simplicity here, we must require of interpretations in a model
that meaning postulates like those in (25) hold:
(25) For all x ∈ EM, if [[alive]]M(x) = T, then [[dead ]]M(x) = F.

[[male]]M(x) = T, then [[female]]M(x) = F.
[[open]]M(x) = T, then [[closed ]]M(x) = F.

The study of these interpretative dependencies is part of Lexical Seman-
tics. It covers much more than simple antonyms. Consider for example
that kill and dead are not interpretatively independent: If x killed y,
then y is dead. In our formalism we require:



(26) For all models M, if [[kill ]]M(y)(x) = T, then [[dead ]]M(x) = T.
Finally, while often we have considerable freedom in deciding what

element of its denotation set a given lexical item denotes sometimes the
denotation is fixed, we have no freedom at all. This is often the case for
Det denotations. But at the lower level of P1 and P2 denotations, we
have a few candidates. For example we might require that:
(27) For all models M, all x ∈ E, [[exist]]M(x) = T.

Similarly among the P2s, we find that is is not freely interpreted. For
example, usually a P2 does not require that its two NP arguments be the
same. While it is quite possible for someone to praise himself, typically
an assertion of John praised Bill invites the inference that John and Bill
are different people, and in any event they are certainly not required to
be the same person. But is combines with two NPs to form a sentence.
John is Bill precisely asserts that John and Bill are the same individual
and doesnt assert anything further. So we might reasonably require of
interpretations of LENG that
(28) For all models M, [[is]]M(y)(x) = T iff x = y.

This yields the correct result for John is Bill. Once we give Det+N
denotations, it also yields without change correct results for John is a
student and John is no student, contrary to claims sometimes made in
the literature that is is ambiguous according as it takes proper nouns
like Bill or quantified DPs like a student as second argument. For
most choices of quantified DP, however, Ss built from is are bizarre
(though interpretable): John is every student implies that there is just
one student, John. John is exactly two students has to be false, etc.

An important case of lexical dependency in LENG concerns the lexi-
cal items such as (Dana,NP) and (Dana,S/(NP\S)), the latter usually
written (Dana,P0/P1). Now LENG generates (Dana smiled ,S) in two
ways: first, we may apply LFA to

((Dana,NP), (smiled ,NP\S));

and second, we may apply RFA to

((Dana,S/(NP\S))), (smiled ,NP\S)).

Thus by (19b), we have two directions for interpreting (Dana smiled ,S).
The first is

[[(smiled ,NP\S)]]M([[((Dana,NP)]]M)(29)
The second is

[[Dana, S/(NP\S)))]]M([[(smiled ,NP\S)]]M.(30)



Since (Dana smiled ,S) is not semantically ambiguous, we must constrain
the interpreting functions [[ ]]M so that we obtain the same result in these
cases. To do this we first define:

Definition For all models M, and all b ∈ EM, Ib, the individual
generated by b, is that function from denM(NP\S) into denM(S), that
is, from [EM → {T,F}] into {T,F}, given by: Ib(p) = p(b).

And we now require of denotation functions [[ ]]M that:
(31) For all models M, if (s,P0/P1) and (s,NP) are both in the

lexicon, then [[(s,P0/P1)]]M = Ib iff [[(s,NP)]]M = b.
For example, this tells that the individual denoted by (Kim,P0/P1) is
the one generated by the denotation of (Kim,NP). In symbols,

[[(Kim, P0/P1)]]M = I
[[(Kim,NP)]]M .

Recall that in LexEng, the pronouns he and she were lexical items
of category P0/P1, but not also of category NP. But the proper nouns
like Dana, Kim, etc. had both categories, so (31) does apply to them.
Given (31), let us verify that the two analyses of (Kim smiled, S) are
logically equivalent (= interpreted the same in all models).
The verification LetM be arbitrary. Write smile for [[(smiled ,NP\S)]]M,
and k for [[(Kim,NP)]]M. Then (29) is smile(k). Note that by (31),
[[(Kim, S/(NP\S))]] = Ik. And then (30) gives us Ik(smile) = smile(k).
The point again is that (29) and (30) give the same result, just as desired.
Modifiers Eng presents two types of modifiers: manner adverbs such
as joyfully and tactfully of category P1\P1, and adjectives such as tall
and clever, of category N/N.
Predicate modifiers By (FI) in Figure 6.3, manner adverbs are in-
terpreted by functions from P1 denotations to P1 denotations. These
functions are chosen from the restricting ones (Keenan & Faltz [36])
which guarantees the basic entailment relation illustrated in (4). To de-
fine this notion we observe first that the set of possible P1 denotations
in a model M possesses a natural partial order. In more detail, the P1

denotation set is [EM → {T,F}], and the order ≤ is defined by (6.3):

Definition For all p, q ∈ [EM → {T,F}], p ≤ q iff for all b ∈ EM, if
p(b) = T, then q(b) = T as well.

Another way to state this definition is to turn {T,F} into a poset
with F ≤ T (and of course with F ≤ F and T ≤ T). Then for p, q ∈
[EM → {T,F}], to say that p ≤ q is the same as saying that for all
b ∈ E, p(b) ≤ q(b).



Theorem 6.4 The relation ≤ defined above is a reflexive partial order.
Proof Clearly p ≤ p, since if p(b) = T then, trivially, p(b) = T.
Regarding transitivity, assume that p ≤ q and q ≤ r. We must show
that p ≤ r. For b arbitrary, suppose that p(b) = T. Then q(b) must also
be T, since p ≤ q. Since q ≤ r, we see similarly that r(b) = T, which
is what we desired to show. For antisymmetry, suppose that p ≤ q and
q ≤ p. We must show that p = q. We know that p and q are functions
with the same domain and codomain, so it suffices to show that they
assign each b ∈ EM the same truth value. For b arbitrary, suppose first
that p(b) = T. Then q(b) = T since p ≤ q. So they have the same value
in this case. Suppose now that p(b) = F. Then q(b) = F: otherwise
q(b) = T, whence p(b) = T, contrary to assumption, since q ≤ p. This
covers all the cases, so p and q are the same function. That is, p = q. /

Definition Let (A,≤) be an arbitrary partially ordered set (poset).
That is, A is a set and ≤ is a partial order on A. Then a function
f : A → A is restricting iff for all b ∈ A, f(b) ≤ b.

Exercise 6.16 Let A be a set. As we know, (P(A),⊆) is a poset.
Let B be a subset of A. Define f |B from P(A) to P(A) by setting:
f |B(K) = K ∩B. Prove that f |B is restricting.
Exercise 6.17 Let (A,≤) be an arbitrary poset. f : A → A is mono-
tone iff for all a, b ∈ A, if a ≤ b, then f(a) ≤ f(b).

1. Show by constructing an example that a monotone f need not be
restricting.

2. Show by constructing an example that a restricting f need not be
monotone.

Returning now to P1 modifiers, we require of interpretations [[ ]] that
(32) For all models M, for all (s,P1\P1) ∈ LexEng, [[(s, P1\P1)]]M is

a restricting function (from [EM → {T,F}] to itself).
Imposing condition (32) on interpretations does guarantee entailment

facts in patterned after (4) in Section 6. For example, suppose that in
some model M we have Kim laughed joyfully. We show that it follows
that in the same M, Kim laughed.

Here is the reasoning: For simplicity write k for [[(Kim,NP)]]M, and
similarly for laughed and joyfully.

We assume that Kim laughed joyfully holds in M. This means that

(joyfully(laughed))(k) = T.



But since joyfully is a restricting function, we see that joyfully(laughed) ≤
laughed. In particular, we can apply both sides to k and the inequality
remains. (This is countenanced by Definition 6.3; see our note below
that definition.) We see that

T = (joyfully(laughed))(k) ≤ laughed(k).

Therefore laughed(k) = T.
In a richer fragment of English than that of LENG, we might include

P1 modifiers that are not restricting, though the examples we are aware
of all seem to introduce other complications which lie well beyond the
scope of this introduction. Still, here are a few candidates. Consider
almost and nearly, as they occur in (33).
(33) a. Kim almost failed the exam.

b. John nearly fell off his chair.
Clearly these items are not restricting: (33a) does not entail that Kim
failed the exam. Indeed it rather suggests that Kim didnt fail. Similarly
(33b) does not entail that John fell off his chair. So if we treat almost
and nearly as P1 modifiers they will not denote restricting functions.
Syntactically, however, these expressions differ somewhat from manner
adverbs they naturally occur before the predicate, not after (??Kim
laughed almost,??John fell off his chair nearly). And they seem to as-
sume a much deeper analysis of P1s than we have offered so far (and
which is adequate to say something of interest about manner adverbs).
Namely they introduce a notion of process, whereby an action can be
partially but not totally completed. So Kim almost failed the exam sug-
gests that Kim took the exam and received a grade that was just good
enough to pass.

Another candidate class of non-restricting P1 modifiers are words like
apparently and possibly, as in (34).
(34) a. Gore apparently won the election.

b. John possibly ran out of bounds.
“Apparently winning” an election does not entail winning it, and

neither does “possibly winning” it. So these “-ly” adverbs are not re-
stricting. But like almost and nearly, they don’t pattern positionally
with the manner adverbs.
noun modifiers The category N of nouns contains lexical entries like
(student ,N), and (priest ,N). It is a primitive category in Eng, not
derived by any of the slash functions. So we stipulate its denotation set:
(35) For all models M, denM(N) = P(EM), the set of subsets of

EM.



So a noun such as (student ,N) will be interpreted as a subset of the
domain of the model. And we already know that any power set is a
poset, partially ordered by the subset relation ⊆. We also know from
the FI Principle in Figure 6.3 that adjectives, of category N\N, are func-
tions mapping P(EM) to P(EM). Thus it makes sense to ask whether
the functions we need to interpret these adjectives are restricting, and
they clearly are. A clever student is a student, a female lawyer is a
lawyer, etc. So, analogous to (32) we impose the following condition on
interpretations in a model:
(36) For all models M, all lexical items (s,N/N), [[(s,N/N)]]M is a

restricting function from P(EM) to P(EM).
This condition on interpretations accounts for facts such as those in

(37), once expressions of the form Det + N are interpreted:
(37) Every clever student is a student is true in all models M; so is

the sentence If Kim is a female lawyer then Kim is a lawyer.
Det + N denotations DPs such as (every student ,P0/P1) denote el-

ements of
[denM(P1) → denM(P0)],

the set of functions from properties, possible P1 denotations, to truth
values, possible P0 denotations. These functions are called generalized
quantifiers, GQs. Dets like every, some, etc. combine with Ns like
student, etc. to form such DPs. So Dets have category (P0/P1)/N and
hence denote in

[denM(N) → [denM(P1) → denM(P0)]].

So Dets map each subset of the domain of a model to a generalized
quantifier. As we have noted, it is a common property of Dets that they
are logical constants: they have a fixed interpretation in each model M.
Here is an illustrative example:
(38) For all models M, [[(every , (P0/P1)/N))]]M is that function

everyM which maps each subset A of EM to that GQ which
maps a property p to T iff A ⊆ {x ∈ E|p(x) = T}.

Writing denotations in upper case and omitting the subscript M,
this definition tells us that the interpretation (in M) of

(every student laughed ,S)

is given by:
(every(student))(laugh).

According to (38) this is T iff student ⊆ {x ∈ E|laugh(x) = T}. Thus
Every student laughed is true in a modelM iff the set of students inM is



a subset of the set of objects that laughed inM. This is pre-theoretically
correct. In this same informal vein, let us note the denotations of some
other Dets invoked in Chapter 5.
(39) a. some(A)(p) = T iff A ∩ {x ∈ E : p(x) = T} != ∅.

b. no(A)(p) = T iff A ∩ {x ∈ E : p(x) = T} = ∅.
c. (exactly two)(A)(p) = T iff |A ∩ {x ∈ E : p(x) = T}| = 2.
d. (the one)(A)(p) = Tiff |A| = 1 and A ⊆ {x ∈ E : p(x) = T}.
e. most(A)(p) = T iff |A ∩ {x ∈ E : p(x) = T}| > |A|/2.

We take the indefinite article a as in a student to mean the same as
some, in some student.

These definitions enable us to provide interpretations for subject
DPs, as in Some student laughed loudly, Most students read the Times,
etc. Understanding the interpretation of Dets and the subject DPs
they build is crucial to understanding much in the following chapters, so
we advise the reader to immediately work through Exercise 6.18 below
in order to build familiarity with these functions.
Exercise 6.18 (Informal Models). Below we specify a model by giving
the interpretations of some NPs and P1s. We do so using our shorthand
of sans-serif font rather than in terms of the interpretation function.

We take for our domain {a, b, c, d, e}. We also set student = {a, c, e},
ahtlete = {a, b}, adam = a, and barry = b. Furthermore, we interpret
some P1s by the chart below:

x laugh(x) cry(x) faint(x) smile(x)
a T T F T
b T T T F
c F T T F
d F F T T
e T T F F

Indicate whether each sentence below is T or F in this model. If it
is F, say why. Some of the sentences use constructions we have not yet
explicitly given an interpretation for, but which you should be able to
figure out.

1. Every athlete laughed.
2. Every athlete cried.
3. Every athlete both laughed and cried.
4. Some athlete both laughed and cried.
5. No athlete cried.
6. Exactly two students laughed.
7. Exactly two students fainted.



8. Exactly one athlete laughed.
9. Most students fainted.

10. Every athlete either laughed or cried.
11. Not every athlete either laughed or cried.
12. No student is an athlete.
13. Barry is Adam.
14. Barry fainted.
15. Some student is an athlete.
16. At least one student both laughed and cried.
17. Not every student smiled.

Object DPs The category P2 is (NP\S)/NP). So transitive verbs are
of this category. We consider now how we interpret DPs such as every
teacher in (40), when they function as objects of P2s.
(40) Kim praised every teacher.
As an object of a P2, every teacher in (40) has category P2\P1, and so
will be interpreted as a function from P2 denotations into properties,
P1 denotations. In the case at hand, we know just what function it is:
writing denotations in sans-serif for simplicity, every(teacher) maps praise
to that property which holds of an entity b iff b praised every teacher.
That is, iff for every teacher t, praise(t)(b) = T.

And this function is determined by the generalized quantifier, the
map from properties to truth values, that every teacher denotes as a
subject. Curiously, the definition is so simple it is not easy to under-
stand. Let us write, for each b ∈ E, praiseb for that property which maps
an entity y to the truth value praise(y)(b). So praiseb represents the prop-
erty of being praised by b. (For those of you familiar with the lambda
notation we introduce in Chapter xxxxx , praiseb = λx.praise(x)(b)).
Now we give the value of the function every teacher at the argument
praise:
(41) (every(teacher))(praise)(b) = (every teacher)(praiseb)

The righthand side of the = sign in (41) uses every teacher as a
function from properties to truth values. Given that function its value
at a P2 denotation like praise is uniquely determined, as in (41). To see
that this definition is the right one, consider the truth conditions of the
righthand side of (41).



(42) The following are equivalent:
(everyteacher)(praiseb) = T
teacher ∈ {x|praiseb(x) = T}
for every t ∈ teacher, t ∈ {x|praiseb(x) = T}
for every t ∈ teacher, praiseb(t) = T
for every t ∈ teacher, praise(t)(b) = T

And this last line says just what we want it to say: praised every teacher
denotes that property which is true of an entity b just in case for every
teacher t, b praised t.

The important point about the definitions above is that given a gen-
eralized quantifier –a function from P1 denotations to P0 denotations – it
uniquely determines a map from P2 denotations to P1 denotations (and
more generally from Pn+1 denotations to Pn denotations).

Definition
a. For P a possible P2 denotation (a map from entities to properties)

and b ∈ E, write Pb for that property defined by: Pb(y) = P (y)(b).
b. For F a generalized quantifier (a map from properties to truth

values) we extend F to a function from P2 denotations to properties
as follows: F (P )(b) = F (Pb).

Here P is a possible P2 denotation, so F (P ) is a property, the one
whose value at an arbitrary object b is whatever truth value F assigns to
the property Pb. In this way, we see that the value of a DP denotation
at P2 denotations is uniquely determined once we have given its values
at the possible P2 denotations. No additional interpretative apparatus
such as Division or Type Lifting (Chapter xxxxx ) is needed.

This question has engendered much theoretical discussion in the se-
mantics literature (van Benthem [60], Heim & Kratzer [25], Keenan [?],
Montague [49]) let us show that the form in Definition 6.3 above applies
to Pn+1s in general (though we shall not use the more general definition
here). The denotation P of a Pn+1 maps n entities bn, . . . , b1 in succes-
sion to a property. And analogous to Definition 6.316a, for an n-tuple
e = (en, . . . .e1) of entities (e ∈ En), let us write Pe for that property
which maps an object y to the truth value P (y)(e).

Then DPs have just one denotation – one whose domain is the set
of n + 1-ary predicate denotations and whose values are n-ary predicate
denotations, as in Keenan [33] and Keenan & Westerst̊ahl [37]. For the
formal record, given a domain E:

Definition a. P0 = {T,F}, and for all n, Pn+1 = [E → Pn].



b. denM(DP) = the set of all F ∈ [Pn+1 → Pn] such that for all
n, all P ∈ Pn+1, all e ∈ En, F (P )(e) = F (Pe. In this way, then, a

DP such as every student does not have many denotations, it just has
one, one with a large domain. Similarly we can now understand DP as
a single category, the category of expression which combines with Pn+1s
to form Pns, for all n.

We note though that the interpretation we obtain for object DPs
is the object narrow scope one. To get the object wide scope reading
it will be helpful to use lambda abstraction (Chapter ??? ). But it is
worth noting that object wide scope readings are often, in practice, not
available (Beghelli et all [7]). Consider (43).
(43) a. Each student answered no question correctly on the exam.

b. Fewer than five students answered every question correctly.
The object wide scope (OWS) reading of (43a) says that no question

has the property that each student answered it correctly. But in fact
speakers do not use (43a) with that meaning. It only has the stronger
(if less probable) reading that each student missed every question. Simi-
larly, in (43b) the OWS reading says that every question has the property
that fewer than five students answered it correctly. But in fact (43b)
just means that the number of students who got a perfect score was less
than five. The reading of such Ss that our analysis to date does capture
is by far the most natural. The less natural OWS reading requires a
richer interpretative apparatus (Chapter xxx ).

Let us work though one example to see that we do represent the
object narrow scope reading (and also just to see how the mechanism of
interpretation works with multiply-quantified Ss). Consider (44) from
LENG.
(44) Some student praised every teacher.

This is derived by RFA applied to (some student, P0/P1) and (praised
every teacher, P1). We now use our semantics for some (39a), to write a
series assertions equivalent to the truth of (44) in some fixed model.

student ∩ [[praised every teacher ]] != ∅
student ∩ {x|(every teacher)(praise)(x) = T} != ∅
student ∩ {x|(everyteacher)(praisex) = T} != ∅
student ∩ {x|teacher ⊆ {y|(praisex)(y) = T}} != ∅
student ∩ {x|TEACHER ⊆ {y|praise(y)(x) = T}} != ∅
there is a b ∈ student such that teacher ∩ {y|praise(y)(b) = T} != ∅



and this last line just says that there is a student who is such that the
set of things he praised includes all the teachers. That is, every teacher
has narrow scope in (44).

This is as far as we shall go here in providing semantic interpretations
for LENG. Wide scope readings for DPs are considered in Chapter ?????



7

Semantics II: Coordination,
Negation and Lattices

In this chapter we provide a systematic interpretation for expressions
built from the boolean connectives. This task is more challenging than
our discussion of boolean compounds in the previous chapter suggests,
since the boolean connectives are properly polymorphic: for almost all
categories C they combine expressions of category C to form further ex-
pressions in the same category. We suggest a semantic basis for polymor-
phism, and speculate at the end of this chapter on a deeper explanation.
To get started, here is a list of categories which do host coordination,
along with examples.
P0 (Sentence) Either John came early or Mary stayed late. Neither
did John come early nor did Mary stay late. Kim insulted Dana and
Dana insulted Kim.
P1 Kim bought a puppy and either laughed or cried. He neither laughed
nor cried.
P2 Kim either praised or criticized each student. Kim neither praised
nor criticized each student
DP Either Kim or some student insulted every teacher. Kim inter-
viewed every teacher and every dean. Neither every student nor every
teacher attended the meeting.
Det Most but not all students read the Times. John interviewed either
exactly two or exactly three candidates.
Adv John drives rapidly and recklessly. He drives neither rapidly nor
recklessly.
P (Preposition) She lives neither in nor near New York City. The
water was flowing over, under and around the car.

177



(c,Conj)(s, C)(t, C) =⇒






(both s and t, C) if c = and
(either s or t, C) if c = or
(neither s nor t, C) if c = nor

C must be one of the coordinable categories listed in this section: P0,
P1, P2, DP, Det, Adv, P, PP, AP; or P1\P1, P0/P1 or P2\P1.

FIGURE 7.1 The coordination rule, Coord.

PP (Prepositional Phrase) Coordination He was either at the of-
fice or on the train when the accident occurred. He works only with
Martha and with Bill.
AP (Adjective Phrase) No intelligent or industrious student read
the book. An attractive but not very well built house burned down
yesterday.

These examples suggest a Query: What, if anything, do these differ-
ent uses of and, (or, neither . . . nor . . .) have in common? Is there any
reason to expect that the coordinators are polymorphic?

Surely the meaning of or for example when it combines P2s is not
completely different from its meaning when it combines DPs, etc. Our
task in this chapter is to show just what the different usages have in
common, thereby answering both parts of the query and exhibiting a
non-obvious, possibly deep, generalization about natural language.

We discussed coordination in Chapter 5, beginning on page 126. Our
discussion here picks up where we left off in that chapter, so you will
want to review it. Of special note is the syntactic coordination rule,
repeated in Figure 7.1.

We do wish to make some remarks on the syntax in this fragment
for use throughout this chapter.

1. both, either, and neither are not assigned categories on this syntax;
they are introduced syncategorematically by the rules.

2. Let us add (himself,P2\P1) and (herself,P2\P1) to LexEng.
Exercise 7.1 Provide syntactic analysis trees for each of the following.

1. Either Kim or Sasha laughed.
2. Dana criticized both herself and every teacher.

A typological regularity In giving examples we often omit both and
either for simplicity. But a two part expression of coordination is not



uncommon; often we just repeat the conjunction, as in French et Jean et
Marie ‘and John and Mary’, ou Jean ou Marie ‘or John or Mary’, and
ni Jean ni Marie ‘neither John nor Mary’. This is the normal order in
V-initial and SVO languages. In V-final languages the order is postpo-
sitional: John-and Mary-and, as in (1) from Tamil1 (Corbett [16]:269):
(1) raaman-um

Raman-and
murukan-um
Murugan-and

va-nt-aaïka
come+past+3.pl.rational

Raman and Murugan came
Exercise 7.2 The subject DP in Mary and Sue or Martha can read
Greek is logically ambiguous. Using both and either, exhibit two DPs
each of which unambiguously represents one interpretation of the subject
DP. Describe in words a situation in which one of the Ss they build is
true and the other false.
Coordination: semantics Here we answer our Query by showing that
the sets in which expressions in coordinable categories denote are ones
with a particular kind of partial order, a lattice order. And the core
generalization we seek is that no matter what the category of expression
coordinated, a conjunction of expressions always denotes the greatest
lower bound of the denotations of its conjuncts, and a disjunction of
expressions denotes the least upper bound of its disjuncts. Let us define
these notions. Recall the notion of a partially ordered set, or poset from
Chapter 3 (see page 51).

Definition Let (P,≤) be a poset. Then, for all x ∈ P and all K ⊆ P ,
a.i x is a lower bound (lb) for K if for all y ∈ K, x ≤ y.
a.ii x is a greatest lower bound (glb) for K if for all lower bounds y of

K, y ≤ x.
b.i x is an upper bound (ub) for K if for all y ∈ K, y ≤ x.
b.ii x is a greatest lower bound (lub) for K if for all lower bounds y of

K, x ≤ y.

