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Distributed Multiuser Power Control for
Digital Subscriber Lines

Wei Yu, George Ginis, and John M. Ciqgffrellow, IEEE

Abstract—This paper considers the multiuser power control aloop. However, early DSL systems such as asymmetric digital
problem in a frequency-selective interference channel. The inter- subscriber line (ADSL) and high-speed digital subscriber line
ference channel is modeled as a noncooperative game, and th§ng) ) are designed as single-user systems in the sense that
existence and uniqueness of a Nash equilibrium are established . . -
for a two-player version of the game. An iterative water-filing the transmit power—spectrfil—densmes f.or.all modems.are fixed
algorithm is proposed to efficiently reach the Nash equilibrium. regardless of the loop environment. This is because single-user
The iterative water-filling algorithm can be implemented distribu-  systems are considerably easier to design, and the target data
tively without the need for centralized control. It implicitly takes  rates for earlier systems are well below the system multiuser
into account the loop transfer functions and cross couplings, and capacity. As the demand for higher data rates increases, spectral

it reaches a competitively optimal power allocation by offering tibilit d trol trali for th
an opportunity for loops to negotiate the best use of power and compatbility and pOWer CONtrol Emerge as central ISSUes iorine

frequency with each other. When applied to the upstream power following two reasons: first, high-speed DSL systems such as
backoff problem in very-high bit-rate digital subscriber lines and  very-high bit-rate digital subscriber lines (VDSL) are evolving

the downstream spectral compatibility problem in asymmetric toward higher frequency bands, where the crosstalk problem is

digital subscriber lines, the new power control algorithm is found e nronounced. Second, optical network units (ONU) are in-

to give a significant performance improvement when compared h . -

with existing methods. creasingly being deployed closer to customer premises, and they
can potentially emit strong crosstalk into neighboring lines. The

, ; goal of this paper is to show that in many cases, a multiuser
namic spectral management, game theory, interference channel, ¢ desi ith timal locati h Id
iterative water-filling, Nash equilibrium, power control, spectral system design with an optimal power allocation scheme cou

compatibility, upstream power backoff, very-high bit-rate digital ~ Significantly improve the system performance when compared
subscriber line (VDSL). with a single-user design. Further, simple distributed power al-
location schemes that are implementable in existing modems
can be used to realize much of the gain.

The power control problem in DSL systems differs from the
OWER control is a central issue in the design of interfemore widely studied power control problem in wireless sys-
ence-limited multiuser communication systems. In thesems (e.g., [2]-[5]) in two key aspects. First, although the DSL

systems, each user’s performance depends not only on its avéhsmission environment varies from loop to loop, it does not
power allocation, but also on the power allocation of all othefary over time. Fading and mobility are not issues, and, con-
users. Consequently, the system design involves a performageguently, the assumption of perfect channel knowledge is re-
tradeoff among the different users. Such a tradeoff is the subjafistic, and it will be made here. On the other hand, unlike the
of current investigation. This paper considers the digital suliireless situation where flat-fading can often be assumed, the
scriber line (DSL) system as a multiuser environment. The alDBL loops are severely frequency selective. Thus, the optimal
is to develop a power allocation scheme that is able to jointhyower allocation scheme needs to consider not only the total
optimize the performance of multiple DSL modems in the preamount of power allocated to each user, but also the allocation
ence of mutual interference. of power over frequencies. Nevertheless, power control schemes
The digital subscriber line technology brings high-speed dajasigned for wireless systems [2], [6], [4] still provide us with
services to home via ordinary telephone copper pairs [1]. Toensiderable insight. In particular, the DSL systems suffer from
DSL environment can be considered as a multiuser enviranear—far problem similar to that in code division multiple ac-
ment because telephone lines from different customer premigess (CDMA) systems. The near—far problem arises when two
sites are bundled together on the way to the central office, adnsmitters located in different distances attempt to communi-
different lines in the bundle create crosstalk interference ingate with the same central office at the same time. When one
each other. Such crosstalk can be the dominant noise sourcgansmitter is much closer to the central office than the other, the
interference coming from the closer transmitter overwhelms the
signal from the farther transmitter. The power control algorithm
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Fig. 1. The DSL crosstalk environment. Fig. 2. A Gaussian interference network.

CDMA system, and the power control algorithms studied thefystems such as the one in [12], where the entire frequency
considered only flat-fading channels. In a DSL environmerffand is divided into four to six upstream and downstream
the frequency-selective nature of the channel is crucial andPands.
must be dealt with explicitly. The main result of this paper is The DSL environment is a multiuser environment, because
that under a wide range of conditions, the frequency-selectii#® background noise in the loop is typically small and the
interference channel game has a unique Nash equilibrium. TRitem performance is limited by crosstalk. The DSL environ-
result leads to a power control algorithm based on the concept@gnt consists of multiple transmitters and multiple receivers
competitive optimality, and it further suggests that power cofiterfering into each other as shown in Fig. 2. This model is
trol can be implemented distributively and asynchronously wit#sually referred to as an interference channel, and it is different
minimal centralized control. Distributed power control schemd&m a multiple access or a broadcast channel which models
have important advantages over centralized schemes, especifjy-to-one or one-to-many transmissions. The multiple
as the local access market moves toward “unbundling” whetecess and broadcast models are not suitable for the DSL
different service providers can potentially share the same bind@fvironment considered here because data coordination among
The rest of the paper is organized as follows. Section Il rée transmitters or the receivers is generally not possible. Co-
views the DSL environment and models it as an interferengédination is not possible at the remote terminals because they
channel. Section IIl defines and characterizes the competit@ée located in different geographical locations. Coordination at
equilibrium in such a network and devises an iterative methdge central office side is feasible only if all loops are controlled
to achieve the equilibrium. In Section 1V, a distributed powedy the same service provider, which might not be the case in an
allocation method based on the idea of competitive equilibriustbundled environment.
is proposed for DSL. System performance is characterized inFrom a theoretical point of view, the capacity of the in-