If a subset K of a poset has glb it has just one. To see this, let x
and x′ be glb’s for K. Since x is a glb of K and x′ is a lb of it, we
have x′ ≤ x. Turning things around, we also have x ≤ x′. But then by
antisymmetry, x = x′.
Notation If K has a glb it is noted

∧
K, read as “the meet of K”

or the infimum of K. When K is a two-element set {x, y},
∧
{x, y} is

usually written (x ∧ y), read as “x meet y”. Note:
1I know that the engma is not correct. Can any uses of tipa.sty can help, I’d be

very appreicative.



Exercise 7.3 Concerning least upper bounds in posets:
1. Prove that if a subset K of a poset has a lub, it is unique (i.e., it

has just one).
2. Prove that every singleton set in a poset {x} always has a lub and

a glb.
3. To check your comfort level with vacuous quantification, what is

a lower bound of ∅ in a given poset, and what is a glb of ∅?

Here is some useful notation. If K has a lub it is noted
∨

K and read
“the join of K” or “the supremum of K”. When K is a two-element set
{x, y}, its join

∨
{x, y} is usually written x ∨ y, read as “x join y”.

Definition A lattice is a partially ordered set (L,≤) such that for all
x, y ∈ L, {x, y} has a greatest lower bound and also a least upper bound.
In other words, for all x, y ∈ L, x ∧ y and x ∨ y exist.

Small lattices are often represented by their Hasse (pron: Hassuh)
diagrams, as below. In such a diagram a point (node, vertex) x is under-
stood to bear the lattice order relation ≤ to a distinct point y iff you can
read up from x along edges and get to y. Recall also that we understand
that each point x ≤ x without drawing a loop from x to itself. Here are
four lattices:

L1

a
TT

TT

EE
EE

E

b
DD

DD
D c d

gg
gg

c

L2 5

4

3

2

L3
a

\\
\\GGGG

b
c

qq
qqd ****

e

L4 9
JJ

JJ

qq
qq

q

8
\\

\\
\ 7

JJ
JJ

qq
qq

q
6

tt
tt

5
\\

\\
\ 4 3

tt
tt

2
To actually verify that a given poset is a lattice is in general a tedious
but straightforward task. One must look at all pairs of points to see if
they have the desired lubs and glbs. We only need to consider pairs of
distinct points, in view of the second part in Exercise 7.3 above. But if
a poset has n points, we still must carry out 2n(n− 1) verifications. On
the other, hand, to show that a poset is not a lattice is easier: one only
needs to find a pair with no lub or no glb. For example, here are two
non-lattices:

◦
WW

WW
◦

ff
ff

◦ ◦

◦ ◦



On the left, the points on the bottom have no lub and the ones on the
top have no glb. On the right, the two points shown are unrelated in
the order, and so the empty set has no lub or glb.
Exercise 7.4 Let L be a lattice, and let x, y ∈ L.

1. Show that x ≤ y iff x ∧ y = x.
2. State a similar fact concerning joins, and prove your result.

Exercise 7.5 Compute the meets and joins for the four lattices exhib-
ited above:

L1 b ∧ d = a ∧ c = b ∧ (c ∨ d) =∨
{e, b, c, d} =

L2 (4∧4) =
∧
{3} = 2∨

∧
{5, 3, 4} =

((5 ∨ 4) ∧ 3) ∨ 4 =
L3 b ∧ (d ∨ c) = (e ∨ c) ∧ d =

(d ∨ ∨b) ∧ d =
∨
∅ =

L4 (8 ∧ (4 ∨ 3)) ∨ 7 = 9 ∨ 7 ∨ 4 =
(8 ∧ 4) ∨ (8 ∧ 2) =

∧
∅ =∧

{8,
∨
{8, (8∧3)}} =

∨
{2, 3, 4, 5, 6, 7, 8, 9} =∧

{2, 3, 4, 5, 6, 7, 8, 9} =

Exercise 7.6 For each Hasse diagram below say whether it is a lattice;
if not, give a reason.

a. 1
SS

SS JJ
JJ

2 3
tt

tt JJ
JJ

4 5

b. 1
TT

TT

ff
ff

2

@@@@@@@@@ 3

RRRRRRRRR

4
\\

\\
\ 5

SS
SS

6

c. 1
TT

TT

qq
qq

2 3

RRRRRRRRR

4
\\

\\
\ 5

SS
SS

6

Exercise 7.7 Let (L,≤) be a lattice. Show that ∧ and ∨ are associative
operations. That is, using the definitions of ∧ and ∨, show that for all
x, y, z ∈ L, x ∧ (y ∧ z) = (x ∧ y) ∧ z, and similarly for ∨.
Exercise 7.8 Is (IN,≤) is a lattice? If so, what is m∧n and m∨n, for
any natural numbers m and n?
Examples of lattices Some important examples of lattices are shown
in Figure 7.2. We discuss these in turn.

The first example (actually a whole class of examples) is the power
set lattices (P(A),⊆). We have already seen that ⊆ is a partial ordering



1. For all sets X, (P(X),⊆) is a lattice.
2. When X is a singleton set, we get a lattice that looks like the

truth value lattice:
T

F

3. If (A,≤A) is a lattice and B any set, then the function set
B → A gives us a lattice ([B → A],≤), with ≤ defined by:

f ≤ g iff for all b ∈ B, f(b) ≤A g(b).

Such lattices are said to be defined pointwise.
FIGURE 7.2 Examples of lattices.

relation on any set. Further, for any A, and any X, Y ⊆ A, it is fairly
easy to verify that X ∧ Y is X ∩ Y , and X ∨ Y is X ∪ Y .
Exercise 7.9 Check in detail that X∨Y really is the least upper bound
of {X, Y } in each power set lattice (P(A),⊆).

In fact, we also get an example when X is a singleton set {∗}. In this
case, P(X) = {X, ∅}. We prefer to call these T (for X) and F (for ∅).
Now we already mentioned that the order is ⊆, so that F ≤ T, and that
the meet and join in P(X) work as union and intersection. Translating
these to the language of T and F immediately gives us the truth-tables
below:
(2)

x y x ∧ y x ∨ y
T T T T
T F F T
F T F T
F F F F

This two element lattice is often represented as {0, 1}, using 0 for F
and 1 for T. It is called the lattice 2.
Exercise 7.10 Which lattice do we get if we take A = ∅ and then form
its power set lattice (P(A),⊆)?

We now turn to the pointwise lattices, the last ones in Figure 7.2.



Let us see that ([B → A],≤) is a lattice, as claimed. There are many
points to verify, but in all cases we lean on the corresponding point for
A. For example, consider reflexivity of ≤. We must show that for all
f ∈ [B → A], f ≤ f . For this, let a ∈ A. We need to show that
f(a) ≤A f(a). But this is clear, since A is reflexive. The same kind of
argument works for the transitivity and anti-symmetry of ≤.

We also must show that the poset ([B → A],≤) has lubs and glbs of
all pairs. So let f, g ∈ ([B → A]. We only deal with the lub because the
same steps apply to glb. Let h : A → B be defined so that for all a ∈ A

(3) h(a) = f(a) ∨ g(a).
Again, h(a) exists because A is a lattice. For all a ∈ A, f(a) ≤ f(a) ∨
g(a) = h(a). This means that h is an upper bound of {f, g}. Let i be
any upper bound of {f, g}. To show that h ≤ i, we check that for all
a ∈ A, f(a) ≤ i(a). But since f, g ≤ i, we do have f(a), g(a) ≤ i(a).
And then the definition of ≤ in A tells us that h(a) = f(a)∪g(a) ≤ i(a).
Exercise 7.11 Complete the verifications that of the poset and lattice
properties in [B → A]: Let ≤ be defined as in Figure 7.2.

1. Prove that ≤ is transitive.
2. Prove that ≤ is antisymmetric.
3. Prove that for all f, g ∈ ([B → A],≤), {f, g} has a least upper

bound. Specifically, let h be defined so that
(4) h(a) = f(a) ∧ g(a). Check that h is the glb of {f, g}.

7.1 The use of pointwise lattices in semantics
Recall that the overriding aim of this chapter is propose an account
of the polymorphic nature of coordination. The last section was an
introduction to lattices, and with this preliminary done we now state
our proposal.

1. The denotation spaces of all coordinable categories C in a model
M are now upgraded from a mere set denM to a lattices. More-
over, this upgrading is done in a principled way.

2. The interpretation of and of coordinable category C in each model
M is the meet operation in denM, and similarly for or and the
joins.

In more detail, we have S as a coordinable category, and the others
are of the form C/D or D\C with D coordinable. We have taken the
interpretation of space of sentences to be {T,F} as a set, and now we
take it to be a lattice with the meet and join given by the standard truth
tables. In all other cases, the denotation spaces are function sets, by the



Functional Inheritance Principle (FI) given in Figure 6.3 on page 164.
in Chapter 6. When we come to define denM(C/D) or denM(D\C),
we already have a fixed lattice order on denM(D). And for the complex
category, we use the pointwise order.

The rest of this section is devoted to examples of this. Here is how
this works for P1s = DP\S. Conjunctions of P1s are interpreted by (4)
the pointwise glb’s of the interpretations of the conjuncts, and similarly
for disjunctions, using (3).
(5)

S

______________
*******

DP\S
000

0
,,,

,,

DP DP\S Conj DP\S

Kim either laughed or cried

kim

++++++++++++++ laugh
****

* ∨ cry
,,,,,

laugh ∨ cry

''''''

s

The truth value s ∈ {T,F} at the bottom of (5) is (laugh ∨ cry)(kim).
Using the definition of ∨ in the pointwise lattice from (3) above, we see
that

(laugh ∨ cry)(kim) = laugh(kim) ∨ cry(kim).
Thus we have shown that in each model M, Kim laughed or cried and
Kim laughed or Kim cried are interpreted as the same truth value.

Note that the semantic computation in (5) only works because Kim
denotes an element of E. Had we used for example every student instead
of Kim then the next to the last line would be (every student)(laugh∨cry)
since P1 denotations lie in the domain of every student, of category P0/
P1. Every student does not denote an element of E and thus does not
lie in the domain of (laugh ∨ cry). So replacing kim by every student in
the last two lines of (5) is nonsense.

Moreover on our semantics from Chapter 6, we can prove that in
general, (every A) does not map (P ∨Q) to (every A)(P )∨ (every A)(Q).
Observe first that this claim accords with our semantic intuitions of
entailment based on ordinary English. Compare:
(6) a. Every student either laughed or cried.

b. Either every student laughed or every student cried.



Imagine a model with 5 students, three laughed and the other two
cried. In such a case (6a) is true: no matter what student you pick,
that student either laughed or cried. But (6b) is false; it is not true
that every student laughed, and it is not true that every student cried.
And to see that our semantics guarantees this result consider that (6a)
is interpreted as in (6) below:
(7) The following are equivalent in every model M

(every(student))(laugh ∨ cry) = T
student ⊆ {x ∈ E : (laugh ∨ cry)(x) = T}
student ⊆ {x ∈ E : laugh(x) ∨ cry(x) = T}
for each x ∈ student, x laughed or x cried

And this last statement can be true in a situation in which just some
of the students laughed and the others cried. But in contrast (6b) is a
disjunction of Ss and is true if and only if one of the disjuncts is true.
The first disjunct says that all the students laughed, the second that
they all cried. As both conditions fail in the scenario given above it is
false in some models in which (6a) is true, hence (6a) does not entail
(6b).
Exercise 7.12 Exhibit an informal model in which (8a) is true and (8b)
false. Say why it is false and conclude that (8a) does not entail (8b).
Again this follows from our semantics for some used in Chapter 6 plus
that of conjunctions of P1s given here.

(8) a. Some student laughed and some student cried.
b. Some student both laughed and cried.

Definition Expressions s and t are logically equivalent iff for each model
M they have the same denotation in M (that is, [[s]]M = [[t]]M). Here

is an example:
(9) a. Kim either laughed or cried.

b. Either Kim laughed or Kim cried.
The bottommost line in (5) represents directly the denotation of (9a) in
a given model, and as our computations using the pointwise join show,
it is the same as the denotation of (9b).
Exercise 7.13 Analogous to (5) exhibit the semantic interpretation
trees for (i) and (ii) below, concluding that they too are logically equiv-
alent.

a. Dana both laughed and cried.



b. Dana laughed and Dana cried.

We turn now from P1s to P2. Now that we have a lattice order on
denM(DP\S) is a (pointwise) lattice, we have a lattice order on

denM(P2) = denM((DP\S)/DP)

as well. (And in general denM(Pn+1) = [E → denM(Pn)] is a lattice
pointwise).

Here is an example. Fix a model M and consider Kim either praised
or criticized Dana.
(10)

Kim either praised or criticized Dana

kim

&&&&&&&&&&&&&&&&&&&& praise
iii
∨ criticize

GGGG
dana

XX
XX

XX
XX

X

pr ∨ cr
****

(pr ∨ cr)(dana)
aaaaaa

s

The truth value s at the bottom is (praise∨criticize)(dana)(kim) Then
we have the following calculation using the pointwise nature of ∨ in two
different categories. The following are equivalent:
(11)

(praise ∨ criticize)(dana)(kim)
= (praise(dana) ∨ criticize(dana))(kim)
= praise(dana)(kim) ∨ criticize(dana)(kim)

As the last line is the interpretation (12b) below, we see that our se-
mantics shows that (12a,b) are logically equivalent.
(12) a. Kim either praised or criticized Dana.

b. Either Kim praised Dana or Kim criticized Dana.
Exercise 7.14 As a test of your understanding of the polymorphic ∨
functions, take the three lines in (11) and tell the semantic type of ∨ in
each line.

This guarantees logical equivalences like the (a,b) pairs below:
(13) a. Every student and some teacher laughed joyfully.

b. Every student laughed joyfully and some teacher laughed
joyfully.

(14) a. Either John or some teacher took your car.
b. Either John took your car or some teacher took your car.



Similarly the pointwise definitions mapping P2 denotations to P1 de-
notations predict, correctly, many equivalences. We list a few, using ≡
for semantic equivalence.
(15) John interviewed every bystander and a couple of storeowners ≡

John interviewed every bystander and interviewed a couple of
storeowners.

(16) He wrote a novel or a play ≡ He wrote a novel or wrote a play
(17) most but not all students ≡ most students but not all students

(Dets)
(18) He spoke softly and quickly ≡ He spoke softly and spoke quickly

(P1\P1)
(19) He lives in or near NY City ≡ He lives in NY City or near NY

City (P)

7.1.1 Revisiting the Coordination Generalization
We pursued our semantic analysis of coordinate expressions by inter-
preting a conjunction of expressions as the glb of the denotations of its
conjuncts, and a disjunction as the lub of the denotation of its disjuncts.
This has led us naturally towards a system in which at least certain types
of expressions, boolean compounds, are directly interpreted, as we have
illustrated above. Thus we independently derive and interpret (9a) and
(9b) and then prove that they are logically equivalent, always denoting
the same truth value.

But early work in generative grammar suggested a more syntactic
approach to characterizing these equivalences. The idea is that there
is only one and (or, nor), the S or “propositional” level one. It just
combines with Ss to form Ss. Apparent coordinations of non-Ss are
treated as Ss, “syntactically reduced” and and, or, and not are still
interpreted propositionally. So the P1 coordination in (9a) would be
derived by some Conjunction Reduction rules from the S in (9b), and it
would receive the same interpretation as (9b).

This approach is an affirmative answer to the Query: what the dif-
ferent uses of and have in common is that they all denote the meaning
and has when it conjoins Ss. Initially this solution seems semantically
appealing, since (9a) and (9b) are logically equivalent. So the reduc-
tion rules seem to satisfy Compositionality: the interpretation of the
derived expression (9a) is a function (the identity function) of the one
it is derived from, (9b).

But as we have seen in (6) and Exercise 7.12, this equivalence fails
for most DP subjects. Replacing Kim in (9) with Some student yields
(24a,b) which are certainly not logically equivalent:



(20) a. Some student both laughed and cried.
b. Some student laughed and some student cried.

If just one student laughed and just one, a different one, cried, (20b)
is true and (20a) is false. Similarly replacing some student everywhere
by no student, exactly four students, more than four students, . . ., and
infinitely many other DPs yields sentence pairs that are not logically
equivalent, though a few cases do work: every student, and both Mary
and Sue preserve logical equivalence (but not if and is replaced by or).

Thus Ss derived by Reduction are not regularly related semantically
to their sources: sometimes the pairs are logically equivalent, sometimes
one entails the other but not conversely, and sometimes they are logically
independent (neither entails the other). In addition the precise formula-
tion of the Reduction rules has not been worked out and it seems quite
complicated. For all these reasons then we recommend the independent
generation and interpretation approach presented here to one in which
non-sentential boolean compounds are treated as syntactic reductions
of S-level compounds and their interpretation is determined on their
S-level sources.

7.2 Negation and some additional properties of natural
language lattices

The lattices we use as denotation sets have three further properties in
common: they are bounded, distributive, and complemented. We use
the latter to represent the interpretation of negation and neither . . . nor
. . .. It presupposes boundedness and its functional character requires
distributivity, so we discuss these first.

Definition An element x of a lattice is called least if for all y ∈ L,
x ≤ y. Dually, an element x of a lattice is called greatest if for all y ∈ L,
y ≤ y. A lattice (L,≤) is bounded iff it has a least element and a greatest
element.

Facts Let (L,≤) be a bounded lattice. Then it has just one least ele-
ment is noted 0, or⊥, read zero, or bottom, and just one greatest element,
noted 1, or D, read as the 1, unit, or top. (If x and x′ are both least then
x ≤ x′ and x′ ≤ x; so by antisymmetry, we also have x = x′. Obviously
if (L,≤) is bounded, then 1 =

∨
L and 0 =

∧
L. A little less obviously,

1 =
∧
∅ and 0 =

∨
∅. Every finite lattice is bounded, since if L is finite

with n elements, say a1, . . . , an, then then 0L = (· · · (a1 ∧a2)∧ · · ·∧an),
and similarly for 1L. Most of the lattices exhibited so far are finite and
thus bounded. But many non-finite lattices are bounded:



Theorem 7.1 i. (P (A),≤) is bounded with A greatest and ∅ least,
no matter how large A is.

ii. If (L,≤) is bounded then every pointwise lattice [E → L] is
bounded. The 0 function maps each x ∈ E to 0L, the zero of
L, and the 1 function maps each x ∈ E to 1L.

Here is a simple fact: In any bounded lattice (L,≤), x∨ 0 = x. Why
is this true? Since x ≤ x and 0 ≤ x, we have that x is an ub for {x, 0}.
And for z an ub for {x, 0}, x ≤ z. So x is least of the ub’s, as was to be
shown.

Since for all x, x ∨ 0 is x, we say that 0 is an identity element with
respect to ∨. The exercise below shows that 1 is an identity element
with respect to ∧.
Exercise 7.15 Show in analogy to the fact above that in any bounded
lattice, x ∧ 1 = x.

Definition A lattice (L,≤) is distributive iff for all x, y, z ∈ L, (i) and
(ii) hold:

i. x ∧ (y ∨ z) = (x ∨ y) ∧ (x ∨ z).
ii. x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z).

One proves in any lattice that (i) and (ii) are equivalent. Moreover
the righthand side of (i) stands in the ≤ relation to its lefthand side in
any lattice. So to prove that a lattice is distributive it suffices to show
that x∧ (y∨z) ≤ (x∨y)∧ (x∨z), for all x, y, z ∈ L. Dually, the lefthand
side of (ii) is ≤ the righthand side in any lattice, so again to prove a
lattice distributive it suffices to show that (x∨ y)∧ (x∨ z) ≤ x∨ (y ∧ z).
Theorem 7.2 1. The lattice {T,F} is distributive.

2. All power set lattices are distributive.
3. If (L,≤) is distributive then so is the pointwise lattice [E → L].
An example of a non-distributive lattice consider L3, the pentagon

lattice on page 180. There b ∧ (d ∨ c) = b ∧ a = b != d = d ∨ e =
(b ∧ d) ∨ (b ∧ c). In this way, distributivity fails.
Exercise 7.16 Show that the diamond lattice, L1 on page 180, also
fails to be distributive.

Definition A lattice (L,≤) is complemented iff (L,≤) is bounded and
for every x ∈ L there is a y ∈ L such that (x ∧ y) = 0 and (x ∨ y) = 1.



Notation To say that complements are unique in a lattice (L,≤) is
to say that for every x ∈ L there is exactly one y ∈ L satisfying the
complement axioms (x ∧ y) = 0 and (x ∨ y) = 1. In such a case this
unique y is noted −x, read as “complement x”. Moreover, x ∧ −x = 0
and x∨−x = 1. If z is such that x∧ z = 0 and x∨ z = 1, then z = −x.
Theorem 7.3 If a complemented lattice is distributive, then comple-
ments are unique.
Exercise 7.17 A lattice may be complemented but not uniquely com-
plemented (and so not distributive by Theorem 7.3). For example, L3,
the pentagon lattice from page 180, is complemented but the element c
has two complements. One is b, since b ∧ c = 0 (the zero element is e)
and b ∨ c = 1 (the unit element is a). What is the other complement of
c?

Definition A boolean lattice is a lattice which is distributive and com-
plemented.

All sets denM(C) for C coordinable are boolean with negation de-
noting the complement operation, just as and and or denote the meet
and join functions. The denotation for neither . . . nor . . . is sometimes
noted ↓, defined by

x ↓ y = (−x ∧ −y) = −(x ∨ y).

We assume Eng enriched with a Negation rule: (not ,NEG) + (s, C) →
(not s, C).

Here are some basic facts about complements:
1. In the {T,F} lattice, T is the top or unit element, F is the bottom

or zero element, and provably −T = F and −F = T.
2. In any power set lattice P (A), for each X ⊆ A, −X is provably

A−X, the set of elements in A that are not in X.
3. In a pointwise boolean lattice [E → L], (−F )(x) = −(F (x)).
The point above on pointwise lattices leads us to an extension of our

proposal (page 183) to use lattices in connection with coordination. We
now take the semantic spaces for coordinable categories to be boolean
lattices, and we use the complement as the interpretation of negation.
Here is an example, where we use not as an DP negation:



(21)
Not every student laughed

not

*****************every
nnnnnnnn student laugh

every(student)

not(every(student))

(not(every(student)))(laugh)

This is equal to the opposite truth value of every(student)))(laugh), the
interpretation of Every student laughed. We say that two sentences have
opposite meanings if their interpretations in each model are always op-
posite truth values there. So we see that Not every student laughed has
the opposite meaning to Every student laughed, just as it should.

Interpreting negation as complement generally yields reasonable re-
sults in terms of judgment of entailment and logical equivalence. And
it answers the query analogous to the one we raised for and and or.
Namely, the uses of negation with expressions in different categories do
have something in common: the negative expressions always denotes the
boolean complement of the denotation of the expression negated.

We should note, though, that the syntax of negation is significantly
more complicated than that of conjunction. The most easily negated
expressions across languages are P1s (despite a tradition that calls nega-
tion “sentential” negation). In English, the expression of this negation
is fully natural, but complicated. It requires the presence of an auxiliary
verb, as in (22b).
(22) a. Just two students got scholarships.

b. Just two students didn’t get scholarships.
c. ? It is not the case that just two students got scholarships.

Note that (22c) is not at all logically equivalent to (22b). In a situa-
tion with exactly four students, just two of whom got scholarships both
(22a) and (22b) are true, and (22c) is false, so (22b) does not entail
(26c). And in a situation with six students, exactly three of whom got
scholarships, (22c) is true and (22b) false, so (22c) fails to entail (22b).
The point of this observation is that the information contained in the
subject of the P1 is not in general understood to be under the scope of
P1 negation.