Section V and conclusions are drawn in Section VI. terference channel is still an unsolved problem. Even for the
simplest two-user additive white Gaussian interference channel,
II. THE DSL ENVIRONMENT only partial achievable regions are known [13]. The optimal

] - transmission in an interference channel, as commonly believed,
DSL modems use frequencies above the traditional voigg,papy involves some aspects of multiuser detection. In fact,
band to carry high-speed data. The telephone channels @i interference level is very high, interference subtraction
severely frequency selective. One way to combat intersymial, 4chieve a data rate as if all interference can be completely
mterfere_nce QSI) is to use discrete muIFltone (DMT) modulgzmoved [14], [15]. For this to happen, however, the interfer-
tion, which divides the frequency band into a large number @f,cq coupling must be stronger than the direct channel, which

ISI-free subchannels and lets each subchannel carry a sepajgigs not typically occur in a realistic DSL environment. When
data stream. This paper considers the DMT modulation schefjg interference level is low, multiuser detection becomes

as standardized for ADSL in [11] and VDSL in [12]. The USgjigicult and the capacity region is unknown. In this light,

of DMT modulation allows arbitrary power assignment in €acfhis paper restricts attention to transmission techniques where

frequency tone, thus making spectral shaping easy to realizg,, interference subtraction takes place and focuses solely on
A DSL binder can consist of up to 100 subscriber lines buse problem of optimal power allocation for each user in the

dled together. Because of their close proximity, the lines creaign,ork.

electromagnetic interference into each other, thus causingc,ngiger the interference channel model depicted in Fig. 2.

crosstalk noise (see Fig. 1). Near-end crosstalk (NEXT) refeffere aren transmitters andV receivers in the network. The

to crosstalk.created by transmitters located on the same Sifl€nnel from uset to user; is modeled as a frequency-selec-

as the receiver. Far-end crosstalk (FEXT) refers to crosstglit channel, whose transfer function in the frequency domain is

created by transmitters located on the opposite end of thg,qted adl;;(f), where0 < f < F,, F, = 1/2T,, andT, is

. . . (¥} 1 i i S s — R S

line. NEXT is usually much stronger than FEXT. To avoidhe sampling rate. In addition to the interference, each receiver

NEXT, DSL transmission uses either frequency-division dupleyjs,, experiences background noise, whose power-spectral-den-

(FDD), where all loops transmit in the same direction in everyyy, (pSp) is denoted as( f). Denote the power allocation for

frequency band, or time-division duplex (TDD), where all 100pg,ch transmitter ai( £), which must satisfy a power constraint
transmit in the same direction in every time slot. North Amer-

ican and European standards use FDD, while TDD is used in s PR <P 1
Japan. This paper mainly considers frequency-division duplex 0 i(f)df < Ps. @
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Fig. 3. A situation requiring upstream power backoff.
wherel" denotes the SNR-gap. The SNR-gap defines the gap
between a practical coding and modulation scheme and%

channel capacity. The SNR-gap depends on the coding fen have interference much smaller than the worst case noise.
modulation scheme used and also on the target probabil reover, the same PSD constraint is applied to all modems re-

of error. (At theoretical capacity;, = 0 dB.) The objective gardiess of theirgeographic locations. Thg lack ofamechan?sm
of the system design is to maximize “jointly” the set of rate allocate different amount of power to different users in dif-
(R, Ry} subject to the power constraints (1). Notice th grent locations is problematic because of the near—far problem

for each transmitter, increasing its power at any frequen entioned before. Fig. 3 illustrates a configuration in which two

increases its own data rate, but this also increases its int _SLtlo?r[])smtrle same bmt_:lererrclzapnatsvf;om l’;h?hC(fntral O.thlce

ference into other users and is, therefore, detrimental to ot ro) 0 e_cus omer Pre.m'ses (CP). en bo ransm! ers
e CP-side transmit with the same PSD, due to the differ-

users transmissions. Thus, the system design must conside ol t tion. the FEXT d by the short li
tradeoff among the data rates of all users, and a single ﬁguree(gtCe I fin€ aftenuation, the caused Dy the Shortfine can
erwhelm the data signal in the long line. The upstream per-

merit is often inadequate to represent the system performar;t%\é. fihe | ine is theref v affected by th
For example, it is not enough to consider just the maximizati prmance ot the fong line IS therefore severely atiected by the