Many DPs negate easily, as in (23), but also many don’t, (24).
(23) a. Not a creature was stirring, not even a mouse.



b. Not more than a couple of students will answer that
question correctly.

c. Not one student in ten knows the answer to that.
d. Not every student came to the party.

(24) a. ∗Not John came to the party.
b. ∗Not the students I met signed my petition.
c. ∗Not each student came to the party.

On the other hand, sometimes apparently unnegatable DPs can be
forced to negate in contrastive or coordinate contexts, as in Sue and not
Jill will represent us at the meeting.

Finally we should note that it is usually quite difficult to interpret
negation as taking a mere P2 in its scope. John didn’t criticize every
teacher does not mean that John stands in the not-criticize relation
to every teacher; this last sentence would mean that every teacher has
the property that John didn’t criticize them. Rather the sentence most
naturally means simply that John doesn’t have the property expressed
by criticized every teacher.

7.3 Properties versus sets: lattice isomorphisms
We have already said in Section 3.3 what it means for two relational
structures, in particular two (boolean) lattices, to be isomorphic: you
must be able to match the elements of the their domains one for one
in such a way that elements stand in the order relation in one if and
only if their images stand in the order relation in the other. Now for
the lattices we have considered there is one interesting and possibly
not obvious instance of an isomorphism, one that is used often in the
literature, and often without explicit mention. Namely, a power set
lattice, (P (A),⊆) is isomorphic to the corresponding pointwise property
lattice ([A → {T,F},≤]). To show this, we exhibit an isomorphism. Let
K be any subset of A and define hK from A into {T,F} by

hK(a) = T iff a ∈ K.

Now we claim that the function h mapping each subset K of A to hK

is an isomorphism. Here is an informal proof using the Hasse diagrams
of the lattices. First we repeated something we have already seen, the
power set lattice (P({a, b, c}),⊆):
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And now consider the Hasse diagram for the hK , shown on the right
above.

Now it is clear that the map h sending each set K on the left in (25)
to hK on the right is a bijection. But two queries still arise. First, how
do we know that all the maps from A into 2 (we often write 2 for {T,F}
recall) are actually exhibited on the right in (25)? The answer is easy:
for any g : A → 2 let T [g] be {a ∈ A : g(a) = T}, the set of elements
of A that g is true of. Then clearly hT [g] is exactly g, since hT [g] is true
of exactly the elements of T [g], so hT [g] and g assign the same truth
values to each element of A. And second, how do we know that we have
correctly represented the ≤ relation in the lattice on the right)? Well,
we see that in moving up along lines from some hK to some hK′ , it must
be so that K ⊆ K ′. Hence the set of things hK maps to T is a subset of
those that hK′ maps to T. This implies that hK ≤ hK′ , completing the
proof.

Now, granted that a power set lattice and its pointwise counterpart
are isomorphic, why should we care? One practical reason is that authors
differ with regard to how they represent properties of objects. Often we
find it natural to think of a property of objects X as a function that
looks at each element of X and say True (or False). So we treat the set
of properties of objects X as [X → {T,F}]. And in such a case when b
is an object and p a property, we will write p(b) to say that the object
b has property p. But other times we just treat a property of elements
of X as the set of objects which have it. So here the set of properties is
P(X), and we write b ∈ p to say that b has property p.

But from what we have just seen, P(X) and [X → {T,F}] are iso-
morphic (and we write P(X) ∼= [[X → {T,F}]). That means that the
order theoretic claims we can make truly of one are exactly the ones we
can make about the other. Whenever one says b ∈ p the other says p(b)
and conversely. In fact within a given text an author may shift back and
forth between notations, acknowledging that there is no logical point in



distinguishing between isomorphic structures. We close with two fur-
ther properties which the boolean lattices we use have but which are
not present in all boolean lattices.

Definition A lattice (L,≤) is complete iff every subset K has a glb
and a lub, that is,

∨
K and

∧
K exist, for all K ⊆ L.

All finite lattices are complete. If K = {k1, . . . , kn} ⊆ L, then
∨

K =
k1 ∨ · · · ∨ kn, and similarly for

∧
K.

Definition

a. An element α of a bounded lattice is an atom iff α != 0 and for all
x, if x ≤ α, then either x = α or x = 0.

b. A lattice (B,≤) is atomic iff for all y != 0 there is an atom α ≤ y.
Write Atom(B) for the set of atoms of B.

Theorem 7.4 A boolean lattice (B,≤) is complete and atomic iff it is
isomorphic to P(Atom(B)). The map f defined by

f(y) = {α ∈ Atom(B)|α ≤ y}

is the desired isomorphism. Thus |B| = |P(Atom(B)| = 2|Atom(B)|.
Theorem 7.5 All finite lattices are complete and atomic. In addition,
each finite boolean lattice is isomorphic to the power set of its atoms,
and so isomorphic to a power set.
Exercise 7.18 This exercise is about atoms in lattices.

1. Show that in a power set boolean lattice, the atoms are exactly
the unit sets (singletons).

2. Let L be an atomic lattice, and let B be any set. We already know
that [B → L] is a lattice with the pointwise order. Show that this
lattice is atomic.

3. Use the concept of isomorphism to derive your answer to the second
part from your answer to the first part.

The basic idea is that isomorphism preserve all of the relevant facts
about a mathematical structure. That is, between isomorphic structures
there is “not a dime’s worth of difference.” Specifically, if (A,R) is a
poset and (A,R) ∼= (B,S), then (B,S) is also a poset. The same holds if
we replace “poset” by “lattice”, “atomic lattice”, “distributive lattice”,
or whatever. Moreover, if f : A → B is an isomorphism of lattices, then
a is an atom of A iff f(a) is an atom of B, etc.



1. x ∧ y = y ∧ x, x ∨ y = y ∨ x. (commutative)
2. x∧(y∧z) = x∧(y∧z), and x∨(y∨z) = x∨(y∨z). (associative)
3. x ∧ x = x, x ∨ x = x. (idempotent)
4. −(−x)− x. (double complement)
5. −(x∧ y) = (−x)∨ (−y), −(x∨ y) = (−x)∧ (−y). (de Morgan)
6. x ∧ (x ∨ y) = x, x ∨ (x ∧ y) = x. (absorption)
7. x ≤ y iff x ∧ y = x iff x ∨ y = y.
8. x ≤ y iff x ∧ −y = 0 iff −x ∨ y = 1.
9. x ∧ y ≤ x ≤ x ∨ y.

10. x ≤ y iff −y ≤ −x (antitone)
11. If x ≤ y, then x ∧ z ≤ y ∧ z and x ∨ z ≤ y ∨ z.

FIGURE 7.3 Some properties of boolean lattices

Laws of boolean lattices We mention some basic regularities that
hold in all boolean lattices. For those that are named, the names are in
common use.
Exercise 7.19 Let (A,R) be a relational structure. Define a binary
relation R−1 on A by setting x R−1 y iff y R x. R−1 is called the
converse of R.

1. Fill in the blank: a relational structure (A,R) and its dual are
literally the same when R is .

2. Prove that when (A,R) is a poset (lattice) then (A,R−1) is a poset
(lattice). (A,R−1) is called the dual of (A,R).

3. What is the relation of the Hasse diagram of a poset to that of its
dual?

4. If (A,R) is a boolean lattice then it is isomorphic to its dual, the
complement function (curiously) being an isomorphism.

A concluding note on point of view We have defined boolean lat-
tices in an order theoretic way: x ∧ y and x ∨ y are defined as greatest
lower bounds and least upper bounds, and − as the complement oper-
ation. Another widely used approach is one in which a boolean lattice
is given as a triple (L,∧,∨,−), with ∧ (meet), ∨ (join), and − taken
to be functions on L satisfying the properties in Figure 7.3. Then we
define ≤ by: x ≤ y iff x ∧ y = x. Sets with functions defined on them
are algebras, so on this view a boolen lattice would be called a boolean



algebra, named after George Boole, see Boole [11], who first constructed
them. The two approaches, the relational one and the functional one,
are interdefinable and serve to illustrate different ways of accomplishing
the same goal. Recall our slogan

If you can’t say something two ways, you can’t say it.

Boole’s speculation Boolean algebra has developed explosively since
Boole initiated it. But Boole’s original work still merits reading, espe-
cially for its motivation. Boole was not interested in inventing a type
of algebra per se, rather he was trying to formulate with mathematical
precision and rigor the thought steps he took in clear reasoning, hence
his title The Laws of Thought. This was a marvelously ambitious enter-
prise, and while we may reasonably think there is more to thought than
the kinds of reasoning that can be carried out with the framework of
boolean algebra, might not Boole’s intuitions give us a deeper account
of the ubiquity of and, or, and not? Their meanings indeed are not tied
to any particular type of denotation B truth value, property, relation,
restricting modifiers, generalized quantifiers, . . . and this suggests that
the boolean operators express more the way we think about things, how
we conceptualize them, than properties of things themselves.

7.3.1 Addition to this Chapter

7.4 Automorphism invariant elements of a structure
We introduce briefly a concept that enable us to study the structurally
equivalent elements of a mathematical structure. By way of example
first, consider the diamond lattice L1 repeated below:

L1

a
TT

TT

EE
EE

E

b
DD

DD
D c d

gg
gg

c

The element z is (uniquely) identifiable in terms of the lattice re-
lation: z is the only element which is ≤ everything in L; it is the 0.
Similarly a is the 1. To say that an object x is identifiable here just
means that there is a lattice definable property which distinguishes x
from all the other objects in the structure. In L1 none of b, c, or d is
identifiable.



Let us now generalize these notions and provide proper mathematical
definitions.

Definition A (one sorted) mathematical structure is a pair A =
〈A, {Ri}i∈I〉, where A is a set, I is an index set and each Ri is a function
or relation on A. If all the Ri are functions then A is called an algebraic
structure. If all are relations, then A is called a relational structure.

Definition Let (A,R) and (B,S) both be n-ary relational structures
for some fixed n. They are isomorphic, noted (A,R) ∼= (B,S) iff there
is a bijection h from A to B such that for all a1, . . . , an ∈ A,

R(a1, . . . , an) iff S(h(a1), . . . , h(an)).
In this case, the function h is said to be an isomorphism. An isomor-
phism from a relational structure (A,R) to itself is called an automor-
phism.

Now, consider the automorphisms of the diamond lattice above. Note
that:
Proposition 7.6 For all bounded lattices L = (L,≤), all autmorphisms
h of L, h(0) = 0.

This is a special case of what we mentioned earlier on isomorphisms.
It is easy to verify, and we leave it as an exercise.
Exercise 7.20 For L a bounded lattice, show that 1 is also a fixed point
of all the automorphisms of L.

The automorphisms of a mathematical structure are the structure
preserving maps on that structure. An element of the domain of such
a structure which is fixed by all the automorphisms is an element that
cannot be mapped to anything else preserving structure. And we say
that it is a structurally invariant (or automorphism invariant) element.

But we can say more about the “structure” of the diamond lattice?
Consider the atoms b, c, and d. None of them is structurally invariant,
but also none can be mapped to z or to a by an automorphism. Let’s
state this formally for the diamond lattice:
Theorem 7.7 Let h : L1 → L1 be an automorphism. The for all
x ∈ L1, x is an atom iff h(x) is an atom.

Again, we leave the verification to you. The point is that even though
none of the individual atoms is automorphism invariant, the property
of being an atom certainlyl is a structural invariant of the diamond
lattice. In fact, this holds for any bounded lattice L. That is, for all
automorphisms h, h(Atom(L) = Atom(L).



Thesis Given a mathematical structure A, the elements, properties,
relations, . . . which are “structural” in some intuitive sense, are exactly
those which are mapped to themselves by all the automorphisms of A.
That is, they are And elements a, b ∈ A are “structurally equivalent“ iff
there is an automorphism h mapping one to the other.
Theorem 7.8 Let (A,R), (B,S) and (C, T ) be n-ary relational struc-
tures for some fixed n. Then

1. idA, the identity map on A, is an automorphism of (A,R).
2. If h is an isomorphism from (A,R) to (B,S) then h−1 is an iso-

morphism from (B,S) to (A,R).
3. If h is an isomorphism from (A,R) to (B,S), and g is an isomor-

phism from (B,S) to (C, T ), then g ◦ h is an isomorphism from
(A,R) to (C, T ).

Thus the relation is isomorphic to defined on the class of n-ary rela-
tional structures is an equivalence relation.

Further Reading
See Payne [55] and Horn [27] for typological discussion of nega-

tion; see Keenan & Faltz [36] for extensive semantic discussion of the
boolean operators and, or, and not. A classic source on lattice theory is
Birkhoff [9], and a more recent (and a very readable and popular source
book) is Davey and Priestley [18].

Footnotes



8

Proof Systems for Simple Fragments

We have seen sentential logic as a model of a certain linguistic phe-
nomenon: the use of certain sentential connectives. In later parts of
the course, we present several logical systems which are of interest in
linguistics. Our emphasis is on the semantics of various formalisms and
on seeing how well one can capture entailments and related matters.

Many logic courses emphasize the proof theoretic aspects of logic.
That is, they are less concerned with semantics than with presenting
formal systems that represent valid argumentation. This is often the
case in computer science courses, for example: there are whole fields of
study devoted to getting computers to make deductions (in artificial in-
telligence, for example). People in these fields must pay close attention
to properties of specific proof systems. We have not presented any proof
system for sentential logic. But we will see a proof system in Section 8.1
just below. Our main purpose is to study a semantics which we take
to be primary. In other words, the proof system is at the service of the
semantics. There are times when one goes the other way. Specifically,
there are are significant applications of ideas from proof theory in lin-
guistics, especially in syntactic formalisms that descend from categorial
grammar or linear logic. But we will not get into any of this. We also
will not be able touch on the fascinating back-and-forth relationship
between logic and linguistics.

8.1 Logical Systems for Fragments
In earlier work, we presented sentential logic as an illustration of the
basic ideas of semantics. We want to turn to another illustration. This
time we take a very simple fragment of English and a correspondingly
simple formal language.

We write N for the set of common nouns of English. This set contains
words like person, animal, chair, etc. It will be helpful as you read what

199



follows to either use words whose meanings you do not know, or else to
make up new Ns for yourself.

We are interested in sentences of the following forms:
(1) a. Every x is a y.

b. Some x is a y.
c. No x is a y.

In these and throughout this section, x, y, z, and similar letters denote
Ns.

Here is an example of an intuitive entailment in this language: We
claim that

{Every trobe is a frobe,Every frobe is a shobe} |= Every trobe is a shobe.

That is, if one had a situation where one (understood these made-up
words and) took the two sentences on the left as true, then in this
situation one would take the sentence on the right as true also. If you
prefer real words instead of made-up ones, consider instead Every athlete
is a mountaineer and Every mountaineer is a dentist. These intuitively
entail that Every athlete is a dentist. However, it will make our life
easier if we use letters like x and y in this section, and leave it to you to
replace them by actual words. So we would then write

{Every x is a y,Every y is a z} |= Every x is a z.

Exercise 8.1 Which of the following are intuitively correct?
a. Every x is a y |= Every y is an x.
b. {Every x is a y,Some z is a x} |= Some z is a y.
c. {Every x is a y,Some y is a z} |= Some x is a z.
d. Every x is a y |= Some x is a y.
e. {Every x is a y,No y is a z} |= No x is a z.
f. {Every z is an x,Every z is a y,Some z is a z}, |= Some x is a y.
g. {Some x is a y,No x is a y} |= Every u is a v.
h. No x is an x |= No x is a y.

We would like to have a formal language in correspondence with this
fragment. Since the fragment has no recursive rules, we do not need
a “real” syntax at all. In fact, we can take the syllogistic fragment to
be the desired formal language and forget about the correspondence to
English sentences.

We turn next to the formal semantics. We start with the specification
of models. As with valuations and sentential logic, this choice of what
to take as a model is up to us. It is more of an art than a science. Here
is what we want to do for this fragment.



Definition A model is a pair (M, i) where M is a set called the universe,
and i : N → P(M) is a function called the interpretation. We usually
refer to a model by the name of its universe.

So for each N, say x, the model gives us a subset i(x) of the universe
M .

Now we can define the truth relation between sentences in the frag-
ment and models.

Definition Given a model M = (M, i) and a sentence as in the frag-
ment, as set out in (1).

M |= Every x is a y iff i(x) ⊆ i(y).
M |= Some x is a y iff i(x) ∩ i(y) != ∅.
M |= No x is a y iff i(x) ∩ i(y) = ∅.

Example Suppose M = {A,B,C, D, E}, i(w) = {D}. i(x) = {A,B,C},
i(y) = {C}, and i(z) = ∅. Then the following hold:
(2)

M |= Every y is an x
M !|= Every x is a y
M |= Some y is an x
M |= Every z is a y

M |= No w is an x
M |= Some x is a w
M !|= Some y is a z
M !|= No y is an x

You should check these formally and also informally. That is, you should
use the precise definitions, and you should also check that evaluating
using those definitions matches your intuitions.

At this point, we re-read all of our general semantic definitions from
Figure ?? in light of the formal semantics just presented. So we have gen-
eral definitions of tautology, satisfiable sentence, entailment, and equiva-
lence. The syllogistic fragment is simple enough that we can completely
characterize these formal notions in more useful terms.

For validity, the only tautologies are those of the form Every x is an x.
(What we mean is that the tautologies are the Every sentences with
both Ns the same.) To see that these are valid, let’s take a model
(M, i). Since i(x) = i(x), we have i(x) ⊆ i(x). So we see that in-
deed M |= Every x is an x. And since M is arbitrary, our sentence is a
tautology. We also want to know that no other sentences are tautolo-
gies. There are a number of cases. For a sentence Every y is a z with
y and z different, consider M = {1}, i(y) = {1}, and i(z) = ∅. Then
M !|= Every y is a z, so the sentence is not a tautology. (There is noth-
ing special about {1} here: we could have used any non-empty set. But
we must choose and work with one set to give a concrete counter-model.)



Let us move on to sentences Some x is a y with y possibly the same as
x. We take M = {1}, i(x) = ∅, and i(y) arbitrary to get a model M
which does not satisfy our sentence. Finally, we consider No x is a y.
To get a model where this fails, we consider M = {1}, i(x) = {1}, and
i(y) = {1}.

This characterizes the tautologies. We leave to you to characterize
the satisfiable sentences and the relation of equivalence of sentences in
Exercises 8.3 and 8.4 below.

It is useful to completely characterize the relation of entailment for
the fragment, since this corresponds to syllogistic reasoning as it has
been studied from ancient times. (This is the reason we call the fragment
“syllogistic.”) We present the general result without proof below, but
first we have some examples. Let us return to Exercise 8.1, specifically
to the first two assertions. Here they are again:
(3)
a. Every x is a y |= Every y is an x.
b. {Every x is a y,Some z is a x} |= Some z is a y.
We as whether these assertions are correct when read formally. For (3a),
we show that it is not correct. Here is a counter-model: Let M = {a},
i(x) = ∅, and i(y) = {a}. Then since ∅ ⊆ {a}, M |= Every x is a y. And
since {a} !⊆ ∅, M !|= Every y is a x. On the other hand, the assertion
in (3b) is correct. To see this, take an arbitrary model (M, i). Suppose
that M |= Every x is a y and M |= Some z is an x. Translating to our
definitions, we see that i(x) ⊆ i(y) and i(z) ∩ i(x) != ∅. Taking the
second of these assertions, let a ∈ i(z) ∩ i(x). By the first assertion,
a ∈ i(y). So a ∈ i(z) ∩ i(y). This shows that M |= Some z is a y. And
since M is arbitrary, have (3b).
Exercise 8.2 In Exercise 8.1, you considered some statements on an
intuitive level. Return to the exercise and and investigate the last six
parts in formal terms. That is, which of the assertions in parts (c) –
( h) are true of our formal semantics? For the true ones, give a short
proof, and for the false give a counterexample.
Exercise 8.3 Show that every sentence in the syllogistic fragment is
satisfiable.
Exercise 8.4 Decide which pairs of sentences in this fragment are
equivalent. (Again, this means that they have the same models). Prove
your result along the same lines as what we did above for tautologies in
the fragment. This is a fairly long exercise with many short parts.



Every x is an x
Every x is a z Every z is a y

Every x is a y

Some x is a y Every y is a z
Some x is a z

Every x is a z No z is a y
No x is a y

Some x is a y
Some y is an x

Some x is a y
Some x is an x

No x is a y
No y is an x

No x is an x
No x is a y

No x is an x
Every x is a y

Some x is a y No x is a y
ϕ

FIGURE 8.1 The rules of the proof system for the syllogistic fragment.

We finish off our study of this fragment by presenting a sound and
complete proof system for it. The system presents formal proofs of
assertions. These assertions look like
(4) S F ϕ

where S is a set of sentences in the fragment, and ϕ is again a sentence
in it. We read (4) as saying that S proves ϕ, or that ϕ is derivable
from S. Please note that we use the symbol F to emphasize that we
are working with the syntactically-defined proof system. One way to
think of the difference is that semantic assertions, that is, assertions of
the form S |= ϕ, are judged correct or not based on the meaning of the
sentences involved. On the other hand, assertions like (4) are almost
intended to be understood mindlessly. That is, questions of whether
particular proof assertions do or do not hold are often answerable in a
completely mechanical way.1

Figure 8.1 presents ten proof rules for the syllogistic fragment. In
each case, the idea is that the sentence(s) above the line should formally
entail the sentence below the line. In most cases, the verification that we
have formal entailments is easy, and we have seen some of the details in
Exercise 8.1 already. We might make a few comments on some of them.
1This is not true for all logical systems, but it is true for the one we present in this

section.



If No x is an x in a model (M, i), then in M , i(x) = i(x)∩ i(x) = ∅. So
for all subsets M0 ⊆ M , i(x) ⊆ M0. In particular, M |= Every x is a y.
This is one of our rules. And looking at the last one, suppose that M
satisfied both Some x is a y and also No x is a y. Then i(x)∩ i(y) both
is empty and non-empty, a contradiction. This contradiction shows that
M |= S for all S; the point is that M as in the hypotheses simply cannot
exist.

The basic idea of the proof rules is that they represent very simple
semantic judgments which can be chained together in an organized way
to make a formal deduction. This chaining together is done in the form
of a proof tree. We continue with the definition of this notion.

Definition Let S be a set of sentences in the syllogistic fragment. A
proof tree over a set S is a finite tree whose nodes are labeled with
sentences in our fragment, with the additional property that each node
is either an element of S or comes from its parent(s) by an application
of one of the rules in Figure 8.1 We also allow a leaf to be labeled with
a sentence of the form Every x is an x.

S F ϕ means that there is a proof tree over S whose root is labeled
ϕ. We say S proves, or derives, ϕ in the system.

We need a few examples: First, we claim that S F Some x is a y,
where

S = {Some z is a z,Some x is a y,Every z is a y,Every z is an x}.
This is shown by the following tree:

Some z is a z Every z is an x
Some z is an x
Some x is a z Every z is a y

Some x is a y

This corresponds to an argument in English to the following effect: if
there is a z, and if every z is an x and also a y, then some x is a y.
We take this to be something speakers of English would agree to, so
the argument is the kind of thing semanticists should want to account
for. The fact that the argument is informally sound shows an informal
entailment. But it does not show a formal one in our system. For this,
note that that the leaves of the tree come from the set S, and that as
we go down the tree, at each step we match one of the rules of the proof
system.

Let S be the set containing the following sentences: Every x is a y,
Every z is an x, Every y is a v, Every u is a v, and Every x is a z. Let



ϕ be Every z is a v. Here is a proof tree showing that S F ϕ:

Every z is an x

Every x is a y Every y is a y
Every x is a y Every y is a v

Every x is a v
Every z is a v

Note that all of the leaves belong to S except for one: Every y is a y.
Note also that some elements of S are not used as leaves. This is per-
mitted according to our definition. The proof tree above shows that
S F ϕ, Also, there is a smaller proof tree that does this, since the use of
Every y is a y is not really needed. (The reason why we allow leaves to
be labeled like this is so that that we can have one-element trees labeled
with sentences of the form Every x is an x.)