of the sum rate, because it does not guarantee a minimal tream_ Fransmlssmn of the shqrt line. To remedy this spectral
compatibility problem, the short line must reduce its upstream

rate for any one user. The sum-rate optimal power aIIocationF; that it d i ve interf into th
often the one that assigns high data rates to users closer tot 9 S0 that 1 does not cause excessive interierence into the

central office and low data rates to users farther away, creat 7g9 line [16]_[1?]' This reduckt)lonko;fuBsPtrggm trzn.tsralt PbS D

inherent unfairness. As realistic DSL deployments may requflse nown as upstream power backo ( : )_an It nas been
an arbitrary level of service for each user, it is necessary lffderlntenswe studyln.the .VDSL standardization bod|es: N_ote
fully characterize the performance tradeoff among all users. A& the downstream direction does not suffer from a similar

convenient way to fully represent such a tradeoff is to use tﬁéoblem, because, although all transmitters at th? CO-side also
concept of a rate region defined as transmit at the same PSD, the FEXT they create into each other

isidentical at any fixed distance from CO [17]. This downstream
R ={(R1, ..., Rn): 3(PL(), ... Px(f)) FEXT level is always much weaker than the data signals, so it
safisfying (1) and (). (3) does not pose a serious problem to down;tream transmission.
Several upstream power backoff algorithms have been pro-
The rate region characterizes all possible data rate combinatippsed for VDSL. An extensive review of these methods can
among all users subject to the power constraints. be found in [18]. All current power backoff methods attempt
Despite its attractiveness, the above rate region turns outaareduce the interference emission of shorter loops by forcing
be not so easy to compute. Although in theory, the rate regitdrem to emulate the behavior of a longer loop. For example,
can be found by an exhaustive search through all possible powethe constant power backoffiethod, the PSD is reduced by
allocations, or by a series of optimizations involving weighted constant factor across the upstream transmission bands, so
sums of data rates, the computational complexity of either apat at a particular reference frequency the received PSD level
proach is prohibitively high. This is because the capacity exprdsm shorter loops is the same as the received PSD level from
sion is a nonconvex function of power allocations, and, consa{onger reference loop. A generalization of this method is the
quently, usual numerical algorithms are capable of finding locadference lengttmethod, where variable amount of backoff is
maxima only, and not the global maximum. This paper circunmplemented across frequency so that the received PSD for a
vents this difficulty by viewing the interference channel as shorter loop is the same as some longer reference loop at all
noncooperative game. The focus is shifted to a different notifrequencies. Imposing the same-PSD criterion for shorter loops
of competitive optimality, which, although strictly smaller tharacross the entire frequency band may sometimes be too restric-
the rate region defined above, nevertheless gives substantialtive. This is because in long loops, high-frequency bands usually
provement in performance over the current DSL systems.  suffer from much attenuation and are not used, thus, short loops
As mentioned earlier, the current DSL systems are designgtbuld be able to transmitin those bands without worrying about
as single-user systems. In addition to the power constraint, eaaferference. This observation leads to theltiple reference
user is subjectto a PSD constraint. The PSD constraint limits tieegthmethod, which sets a different reference length for each
worst case interference level from any modem, and each modepstream frequency band. All three methods mentioned so far
is designed to withstand the worst case noise. Such a destgualize the PSD level of a shorter loop to the PSD level of some
is conservative in the sense that realistic deployment scenatimsger reference loop. While this may be easy to implement,
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better performance can be obtained if the interference levels loops an opportunity to negotiate the best use of power and

themselves are equalized instead. Examples of such approaches frequency with each other.

are theequalized-FEXTethod, which forces the FEXT emis- ¢ The usual PSD constraint, which is in place for the purpose

sion by shorter loops to be equal to the FEXT from a longer ref-  of controlling interference, is no longer needed. Only total

erence loop, and theference noisenethod which forces the power constraints apply.

FEXT emission to be equal to a more general reference noise. ¢ Unlike previous methods, which fix a data rate for each
All previously discussed power backoff methods require the  loop regardless of actual service requirement, the new

power or noise spectrum of the short loops to comply with aref-  method naturally supports multiple service requirements

erence loop or a reference noise. Although the optimal choice in different loops.

of reference may not be easy to make, once the references are The proposed method does not involve arbitrary decisions

standardized, these approaches are simple to implement, be- on reference noise or reference length.

cause they only require each loop to adjust its power spectrume Although not globally optimum, the proposed method per-

according to a predetermined reference, and thus do not re- forms much better than existing methods.

quire any knowledge of the network configuration. If, however,

the loop characteristics of the network are known in addition,

more sophisticated adaptive power control methods can be im- ll. COMPETITIVE OPTIMALITY

plemented, and much better performance is possible. For ex-

ample, if all loop and coupling transfer functions are known to a The traditional information-theoretic view of an interference

centralized agent, the optimal power allocation can be precoairannel allows the transmitters, while sending independent

puted according to some desired criterion, and an appropridia streams, to be cooperative in their respective coding

PSD can be assigned to each user. However, finding the optirsihtegies so that interference cancellation may take place

power spectrum may be computationally complex, since the dp-the receivers. If such cooperation cannot be assumed, the

timization problem involves a large number of variables, andterference channel should be alternatively modeled as a non-

due to the nonconvex nature of the problem, many local minincaoperative game. Under this viewpoint, each user competes

exist. Early attempts in solving this problem have resorted for data rates with the sole objective of maximizing dan

additional constraints on the PSD [19], [20], and more recepérformance regardless of all other users. Since each modem

work has focused on advanced techniques such as simulatedas-a fixed power budget, the data rate maximization is done by

nealing [21]. Moreover, existing approaches typically requirgdjusting the power allocation over frequencies. If such power

a centralized agent, and they can only be implemented whetjustment is done continuously for all users at the same time,

a single service provider controls the entire bundle. In an uit-is natural to ask the following question: Can an equilibrium

bundled environment where loops within the same bundle mbg reached eventually? Such an equilibrium is called a Nash

be operated by competing service providers, loop informati@guilibrium, and it is defined as a strategy profile in which each

is typically not shared among the service providers, and it [igayer's strategy is an optimal response to the other player’s

impractical for a centralized control agent to enforce spectrstrategy [22]. The goal of this section is to characterize the

compatibility. Nash equilibrium in the Gaussian interference channel game
For the reasons outlined above, this paper mainly focusesamd to determine conditions for its existence and uniqueness in

distributed power control algorithms that do not require cemealistic channels.

tralized control. Each line is assumed to have the knowledgel et us focus on a two-user interference channel and consider

of its own channel transfer function and noise profile only, anthe following simplified model:

each DSL modem is allowed to locally optimize its own perfor-

mance. This Ipcally optimized power control scheme leads to a yi =%1 + Asxs + 13 (4)
game-theory interpretation of the interference channel. The lo-
cally optimized power allocation is a Nash equilibrium in the y2 =x2 + A1x1 +n2 ()

game, and it has the intuitive appeal of being the operating

point where all users have an incentive to move toward. Théherex; andy; are user’s input and output signals, respec-
Nash equilibrium is computationally easy to characterize, atidely. The channel transfer functions are normalized to unity.
the power control algorithm offers the following advantaged; and .4, are the interference channels, and their transfer

when compared with previous methods. functions are denoted as;(f) and «z(f), respectivelyn;
« The power control algorithm can be implemented distrib@ndnz are additive noise with power-spectral-densitiés f)
tively without the need of a centralized agent. and N»(f), respectively. The two senders are considered

« Unlike previous methods that set a PSD level for ead$ two players in a game. The structure of the game, i.e.,
transmitter based solely on its interference emission levéle interference coupling functions and the noise power,
the new power allocation method strikes a balance bate assumed to be common knowledge to both players. The
tween maximizing each user's own data rate and mirsirategies for the two players are the t;ansmit power spectra
mizing its interference emission. In particular, it deals witd1 (f) and P (f), with power constraintg, * P1(f) df < P,
the frequency-selective nature of the channel explicitly. and fOFS By(f)df < Po, respectively. (Only deterministic or

» The loop transfer functions and cross couplings are irpure-strategies are considered here.) The payoffs for the players
plicitly taken into account, and the new method offers thare the respective data rates. Under the simplifying assumption
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that no interference subtraction is performed regardless of 4
interference strength, the data rates are

A Pi(f)
m= [ o (4 e U ©
R Py(f) )
o= /0 togz <1 " Nao(f) + ca(f)Po(f) LAY
Comparing the above expression with (2), it is easy to identify
_ Toi(f)
M= TP ®
_ DHa ()
a?(f) - |H11(f)|2 (9)

and similarly forN»(f) anday (f). Thus, the simplified model
incurs no loss of generality. The interference channel game con-
sidered here is not a zero-sum game, i.e., one player’s loss is not
equal to the other player’s gain.

The main objective here is to characterize all pure-strategy
Nash equilibria in an interference channel game. Ata Nash equi-
librium, each user’s strategy is the optimal response to the other
player's strategy. So fixind(f), the optimalP,( f) must be
the solution to the following optimization problem:

max /OFS log, <1 + N1(f) fix(gf()f)PQ(f)> v

F,
s.t. /0 Pu(f)df <Py

Nash equilibrium can be reached by an iterative water-filling
The solution to this problem is the well-known water-fillingprocedure, where each user successively optimizes his power

\
~

Fig. 4. Simultaneous water-filling.