We encourage you to try your hand at some formal proofs. Here is
one to get started.2

Exercise 8.5 Assume that no zing is a zong, every ting is a zing, and
every tong is a zong. Prove in our system that no ting is a tong.

We next state the main result on this system:
Theorem 8.1 The proof system in Figure 8.1 is sound and complete:
for all sets S ∪ {ϕ} of sentences in the syllogistic fragments,

S F ϕ iff S |= ϕ.

Moreover, a decision procedure exists for this entailment relation.
The proof is fairly long; see Moss [51]. The first result like Theo-

rem 8.1 used a different proof system; see Corcoran [17].
Evaluating this semantics Our work on the logical system is a bit of
a digression: it is not really needed in order to present a semantics. (In
fact, it is rather special in semantics that one has a proof system and a
result like Theorem 8.1.) We want to conclude our work in this section
with an evaluation of the semantics.

The first task is to decide how well the syntax and semantics match
the intuitions. In contrast to sentential logic, the syllogistic fragment is a
fragment of English. The semantics would match the intuitions in every
model, with one possible hitch. To see this, go back to (2) in the example
of the semantics. Did you feel intuitively that M |= Every z is a y?
Speakers might not agree that Every z is a y if there were no z to begin
with. That is, vacuous quantification is something people trip over until
they are “taught” the semantics that we present. A semantics which
2The next version of these notes should have some more exercises here.



would take care of things would have

M |= Every x is a Y iff (i(x) ⊆ i(y) and i(x) != ∅).
Turning to the evaluation of entailment judgments, again the fit is ba-
sically good. In addition to the problem of existential presupposition in
Every sentences, we have the additional matter that people often would
not be happy with the last rule in our system, the one that allows us to
infer every sentence ϕ from a contradiction.



9

Semantics II: Determiners and
Generalized Quantifiers

In this chapter we present a variety of mathematical results and linguistic
generalizations concerning the semantic interpretations of expressions
like John, most students, and more students than teachers as they occur
in Ss like (1). We shall refer here to such expressions as
(1) a. John laughed

b. Most students read the Times
c. More students than teachers came to the party

put the big list of dets here. inclding cointersectives
DPs, Determiner Phrases, the traditional name within generative gram-
mar being NP (Noun Phrase). We use N (common noun phrase) for the
category of student, tall student, etc. Expressions such as most and more
. . . than . . . will be called Dets (Determiners).

The class of lexical Dets in a language seems to be a finite set, and
indeed a closed class. (That is, it seems hard to add lexical Dets to
any language.) Moreover, the interpretations of these lexical Dets in a
model is much more fixed than that of, say the Ns or Advs. Reasonable
people may differ on the meaning of insect or red. But if someone makes
a mistake about every or some, we surely feel that something more
serious is going on.

We also admit complex Dets of various sorts, as discussed in Chapter
2. These will have interpretations which are partially fixed and partially
free.

On the other hand, we shall insist in this chapter that all the Dets
considered be extensional, in the same sense as in Chapter 6. That is, we
are only going to study Dets whose interpretations may be studied in
terms of sets (of basic entities), sets of sets, functions from sets to sets,
etc. What this rules out are the value-judgement Dets such as darn
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few and unbelievably many. The reason why these are not extensional is
that whether they hold in a situation is not just dependent on the sets of
objects around, but it also seems to require an extra decision based on
the name or nature of the argument N. So to say that Darn few dentists
have clean teeth seems to require not only a look at the set (of dentists)
but also the fact that it is the set of dentists that we are considering.

9.1 Some Types of English Determiners
In order to make the case that determiners in English are a linguistically
interesting class, we start with a catalog. This not only shows off the
range of determiners, it also gives us many interesting subclasses that
we shall return to in the course of this chapter.
Det1’s : Dets that combine with one N to form a DP.
Lexical Dets every, each, all, some, a, no, several, neither, most, the,
both, this, my, these, John’s, ten, a few, a dozen, many, few
Cardinal Dets exactly ten, approximately/more than/fewer than/at
most/only ten, infinitely many, two dozen, between five and ten, just
finitely many, an even/odd/large number of
Approximative Dets approximately/about/nearly/around fifty, al-
most all/no, hardly any, practically no, a hundred plus or minus ten
Definite Dets the, that, this, these, my, his, John’s, the ten, these
ten, John’s ten
Exception Dets all but ten, all but at most ten, every . . . but John,
no . . . but Mary,
Bounding Dets exactly ten, between five and ten, most but not all,
exactly half the, just one . . . in ten, only SOME(= some but not all;
upper case = contrastive stress), just the LIBERAL, only JOHN’s
Possessive Dets my, John’s, no student’s, either John’s or Mary’s,
neither John’s nor Mary’s
Value Judgment Dets too many, too few, a few too many, (not)
enough, surprisingly few, ?many, ?few, more . . . students than we ex-
pected
Proportionality Dets most, two out of three, (not) one . . . in ten,
less than half the (these, John’s), exactly/more than/about/nearly half
the, (more than) a third of the, ten per cent of the
Partitive Dets most/two/none/only some of the/John’s, more of John’s
than of Mary’s, not more than two of the ten



Negated Dets not every, not all, not a (single), not more than ten, not
more than half, not very many, not quite enough, not over a hundred,
not one of John’s, not even two per cent of the
Conjoined Dets at least two but not more than ten, most but not
all, either fewer than ten or else more than a hundred, both John’s and
Mary’s, at least a third and at most two thirds of the, neither fewer than
ten nor more than a hundred
Adjectively Restricted Dets John’s biggest, more male than female,
most male and all female, the last . . . John visited, the first . . . to set foot
on the Moon, the easiest . . . to clean, whatever . . . are in the cupboard
the same . . . who came early
Det2s: Dets that combine with two Ns to form a DP.
Cardinal comparatives more . . . than . . . , fewer . . . than . . . , exactly
as many . . . as . . . , five more . . . than . . . , twice as many . . . as . . . , the
same number of . . . as . . .

Coordinate extensions every . . . and . . . , no . . . or . . . , the more
than twenty . . . and . . . , some . . . and . . .

The three dots in the expressions above indicate the locus of the N
argument(s). E.g., in not one student in ten we treat not one . . . in ten
as a discontinuous Det. In general we have two reasons for positing
discontinuous analyses: One, often the N+postnominal material, such
as student in ten in not one student in ten, has no reasonable inter-
pretation and so is not naturally treated as a constituent (which, by
Compositionality should be interpreted).

And two, the presence of the postnominal and prenominal material
may fail to be independent. If in not one student in ten we treated stu-
dent in ten as a N which combines with the Det not one, how would we
block ∗the/this/John’s student in ten and ∗the/this/Mary’s/one student
but John? Thus there are some sensible reasons for treating the complex
expressions above as Dets, though our proposal is not without problems
(Lappin 1988 and Rothstein 1988) and very possibly some of our cases
will find a non-discontinuous analysis (see Lappin [42], Moltmann [47],
von Fintel [62] on exception Dets).

9.1.1 The Semantics of Determiners
We briefly recall here the general pattern of the semantics of determiners,
and then we give some examples. As always, we work relative to a fixed
universe E. We take a Det interpretation to be a function defined on
subsets of E, and returning a function from subsets of E to {T,F}. (So
a Det interpretation in this sense is a function from N interpretations
to NP interpretations.) When we have a function f whose value at a



point x is again a function, it is more convenient to define the function
f(x) by giving a recipe for the values (f(x))(y). And we simplify the
notation “(f(x))(y)” to “f(x)(y)”.

We now define the semantics of the determiners every, some, some
but not all, three, at most sixteen, the, and more. . .than. Once again, the
semantics of each will be a function, and we indicate these functions as
every, some, etc. These are defined as follows:
every(A)(B) = T iff A ⊆ B.
some(A)(B) = T iff A ∩B != ∅.
some but not all(A)(B) = T iff A ∩B != ∅ and A ∩ (E −B) != ∅.
three(A)(B) = T iff |A ∩B| = 3.
at most sixteen(A)(B) = T iff |A ∩B| ≤ 16.
the(A)(B) = T iff |A| = 1 and A ⊆ B.
more. . . than(A,B)(C) = T iff |A ∩ C| > |B ∩ C|.

In these definitions A, B, and C range over subsets of E. Note that in
the last definition, more. . . than is a function of two arguments.

Remark In Section 9.2.1, we are going to change the type of some of
our categories. In effect, we’ll trade in subsets of E for functions from
E to {T,F}. Once we do this, our examples above will no longer be
good definitions; they will need to be re-translated. We mention this
here in case you are looking back at these examples after having worked
through Section 9.2.1.

The leading question of this chapter Is there anything significant
that we can say about the interpretations of all Dets? We know that
they must be functions from N interpretations to DP interpretations.
But can they be any such functions? We shall answer this in Section 9.2:
we’ll argue that there are restrictions on the possible interpretations
of Dets that are natural and informative. This is a clear case of a
mathematical study which says something to linguistics. At the same
time, the mathematics would not have been developed for any other
purpose.

We also consider in this chapter some related questions.
Problem 9.1 Which DPs occur naturally in Existential There con-
texts? 1

By an Existential There (ET) context, we mean a context which follows
there are, and in which there are indicates existence (as opposed to
pointing out a contrast to what is here).
1As always in this book, an asterisk by an expression indicates ungrammaticality.



(2) a. There are six boys in the room
b. ∗There are every girl in the room
c. There are more than ten boys in the room
d. ∗There aren’t most boys in the room
e. There aren’t more boys than girls in the room

The problem is to characterize the DPs which can occur in ET con-
texts. The examples in (2) and others which you can construct yourself
suggest that the grammaticality is a function of the Det in the DP fol-
lowing ther are. So what we need to do is to characterize the Dets that
can occur in ET contexts. We shall propose a semantic solution to this
syntactic problem. We obtain this by refining our solution to the major
problem of characterizing determiner interpretations outright. “Refin-
ing” here means that we take our proposal for the meanings of Dets
and then modify it a bit to give a proposal for the DPs occurring in ET
contexts.
Problem 9.2 Which DPs occur naturally in the post of position in
partitives like (3a)?
(3) a. Two of the cats (these/John’s cats)

b. ∗Two of no cats (most/few cats)
Again, the choice of the Det seems to be the critical factor for the overall
grammaticality judgement. We shall claim that the decisive property of
the Det in each of these problems lies in its semantic interpretation.
That is, we feel that a semantic characterization is more insightful than
a mere syntactic listing of the possible Dets in each context.

9.1.2 Noun based properties of DPs
We have seen that the Det arguments of DPs are responsible for the
acceptability of the whole DP in various contexts. In contrast, the N
arguments DPs determine whether the entire DP is animate, human
or female; more generally they determine whether a DP satisfies the
selectional restrictions of a predicate. Thus ∗Every ceiling laughed is
bizarre, since ceilings are not the kinds of things that can laugh. And
the judgment doesn’t change if every is replaced by most of John’s or at
least two but not more than ten or no. So it is the N and not the Det
which decides whether the DP satisfies the selectional requirements of
a predicate.

While this chapter focusses on properties of DPs that are determined
by Dets, not all properties of DPs fall into this category. Some are
determined by the Noun arguments.



. . . in the tree b ∩ t b− t t− b −b ∪ −t

Every bird is
Not every bird is
Two birds are
Most birds are
All male birds are
Some but not all birds are
Mary’s bird is

FIGURE 9.1 Put a
√

in the box if the set is relevant. b = birds, t = tree.

9.1.3 Getting started: which sets matter?
As an entré to our study of determiners, we invite you to consider the
chart in Figure 9.1. We are considering the sentences Every bird is in
the tree, Not every bird is in the tree, . . ., Mary’s bird is in the tree. Fix
a background situation s The boolean expressions on the top denote the
set of birds in the tree (in s), the birds not in the tree, the non-birds in
the tree, and the non-birds not in the tree. For each of these sentences,
we want to think about which sets are relevant. For example, consider
the first sentence. If we want to know whether every bird is in the tree,
it will not really help us to look at birds ∩ tree.2 This would tell us
whether there are any birds in the tree or not, and it would also tell
us how many. But to know whether all birds are in the tree we should
look at birds − tree. If this is empty, then all birds are in the tree; if
it is non-empty, then some birds are not in the tree. The last two sets
are completely irrelevant, since the objects in them are non-birds, and
knowing about them could not possibly help.

We strongly encourage you to fill in the rest of the chart for yourself
before turning to Figure figure-birds-soln at the end of this chapter to
see the answers.

9.2 Conservativity
One of the most basic observations on the semantics of DPs is that in
sentences of the form [[Det + N] + VP], the N determines a “local”
universe of objects which is sufficient to evaluate the entire sentence.
2This will probably surprise you: most people guess that birds∩ tree is the relevant

set to decide whether Every bird is in the tree is true or not.



The easiest way to see this at this point is to look at Figure 9.4 at the
end of the chapter. Let us fix such a situation s. This is our “big”
world, for reasons to be given shortly. The truth or falsity of sentence
[[Det + bird] + VP] in s is decided only on the basis of bird ∩ tree and
bird − tree. Sometimes one of these sets is sufficient, sometimes the
other is, and sometimes both are needed. But we never need to consider
anything else. And

(bird ∩ tree) ∪ (bird− tree) = bird.

In any case, [[b]]s determines a “small” world, the world of birds-in-
s. We’ll call this world t. We know that Et = [[bird]]s. The rest of
the structure of t is inherited from s in the natural way. For example,
[[blue]]t = [[blue]]s ∩ Et. In other words, the blue objects in t are exactly
the blue birds in s. The point is:

(4) Interpreting each of the sentences S in Figure 9.1 in s reduces
to evaluating S in the “smaller” world t.

We say “smaller” here because t has at most as many elements as
s. Usually it has far fewer elements, just as the number of birds in, say
a newspaper picture, is far fewer than the total number of objects. We
say “reduces” here because the truth value of S in t ought to be easier
to determine, since the world is smaller.

This claim about the reduction is the main point of this section.
And whenever one comes across a claim like this, there should be two
skeptical responses:

1. Why is it right?
2. What does it do for us?
The correctness of the assertion is something is based only on working

with lots of examples. We won’t do much of that here, but we encourage
you to work out a few examples in detail, either in a classroom setting
or on your own.

There is also a secondary point related to the reduction, one which
does not involve passing to a submodel. It is that the following equiva-
lences hold3:
(5) a. All cats are black ≡ All cats are cats that are black

b. John’s doctor smokes ≡ John’s doctor is a doctor and smokes
We are not claiming that anyone would normally say the right hand

3Remember that equivalences are sentences that hold on all (single) situations. So
(5) says something different from (4).



sentences. (In fact, the redundancy would strongly suggest secondary
meanings that are far beyond the formal treatment at hand.) But we do
claim that once someone understands the right-hand sentences and only
considers truth-functional equivalence, they would assent to the equiva-
lence of the two sides. Moreover, we claim that the parallel equivalences
would hold for any determiner, with a few exceptions that we detail in
Section 9.9.2 below.

The point now is that (5), and all other statements of the same form,
are pre-theoretic equivalences that we want to build in to our semantics.
We shall return to this discussion of equivalences in Section 9.3 below.

9.2.1 Characteristic Functions
At this point, we need a mathematical preliminary having to with the
relation of subsets of a given set E on one hand, and functions from
that same set E to {T,F} on the other. It is important to see that these
two concepts are basically the same. More precisely, each subset A ⊆ E
gives a function from E to {T,F} in a natural way; this is the function
χA : E → {T,F} given by

χA(e) =
{

T, if e ∈ A
F, if e /∈ A

We call χA the characteristic function of A, and we use the Greek letter
chi to remind us of characteristic. Once again, every subset of E gives
us a characteristic function. And going the other way, suppose someone
gave us a function f : E → {T,F} (for example, by listing a table of
its values), and suppose that they told us that f was the characteristic
function of some set A. But suppose that they did not tell us what A
is. We still could recover A by the formula:

A = {e ∈ E : f(e) = T}.
So at this point we have two things: a way of going from subsets of E
to functions from E to {T,F}, and then a way of going from functions
from E to {T,F} and giving subsets of E back. These two operations are
inverses: if we start with a set, get a characteristic function, and then go
back, then we get the set we started with. Or if we start with a function,
get a set out of it, and then convert back to a function, then again we
get back exactly what we started with. When we have a situation like
this in mathematics, it means that the two sides of the coin are for most
purposes equally useful. We can translate back and forth between the
two. This is what we propose to do. To make life simpler in several
respects having to do with the notation only, we propose to trade in
subsets of E for functions from E to {T,F} in this chapter. This looks
complicated, because functions always look more complicated than sets.



But we encourage you to read over the foregoing discussion and think
hard about it, and then refer back to it whenever you feel things are
getting too abstract.
Exercise 9.1 Let A and B be subsets of a set E.

1. Prove that if χA and χB are equal as functions, then A and B
must be equal as sets.

2. Prove that if χA and χB are not equal as functions, then A and B
must be different sets.

9.2.2 Conservativity Defined
We now turn to a formal counterpart of (5). Once again, the key obser-
vation is that in the interpretation of Ss of the form [[DPDet+N]+VP],
the role of the N argument is quite different from that of the VP argu-
ment. It serves to limit the domain of objects we use the predicate to
say something about. This leads to the following definition:

Definition Recall that {T,F} is the set of truth values T and F. Let
PRE denote the set of maps from E to {T,F}.

A function D from PRE to GQE is conservative on E iff for all
A,B ⊆ E,
(6) D(A)(B) = D(A)(A ∩B).
As always, a Det D is conservative iff its interpretation on each situation
s is a conservative function on Es.

All of our example Dets are conservative. For example, consider all.
Fix a situation s. To check that all is conservative, note that all(A)(B) =
T iff A ⊆ B iff A ⊆ A ∩ B iff all(A)(A ∩ B) = T. (The key step here is
that A ⊆ B iff A ⊆ A ∩ B, and this is the one you should be sure you
understand.)
Exercise 9.2 Check that the following Dets are conservative: some,
most, Mary’s, the two, and half of the. [You should use the formal
definitions of the semantics rather than the informal equivalences like
those of (5).4

Exercise 9.3 Look back at the reduction statement in (4). Why is this
statement phrased in terms of worlds rather than sets?
4The reason why one should use the formal definition at this point is that the

definition of conservativity in (6) is supposed to match the intuitions of (5). But
there is no easy way to check that a mathematical formalization of an informal idea
is correct. And since we will be deriving results based on the formal definition, it is
best to check that various examples satisfy it.



Based on all our examples, and also on some further evidence which we
present in Section 9.2.5 below, we propose the following generalization.
Generalization 9.1 With at most a few exceptions, English Dets de-
note conservative functions.

Remark Consider again our definition of conservativity. Except for
right now, we assume that F is a Det interpretation; i.e., a function of
a certain fixed type. It is not possible to interpret interrogative Dets
such as which as a function of this type. But we could read the definition
as saying that DAB and DA(A∩B) should mean the same thing. Then
which comes out as conservative, since Which As are Bs? and Which As
are both As and Bs? are logically the same question; i.e., they request
the same information.

9.2.3 Is conservativity trivial?
The apparent triviality of the mutual entailment in (5) suggests, wrongly,
that Conservativity is a very weak constraint. There are several reasons
why this is not the case. First, we can make an (admittedly weak) appeal
to authority and analogy. There are numerous cases in mathematics
where one makes assumptions that appear obvious, evidently desirable,
and of little consequence, and yet a whole subject depends on their study.
For just one example from the social sciences, we think of voting theory,
the study of systems of elections, conditions of fairness, and the like.
The subject is filled with assumptions on what constitutes “fairness”
and “rational behavior.” These assumptions might at first glace seem
banal. (For example, if a person prefers X to Y and Y to Z, then
they should prefer X to Z.) But there are numerous papers on the
assumptions, what they imply, alternative formulations, etc.

A more concrete way to demonstrate the significance of conserva-
tivity is by counting. We consider a tiny situation, one with just two
objects. That is, we assume that |E| = 2. Recall that PRE is the set
of functions from E to {T,F}. So PRE is in one-to-one correspondence
with P(E), the power set of E. Hence both sets have size 22 = 4. There
are 216 = 65, 536 functions from PRE into GQE . That is, there are that
many logically possible Det1 denotations. But only 29 = 512 of them
are conservative. Things get even more lopsided as E gets bigger. One
proves, writing CONSE for the set of conservative functions from PRE

into GQE :
Theorem 9.2 (Keenan and Stavi citeKeenanStavi) For all universes E,

a. |[P(E) → GQE] = 2k where k = 4|E|, and



b. |CONSE | = 2m for m = 3|E|.

For those who have studied calculus,

lim
|E|→∞

|CONSE |
|[P(E) → GQE]| = 0.

In this sense, Conservativity is a surprisingly strong constraint.
Knowing that there are many non-conservative functions, it makes

sense to ask for some specific examples. Here is one sensible function
which fails to be conservative.
(7) Let E = {a, b, c}. Define F : P(E) → GQE by: F (A)(B) = T iff

|A| = |B|.
We show that F is not conservative. Clearly F{a, b}{b, c} = T. But

F{a, b}({a, b}∩ ({b, c}) = F{a, b}{b} = F. So F fails to be conservative.
Exercise 9.4 For E = {a, b, c}, define F by: FAB = T iff |A| > |B|.
Show by example that F is not conservative.
Exercise 9.5 Consider uses of only as a determiner, as in Only good
people die young.

1. Give a semantics of [[only]].
2. Show that your interpretation of [[only]] is not conservative.

9.2.4 Conservativity for Det2s

(6) is the special case of conservativity for Det1 denotations. For Det2s,
such as more . . . than . . . , Conservativity says that we can limit ourselves
to the noun arguments and the intersection of each noun argument with
the predicate property. The intuition is perhaps more easily seen using
the invariance condition in (8):
Theorem 9.3 A function D : PRE → GQE on E is conservative iff
for all A,B,C ⊆ E,

(8) if A ∩B = A ∩ C then D(A)(B) = D(A)(C).

Proof For the left to right direction, let D be conservative, let A,B,C
be arbitrary and assume A ∩B = A ∩ C. We show that DAB = DAC.
But
DAB = DA(A ∩B) since D is conservative

= DA(A ∩ C) by our assumption that A ∩B = A ∩ C
= DAC since D is conservative

This shows the property of (8).
In the other direction, we assume the property of (8) and we prove

conservativity. Let A,B ⊆ E. We show that DAB = D(A)(A∩B). Now



A∩B = A∩(A∩B), by the associativity and idempotence of intersection.
So by (8), DAB = D(A)(A ∩B). This verifies conservativity. /

This theorem says that the conservative Ds are just the ones that
can’t distinguish between Predicate properties which have the same in-
tersection with the Noun property. Generalizing, a Det which takes
many noun arguments is conservative if it can’t distinguish between
Predicate properties that have the same intersection with each Noun
property. Formally,

Definition For D be a k-place Det denotation (that is, a function
from (PRE)k into GQE), D is conservative iff for all k-tuples )A, and
all B, C ⊆ E, if Ai ∩ B = Ai ∩ C for all i between 1 and k, then also
D(A)(B) = D(A)(C).

9.2.5 Is the collection of conservative functions on E big
enough to interpret all Dets?

We conclude here with a crucial type of support for Generalization 9.1,
the constraint that determiners be conservative. So far we have just
presented some Dets which satisfy it. But we need assurance that ways
of forming complex Dets from simpler ones preserve the property of
being conservative. We note two such ways.

First, we can with reasonable but not complete productivity form
complex Dets from simpler ones by taking boolean compounds. Here
are some examples (sometimes using but for and when contrast is
salient):
(9) a. Not a creature was stirring, not even a mouse

b. At least two and not more than ten students will get
scholarships

c. Most but not all students read the Times
d. No more students than teachers came to the party

DPs themselves also form boolean compounds, (10):
(10) a. Every student and every teacher signed the petition

b. Most students and almost all teachers read the Times
c. Either some teacher or one of his assistants locked the room
d. All teachers but not more than two out of five students get

up before six a.m.
Now as with boolean compounds of VPs, we directly interpret

boolean compounds of DPs and of Dets (rather than treating them
syntactically as reductions of boolean compounds of Ss). Note that



negative DPs have two analyses: Det negation, [not all]cats, and DP
negation, not [all cats].

Definition We define meet, join and complement functions on the set
[PRE → {T, F}] of possible DP denotations pointwise as follows: For
F,G, possible DP denotations

a. ¬F is that map sending each set A to the truth value ¬(F (A))
So ¬F maps laugh to T iff F maps laugh to F.

b. F ∧G is that map sending each A to F (A)∧G(A). SoF ∧G maps
laugh to T iff F (laugh) = T and G(laugh) = T.

c. F ∨G is that map sending each A to F (A)∨G(A). SoF ∨G maps
laugh to T iff F (laugh) = T or G(laugh) = T.

And of course we interpret negations of DPs by complements, con-
junctions by meets, and disjunctions by joins. The empirical correctness
of these claims is supported by:
(11) a. [Not [all cats]] are black ≡ It is not the case that all

cats are black
b. All cats and most dogs dream ≡ All cats dream and

most dogs dream
c. Either all cats or else no cats dream ≡ Either all cats

dream or no cats dream
Note that we use the same notation, ∧ (meet), ∨ (join) and ¬ (com-

plement) here as for conjunctions, disjunctions and negations of Ss.
Since we have defined our uses explicitly, there is no formal problem.
But it would be misleading to use the same notation if there were no
common semantic generalization underlying it.

So now the set GQE of generalized quantifiers, PRE → {T, F}, is
equipped with meet, join and complement functions. We can therefore
define the interpretation of boolean compounds of Dets pointwise just
as we did for DPs above. For the record,

Definition For F and G possible Det denotations, we define:
a. ¬F maps each set A to ¬F (A)
b. F ∧G maps each set A to F (A) ∧G(A)
c. F ∨G maps each set A to F (A) ∨G(A)

Of course meets, joins and complements on the right above refer
to these operations in the set of possible Det denotations. And as
always we interpret conjunctions, disjunctions and negations of Dets
as the meets, joins, and complements of the Dets conjoined, disjoined



or negated. And as before this definition is motivated by judgments of
logical equivalence like:
(12) a. [Not all] cats are black ⇒ [Not [all cats]] are black

b. Most but not all swans are white ⇒ Most swans but not all
swans are white, etc.

Theorem 9.4 If F and G are conservative then so are ¬F , F ∧G, and
F ∨G.
Exercise 9.6 You guessed it: Prove Theorem 9.4. For example, here is
the proof that ¬F is conservative provided F is. For each A and B,

(¬F )AB = T iff FAB = F
iff FA(A ∩B) = F (∗)
iff (¬F )A(A ∩B) = T

(*) is the key step. The equivalence holds because F is assumed conser-
vative.

Our conclusion is that the collection conservative functions is big
enough to be closed under boolean combinations. This is a point in
favor of Generalization 9.1.

A second, linguistically more subtle, way of forming complex Dets
is by restricting the Noun argument. A simple (though not terribly
compelling) case involves Det functions formed by composition with
restricting modifiers, as the indicated interpretation in (13):
(13) a. All liberal and most conservative senators filibustered.

b. (all | liberal)(A) = all(liberal(A)).
We would like to think of all liberal and most conservative as Dets,

so that their conjunction is again a Det. And so we need a semantics
for all liberal and most conservative. We shall interpret the first of these
by a function all | liberal defined in (13b). So the semantic value of
all | liberal at an argument A is the same as the value of all at a certain
subset, liberal(A), of A.

The critical point is that the adjectives F here are restricting func-
tions; that is, F (A) ⊆ A, for all sets A. And one proves:
Proposition 9.5 Let D be conservative on E, and let F : PRE →
PRE be restricting. Then D | F is conservative on E.
Exercise 9.7 Prove Proposition 9.5.

Compare this with possessive Dets, like John’s two:
(14) John’s two(A) = (the two) (A which john has)
Again we have a Det whose value at a set A is the value of some other
Det at a subset of A. A similar restricting of the Noun argument is



involved in comparative Dets like more male than female and more
of John’s than of Mary’s. And when adjectives follow possessors their
force is applied to the Noun argument as restricted by the possessor.
That is, John’s most expensive car is the most expensive of the cars
that John owns, not the most expensive car (in the world), which John
just happens to own.

A more compelling case of restriction involves relative clauses. It is
plausible that a relative clause be analyzed as part of the Det, rather
than simply as a restricting function on the Noun argument. Consider
first:
(15) a. Whatever books you find in the closet are mine

b. ∗Whatever books are mine
The ungrammatical (15b) indicates that whatever does not function as
a Det by itself. But coupled with a relative clause as in (15a) it is
natural. The relative clause (that) you find in the closet is a restricting
function mapping a set A to that subset of elements of A that you find
in the closet. For F a restricting function we define whateverF as that
map sending each A to all(F (A)).

As a second case, observe that ordinal adjectives like first, second,
. . ., next, last form a natural semantic unit with a following relative
clause. Observe the equivalences:
(16) The first/next/last village we visited ≡ The village we visited

first/next/last
It is grammatical to omit the relative clause we visited but the resulting
DP, e.g. the first village, is now “incomplete”; it must refer to some
village previously mentioned.

A last, tricky case concerns a kind of binding with same. Compare
(17a,b,c):
(17) a. The same students left late

b. The students who came early left late
c. The same students who came early left late

(17a) is grammatical, but the same students is understood as ana-
phoric – referring to some previously mentioned students, or deictic –
referring to some students pointed out in the physical context of utter-
ance. (17b) is true iff there are at least two students who came early
and they all left late. So the DP in (17b) is interpreted as

(the two or more)(student)(come early).

Our interest lies in (17c). It is not naturally anaphoric, as the require-
ment of same is satisfied by the relative clause who came early. But its



meaning is not that of (17b). Rather it asserts equality, not just subset,
between the students who came early and those who left late. We in-
terpret (17c) correctly if we interpret the same . . . who came early as a
Det:
(18) For X a set, (the same . . . X)(A)(B) = T iff A ∩X = A ∩B.

So the same who came early students left late is true iff student ∩
come early = student ∩ leave late.
Exercise 9.8 Consider the sentence

(19) Mary’s non-horse gave birth.
(Perhaps Mary is a horse-lover who just happens to own a single zebra
as well.) Suppose someone wanted to analyze Mary’s non- as a Det.

1. Would the natural interpretation of Mary’s non- be conservative?
2. Is there a syntactic reason why we would not want to analyze

Mary’s non- as a determiner?

9.3 Universe Independence
Recall that we began our study of Dets by arguing for a reduction state-
ment (4). We quickly shifted attention to the conservativity statement
of (6). But we pointed out that there is a gap between (4) and (6). This
section explores this gap.

Conservativity is a situation local condition. That is, once we are
given a universe Es of some situation s we can check that a Det1 d
is conservative on that E by verifying that its denotation D satisfies
DAB = D(A)(A ∩ B) for all A,B ⊆ E. But this condition turns out
not to fully satisfy our intuition that we need not look outside the Noun
argument to evaluate the truth of Ss of the form [[d+N]+VP]. Consider
the following most unpleasant hypothetical “Det”, blik:
(20) For all situation s, all A,B ⊆ Es, [[blik]]s(A)(B) = T iff

|Es −A| = 3.
So were blik an English Det, Blik cats are black would be true iff the

number of non-cats was 3. But observe that for any s, A, B as above,
[[blik]]s(A)(B) = [[blik]]s(A)(A∩B). So for every s, [[blik]]s is conservative.
This is not as outrageous as it seems: if |Es| = 5, then [[blik]]s(A)(B) = T
iff |A| = 2. So in this s, blik imposes a cardinality condition on its N
argument, like the two does, and so only talks about As, not non-As. And
for any finite universe Es, [blik]s would be interpreted as a function that
just imposed a cardinality condition on its N argument.

Note that any D in [PRE → GQE ] which is such that DAB is
decided solely by a property of A will be conservative. So one might



consider that the problem with blik is that it doesn’t involve the Predi-
cate property at all. That is, in any s, [[blik]]s(A) is constant, assigning
the same truth value to all sets B. And perhaps we should seek a new
general condition on the interpetation of Dets that would rule out this
limit case. But we do not want to do this locally. The Det in (21a) is
natural enough, and we do not want to rule out the accidentally degen-
erate one in (21b) as ungrammatical. What is odd about (21b) is simply
that for each s, it is constant on its Predicate argument.
(21) a. At most five of the ten students passed the exam

b. At most five of the five students passed the exam
One verifies that at most five of the five(A) maps all B to T if |A| = 5;
otherwise it maps all B to F. So the fact that our hypothetical blik builds
DPs constant on their Predicate argument is not the crucial condition.
What is offensive is that there is a clear sense in the evaluation of “blik
As are Bs” requires properties of non-As.

van Benthem [59] discovered a condition which on the one hand ex-
cludes our hypothetical blik , and on the other hand is universal in the
sense that as far as we know, all natural language Dets satisfy it. He
called that condition Extensions (see Keenan and Westerst̊ahl[37] for
some discussion). We modify his statement slightly here, and call it
Universe Independence:

Definition A Det1 d is universe independent (UI) iff for all situations
s and s′, all sets A, B

if A,B ⊆ Es and A,B ⊆ Es′ , then [d]s(A)(B) = [d]s′(A)(B).

One sees that blik is not UI since for Es = {a, b, c}, [[blik]]s(∅)(∅) = T,
but for Es′ = {a, b}, [[blik]]s′(∅)(∅) = F. And we propose:
Generalization 9.6 Det1s in all languages are universe independent
(van Benthem [59]).
Exercise 9.9 Show that neither Universe Independence nor Conserva-
tivity implies the other. blik above shows that Conservativity does not
imply UI. To go the other way, let # be a (hypothetical) Det1 defined
by: for all situations s, #s(A)(B) = T iff |A| = |B|. Show that #
satisfies UI but is not conservative in all situations s.
The following exercise is a kind of formal summary of the foregoing
discussion. So it should not be so hard if you understand things, and we
strongly recommend that you try it.
Exercise 9.10 Let s be any model, let t = [[cats]]s, and let d be a
determiner. Assume that d is in s interpreted by a conservative function



Ds. We claim that that the all sentences in the list below are equivalent.
Give the reason why each adjacent pair is equivalent. Your reason should
be one of the following: the assumption of conservativity, the assumption
of universe independence, the way we define the semantics of simple
sentences, or the way we interpret words in submodels.

1. d cats are black holds in s.
2. Ds([[cats]]s)([[black]]s) = T.
3. Ds([[cats]]s)([[cats]]s ∩ [[black]]s) = T.
4. Ds([[cats]]t)([[black]]t) = T.
5. Dt([[cats]]t)([[black]]t) = T.
6. d cats are black holds in t.

9.4 Syntactic Problems, Semantic Solutions
Figure 9.2 shows the correspondence between several syntactic condi-
tions on acceptable contexts and semantic conditions on Det interpre-
tations.

Syntactic Context Semantic Condition
None Conservativity, Universe Independece
Existential There Intersective
Plural Partitive Definite Plural
Licensors of Downward Entailing
Negative Polarity Items

FIGURE 9.2 Correspondences Between Syntactic Contexts and Semantic Conditions

We already discussed the correspondence of negative polarity items
and downward entailing DPs in Chapter ??. That discussion did not
involve any considerations of the determiners involved, and so we were
able to present it before this chapter.

Problem 9.1 on page 210 was to define the set of DPs which occur
naturally in ET (Existential There) contexts. (22) presents some pos-
itive instances with the DPs italicized and the coda of ET expressions
underlined.
(22) a. There are several students in the class

b. There are no students in the room
c. There wasn’t more than one student at the party
d. There were about fifty students at the lecture

The coda expresses a property of entities, and is most common as
a kind of locative PP (Prepositional Phrase). But not all locative PPs



occur here naturally, (23), and codas may also be non-PPs provided
they denote properties of individuals.
(23) a. John ran to the finish line

b. ∗There were two students to the finish line
(24) a. There are two students sleeping in the front row (present

participle)
b. There were just two students who arrived late (relative

clause)
c. Weren’t there hundreds of students arrested by the police?

(past participle)
In our examples the existential DP is of the form [Det1+N], and the
Det serves to indicate the number of objects which have both the noun
property and the coda property. Thus in (24) it specifies the cardinality
of student ∩ in the front row.

Definition A Det1 denotation d is intersective iff for all A, B, X, Y ,
(25) if A ∩B = X ∩ Y , then DAB = DXY

Thus for D intersective, the truth value DAB is invariant under
replacement of A by X and B by Y as long as Y has the same intersection
with X as B has with A.

Here are some examples of intersective Dets: some, at least three, at
most 15. We leave the verification of the intersectivity property to you.
Another set of examples is based on closure with intersective adjectives.

Another intersective Det is more male than female. This is fine in
ET contexts. Its semantics is different from ones we have seen so far as
it depends on the denotations of the adjectives male and female. Syn-
tactically these adjectives combine with Ns to yield Ns: male student,
female doctor, etc.

Definition f : P(E) → P(E) is absolute if for all A ⊆ E, F (A) =
A ∩ F (E).

Definition For f , g absolute adjective functions,

(more f than g)(A)(B) = T iff |f(A) ∩B| > |g(A) ∩B|

Exercise 9.11 Let f and g be absolute. Show that more f than g is
intersective by following the outline below.

1. Show that f(A) ∩B = A ∩ f(E) ∩B = (A ∩B) ∩ f(E).



2. Let A, A′, B, B′ be arbitrary subsets of E such that A ∩ B =
A′ ∩B′. Show that

(more f than g)(A)(B) = (more f than g)(A′)(B′)

[Hint: Use part 1 and the analogous result for g.]
Generalization 9.7 DPs which occur naturally in ET contexts are
those built from intersective Dets or they are boolean compounds (in
and, or, not, neither . . . nor . . .) of such DPs.
(26) a. There are at least two dogs and more than five cats in the

basement
b. There are not more than two students in the next room

(26) supports the fact that ET contexts are closed under boolean
compounds as per Generalization 9.7. But to argue for Generaliza-
tion 9.7, we must also show that if a DPs is not (a boolean compound
of Dets) built from intersective Dets, then it cannot occur in ET
contexts5. Here are some confirming examples:

a. ∗There wasn’t John at the party
b. ∗Are there most students in the class?
c. ∗Was there every student in the garden?
d. ∗Aren’t there two out of three students at the party?
e. ∗There aren’t John’s students in the garden
To check a few of these cases: John is clearly not a DP built from

an intersective Det, nor is it a boolean compound of anything. So
Generalization 9.7 predicts the ∗ in (26a): most students is of the form
[Det+N], but most is not intersective. To know whether most students
are in the class we must know more than merely which students are in
the class, we must know about students not in the class (to wit, that
they outnumber those that are). So most is not intersective. Nor is
every, two out of three, or John’s.

Here is a way to show that every is not intersective. We need to
5It is essential to our claim, as per the literature, that the ET Ss we accept be

subject to Yes-No question formation as well as negation. We have given several
examples of this sort. There is a construction (called list contexts; see Rando and
Napoli ) which is similar to ET constructions (though the presence of a coda is not
so natural) but which is not, in distinction to ET expressions, intended to assert,
query or deny the existence of objects with certain properties (those expressed by
the coda). Here is an example:

i. - How can I get to UCLA from here? – Well, there’s always the bus, but it
doesn’t run very regularly

Negatives and interrogatives are unnatural in these contexts: ∗Well, there isn’t
always the bus . . . , ∗Is there always the bus?



exhibit a situation (informal model) with properties A, B,X, and Y such
that (1) A∩B = X ∩Y , but (2) every(A)(B) = T and every(X)(Y ) = F.
Here is one way to do this. Let the universe E be {a, b, c, d}. And let
A = {b, c}, B = X = {a, b, c}, and Y = {b, c, d}. Clearly A ∩ B =
X ∩ Y = {b, c}. Clearly also A ⊆ B, so every(A)(B) = T. But X !⊆ Y ,
so every(X)(Y ) = F. Thus every is not intersective.
Exercise 9.12 a. For each Det d below, exhibit an informal model

which shows that d is not intersective:
i. most (in the sense of more than half)
ii. John’s, as in John’s students,

b. Exhibit an informal model in which (i) is false and (ii) true:
i. Some student both laughed and cried
ii. Some student laughed and some student cried

c. Exhibit an informal model in which (i) is true and (ii) is false;
i. Every student either laughed or cried
ii. Either every student laughed or every student cried

9.4.1 Why should ET sentences correspond to intersective
DPs?

Surely the correspondence that we are discussing is not arbitrary. We
suggest an reason, by its nature speculative. Our intuition here focuses
on the role of the Coda in ET Ss. First observe that the truth conditions
of (27a) and (27b) are the same, given in (27c)6:
(27) a. Five cats are in the garden

b. There are five cats in the garden
c. five(cat)(in the garden)

Plausibly the truth conditions of ET Ss like (27b) involve applying
the D denoted by the Existential DP to the Coda property. Thus the
Coda property functions as the Predicate property, as indicated in (27c).

Second, we focus on the role of the Coda. To get a feel for it, con-
sider the interpretation of the expressions that result from ET Ss by
eliminating the coda, as in:
(28) a. There are five cats

b. There are no cats
c. Wasn’t there at least one cat?

6Indeed, (27a) and (27b) are rough paraphrases, which is what led linguists to
posit a transformational relation between them. (27a) was to be taken as basic and
a “There Insertion” transformation introduced there and did not affect semantic
interpretation. If you know about such things, then we remind you that this is not
what is going on here.



These Ss seem somewhat odd in isolation. They need a context to
in effect provide a Coda property. Upon hearing just There are no cats,
one wants to ask Where?. Even if the S is intended as the claim that
cats don’t exist anywhere in the world we still want to verify that. What,
there are no cats anywhere?.

It seems to us that the role of the Coda property is to provide the
context that needs to be considered to evaluate the truth of the ET sen-
tence. In effect the Coda property is providing a conservativity domain
– a universe we can limit ourselves to for purposes of evaluating the S
we are considering. “There are no cats in the garden” says “Check out
the garden as much as you want, you won’t find any cats there”. But
of course the S makes no claims about the existence of cats outside the
garden. So we see the role of the Coda property as forcing the Predi-
cate property in Ss like (27b) to limit the universe of evaluation to the
Predicate property. This says in (27b), for example, that we need only
consider cats in so far as they are in the garden. Other cats are not rel-
evant. Formally, to say that the Predicate property is universe limiting
in this way says that the Det denotation D in ET Ss satisfies:
(29) DAB = D(A ∩B)(B)
Let us call Ds that satisfy this condition co-conservative. (29) says that
D meets the condition that to evaluate DAB we need only consider As
that are Bs. An equivalent formulation is D is co-conservative iff for all
A,A′, B if A ∩B = A′ ∩B, then DAB = DA′B. Now we already know
that all Ds are conservative. And we observe the following theorem:
Theorem 9.8 D is both conservative and co-conservative iff D is in-
tersective.
Proof Assume first that D is conservative and co-conservative. Let
A ∩ B = X ∩ Y . We must show that DAB = DXY . But DAB =
DA(A ∩ B), by conservativity. This is D(A ∩ (A ∩ B))(A ∩ B) by co-
conservativity. And this simplifies to D(A∩B)(A∩B). As A∩B = X∩Y ,
this is D(X∩Y )(X∩Y ). By co-conservativity, this is DXY . We conclude
that DAB = DXY , just as desired.

Going the other way, assume that D is intersective. Let A ∩ B =
A∩B′. By intersectivity DAB = DAB′. This verifies that D is conser-
vative. Virtually the same argument shows that D is co-conservative. /

Thus we claim that while the truth conditions (not necessarily the
naturality) of ET Ss and their non-There-Inserted versions are the same,
what is distinctive about the ET construction is that it imposes a uni-
verse limiting role on the Coda property. Only intersective Dets are



natural here because they are the only Dets that allow both their Pred-
icate property and their Noun argument to be universe limiting.
Exercise 9.13 Define co-conservativity for Det2 functions such as
more . . . than . . .. Define it for k-place Dets in general.
Exercise 9.14 In Exercise 9.5, you gave a semantics for the determiner
uses of only. Is your function co-conservative?

9.4.2 Co-intersective Dets

Recall that the semantics of all works as follows: all(A)(B) = T iff
A − B = ∅. So to check that all As are Bs it suffices to check that
there are no As which fail to be Bs. That is, A − B is empty. Thus
all satisfies the following invariance condition, analogous to (25) for in-
tersective functions but defined in terms of relative complement rather
than intersection.
(30) For A,B, X, Y ⊆ E, if A−B = X − Y , then

all(A)(B) = all(X)(Y )
Det1s whose denotations satisfy (30) are called co-intersective. Here

are some examples.
(31) a. all, almost/nearly all, not all, all but ten, all but at most

ten, all but finitely many
b. every . . . but John, all male

Exercise 9.15 What is the analog of Theorem 9.8 for co-intersective
D?

The co-intersective Dets include all and will be called (generalized)
universal Dets. We call the intersective Det1s (generalized) existen-
tial, as they include a/some/at least one, the English versions of the
classical existential quantifier. The universal Dets of English seem less
syntactically varied than the existential ones. Moreover we find no sim-
ple examples of co-intersective Det2s. In general a Det1 denotation is
not both intersective and co-intersective. There are just two exceptions,
the trivial (constant) functions 0 and 1. To see that 0 is intersective, let
A, B, X, Y be arbitrary. Assume that A ∩B = X ∩ Y . We must show
that 0AB = 0XY . But this is true, since 0AB = F = 0XY . Similar
reasoning shows that 0 is co-intersective.
Exercise 9.16 a. Show that 1 is both intersective and co-intersective
**b. Show that 0 and 1 are the only possible Det1 denotations which

are both intersective and co-intersective.
The easiest way to tell if a Det D is intersective, co-intersective, or

neither is to take the chart in Figures 9.4 on page 244 and add a row



for D. If only b ∩ t is checked, then D is intersective. If only b − t is
checked, then D is co-intersective. If both are checked, then the Det is
neither intersective nor co-intersective.

There two productive classes of Dets, the proportionality Dets and
the definite Dets, which fall in neither of these classes. The propor-
tionality Dets are ones like five percent of the and between one-half and
one-third of the. The definite Dets are studied in our next section in
connection with the post-of partitive construction.

9.5 Definite Plural Dets

A second new class of Dets are ones which behave like intersective or
co-intersective ones except they impose impose an additional condition
on the noun argument:
(32) a. neither(A)(B) = T iff |A| = 2 and A ∩B = ∅

b. (the ten)(A)(B) = T iff |A| = 10 and A ⊆ B

(32a) literally says that Neither child smiled is true iff there are ex-
actly two children and no child smiled. So neither is like intersective
no but requires in addition that the Noun argument have cardinality 2.
Similarly the ten behaves like co-intersective all, but requires in addition
that the Noun argument have cardinality ten. Most of the simple Dets
that fall into this class are ones we call definite.