(10)

power allocation. More precisely, leN(f) = Ni(f) +
ao(f)Po(f). Then, the water-filling power allocation is

P1<f>={0’ N zE g
Ky - N(f), i N(f) < K,

spectrum while regarding other users’ interference as noise. The
main purpose of Theorem 1 is to characterize conditions under
which such an iterative water-filling procedure converges. The
following corollary is a direct consequence of the proof.
Corollary 1: If the condition for existence and uniqueness

where K, is a constant chosen so that the power constraintqk the Nash Equilibrium is satisfied, then the iterative water-

met. Likewise, fixingP, (f), the optimalP(f) should also be filling a]gorithm for the two-user Gaussian interference ggme,
a water-filling power allocation against the combined interfe}Ynere in every step, each modem updates its PSD regarding all

ence fromP,(f) and the noise. Thus, a Nash equilibrium iinterference as noise, converges, and it converges to the unique

reached if and only if the water-filling condition is simulta-Nash equilibrium from any starting point. o
neously achieved for both users. The characterization of Naghl "€ condition of Theorem 1 is not a mere technicality.
equilibria is therefore equivalent to a characterization of “simufN€ following simple example illustrates a case where

taneous water-filling” points. The idea of simultaneous watef?€ Nash equilibrium is not unique. Consider a two-user

filling is illustrated in Fig. 4. The following theorem offers sey-Cas€é where there are only two frequencies of concern. Let
= ai(fe) = ao(fi) = ao(fa) = 2. Let power

eral sufficient conditions for the existence and uniqueness of t‘Pié(fl) ] i
Nash equilibrium in the two-user case. constraints and background noise all be 1. The set of power

Theorem 1:Suppose thatai(f)as(f) < 1, Vf, allocationsPi(f1) = Pa(f2) = 1andPi(f2) = P(f1) =0

then at least one pure strategy Nash equilibrium in tig ©n€ Nash equilibrium, and the set of power allocations
two-user Gaussian interference game exists. Further, fal /1) = Pa(f2) = 0and Pi(f2) = Po(f1) = 1is a different
c = sw{or(f)}supfar(N} o = supfan(flan(f)}, Nash equiibrium.
e = supla(NIQA/F) [ ao(f)df, and & =
sup{ao(f)}(1/F) i ca(f)df. If any of the following
conditionseg < 1,e1+e2 < 1/2,0re; +e3 < 1/2is satisfied,  Because of the frequency-selective nature of the DSL channel,
then the Nash equilibrium is unique and is stable. power control algorithms for DSL applications need to allocate

The proof of Theorem 1 is lengthy and it is included in theower optimally not only among different users, but also in
Appendix. The basic idea is that under suitable conditions, ttree frequency domain. This requirement brings in many extra

IV. DISTRIBUTED POWER CONTROL
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Water-filling

Fig. 5. A simplified illustration of the distributed power control algorithm based on iterative water filling.

variables and makes the design of optimal power control for Set P;(f) to be the water-filling spectrum with noise
DSL challenging. However, if only competitively optimal power N(f) and total powei;.
allocations are considered, the total power alone is sufficient SetR; to be the resulting data rate.
for power control purposes. Assuming that the condition for end
Theorem 1 is satisfied, then for each set of power constraintsuntil the desired accuracy is reached.
a unique Nash equilibrium exists. Thus, it is possible to reachfor ¢ = 1 to K,
all possible competitive equilibria by adjusting the total power If R; > T} + ¢, setP;, = P, — 6.
constraints for each user in spite of the frequency selectivity. If R; < T}, setP; = P, + 6.
This simplifies the computational complexity tremendously. If P; > P, setP; = P.
Although the competitively optimal solutions are in general not end
globally optimal, it will soon be shown that they give significanuntil R; > T; for all <.
improvements over current methods.
The following is a description of the proposed power con- ) ] ) ) o
trol algorithm. The goal is to achieve a set of target rates for ajl "€ inner loop is the iterative water-filling procedure. Al-

the users. The adaptive algorithm runs in two stages. The inff@pugh Theorem 1 only gives the condition for its convergence

stage takes a set of power constraints for each user as the ifpl"€ two-user case, it is observed in practice that iterative

and derives the competitively optimal power allocation and iéater-filling converges for arbitrary number of users. The outer
associated data rates as output. This is accomplished by thd§ation is arad hocmethod to find the appropriate power con-
erative water-filling procedure, which works as follows: with traint for each user so that the competitive equilibrium corre-
fixed total power constraint for each user, the first user upda@onding to the power constraint satisfies the target rate require-
its power allocation by deriving a water-filling spectrum whildnent. Since _data rates are monotonic functlo_ns of total power,
regarding all other user’s crosstalk as noise. Water-filling is th&i€ linéar adjustment used in the above algorithm converges as
successively applied to the second user, the third user, etc., t as the set of target rates is achievable. The algorithm is

applied again to the first user, second user, etc., until the procf&gnd to work well with parameters = 3 dB ande equal to
converges. roughly 10% of the target rate.

The outer stage finds the optimal total power constraint for 1€ outer loop of the power control algorithm essentially at-
each user. The outer procedure adjusts each user's power b48&pts 1o find the minimum amount of power that is needed to
on the outcome of the inner iterative water-filling. If a user§UPPOIt the target datarate. Infact, the inner and outer loops can
data rate is below its target rate, its power is increased, unl@§combined. The usual water-filling maximizes the achievable
this exceeds the power constraint. If a user's data rate is m(fi@f2 rate under a fixed power constraint. This is referred to as
above its target rate, its power is decreased. If the data rat&igdate-adaptive” water-filling. On the other hand, a “margin-
only slightly above the target rate, its power remains unchang@gaptive” water-filling minimizes the total transmission power
The outer procedure converges when the set of target ratesybiect to a fixed rate constraint. The proposed algorithm can be

achieved. alternatively thought of as each user doing “margin-adaptive”
The algorithm is summarized in the following, and a Simp"\_/vater-filling against each other. Most ADSL modems deployed
fied illustration is shown in Fig. 5: today already have the capability to do margin adaptation. As

long as the set of target rates are achievable, the set of desirable

competitively optimal power allocations can be reached using

Algorithm 1 Consider ak-user system. Assume a commomnargin adaptation without the need for centralized control. In
power constrainP for all users. LetZ; be the target rate for fact, the iterative procedure can even be done asynchronously,

user:. The power control algorithm works as follows: because the Nash equilibrium points are stable. Thus, the pro-
Initialize P; =P, P(f)=0,i =1, ... K. posed power control algorithm is remarkably easy to implement
repeat in practice.
repeat To truly implement the proposed power control algorithm dis-
fori = 1t0 K, tributively, each user must know its target data ratpriori.

N(f) = im0 Hi(DPP () + o (f); It is important for the target rates to be within the achievable



YU et al: DISTRIBUTED MULTIUSER POWER CONTROL FOR DIGITAL SUBSCRIBER LINES 1111

if the binder consists of two users only, it would have a unique
Nash equilibrium, and the Nash equilibrium could be reached by
the iterative water-filling process. Although this example con-

siders a realistic deployment scenario with eight VDSL lines,

our experience has been that iterative water-filling always con-
verges in DSL channels regardless of the number of lines.

A maximum transmit power of 11.5 dBm is applied to each
modem [12]. The usual PSD constraint is not applied, except
for below 1.1 MHz where the protection of ADSL and other
services is guaranteed. A number of non-VDSL disturbers are
also included. This includes 10 ADSL, 4 HDSL, and 10 ISDN
disturbers, comprising the so-called noidemodel [23]. The

Azl ,,,,,,, ,,,,,,, ,,,,,,, ,,,,,,, ,,,,,,, loop topology is shown in Fig. 7. It consists of eight VDSL
3 3 : 3 3 ST lines, four of which are at the same distance 3000 ft from the
140, L - i i L L i L . central office, and the other four are also at the same distance

x 10° L from the central office, with. varying from 500 to 2500 ft.
The North American frequency plan (so-called Plan 998) [24] is
used to separate upstream and downstream. The 998 plan uses
the 3.75-5.2 MHz band, 8.5-12.0 MHz band, plus an optional
rate region, as otherwise some or all of the users would dg8—-138 kHz band for upstream transmission. Frequency bands
erate with negative margin. Unfortunately, the set of achievalderresponding to the amateur radio frequencies [12] are notched
target rates cannot be determined distributively. Some centratf.
ized agent with the full knowledge of all channel and interfer- The iterative water-filling algorithm is applied to the
ence transfer functions must decide, by running through all pasght-user scenario. Fig. 8 shows the convergence behavior for
sible total power constraints, which sets of target rates can the case where two sets of loops are at lengths 1000 and 3000 ft,
deployed in a DSL bundle. However, this usually occurs in threspectively. A total power constraint ef15.5 dBm is set for
loop planning stage, and it needs to be done only once. the 1000-ft loops, and 11.5 dBm is set for the 3000-ft loops.
Compared with conventional methods, the key advantageTie iterative algorithm successively performs the water-filling
this new power control algorithm is the following: the iterativgpower allocation for each loop, while holding the other seven
water-filling algorithm offers an opportunity for different loopsloops fixed. As the figure shows, after the first water-filling,
in a binder to negotiate the best use of frequency with each otheerL000-ft loop achieves a data rate of 32 Mbps as it sees no
Thus, each loop has an incentive to move away from frequeripyerference at this point. The subsequent loops achieve smaller
bands where interference is strong and concentrate on the tfata rates due to the interference coming from loops that were
quency bands that it can most efficiently utilize. This methogreviously water filled. At the ninth water-fill, the first loop is
of controlling the interference removes the arbitrary PSD corevisited. It also drops its data rate in response to other loops’
straint, and it is able to bring a large overall improvement ipower allocations. The algorithm converges after just two

Fig. 6. Typical loop coupling and transfer functions: 3000 versus 1000 ft.

system performance. water-fillings for each user.
With different power constraints, many different rate-tuples
V. PERFORMANCE are achievable. The set of all possible rate-tuples is the rate re-

ion. Fig. 9 shows the upstream rate regions for the eight VDSL
ops. The data rates within each set of four users of the same

stream power backoff problem in VDSL. A realistic VDSL en—:] n?]tsf;oar:;th?asimgéiz Tuer\r/aet?nrtehgeliin 3?2 Egrfézttiiér;?;v;oégl'
vironment s simulated here. Fig. 6 shows an example of chanfi&y nt | gt b I. Th term tg Y " P nds to th
and crosstalk transfer functions for two modems located at 3000° - '0OP topology. 1he outermost curve corresponds 1o the

and 1000 ft from the central officed;; refers to the transfer ?ﬁglsg){t \évatggoggr:glsesosésgg tfhteatr:)d (:?our I'\?Vii ?;u??i(; (()asftét
function from user to userj. The crosstalk transfer function P pology

is computed using the FEXT crosstalk models [12] where Cro%goo ft and four lines at 3000 ft, etc. The rate region |IIus_trates
the data rate tradeoff among the users. For example, with four

coupling increases with frequency #%/2. The 26-gauge, or . . . ;
0.4-mm lines, are modeled here. Observe that at high frequgH?S at 500 ft and the other four lines at 3000 ft, it is possible to