Definite Dets provide an answer to Problem 9.2 on page 211: Which
DPs occur naturally in the post of position in partitives, as in more
than ten of John’s cats, each of those students, and all but two of his ten
children. Linguists usually consider that such DPs have the form [Det1

of DP]. Here we generalize to [Detk (of DP)k] to account for such DPs
as more of John’s cats than of Bill’s dogs, which have the form [Det2

(of NP)k]. Recall that the acceptability of a DP in post of position is
significantly determined by its choice of Det. Observe:
(33) a. [at least two of d cats] is acceptable when d = the, the six,

the six or more, John’s (six (or more)), those(six(or more)),
John’s doctor’s (six(or more))

b. [at least two of d cats] is not acceptable when d = each, no,
most, at least/exactly/less than nine, no child’s (six)

To characterize the Dets which build DPs acceptable in plural par-
titives we need two preliminary notions. First,

Definition Given a universe E and a subset A of E, the principal filter



generated by A is given by

FA(B) =
{

T if A ⊆ B
F if A !⊆ B

A generalized quantifier F is said to be a plural principal filter iff F = FA

for some A with two or more elements.

Remarks

1. every(A) is the principal filter generated by A. It fails to be plural
when |A| < 2.

2. the six(A) is the plural principal filter generated by A as long as
|A| = 6. Otherwise it is 0.

3. John’s six(A) is the filter generated by A which John has if in fact
John has exactly six A’s, otherwise it is 0.

4. Fact: If a generalized quantifier F is a principal filter generated
by a set A then there is no B ⊂ A such that F is also a principal
filter generated by B. (Can you prove this?).

Definition Given a universe E,
i. We write 0 for that generalized quantifier which maps all subsets

A of E to F. Similarly 1 is also used for that GQ which maps all
A to T. 0 and 1 are the two constant GQs, and are called trivial.

ii. By extension a function D from P (E) into GQE is called trivial iff
for all A ⊆ E, D(E) is trivial. And a Det1 d is called trivial iff
for each situation s, [d]s(A) is trivial, for all A ⊆ Es.

Definition A Det1 d is definite plural iff d is non-trivial and for all
situations s and all A ⊆ Es, [d]s(A) is either 0, or else a plural principal
filter.

The Dets in (34a) are definite plural and those in (34b) are not.
(34) a. these, these ten, the two, John’s three, John’s two or more

b. most, all, at least two, seven out of ten, less than half, no
And we propose:
Generalization 9.9 The DPs which occur in plural partitive contexts
like [two of ] are those of the form [Det1 N], where Det1 is definite
plural, plus all those DPs constructible from these by forming conjunc-
tions with and and disjunctions with or.



Thus the DPs in (35) are predicted good and those in (33) are pre-
dicted bad.
(35) two of these students, two of John’s three students, two of the ten

students
(36) ∗two of most students,∗two of some students, ∗two of no students,

∗two of seven out of ten students, ∗two of less than half the
students

Exercise 9.17 Consider the DP John and Mary.
1. Does this denote a plural principal filter?
2. Does it occur in post-of positions in partitives?
3. Does Generalization 9.9 predict this correctly?

Exercise 9.18 a. Exhibit an informal model which shows that neither
is not intersective

b. Exhibit an informal model which shows that the two is not co-
intersective

c. Why is every not definite plural? Why is the one not definite plu-
ral?

9.6 Cardinal Dets

A proportionality Det d decides whether d As are Bs by checking the
proportion of As that are Bs. For example More than two thirds of the
As are Bs says that |A ∩ B| > (2/3)|A|. Here are some core examples,
italicized:
(37) a. Most students read the Times

b. Approximately half the students voted agains the proposal
c. Seven out of ten sailors smoke Players
d. Not one student in ten answered question 6 correctly
e. Less than a third of the students got scholarships
f. Nearly 80 per cent of the students got scholarships
g. All but a fifth of the students got scholarships
h. Between five and ten per cent of the students got

scholarships
So proportionality Dets cover basic fractional and percentage ex-

pressions as well as inherent expressions of proportion like seven out of
ten and one . . . in ten. All these expressions admit of further modifi-
cation (partially exemplified above) by expressions like more than, less
than, exactly, a lot more than, at least, at most, approximately, nearly,
about, almost. Here is a formal definition of the Det1 functions we call
proportional.



(38) A Det1 function D is proportional iff the following condition
holds:

If A and X are non-empty, and |A ∩B|/|A| = |X ∩ Y |/|X|,
then DAB = DXY .

This makes sense for finite cardinals only, but this is all we shall be
interested in.

From (38b) we see that not more than a third (of the) is proportional
since it is the negation of more than a third which is basic proportional;
hence exactly a third is proportional since it denotes the same function
as at least a third and not more than a third. Equally (38b) covers co-
proportional Dets like all but a third. All but a third of the A’s are B’s
must have the same value as Exactly two thirds of the A’s are B’s. Note
that all is expressible as a hundred per cent (of the) and no as exactly zero
per cent (of the), so a few (co-)intersective Dets are also proportional.
Our definition of proportional should be extended to Det2s like:
(39) proportionally more . . . than . . ., a greater percentage of . . . than

of . . ., the same proportion of . . . as . . .

Exercise 9.19 Define the denotation of any one of the Dets in (39).
Intuitively, a Det1 function D is cardinal if the truth value DAB

is decided just by knowing about the cardinality of A ∩B. One way to
say this explicitly is to say that DAB must be the same truth value as
DXY if the number of As that are Bs is the same as the number of Xs
that are Y s. Formally,

Definition A Det1 function D is cardinal iff for all sets A, B, X, Y ,

if |A ∩B| = |X ∩ Y | then DAB = DXY

To verify that a Det d is cardinal check that (40a) and (40b) have
the same truth value if and only if the number of cats on the mat is the
same as the number of dogs on the lawn.
(40) a. There are d cats on the mat

b. There are d dogs on the lawn
(41) Some cardinal Det1s: some, a, exactly/only/just ten, at least ten,

fewer than ten, not more than ten, no, several, a few, between
five and ten, at most ten, at least two but not more than ten,
just finitely many, uncountably many, approximately/about a
hundred, nearly a hundred, hardly any, any7, dozens, hundreds

7The any we intend here is the one that requires a negative or interrogative context:



This cardinality characterization also yields correct results when applied
to boolean compounds of cardinal Dets. We postpone until later the
formal definition of these compounds, but the reader can verify directly
that a compound of cardinal Dets like at least two and not more than
ten will substitute for d in (40) to yield Ss with the same truth value.

Our cardinality characterization also generalizes to DPs built from
cardinal comparative Det2s. They build DPs from pairs (N1, N2) of
nouns, and they compare the number of N1s with the coda property to
the number of N2s with that property. Such functions D are cardinal in
the sense that the truth value D(A,A′)(B) is determined once |A ∩ B|
and |A′ ∩ B| are given. Generalizing directly to n-place Det functions
(ones that map n-tuples of sets to GQs),

Definition An n-place Det function D is cardinal iff for all sets B, B′

and all n-tuples A, A′ of sets,

if |Ai ∩B| = |A′i ∩B′|, for all 1 ≤ i ≤ n, then DAB = DA′B′

This definition covers Det1 and Det2 functions as special cases. The
generalization is that a Det that combines with n Nouns to form a DP
is cardinal if it determines its truth value just by checking the number of
objects in each Noun set which have the predicate property. But (42a,b)
suggest that we should extend our cardinality characterization.
(42) a. There is no student but John in building

b. There are more male than female students in the class
no . . . but John in (42a) treated as a discontinuous Det1 is not

cardinal. Knowing that there is exactly one student in the building does
not suffice to decide the truth of (42a). We must know in addition that
that student is John. Similarly if we just know how many students are
in the class we cannot in general decide the truth of (42b). That requires
comparing the number of male students in the class with the number of
female students in the class.

But observe that no . . . but John and more male than female do
share a very non-trivial property with the cardinal Det1s: they are all
intersective.
Exercise 9.20 Show that no . . . but John is intersective but not cardi-
nal, where

i. *There are any cats on the mat.
ii. There aren’t any cats on the mat.
iii. Are there any cats on the mat?



(43) (no . . . but John)(A)(B) = T iff A ∩B = {John}

Dets in (31a) are co-cardinal in the sense that D(A)(B) depends
just on |A − B|, just as the cardinal Dets depend only on |A ∩ B|.
Those in (31b) are our best examples of co-intersective Dets that are
not co-cardinal. They are syntactically complex, just as our candidates
for Dets that were intersective but not cardinal were.
Exercise 9.21 Complete correctly the following definition: A function
D from PRE into GQE is co-cardinal iff

9.7 Sortal Reducibility
The distinction between the full class of conservative functions on the
one hand and the (co)-intersective ones on the other leads to one quite
non-obvious generalization concerning logical properties of natural lan-
guage and the greater expressivity of English Dets as compared with
the standard logical quantifiers.

For example, we have been interpreting Ss like Some swans are black
directly as some(swan)(black). For those familiar with first-order logic
(see Chapter 10), the standard representation of this is

(∃x)(swan(x) ∧ black(x)).

The point is that the quantification is over all the objects x in the
situation, not just the swans. In our variable free notation this would
be

some(E)(swan ∩ black),
which read literally says “Some entities are both swans and are black”.
This formulation eliminates the restriction to swans in favor of quanti-
fying over all the objects in the universe, and it preserves logical equiva-
lence with the original by replacing the original Predicate property black
with an appropriate boolean compound of the Noun property and the
Predicate property, swan ∩ black. Thus some does not make essential
use of the domain restriction imposed by the Noun argument. The same
equivalence obtains if we replace some by e.g., exactly two. Exactly two
swans are black is logically equivalent to Exactly two objects are both
swans and are black.

We shall say that quantifiers like some and exactly two are sortally
reducible, meaning that we can eliminate the restriction on the domain
of quantification compensating by building a new Predicate property
as some boolean compound (in our examples it was with and) of the
original Noun property and the original Predicate property.

Definition D is sortally reducible on E iff there is a binary boolean



function h such that for all A,B ⊆ E, D(A)(B) = D(E)(h(A,B)). D is
called inherently sortal if it is not sortally reducible.

There are 16 binary boolean set functions. For reference, we list them
in Figure 9.3 below. We do not provide the functions with special names,
and so we just indicate the values of the 16 functions at set arguments
A and B. For example, one of the functions is f(A,B) = A ∪ −B.

E
A
B

A ∩B

A−B
B −A

−A ∩ −B
(A−B) ∪ (B −A)

∅
−A
−B

−A ∪ −B

−A ∪B
A ∪ −B
A ∪B

(A ∩B) ∪ (−A ∩ −B)

FIGURE 9.3 The 16 binary boolean set functions

Some and all, the quantifiers of standard logic, are sortally reducible.
We have already seen that some is. Consider all. In standard logic All
swans are black is (∀x)(swan(x) → black(x)). This is logically equivalent
to (∀x)(¬swan(x) ∨ black(x)), that is, for all entities x, either x isn’t a
swan or x is black. In our notation we have that all(swan)(black) =
all(E)(−swan ∪ black) Thus all is sortally reducible. But a non-first-
order Det such as most is not. Most swans are black provably has no
paraphrase of the form

(For most x) ( . . . swan(x) . . . black(x) . . . ),
where (. . . swan(x) . . . black(x) . . .) is one of the 16 boolean functions
above, with swan(x) replacing A and black(x) replacing B.
Exercise 9.22 Verify this last statement, thereby showing that most is
inherently sortal. [At first glance, this would seem to take 16 counterex-
amples. However, the same models can be counterexamples to many
putative equivalences.]

This observation leads us to ask: Which English Dets are sortally
reducible, and which are inherently sortal?
Theorem 9.10 (Keenan [34]) Let D : PRE → GQE. Then D is inter-
sective or co-intersective on E iff D is conservative and sortally reducible
on E.
Proof Suppose first that D is intersective. We know that D is conser-
vative, by Theorem 9.8. Thus DAB = DE(A ∩ B). Thus D is sortally
reducible. Second, suppose D is co-intersective. D conservative, by Ex-
ercise 9.15. Then DAB = DE(−A∪B), so again D is sortally reducible.

For the harder part, fix E, let D be conservative and sortally re-
ducible on E. We have 16 cases, depending on the function f that



verifies the sortal reducibility. We shall give six cases, listed in the table
below. The entries in the table are intended to parallel Figure 9.3. Then
we leave the ten remaining ones as pleasant exercises.

both
both
int
int

co-int

int

We begin with the case where DAB = DEE for all A, B. In this case
D is a constant function. And we already know that constant functions
are both intersective and co-intersective (see Exercise 9.16).

Next, suppose that DAB = DEA for all E and A. Then we apply
this with A = E and B = A, and we see that DEA = DEE. Therefore,
for all A, DAB = DEE. So again, D is a constant.

Let’s look at the case when DAB = DEB for all A and B. Then by
conservativity, DAB = DA(A ∩ B) = DE(A ∩ B). This easily implies
that D is intersective.

If DAB = DE(A∩B) for all A and B, then clearly D is intersective.
To see this, suppose A ∩ B = A′ ∩ B′. Then DAB = DE(A ∩ B) =
DE(A′ ∩B′) = DA′B′. This verifies that D is indeed intersective.

Just the same, if DAB = DE(A − B) for all A and B, then D is
co-intersective.

Suppose DAB = DE(A−B). This time D is clearly co-intersective.
The last case we want to consider is when DAB = DE − B for

all A and B. Applying this with A = E and B = −B, we see that
DE − B = DAB. So for all A and B, DAB = DEB. And as we saw
above, this implies that D is intersective.

The rest of the cases are similar, though some of the arguments are
a little more involved. /

Exercise 9.23 Fill in the 10 blanks above, corresponding to the 10
other binary boolean functions.

Here is our conclusion to this discussion. We saw that the Dets of
standard logic are intersective or co-intersective. Hence these are sortally
reducible, by the easy direction of Theorem 9.10. The hard direction of
the theorem, together with some examples from earlier on (e.g., the pro-
portional Dets), shows that natural languages present Dets which are
not sortally reducible. These Dets make essential use of the restrictions
imposed by the Noun arguments on what they are quantifying over.



9.8 Subject DPs Semantically Outnumber VPs
We claim that the range of extensional distinctions that can be made
by DPs corresponds to the power set of the set of possible VP deno-
tations (subsets of the underlying universe). Thus, at least for a finite
universe E, the set of possible DP denotations has the same size as
P(P(E)). So for E of cardinality 10, the number of possible VP de-
notations is 210 = 1, 012. We claim that the number of possible DP
denotations is 21,012, much greater than the number of micro-seconds
since the Big Bang (see D. Harel [24]:156 for realistic interpretations of
large numbers). We support this claim below. What is important is
not the actual figures, though they are sobering, but the relative sizes
of possible DP denotations and possible VP denotations.

Let E = {j, b, d} and assume John, Bill, and David respectively are
interpreted as the individuals generated by these three entities. And
suppose that (13) is true in this situation.

(13) John and Bill but not David laughed
Then the denotation laugh of laughed must be {j, b}. The denotation

of the subject DP in (13) is true of exactly one subset of E. In (44) we
pair each of 8 DPs with the unique subset of E it is true of (that is,
which is such that if the sentence X laughed is true for that choice of
DP then laugh must denote the set indicated).
(44)

DP laugh
John and Bill and David {j, b, d}
John and Bill but not David {j, b}
John and David but not Bill {j, d}
Bill and David but not John {b, d}
John but not Bill and not David {j}
Bill but not John and not David {b}
David but not John and not Bill {d}
Neither John nor Bill nor David ∅

The pairing in (44) is a bijection from the set of DPs listed to P(E).
And for X and Y distinct DPs in the list, X laughed and Y laughed
can have different truth values. It follows that no two of the DPs in the
list are logically equivalent. And disjunctions of two or more DPs in
the list are true of two or more subsets of E, and thus are not logically
equivalent to any DP in the list.
(45) Either John and Bill but not David or else neither John nor Bill

nor David laughed



(45) is true iff laugh is either {j, b} or ∅. That is, the subject DP
in (45) corresponds to a set of two properties. And in general, for each
subset K of the DPs in our list the disjunction of the DPs in K uniquely
determines a set of subsets of E. As there are 8 DPs above and dis-
tinct subsets determine logically distinct disjunctions, we have 28 = 256
logically distinct DPs in a situation with 8 possible VP denotations.

Note that in this mini-model, each collection of subsets of E is the
Truth Set of one of the 256 DPs constructed by forming disjunctions
of DPs listed in (44). This fact represents a general truth about DP
denotations, which we present in the next sections.

9.9 The GQs Generated by the Individuals
In response to the query in Chapter ??, the set IE of individuals over
E, that is, {Ib|b ∈ E}, does indeed have a special status with respect
to the full class GQE = [PRE → {T,F}] of possible DP denotations.
Specifically we will see here that any generalized quantifier F can be
constructed from individuals by forming meets, joins and complements.
We illustrated this syntactically in a mini-model in Section 9.8 above.
Here we present the more general result (which does not require that the
universe E be finite). The linguistic interest of this claim is that deno-
tations of DPs in general are understandable if we understand what the
denotations of Names are and we understand how to interpret boolean
functions of those denotations (as we clearly do in simple cases since
we have no problem interpreting expressions like (both) Mary and Sue,
(either) Mary or Sue, neither Mary nor Sue, and Mary but not Sue.
Theorem 9.11 Every generalized quantifier over any set E is a boolean
combination of individuals over E.

The goal of this section is to prove this result. The proof is the
longest of any that we have seen so far, and so you are encouraged to
read it in outline before digging into the details.

Since we will be talking about glbs and lubs of sets of arbitrary size
let us review this notation. First, verify that you understand why each
of the following claims is true:
(46)

a.
∨
{T} = T b.

∨
{F} = F c.

∧
{T,F} = F d.

∧
∅ = T

e.
∧
{T} = T f.

∧
{F} = F g.

∨
{T,F} = T h.

∨
∅ = F

Second, for each A ⊆ E, let

χA(X)
{

T if X = A
F if X != A



That is, χA is that function from PRE into {T,F} which maps the set
A to T and all other subsets B of E to F. We call χA the characteristic
function of A. Third, recall that glbs and lubs of generalized quantifiers
behave pointwise:
Lemma 9.12 Let K ⊆ [PRE → {T,F}]. Then

∧
K, the glb for K, is

that function F ∈ [PRE → {T,F}] which maps each subset B of E to∧
{f(B)|f ∈ K}.

Proof To see that F is a lb for K, let g ∈ K. We must show that F ≤ g;
that is, if F (B) = T then also g(B) = T. So suppose that F (B) = T. By
definition, F (B) is

∧
{f(B)|f ∈ K}, so by (46a), {f(B)|f ∈ K} = {T}.

Since g(B) is in this set, g(B) = T. To see that F is the greatest upper
bound, let h be any lb for K. We must show that h ≤ F . Let B be
arbitrary and suppose that h(B) = T. We must show that F (B) = T.
Since h is a lb for K, we have that for every g ∈ K, g(B) = T. So
{f(B)|f ∈ K} = {T}. Thus

∧
{f(B)|f ∈ K} = T = F (B). /

Corollary 9.13
∧

K(B) = T iff for every f ∈ K, f(B) = T.
Exercise 9.24 Show that for all K ∈ GQE = [PRE → {T,F}], all
B ∈ PRE , (

∨
K)(B) =

∨
{f(B)|f ∈ K}.

Corollary 9.14
∨

K(B) = T iff for some f ∈ K, f(B) = T.
Now we prove Theorem 9.11. Let E be a given universe. We drop

E from the notation and our exposition as much as possible. We call a
generalized quantifier a BCI if it is a Boolean combination of individuals.
That is, it can be expressed by taking some set S of individuals (perhaps
an infinite set) and applying the boolean operations to the members of
S. We also allow the operations to apply many times, not just once.8
We need a few preliminary steps before we turn to one overall calculation
that shows the desired results.
Step 1 Let h ∈ [PRE → {T,F}]. Then h =

∨
{χA|h(A) = T}.

Proof Let K = {χB |h(B) = T}. If h(A) = T, then χA belongs to
K. So by Corollary 9.14,

∨
K(A) = T. Going the other way, suppose

that
∨

K(A) = T. Again by Corollary 9.14, some F ∈ K maps A
to T. Now F must be χB for some B, since all elements of K are
characteristic functions. And B must be A, for if not, we would have
F (A) = χB(A) = F. Therefore χA = χB , and this belongs to K. And
by definition of K, h(A) = T. /
8However, it can be show that every BCI may be written in a special form, the

disjunctive normal form, where we only need meets of joins of elements of S or their
complements. Since we shall not need this result we won’t pursue the matter.



So we see that any generalized quantifier h is a lub of some set of
characteristic functions. We show below that all characteristic functions
are BCI’s, and it will follow that h itself is a BCI. This is our plan for
proving Theorem 9.11.
Step 2 For every A ⊆ E, χA = all(A) ∧ no(−A).
Proof Recall that χA has the property that for all B,

χA(B) = T iff A = B.(47)

We show that all(A)∧no(−A) satisfies (47). Since there can be only one
function satisfying (47), this will do it.

Fix B. The following are then equivalent:
1. (all(A) ∧ no(−A))(B) = T.
2. A ⊆ B and B ∩ −A = ∅.
3. A ⊆ B and B ⊆ A.
4. B = A.

This concludes the proof. /

Above we reduced the problem of showing that h is a boolean com-
bination of individuals to that of showing that each χA is also a BCI
Our work just above effects another reduction: we need only show that
each all(A) and each no(−A) is a BCI. We now show this.

We write
SA for {Ib|b ∈ A}
Â for

∧
SA

Ǎ for
∨

SA

Notice that SA is a set of individuals, and Â and Ǎ are the kinds of
things we are looking for in our theorem: meets and joins of sets of
individuals.
Step 3 For all A, all(A) = Â.
Proof Let B be arbitrary. Suppose first that all(A)(B) = T. So
A ⊆ B. Let Ic ∈ SA. Then c ∈ A ⊆ B, so c ∈ B. Hence Ic(B) = T.
Since Ic is arbitrary, we see that for all Ic ∈ SA, Ic(B) = T. Whence
Â(B) = T. Going the other way, assume Â(B) = T. Let b ∈ A, so that
Ib ∈ SA. So by (46a), Ib(B) = T, whence b ∈ B. Since b was arbitrary,
this shows that A ⊆ B. So all(A)(B) = T. Thus all(A) and Â take the
same value at all B and so are the same function. /

Step 4 For all A, some(A) = Ǎ.
Exercise 9.25 Prove this fact.
Step 5 no(A) = −(some(A)).



Proof For all B, no(A)(B) = T iff A ∩ B = ∅ iff some(A)(B) = F iff
−(some(A)(B)) = T iff (−some(A))(B) = F. /

Step 6 For each A, no(−A) = −(−A)̌.
Proof Using the last two facts: no(−A) = −(some(−A)) = −(−A)̌.

/

At long last, we return to the central calculation in the proof of
Theorem 9.11. Let E be any set, and let h be a generalized quantifier
over E. Then

h =
∨
{χA|h(A) = T} by Step 1

=
∨
{all(A) ∧ no(−A)|h(A) = T} by Step 2

=
∨
{Â ∧ −(−A)̌|h(A) = T} by Steps 3 and 6

Each Â and each −(−A)̌ are boolean combinations of individuals. So
each Â ∧ −(−A)̌ is also a boolean combination. Our h is the join of a
set of elements of this form: the set is {B|h(B) = T}. Overall, we see
that h is boolean combination of individuals. This concludes the proof
of Theorem 9.11.

For those who have studied boolean algebra, the set of individuals
over E is a set of complete generators for GQE . In fact much more is
true (Keenan and Faltz [36]). For finite E, the set of individuals is a set
of free generators for GQE . For E infinite it is a set of ca-free generators,
meaning that every map from the individuals into any complete atomic
boolean lattice extends (uniquely) to a complete homomorphism. But
these considerations go beyond what we are showing here.

Remark When we refer to “possible DP” denotations above we just
mean the set of GQs, that is, [PRE → T,F]. We see below that there
are many “non-subject” DPs, like himself, every student but himself,
and both himself and the teacher which denote functions that lie outside
of the GQs as presented here.