; L hieve 18 Mbps in 500-ft loops and 7.8 Mbps in 3000-ft loops,
cies, the crosstalk transfer function is actually larger than tR&
direct channel. However, it is always true that or 26 Mbps on 500-ft loops and 7 Mbps on 3000-ft loops, etc.

This ability to provide many classes of different service levels
T|Hi2(f)]2 T|Ha(F)? is inherent in the proposed power control method.
ar(fae(f) = \Ho(HZ [Hu (P ! (12)  The proposed power control algorithm also compares favor-
ably with existing power backoff methods. As an example, con-
wherel is about 16 dB for an uncoded QAM transmission witlsider the reference noise method, where the reference noise is
6-dB margin. Further, in the frequency range of interest (up ttosen to be equal to the FEXT caused by a 3000-ft loop. This
12 MHz), all three conditions of Theorem 1 are satisfied. Sohoice of the reference noise forces all loops to emit the same

The performance of the distributed power control algorithm
examined in this section. The first example is taken from the u
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3000 ft
user 1 O /\\ SR A U
user 2 0O l = //_: O
user 3 W, y / |
user 4 O — S |
user 5 [, - / - |
user 6 [0 ] -~ = \ O
user 7 [, - T \ / (|
user 8  O— —=— 0
Central
Lt Office
Fig. 7. Loop topology for VDSL upstream power backoff. & 500-2500 ft.)
35 T
TABLE |
COMPARISON OFUPSTREAMDATA RATES BETWEEN REFERENCENOISE POWER
BACKOFF AND COMPETITIVELY OPTIMAL POWER CONTROL. THE REFERENCE
sor i LENGTH I's AT 3000 ft, WTH A DATA RATE OF 6.7 Mbps
S R \ ) | loop length | reference noise | competitive optimum
\ (ft) (Mbps) (Mbps)
T 500 12.5 26.5
Boolo oo ] 1000 10.1 21.0
1500 8.9 16.5
2000 8.0 12.5
1B ] 2500 7.3 9.0
10r q
Using this reference noise, the four 3000-ft loops always achieve
a data rate of 6.7 Mbps each. Table | tabulates the performance
% 2 6 8 10 12 14 s of the other four loops. As the results show, the competitively

Iterations

optimal power allocation, although not globally optimal, nev-

Fig. 8. Convergence of iterative water-filling algorithm. The upper four linegrtheless offers a significant improvement in performance over

correspond to four 1000-ft loops-atl5.5 dBm. The lower four lines correspond ¢y rrent static spectrum management methods. This improve-
to four 3000-ft loops at 11.5 dBm.

Data rates for 3000ft VDSL lines (Mbps}

ment is possible because the iterative water-filling algorithm im-
plicitly takes into account the interaction among the loops.

Fig. 10 shows a second example where the iterative water-
filling algorithm is used in an ADSL scenario. This deployment
configuration consists of a central office (CO)-based ADSL line
residing in the same binder as a remote terminal (RT)-based
ADSL line, and it is increasingly common as service providers
install ONU to be located close to customer homes in order to
enlarge the service area. However, as downstream transmitters
are now located in geographically different places, downstream
power control becomes necessary. This is true in the example
illustrated, as the RT-based ADSL emits strong downstream in-
terference into the CO-based ADSL. In fact, without power con-
trol, the CO-based ADSL does not function at all. Fig. 11 illus-

DR trates the rate region for the two ADSL lines when the power
& o ;gggg 7 control algorithm based on iterative water-filling is used. Again,
Lz 2s00tt \ a graceful tradeoff between the two lines is possible, and a data
0 5 10 %  rate of 1.4 Mbps can be supported in both lines.
Data rates for short VDSL lines (Mbps)
Fig. 9. Competitive optimal upstream rate regions in VDSL: 3000 versus V1. CONCLUSION

various lengths.

This paper considers the power control problem in a
frequency-selective multiuser interference channel. The inter-

amount of interference as a 3000-ft loop, regardless of their derence channel is viewed as a noncooperative game, and the
tual lengths. (This is also called the equalized-FEXT methodNash equilibrium of the game is characterized under a set of
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RT(ONU)

user 1
______________ .
user 2

Central
Office

10 kft 5 kft 10 kft

Fig. 10. CO-based ADSL versus RT-based ADSL.

P (f) [or P(f)] is zero, the combined interference and noise
must be greater than or equalig (or K>). WhenP,(f) and

25 1 P (f) are positive, the following must be true:

P(f) + co HP(F) + Ni(f) = Ky (13)

Po(f) + ar(HPL(f) + Na(f) = Ko. (14)

N

n

Now, if either K; < Ny(f), or K» < Ny(f), then trivially

P (f) = 0or P(f) = 0 satisfies the condition. So, without
loss of generality, assume thiy > Ny(f) andK> > Na(f).