9.9.1 Generating the possible Det1 denotations
Comparable to Theorem 9.11 we have a similar but much weaker result
concerning the boolean characterization of possible Det1 denotations
(the one place conservative functions over E).

Notation Given E, we write INTE for the one place intersective func-
tions and CO − INTE for the one place co-intersective functions from
PRE into GQE .



Theorem 9.15 Every one place conservative function over E is a boolean
function (meet, join, complement) of functions in INTE ∩CO− INTE.

9.9.2 The possible exceptions to conservativity
Westerst̊ahl [63] and Herburger [26] pointed out a non-conservative uses
of the determiner many. The crucial example is (48a) which admits of
an interpretation on which it is a paraphrase of (48b) and which is easily
shown to be non-conservative.
(48) a. Many Scandinavians have won the Nobel Prize

b. Many Nobel Prize winners have been Scandinavian
As these authors point out, we can maintain that many is conservative,
but it allows a reading on which the Predicate property not the Noun
property determines the conservativity domain. 9

Another word that is sometimes advanced as a counterexample to
conservativity is only. In this respect, we might go back to a few rows
of the chart in Figure 9.1 and add an additional row for only.

. . . in the tree b ∩ t b− t t− b −b ∪ ∩t

Every bird is
√

Most birds are
√ √

Mary’s bird is
√

Only birds are
√ √

The point is that to tell whether Only birds are in the tree we should
look at the non-birds in the tree and see if this collection is empty or
not. Most of the time, Only birds are in the tree entails that there are
some birds in the tree, and so we also want to look at b∩t. Furthermore,
if you solved Exercise 9.5 above, you gave the natural semantics of only
and checked (by constructing a counterexample) that it is not formally
conservative.

However, only is not such a good counterexample to Generaliza-
tion 9.1. The point is that the syntactic distribution of only is not
the same as that of any determiner. For example, the sentence in Exer-
cise 9.5 is usually rendered Only the good die young, with only apparently
qualifying an DP. We also can say The good only die young, showing
that only may qualify VPs. The point is that only is an adjunct to
9One possible rejoinder is that many does not seem to be completely extensional.

from Larry: I need a convincing example of this, or else I think we should
drop the point altogether.



. . . in the tree b ∩ t b− t t− b −b ∩ −t

Every bird is
√

Not every bird is
√

Two birds are
√

Most birds are
√ √

All male birds are
√

Some but not all birds are
√ √

Mary’s bird is
√

FIGURE 9.4 The solution to the problem in Figure 9.1.

categories other than N. And so in that sense, it is not a determiner at
all.

9.10 Endnotes

Conservative DAB = DA(A ∩B)
or, if A ∩B = A ∩ C, then DAB = DAC
Nearly all Det interpretations are conservative.

Universe If A,B ⊆ Es ∩ Et, then DAB in s iff DAB in t
Independent
Co-conservative DAB = D(A ∩B)B
Intersective if A ∩B = X ∩ Y , then DAB = DXY

= Conservative + Co-conservative
Only the first box in the chart has a

√
.

Co-intersective if A−B = X − Y , then DAB = DXY
Only the second box in the chart has a

√
.

The semantic work converges with such syntactic work as Abney [1],
Stowell [58] 1987, 1991) and Szabolcsi (1987) which takes Dets as the
“heads” of expressions of the form [Det+N] and which justifies the ter-
minology DP.



10

Logical Systems

In this chapter, we present several logical systems which are of interest
in linguistics. Our emphasis is on the semantics of various formalisms
instead of on the proof theory. In effect, we’ll present the syntax of the
logics in a fairly standard way and do many examples of the semantics,
especially examples concerned either with linguistics directly, or with
the mathematics that we have already seen in the book.

10.1 Modal Logic and Tense Logic
Linguists increasingly use basic notions and notations from Modal Logic
in formally representing certain properties of natural language, in par-
ticular properties related to Tense (Present, Past, Future, . . .). Here we
present basic Modal Propositional Logic ( MPL ) and then a simple ver-
sion of basic Tense Logic (TL). The syntax and semantics of these two
types of logic draw both on basic Propositional Logic (PL) as presented
earlier and they provide an application of some of the lattice theoretic
concepts in the previous chapter.

10.1.1 Modal Propositional Logic ( MPL )
Syntax The definition of the language (set of expressions) of MPL is
that of SL given earlier, with two additions. In addition to the one
place connective not we now have two others: Knows and Poss , read as
“box” and “diamon”, respectively. Thus the syntax of MPL just adds
the clauses that Knowsϕ and Possϕ are formulas whenever ϕ is. In
traditional modal logic (See Hughes and Cresswell 1968) Q was intended
to represent the philosophical notion Knows It is necessary that and Poss
“It is possible that”. Here is, first, a very basic possible world semantics
for MPL which attempts to capture these ideas.
Semantics A (minimal) model for MPL is a pair M = 〈W, v〉, where
W is a non-empty set, whose elements are called possible worlds, and

245



v : AtSen → P(W ). We often “trade in” P(W ) for the function set
[W → {T,F}]. Moreover, one sometimes sees elements of P(W ) referred
to as propositions, or even UCLA propositions, since the identification of
propositions with the set of worlds in which they hold was popularized
by people who worked on modal logic in the 1960’s at UCLA such as
Richard Montague. As in SL, v extends recursively to a function v*
from MPL into P(W )], pointwise on boolean compounds:

(1) For every model M = 〈W, v〉, v is that map from MPL into
P(W ) satisfying:

v(pn) = v(pn)
v(not ϕ) = ¬v(ϕ)
v(ϕ and ψ) = v(ϕ) ∧ v(ψ)
v(ϕ or ψ) = v(ϕ) ∨ v(ψ)
v(ϕ implies ψ) = v(ϕ) → v(ψ)
v(ϕ iff ψ) = v(ϕ) ↔ v(ψ)
v(Knowsϕ) = {w ∈ W : v(ϕ) = W}
v(Possϕ) = {w ∈ W : v(ϕ) != ∅}

There are two important features of this definition. First, the inter-
pretation v of a sentence ϕ is not simply a truth value; it is a set of
possible worlds. As we said above, the intuition is that we want to take
the meaning of a sentence to be the set of worlds where it holds. The
second important point in this definition concerns the last two clauses
above. They are a little strange in that v(Knowsϕ) and v(Possϕ) are
defined to be the set of worlds w such that . . ., where . . . here is filled
in with a condition that does not depend on w at all! This means that
v(Knowsϕ) and v(Possϕ) will either be empty, or else the whole set W .
Indeed, under this semantics, “necessarily ϕ” is true at some world iff ϕ
is true at all worlds. Dually, “possibly ϕ” is true at some world iff ϕ is
true at some world or other.

The reader can verify that at least some of the properties we associate
with logical necessity and possibility are verified in this semantics. For
example,
Proposition 10.1 For any formula ϕ of MPL, and any model M =
(W, v), v(Knowsϕ∨¬Knowsϕ) = W . And v(Knowsϕ∨¬Knowsϕ) = ∅.

We note as well that Knows andPoss are interdefinable, in fact they
are duals of each other:



Proposition 10.2 For all models M = (W, v), and all formulas ϕ,

v(Knowsϕ) = v(¬Poss¬ϕ)
v(Possϕ) = v(¬Knows¬ϕ)

So the minimal semantics we present here for MPL does capture
at least some of the properties of logical necessity and possibility. But
quickly enough other notions of necessity and possibility were deemed
of interest: analogous to logical necessity and possibility philosophers
began to study obligation versus permission in what is called deontic
logic. This contrasts with epistemic necessity versus possibility. For
example must in (1a) has an epistemic sense but a deontic one in (1b).
(1c) is ambiguous between the two senses.
(1) a. John must be smart because he does so well in school.

b. John must study hard if he is to do well in school.
d. John must live outside the USA because hed be arrested for

tax evasion in the States. (deontic)
e. John must live outside the USA because I only ever see him

in Europe. (epistemic)
As more diverse notions of modality (necessity, possibility) are in-

vestigated it becomes useful to enrich the notion of model to provide a
way of distinguishing various sorts of necessity and possibility. Here is
a common current type of definition of model:

Definition A (basic) model for MPL is a triple 〈W,R, v〉, where W as
before is a non-empty set whose elements are called possible worlds, R
(the new feature here) is a binary relation on W , called the accessibility
relation, and v : AtSen → P(W ).

If w R w we say that w is accessible from w. And as before, v extends
to a function v : MPL → P(W ). But this time, we change the last two
clauses in our earlier definition to now read

v(Knowsϕ) = {w ∈ W : for all x such that w Rx, x ∈ v(ϕ)}
v(Possϕ) = {w ∈ W : for some x such that w Rx, x ∈ v(ϕ)}
Now we can in principle study different sorts of modal relations ac-

cording as the accessibility relation is required to satisfy various con-
ditions. In many applications, R is taken to be at least a pre-order:
a reflexive, transitive relation (but not necessarily antisymmetric and
thus not necessarily a partial order). This seems reasonable if we think
of “possible worlds” as “information states” objects that determine the
truth of at least some of the atomic formulas and thus determine to
some extent how the world is. Then sort of trivially we can access a



given information state from itself since we already have access to that
information. So the accessibility relation should be reflexive. And if
we can acc ess x from w, and y from x, then, in two steps perhaps, we
can access y from x, supporting that the accessibility relation should be
transitive.

We close here with one particular application of direct linguistic in-
terest: Tense Logic, used in linguistic work as early as Montague (1973).
In our next section, we consider epistemic logic and work in more detail.

10.1.2 Propositional Tense Logic (TL)
Syntactically the language TL is built like that of MPL, except that
instead of the unary connectives Knows and Poss , we have different
ones called F and P . The intended interpretation of Fϕ is at some time
in the future, ϕ”, and of Pϕ is at some time in the past, ϕ. Semantically,
a model is a triple M =< TM,<, v >, where TM is a non-empty set
of instants of time, < is the binary relation “is prior to” on T , and v
again is a valuation function mapping the atomic formulas into P(TM).
So v(pn) tells us the points of time at which pn is true. And now a
proposition is something that holds of points of time. Therefore < is
commonly taken to be irreflexive, asymmetric and transitive (a strict
order). If we want to rule out branching futures, we require that ¡ be a
total order (for any two t, t ∈ TM , either t < t or t < t). Occasionally <
is taken to be dense: whenever t < t there is some t such that t < t < t
(Between any two points of time there lies a third).

A valuation v extends to a function v taking all the formulas of TL
as arguments in the expected way (pointwise on boolean compounds),
with the clauses for F and P below:

v(Fϕ) = {t : for some t < u, u ∈ vϕ}
v(Pϕ) = {t : for some u < t, u ∈ vϕ}

In terms of F and P we often define two further unary tense connectives
G and H:

a. Gϕ = ¬F¬ϕ. (So Gϕ means “It will always be the case that ϕ”),
and

b. Hϕ = ¬P¬ϕ. (So Hϕ means “It always has been the case that
ϕ”), and

Note, again, that G and F are duals, as are H and P ). Are there
other combinations of tense connectives that we can use to characterize
more complex tenses? Can we model the pluperfect of ϕ by PPϕ, which
would give the set of times t such that for prior t < t there was a (yet
earlier) t < t such that phi is true at t? It is not hard to think of ways
we might want to enrich our notion of model to make it more adequate



regarding the expression of temporal notions in natural language. This
is an extremely rich area pretheoretically, with much abstract semantic
structure that we only partially understand. Our purpose here is simply
to indicate how the definitional techniques we have presented can be
used to study objects of linguistic interest. Any particular topic goes
beyond what we intend to cover in this book.
Suggestions for further reading van Benthem (1985) is very help-
ful as a brief introduction to modal and tense logic. Bull and Segerberg
(1984) is a much lengthier overview of modal logic with good historical
material. Similarly Burgess (1984) is a thorough overview of tense logic.
Moss and Tiede [52] is a survey of applications of modal logic in linguis-
tics, especially in semantics (including fuller discussions of the points
here) and in the study of syntactic formalisms. It also contains many
more references on these topics.
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10.2 Epistemic Logic
In the first sections this chapter we consider some extensions of proposi-
tional logic as we saw it in Section 6.2. These extensions have different
motivations, and they lead to different logics. In a sense, they all come
from a common source: a dissatisfaction with the one-world character
of classical logic, and the desire to enrich logic by adding operators that
deal with some notion of alternative worlds or changes to the world.

To see what this is all about, and as a running example in several
parts of this chapter, we’ll discuss the Muddy Children. Here’s how it
goes: we have a number of children playing outside in a sandbox. After
some time, some of them might have mud on their foreheads; however,
they don’t discuss this with one another. But along comes one of their
parents, a father actually, and says:



“At least one of you has mud on their forehead. Do you know if you
are muddy?”

Let’s suppose that n of the children have muddy foreheads. Then n
cannot be 0 by the father’s statement. But if n > 0, the muddy ones
cannot be sure of their status. So in this case, the children each reply,
“No, I don’t know.”

And now the father again says “Do you know if you are muddy?”
At this point, if n = 1, then the muddy child knows her status. (She

didn’t know it before. But she sees that all the others are clean and
hears that they all don’t know their own status. So she concludes that
she herself is muddy.) If n > 1, then once again the muddy ones cannot
be sure of their status. So in this case, the children each reply, “No, I
don’t know.”

The story continues in this way. It is not hard to prove by induction
on n that if there are n muddy children to start, then after the father
asks his question n times, the muddy ones will know their status; and
before the nth time, nobody will know it.

But of course, we are not so interested in this point. We are interested
in the scenario overall because it points to the use of modal logic in
formal pragmatics.
Issues There are a number of issues of interest to us. Here are some of
them:

1. How is it that speakers in a conversation update their knowledge
in response to their interlocutors? And what is a conversation
anyways?

2. What does it mean to know something? What are the logical
properties of knowledge?

3. How does knowledge change over time, that is, how do we learn
things? What is a good mathematical model of the learning that
seems to be going on in the muddy children story?

4. In real life, n children would not be able to carry out all of the
reasoning that we attribute to the children in the story. What
would go wrong? That is, in what ways is the story an idealization
from reality.

10.2.1 Syntax of modal logic
We start with the syntax of the logical system that we are going to use.
The basic idea is to take propositional logic and add extra operators for
the concept of knowledge. Recall that propositional logic had atomic
propositions and the connectives ¬, ∧, ∨, →, and ↔. (We can take
either take all of these operators right from the start, or take a subset



and define the rest from them. It didn’t matter with propositional logic,
and it won’t matter here, either.) Then, for each agent (say A to be
concrete), we have two modalities written Knows A and Poss A. We can
put those in front of sentences of modal logic, and we again get a sentence
of modal logic. So, the following are sentences of modal logic:

Knows A(T ∨ q).
(Knows Ap) ∨ (Knows Aq).
(Knows Ap) ∨ (Knows A¬p).
Knows AKnows BKnows Cp.
Knows B(Poss Cp → Knows Bq).

Now we read Knows Aϕ as “A knows ϕ”, or “A knows that ϕ is
true”. (For our purposes, these are the same. We also read Poss Aϕ
as “A thinks ϕ is possible.” So the sentences above can be rendered in
English as:

A knows that either p or q. (As always, this includes that A knows
both p and q.)
Either A knows that p, or A knows that q.
Either A know that p is true, or A knows that p is false. This is
better translated: A knows whether p is true.
A knows that B knows that C knows that p is true.
B knows that if C thinks p is possible, then B knows q.

10.2.2 Semantics of modal logic
At this point, we can present a model of the muddy children story. First,
let’s make life simpler and assume that there are just three children, say
A, B,and C. Now at the outset, before the father arrives, there are
eight possibilities for the three children. We call these possible worlds.
You can see a picture of them on page 253. The worlds are listed as
w0, . . . , w7. For example, w3 is a world in which A and B are dirty and
C is clean.
Atomic propositions In the muddy children story, our atomic propo-
sitions are DA, DB , and DC . Our model comes with a description of
which of these are true at which worlds, and which are false. We have
indicated this pictorially, by placing a • next to the children who are
diry in that world.

One special feature of the model on page 253 is that each possible
specification of who is clean and who is dirty gives us one and only one
world. This will not in general be the case. It is possible to have two
worlds with the same atomic information, and also, not all of the possible



atomic specifications need to be realized in a model. Once again, our
first model is special in this regard.
Accessibility Relations In each world we also indicate some other
important information: which worlds each child thinks are possibly the
real world. For example, if w3 is the real world, then in w3 A can see B
and C, but A cannot see whether if he is dirty or not. In fact, A is dirty,
but for all A knows, the real world could be w2 (where B is the only
dirty one). Similarly, we indicate in each possible world which worlds
each child thinks are possible.

What we put inside of each world is a list for each agent of the worlds
that agent might think are the possible ones.

Here is a bit of useful terminology: if we have a world w, and another
world x is in the list for the agent A, then we say that x is accsssible
from w for A. We also write this in various ways:

w
A−→ x.

wRAx.
These formulations give what are called accessibility relations: for each
agent A we have an accessibility relation RA on the worlds of a model.
And as we’ve indicated, the world w is related by RA to the world x just
in case x is a possible world for A inside of w.

The assembly of possible worlds, together with the atomic informa-
tion and the accessibility relation, is called a Kripke model. Just to be
very clear: Figure 10.1 shows a single Kripke model K1, and this model
contains eight possible worlds.

Now after the father announces to everyone that at least one child
has a muddy forehead, things are different. For one thing, there is
nothing like world w0. But we have correlates of the worlds w1, . . . , w7.
We denote these by v1, . . . , v7. One thing that we are interested in is
whether any of these worlds wi is equal to (or should be equal to) the
corresponding vi. But for now, note that we have a second Kripke model
K2. You can find this spelled out on page 255. At some point later we’ll
be interested in how we pass from K1 to K2; this will lead us to the logic
of announcements.
Formalization We introduce the language of modal logic along with
its semantics. For the language, we fix at the outset a set Ag of agents,
and also a set AtSen of atomic propositions. In our example we had
Ag = {A,B,C}; in general, we’ll use letters like A, B, etc. for the
agents. We also had a very small set for AtSen: these were the sentences
that A is dirty, B is dirty, and C is dirty. In our running example, we’ll



w0

A A : w0, w1

B B : w0, w2

C C : w0, w4

w1

•A• A : w0, w1

B B : w1, w3

C C : w1, w5

w2

A A : w2, w3

•B• B : w0, w2

C C : w2, w6

w3

•A• A : w2, w3

•B• B : w1, w3

C C : w3, w7

w4

A A : w4, w5

B B : w4, w6

•C• C : w0, w4

w5

•A• A : w4, w5

B B : w5, w7

•C• C : w1, w5

w6

A A : w6, w7

•B• B : w4, w6

•C• C : w2, w6

w7

•A• A : w6, w7

•B• B : w5, w7

•C• C : w3, w7

FIGURE 10.1 The Kripke model K1

abbreviate these by DA, DB , and DC . In general we use letters like p,
q, etc. for atomic propositions.

Definition A Kripke structure is a stucture
K = 〈K, {RA}A∈Ag,AtSen〉,

where K is a set of worlds, and for all A ∈ Ag, RA ⊆ K × K, and
AtSen : K → P(AtSen). We call RA the accessibility relation for agent
A.

Once again, we are going to be flexible in how we write the accessi-
bility relation of a Kripke model. We might write xRAy or RA(x, y). If
we have other R’s around, we might write x

A−→ y instead.
The semantics of modal logic Given a Kripke structure K, we define
in Figure 10.2 the satisfaction relation w |=K ϕ, where w ∈ K and
ϕ ∈ L(Ag).

The main point of the semantics is the clause for the Knows A modal-
ity. This is the leading idea in this semantics for modal logic.
The possibility operators Poss A Our semantics is that w |= Poss Aϕ
if there is some w′ such that wRAw′ and w′ |= ϕ. Intuitively, A thinks



w |=K p iff p ∈ AtSen(w)
w |=K ¬ϕ iff w !|= ϕ
w |=K ϕ ∧ ψ iff w |= ϕ and w |= ψ
w |=K ϕ ∨ ψ iff w |= ϕ or w |= ψ
w |=K ϕ → ψ iff w !|= ϕ or w |= ψ
w |=K ϕ ↔ ψ iff w |= ϕ → ψ and w |= ψ → ϕ
w |=K Knows Aϕ iff for every w′ ∈ W such that wRAw′, w′ |= ϕ.
w |=K Poss Aϕ iff for some w′ ∈ W such that wRAw′, w′ |= ϕ.

Most of the time we’ll omit the subscript K on the symbol |=, since
the structure is usually clear.

FIGURE 10.2 The semantics of modal logic.

A knows ϕ in a world w if and only if ϕ is true in all the worlds that
A thinks are possible from w.

that ϕ is possibly true, because ϕ holds in some world that A consid-
ers possible. The sentence Poss Aϕ is equivalent to ¬Knows A¬ϕ. This
means that they hold at the same worlds in all models.
(2) Concerning the model K1 from earlier in this section, we have the

following:
• w0 |= ¬Knows ADA. This is because in w0, A thinks w0

itself is possible, and DA is false there.
• w0 |= PossDA. (Recall that PossDA means
¬Knows A¬DA.) This time, A thinks w1 is possible, and in
that world, A is dirty. In fact, in each world of K1, none of
the three children know that any child (including
themselves), and none know that any child is not dirty.

• w0 |= Knows A(¬Knows BDC ∧ PossDC). That is, A knows
that B doesn’t know anything for sure about C’s status.
This follows from our last observation.

• w0 |= Knows CKnows A(¬Knows BDC ∧ PossDC). C knows
that A knows that B doesn’t know anything for sure about
C’s status. Again, this follows from our last fact, suitably
strengthened.



v1

•A• A : v1

B B : v1, v3

C C : v1, v5

v2

A A : v2, v3

•B• B : v2

C C : v2, v6

v3

•A• A : v2, v3

•B• B : v1, v3

C C : v3, v7

v4

A A : v4, v5

B B : v4, v6

•C• C : v4

v5

•A• A : v4, v5

B B : v5, v7

•C• C : v1, v5

v6

A A : v6, v7

•B• B : v4, v6

•C• C : v2, v6

v7

•A• A : v6, v7

•B• B : v5, v7

•C• C : v3, v7

FIGURE 10.3 The Kripke model K2

Exercise 10.1 Let K3 be the model that we get from K2 after announc-
ing that at least one child is muddy. This model is displayed on page 255.
Check the following about K2:

1. v1 |= Knows ADA ∧Knows BDA ∧Knows CDA.
2. v1 |= ¬Knows BDB ∧ Poss BDB .
3. v1 |= Knows C(¬Knows BDA ∧ PossDB).
4. v7 |= ¬Knows ADA ∧ Poss ADA.

Exercise 10.2 Let K3 be the result of updating K2 by an announce-
ment that none of the children know whether they are dirty or not.

1. What is the new Kripke model? [The worlds of this model will be
all worlds of K2 which satisfy the sentence

(¬Knows ADA) ∧ (¬Knows A¬DA) ∧ (¬Knows BDB)
∧ (¬Knows B¬DB) ∧ (¬Knows CDC) ∧ (¬Knows C¬DC)

This says that nobody knows whether they are dirty or not.]
2. In each of the worlds of your model, which children now know

whether they are dirty?



u3

•A• A : u3

•B• B : u3

C C : u3, u7

u5

•A• A : u5

B B : u5, u7

•C• C : u5

u6

A A : u6, u7

•B• B : u6

•C• C : u6

u7

•A• A : u6, u7

•B• B : u5, u7

•C• C : u3, u7

FIGURE 10.4 The Kripke model K3

The model K3 is shown below 10.2. The new model K3 is in Fig-
ure 10.2.2. In all of the worlds of K3 except u7, there are two muddy
children, and they know that they are muddy. In u7, none of the children
knows that they are muddy.

Before moving on to more theory, please note what has happened so
far. We are presented with a conceptual problem, the matter of modeling
knowledge. Shortly after that, we proposed a mathematical definition
of knowledge. Example 2 and Exercises 10.1 and 10.2 show that our
proposed definition has some decent properties. However, it is not the
only possible definition of knowledge, and it does not solve all of the
philosophical problems associated with knowledge. In a sense, it is the
first serious proposal on a difficult topic. It is possible to improve on the
model that we have. But delving deeper into this topic would get us off
the track for linguistics.
Exercise 10.3 Suppose that one of the three children, say A, is blind.
Suppose that everyone knows this, and everyone knows that everyone
knows this, etc. Run through the three scenarios again, drawing all the
appropriate Kripke models in detail. Be sure to include your reasoning.
Note that just because A is blind does not mean that A is deaf.

10.2.3 Other Applications of Modal Logic
At this point, we want to shift gears a bit and look at other applications
of modal logic in semantics.

In general, modal logic is useful wherever one has wants to think



about alternative ways the world could be in addition to the way that it
actually is. So modal logic is an important tool in semantics for tense
and aspect, for example.

10.3 First-Order Logic: Translating Language into it
So far in this book we have seen propositional logic and also modal
logic. At this point, we want to turn to first-order logic. The point here
is that first-order logic is sufficiently expressive system that many simple
sentences of natural language can be rendered in it. At the same time,
the translation between logic and language is a highly complex business,
as we shall see.

To get started, it’s probably best to just dive in. Here is a large set
of English sentences along with their translations to first-order logic.
(3) a. John criticized every student.

a’. ∀x(student(x) → criticize(j, x)).
b. Every student criticized John.
b’ ∀x(student(x) → criticize(x, j)).
c. Every student criticized him/herself.
c’. ∀x(student(x) → criticize(x, x)).
d. Every student criticized him.
d’. ∀x(student(x) → criticize(x, y)).

The first thing that you will notice are the special symbols here. They
differ from what we have seen in Chapter 6, and we adopt them here
mainly to conform to the standard usage. Here is a table listing the
connectives which we have seen and their more common symbols:

connective our notation other notations
not ¬ ∼
and ∧ &
or ∨ +
implies →
iff ↔ ≡

We’ll discuss the quantifiers ∀ and ∃ shortly. But first, recall that we
are using sans-serif font for the semantics. So j is some element of a
fixed domain E, an element that is intended to interpret the word John.
Similarly, criticize is a binary relation on E. This technically is a subset
of E×E, but we can and usually will trade this subset in for a function
from E × E to the set {T,F} of truth values. In any case, criticize is a
semantic object interpreting the word criticize.

The way (3a’) works is that it says: for all x (in our universe E),
criticize(j, x). The symbol ∀ is read “for all”; it is called the univer-



sal quantifier. Note that we just made explicit an important point
which first-order representations leave implicit: quantifiers like ∀ im-
plicity “range over” the whole underlying universe under discussion, no
more and no less. Note also that the arguments of criticize come in a par-
ticular order. This accounts for the difference in meaning between (3a’)
and (3b’). The point of (3c’) is that variables like x can be repeated;
typically with reflexive pronouns we have such a repeat. Finally (3d) has
an interesting property that sets it apart from the previous examples.
If one asks whether (3d) is true, even in a given situation, the only rea-
sonable response is to ask “Which him do you mean?” The sentence is
most naturally read as refering to a person specified in some background
information that (3d) itself does not provide. The translation in (3d’)
reflects some of these points. Specifically, it uses a free variable y. We’ll
see what this exactly means in due course. Actually, we’ll see what a
general theory behind all the representations in (3). One of the main
points is that these representations are defined in such a precise way that
they can be directly worked on by a computer (or a person who doesn’t
understand what English sentences they are intended to translate).

Let’s look at some other examples:
(4) a. John criticized some student.

a’. ∃x(student(x) ∧ criticize(j, x)).
b. No student criticized John.
b’ ∀x(student(x) → ¬criticize(x, j)).
c. John criticized most students.
d. John criticized every student who did not criticize

him/herself.
d’. ∀x(student(x) ∧ ¬criticize(x, x) → criticize(j, x)).

In (4a’), we see the existential quantifier ∃. We read ∃x as “there is an
x”, or “there exists an x”, or “for some x”. Note that (4a’) uses the
conjunction ∧ instead of the implication arrow → that we saw in (3a’).
If we had translated (4a) as

∃x(student(x) → criticize(j, x)),

we would have made a mistake: the translated sentence does not mean
that John criticized some student. It would mean that there is some
person with the property that if they happen to be a student, then
John criticizes them [and if they do not happen to be a student, we don’t
care]. Suppose we are imagining a situation s where there is someone,
say a, who is not a student. Then in s,

a → criticize(j, a)

is true, since it is a conditional whose antecedent (the part right after



the if) is false. Hence (4a’) automatically comes out true, even if John
doesn’t criticize anyone in s.

Turning to (4b), note that the translation uses the universal quan-
tifier again. It says: for all students, say for x, it is not the case that
John criticizes x. So what we have in (4b) is a paraphrase rather than
a direct translation. This is important because in (4c), we are out of
luck. There provably is no way to recast (4c) in terms of ∀ and ∃ and
the rest of the apparatus of first-order logic.1 In particular, one cannot
write criticize(j,most students). The problem here is that the arguments
in first-order logic to a semantic relation like criticize must be elements
of the underlying domain E. And “most students” is not an element of
E; it is not the same kind of thing as j at all.

Translation to first-order logic has some advantages and some disad-
vantages. The language of first-order logic is well-understood and has
direct connection to algorithmic tools such as database languages. An-
other advantage is that interesting sentences like (4d) can be transltated
into it. So if one is is able to use first-order logic, something is gained.
On the other hand, our discussion shows that that linguistically similar
sentences such as Every student criticized John, Some student criticized
John, and No student criticized John get very different translations:
one would expect translations that differ only in one word. The first
order representations do not lead us to ask “How do English speakers
(and learners) interpret quantified NPs?”, since at the level of semantic
representation indicated above the quantified NPs do not correspond
to constituents in the translations and are thus not semantically inter-
preted on their own. And anyway, the whole thing breaks down on
linguistically interesting determiners such as most.

There are even more features of first-order logic. We have one last
set of examples to illustrate them.
(5) a. John criticized his mother.

a’. criticize(j,mother(j)).
b. Every student criticized or praised John.
b’ ∀x(student(x) → criticize(x, j) ∨ praise(x, j)).
c. Every student criticized someone other than him/herself.
c’. ∀x(student(x) → ∃y(y != x ∧ criticize(x, y))).
d. Every student criticized a teacher.
d’. ∀x(student(x) → (∃y)(teacher(y) ∧ criticize(x, y)).
d”. (∃y)(teacher(y) ∧ ∀x(student(x) → criticize(x, y)).

1We will not be able to justify this point in detail in this text. But after you acquire
some background in model theory you might like to look at sources such as Keenan
1995 or van Benthem 1986.



(5a’) shows that first-order logic can accomodate functions. In the se-
mantics, these functions must be total (defined everywhere). So in a
particular model with a mother function on its universe E, everyone
must have a mother (and that mother must belong to E). In (5b’) we
see that boolean operations like ∨ may appear inside of first-order rep-
resentations. (5c’) shows that we have the equality sign =. Equals in
logic always means equals (identical to), so while a model is allowed to
interpret words like student and criticize in a fairly free way, a model
may not alter the semantics of =. In addition, (5c’) shows that we can
expect to see representations with more than one variable. The way to
read (5c’) is: for all x, if x is a student, then there is some y different
from x with the property that x criticized y.” Finally, (5d,d’,d”) are
instances of the much discussed phenomenon of quantifier-scope ambi-
guity. The idea is that (5d) is ambiguous, and the two readings may be
symbolized as we have shown. It is an interesting fact that first order
logic can accomodate both readings.
Exercise 10.4 Translate the following to first-order logic on the pattern
of what we have done above. You will not be able to check your work
until we give a precise semantics to first-order logic. But even without
this, you should be able to extrapolate the patterns from the examples
above. In this kind of translation work, it is a good idea to discuss your
work with others as you go.

a. John’s mother criticized Mary’s father.
b. John praised everyone who praised Mary.
c. Every student criticized some non-student.
d. Every student criticized some other student.
e. John saw everyone who saw Mary see herself.
f. At least two different people criticized each other.
g. The only person John criticized is Mary.

Exercise 10.5 Translate each of the following sentences into logic no-
tation, using j for “John”, m for “Mary” L(x, y) for “x loves y”, S(x, y)
for “x sees y”, T (x, y) for “x is strictly taller than y”,

1. Mary loves herself.
2. Everyone loves John.
3. John loves everyone.
4. Someone who John loves sees Mary.
5. Everyone who loves John loves Mary.
6. John is strictly taller than everyone else.
7. Everyone who loves a person sees them.



Exercise 10.6 Each of the following are wrong attempts to translate
Exercise 10.5, part 4 above. In each case, what is the mistake?

1. (∃x)(L(j, x) → S(x,m)).
2. (∃x)(L(j, x) ∧ S(m,x)).

Assume that we are working with contexts that have the property that
everything in them is a person.

10.4 First-Order Logic: the Details
First-order logic is the standard logical system. It is expressive enough to
act as the foundation for mathematics, since a subject like set theory can
be formulated in first-order logic, but not in any of the logical systems
that we have studied so far. It also has a nice axiom system, a set
of rules which straighten out the use of variables in reasoning. There
is a Completeness Theorem (with several different proofs), and many
interesting results about what can and cannot be said in first-order logic.

Our approach to first order logic is that it is an extension of propo-
sitional logic; at the same time, some of the semantics becomes a little
clearer now that we have seen some modal logic.

10.4.1 Syntax

Definition A first-order signature is a tuple

Σ = 〈Σfun , arityfun ,Σrel , arityrel〉,
where Σfun is a a set of function symbols, arityfun : Σfun → N , Σrel is a
a set of relation symbols, and arityrel : Σrel → N .

Example 10.1 One standard example is the signature for arithmetic.
Here we have function symbols 0, 1, s, +, ×, with the usual arities, and
also a relation symbol < of arity 2.

Definition Let Σ be a first-order signature. Let X be a set whose
elements are called variables. A term is an element of T (Σfun+X). (That
is, a term built from the variables in X using the function symbols of the
signature.) An atomic formula is an expression of one of the following
forms:

1. t1 = t2.
2. R(t1, . . . , tn), where t1, . . . , tn are terms, and arityrel(R) = n.

The set of formulas is the smallest set such that:
1. Every atomic formula is a formula.



2. If ϕ and ψ are formulas, so are ¬ϕ and ϕ ∧ ψ.
3. If ϕ is a formula and x ∈ X, then (∀x)ϕ is a formula.

We use the standard abbreviations of ∨, →, and ↔. In addition, we
write (∃x)ϕ for ¬(∀x)¬ϕ.

At times, we might need to say that two terms or formulas are iden-
tical. We do this by writing t ≡ u, or ϕ ≡ ψ. (That is, we avoid using
the equals sign both as a part of the syntax of first-order logic and as a
sign used in our discussion of that logic.)

10.4.2 Semantics
The semantics of a first-order signature is given in terms of (first-order)
structures. These are like the Σ-algebras that we saw in Section ??
except that we also have interpretations for the relation symbols.

Definition A Σ-structure is a tuple

A = 〈A, fA, RA〉f∈Σfun ,R∈Σrel ,

where A is a set (called the universe of the structure), and such that
1. For all f ∈ Σfun , fA : Aarityfun(f) → A.
2. For all R ∈ Σrel , RA ⊆ Aarityrel (R).

Here An = A×· · ·×A (n times), and in the case n = 0, we set A0 = {∅}
to be some canonical one-element set.

Definition Let A be a Σ-structure. Let X be a set of variables. A
valuation is a function v : X → A. We turn the set of valuations into a
multi-modal Kripke structure 〈W,→x 〉x∈X by defining

v →x w iff for all y ∈ X − {x}, v(y) = w(y).

Definition Let v be a valuation. Then by Recursion, we extend v
to v : TΣfun+X → A. In more detail, we regard A as a Σfun -algebra,
temorarily forgetting the relational part of the signature. We get a
homomorphism v by the Recursion Principle. We then define a relation

A |= ϕ[v]

by the following recursion:
A |= t1 = t2[v] if v(t1) = v(t2)
A |= ¬ϕ[v] iff w !|= ϕ[v]
A |= ϕ ∧ ψ[v] iff a |= ϕ[v] and a |= ψ[v]
A |= (∀x)ϕ[v] iff for every w such that v →x w, A |= ϕ[w].



At this point, it is convenient to state a result to the effect that when
we evaluate whether or not A |= ϕ[v], the only part of v that is really
needed is the part determined by the variables that actually occur in ϕ.
For this, we define a function occ on terms and formulas in the following
way:
occ(x) = x for x ∈ X
occ(f(t)) =

⋃n
i=1 occ(ti)

occ(R(t)) =
⋃n

i=1 occ(ti)

occ(t1 = t2) = occ(t1) ∪ occ(t2)
occ(¬ϕ) = occ(ϕ)
occ(ϕ ∧ ψ) = occ(ϕ) ∪ occ(ψ)
occ((∀x)ϕ) = occ(ϕ) ∪ {x}

Proposition 10.3 Suppose v and w agree on occ(ϕ). Then A |= ϕ[v]
iff A |= ϕ[w].

The proof of this is easy, and since we will prove a stronger result
shortly, we omit it. The stronger form of Proposition 10.3 comes when
we define the free and bound occurrences of variables. An occurrence of a
variable x is bound in ϕ if x is part of a subterm of ϕ of the form (∀x)ψ.
Otherwise, the occurrence of x is free in ϕ. For example, consider

(∀x)[R(x, y) ∨ (∃y)S(y).

The first occurrence of y is free, and the second and third occurrences
are bound. Now it will be convenient to define a function freeocc(ϕ)
which gives the variables which have at least one free occurrence in ϕ.
We define freeocc just like occ, except that the very last clause is changed
to

freeocc((∀x)ϕ) = freeocc(ϕ)− {x}.
Proposition 10.4 Suppose v and w agree on freeocc(ϕ). Then A |=
ϕ[v] iff A |= ϕ[w].
Proof First we show by induction on terms that if t is a term and v and
w agree on freeocc(t), then v(t) = w(t). Then the current proposition
holds for the atomic formulas. We check the induction steps for all
formulas, and the only interesting one is for formulas of the form (∀x)ϕ.
So suppose that v and w agree on freeocc((∀x)ϕ). Suppose that A |=
(∀x)ϕ[v]. To show the same for w, let w′ be such that w →x w′. Let v′

be the same as v, except that v′(x) = w′(x). Then v →x v′; also, v′ and
w′ agree on freeocc(ϕ). This is the key point:

freeocc(ϕ) = freeocc((∀x))ϕ ∪ {x}.
Since A |= ϕ[v′], we also have A |= ϕ[w′]. And since w′ is arbitrary, we
have A |= (∀x)ϕ[w]. /

More convenient notation Often times it is clumsy to mention a
valuation v in full. Suppose that freeocc(ϕ) is {x1, x3, x6} (The numbers



are not important, but the fact that the variables come in a canonical
order is.) Suppose that v(x1) = a, v(x3) = b, and v(x6) = c. Then
rather than write A |= ϕ[v], we would usually write A |= ϕ[a, b, c]. The
idea is that we use the values in the brackets for the variables in their
canonical order. We also sometimes just substitute the values a, b, and
c in for the appropriate variables, as in Example 10.2 below.

Also, if freeocc(ϕ) = ∅, then we call ϕ a sentence. For sentences, we
simply write A |= ϕ. The point again is that this assertion is indepen-
dent of any valuation, by Proposition 10.4.

Example 10.2 Consider the signature of arithmetic, and let

ϕ ≡ (∃x1)(∀x2)x3 = x1 + x2.

Then freeocc(ϕ) = {x3}. Consider the structure with universe N and
usual operations. Suppose that v is a valuation and v(x3) = 27. Then
the following three expressions are notational variants:

N |= (∃x1)(∀x2)x3 = x1 + x2[v]
N |= (∃x1)(∀x2)x3 = x1 + x2[27]
N |= (∃x1)(∀x2)27 = x1 + x2

If everything is clear from the context, then the third way is clearest.
(Note also that the common assertion above is false.)

Incidentally, in the above we used the variables x1, x2, and x3. In
other situations, we may well call the variables x, y, and z. In these
cases, we agree that the canonical order is the alphabetical order.

10.5 λ-Notation
We have already seen that there is a problem with the first-order repre-
sentation of sentences involving quantified NPs (QNPs). To get around
this, linguists often use translations which attempt to preserve the syn-
tactic unity of the Determiner and common noun parts of QNPs, think-
ing of the whole QNP still as a variable binding operator (VBO). These
translations work as follows:
(6) a Every student criticized him/herself.

a.’ (every student)(λx.criticized(x, x)).
b Most students criticized themselves.

b.’ (most student)(λx.criticized(x, x)).
c. Some student criticized someone other than him/herself.
c.’ (some student)(λx.(someone)(λy.(y != x ∧ criticized(x, x)))).

Our main concern in this chapter is to discuss formall how all of this
works. To do this, we need a precise language with those λ’s (the Greek
letter lambda). And we must state formally the semantic interpretation



of representations like those in (6). This is a tall order. To get on all
this, we are going to step away from linguistics for a short while.

Consider for a moment the function on natural numbers with takes
a number as input and returns the square of the input. There are many
ways to define such a function, but one that will provide the leading
ideas in this chapter is
(7) λnN .n2

There are a ideas in (7). First, the symbol λ is the Greek letter
lambda. You certainly may pronounce (7) by saying ‘lambda’, and most
people will do just this. But you can also read (7) as saying, “Give me
an element of N , say n. I’ll return n2.” The period in (7) is just like
the end of the sentence. The subscript N tells which set we are taking
input from. As we shall see, this does not have to be the same set that
we are giving outputs in. The operation n2 does have to be one that we
already understand before we can use a notation like (7); but we could
also have written λnN .n× n.

One important point about (7) is that there is absolutely no special
feature of the letter n. The only purpose of the letter n is to point to
a particular number so that we can refer later to it. (In later examples,
we’ll have several numbers or other objects used as input to functions,
and so it will be important to distinguish different inputs by using dif-
ferent letters.) We could have restated (7) as λxN .x2, or λaN .a2, or
λiN .i2, or anything else of that form.

Let’s next see how one applies our squaring function λnN .n2 to a
number like 13. We know that the answer is 13 × 13 = 169, but this
is not the point. We are after a way to connect our notation λnN .n2

and the number (actually numeral) 13 to an expression that reflects the
computation in a direct way. Here is how we do this. We would write
the function application by juxtaposition:

λnN .n2 13

Then the basic calculation-like procedure to evaluate an expression of
this type is to

1. Drop the λnN in the function body, obtaining n2.
2. Plug 13 in for n in n2, getting 132.

This last point about using the notation to do a calculation of elementary
arithmetic might seem like a tedious exercise in notation, especially after
we are spelling out something you already know. However, we shall turn
next to a more complicated example which will show all of the same ideas
at play in a setting that you might find new.



A function on functions The leading idea here is that it is sometimes
useful to consider functions of functions. (We’ll also call these functions
of higher types.) We are not really interested in this for mathematical
purposes, and so we shortly will consider an example from semantics.
But before then, we continue to look at the mathematical example be-
cause the notation involved is simpler.

Here is an example of a function F on functions. Given a function
f : N → N , F (f) is that function which, when given a number n, adds
3 to the number, sends the result to f , and finally adds the same number
n to the result. This all is simpler in symbols:

F = λfN→N .λnN .f(n + 3) + n.

The way to read this is
“Give me a function f : N → N and return the function which says,
‘Give me an n ∈ N , and I’ll return f(n + 3) + n.’ ”

Now this defines F for all functions (that is, all inputs) f . In particular,
it defines F (λxN .x2). But we can write this by justposition F λxN .x2.
use our calculation-like procedure to evaluate this juxtaposed expression.
Here are the steps.

1. Drop the λfN→N from the definition of F to get λnN .f(n+3)+n.
2. Plug λxN .x2 in for f to get λnN .(λxN .x2)(n + 3) + n. (The way

that this works is that the “+n” at the end is all by itself, so we
actually have (λnN .(λxN .x2)(n + 3)) + n.)

3. Look for a moment at (λxN .x2)(n + 3). This again is a juxtapo-
sition, so we can simplify it by the same steps we have seen to
(n + 3)2. (Note that parentheses are important here.)

4. Replace (λxN .x2)(n+3) by (n+3)2 in step 2 to get λnN .(n+3)2+n.

10.5.1 Linguistic applications of λ notation
At this point, we want to continue our informal exploration of the uses
of λ notation. We still are not yet presenting formal models, or even
formal details on the syntax of the lambda expressions. We take up
such matters below, beginning in Section ??.

First, let’s go back to (6a’), repeated again:
(8) (every student)(λx.criticized(x, x)).
Note that the semantic function every student appears as the func-
tion rather than the argument to λx.criticized(x, x). This means that
every student is exactly what we just saw above, a function of functions, a
higher order function. We also have expressions like (λx.criticized(x, x))j.
And just as in our previous work, this will simplify to criticized(j,j). This



will be our representation of John criticized himself. But (8) will turn
our to not be simplfiable. There will be a function every student. It will
map properties to truth values, where a “property” here is a function
from entites to truth values. We’ll be able to give a definition of this
function below.

We saw above that we could write (λx.criticized(x, x))j. This has the
look of the topicalized Criticized himself, John did. In fact, there are
other examples of topicalization and similar phenomena related to λs,
as we shall see.

Next, two important uses of λ notation come from discussions of Non-
Constituent Coordination (NCC), especially instances of NCC such as
Right Node Raising and Gapping. Consider first a Right Node Raising
example:
(9) • John bought and Bill cooked the turkey.

• (the turkey)(λxe.(j bought x) ∧ (b cooked x)).
As you can see, we again have a higher order DP interpretation the turkey.
(9) asserts that this function applies to the function

λxe.j bought x ∧ b cooked x

We get a truth-value by applying the turkey to this function. As always,
the idea is that the truth value that we so obtain in a model should
match the intutions that we have when setting up the model in the first
place. We are not concerned with this so much at this point, but we do
want to make the point that the whole machinery of λs gives one the
ability to state the semantics as we have done it.

We also have a Gapping example, such as
(10) • John interviewed the president and Bill the Vice-President.

• (interview)(λr.(r(j, the pres) ∧ r(b, the VP)).
In this example as in so many others, the modus operandi is to pull the
repeated semantic entity (in this case, the meaning interview) out to the
front in a higher order form. Then one has to express the remaining
stuff (one cannot call it a sentence, and indeed in these examples it is
not even a constituent) as the kind of thing that the function interview
might apply to. We shall discuss all of these matters in fuller detail
beginning in Section ??. But first, we have some exercises for you to
try.
Exercise 10.7 Write the following using λ expressions.

a. Bill I like but Fred I don’t.
b. Industrious he is, but clever he isn’t
c. He said he would pass the exam, and pass the exam he did.



The Greek Alphabet
The table below gives letters of the Greek alphabet along with their
lower case and upper case forms.

Name lc UC

alpha α A
beta β B
gamma γ Γ
delta δ ∆
epsilon ε E
zeta ζ Z
eta η H
theta θ θ
iota ι I
kappa κ K
lambda λ Λ
mu µ M

Name lc UC

nu ν N
xi ξ Ξ
omicron o O
pi π Π
rho ρ P
sigma σ Σ
tau τ T
upsilon υ Υ
phi ϕ Φ
chi χ X
psi ψ Ψ
omega ω Ω
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