If co(f) > (Ko — N2 )/ (K1 — Ni(f)), settingPL(f) =
osp 1 0,andP(f) = K> — No(f) satisfies the condition. Also, if
as(f) > (Ky = Ni(1)/(Ka — Na(f)), settingPy(f) = 0,
and P, (f) = K; — N1(f) satisfies the condition. The above
two conditions onx; andas cannot be both true at the same
time, because (f)aa(f) < 1. If neither is true, then (13) and

Fig. 11. Competitive optimal downstream rate regions for two ADSL loops(14) Will have a positive solution

Data rate for RT-based ADSL (Mbps)
T
i

0 3 1 1 L L
0 0.5 1 1.5 2 25 3

Data rate for CO-based ADSL (Mbps)

sufficient conditions. The Nash equilibrium corresponds to a Pi(f) = (Ko — No(f)) = ca By — Ni(f))

set of competitively optimal power allocations, and it leads 1—ajon
to a distributed power control algorithm based on iterative
water-filling. The iterative water-filling algorithm implicitly Py(f) = (K = Ni(f)) — ol — NQ(f)). (15)

takes into account the loop transfer functions and cross cou- 1— o

plings, and it allows the loops to negotiate the best use pf, ;5 \nder all cases, the simultaneous water-filling condition
power and frequency with each other. The new power contrﬁ)‘lle a solution, and the solution is a Nash equilibrium.

algorithm dogs not r’equir_e _centralized control, and_it is im- Next, we establish that for a given power constraint
plementable in today’s existing modems. When applied to “%91, P.), there existg K, K») whose Nash equilibrium has
VDSL upstream power backoff problem aljd the ADSL spectr kactly this power. For eadt,, K»), denote the total power
compgt!blhty problem, the.new method is shown to prowd&ve' at the corresponding Nash equilibrium @y, , Py, ).
a §|gn|f|cant performance improvement when compared Withsarve that when (fao(f) < 1, if K, < K| and
existing methods. K> = K}, thenPy, < Py andPy, > Py. This can be
verified by working through the simultaneous water-filling
APPENDIX condition. Now, start withk; = K> = 0. Increasek; until
PROOF OFTHEOREM 1 Py, = Py, then increases; until P, = P,. But then,
The Nash equilibrium points correspond to power allocationge haveP, < Py by the previous observation. So, we can
where each user’s power spectrum is a water-filling against tiereaseX’; again, untilPx, = Py, then increasdys,, etc.
combined interference and noise. Call the water-filling lev8lhe increasing sequencesits andk»s cannot go to infinity
at the Nash equilibriun{ K, K5). The first idea in proving with finite power constraints, so they must converge. The limit
the existence of a Nash equilibrium under a power constrajmint is a Nash equilibrium corresponding(@®., P.). Thus,
(P4, P2) is to establish the existence of a Nash equilibriuwe have established the existence of a Nash equilibrium under
under a fixed water level. Assume;(f)ao(f) < 1V f, the power constraint.
and fix (K, K,). The Nash equilibrium power allocation To prove uniqueness, It (f), PY¥(f)) be the power
(PL(f), P(f)) can be found by simultaneously solving thalistribution at a Nash equilibrium, whose existence was al-
following water-filling conditions at each frequengy when ready established. Start with any power distributilafwo)( D
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that satisfies the power constraint. Waterfill fd?Q(O)(f), The L;-norm of A*TU P (f) above can be bounded by the
assumingP\”( f) as interference. Then, water-fill @ " (f), triangular inequality as shown follows:

assuming PQ(O)(f) as interference. Continue iteratively to r

obtainPQ(I)(f) — PI(Q)(f) — PQ(Q)(f) — ... Weshownext 1 [~ |AGRHD P ()| df

that this iterative water-filling process convergesLip-norm, s

Fs (k) r ' ) — max ) F, ‘
TR o= [ s
F
) N / (D [ lea DAV P af
max{/ P(k+1) Plf(f)) df, +_/ la(Fas(f) (k)Pl( £l df
/ PO (s PN(f))df} +—/ as(f df—/ lan (/)A® Py (1)) df
< sup a(f) max {/F (PQ(k)(f) - PQT(JC))Jr df, < sup{oz(fa(f)} FS/O AR Py(f)| df
’ 1 [ 1 [
B o +sup{lan (N} = | N d = AMP(f)| df
[” (o0 - ) df} ol <>}FS/O1 " i [ 1a®P)
< sup as(f) sup s (f) +swploa(Noa(N} 5= [ 1AWP(PIF
F, F, Fs
'maX{ | (e -riwn) . sl [ eanar - [T IAYR .
/ (- R) df} Thus, i
sup{cua(f)eus ()} + sup{on (f / o (f
which is a contraction ikup a; (f) sup as(f) = ¢o < 1. So, =€ te < % (16)

P® () = PN(f)in Ly-norm ask — oo.

The above condition may be too restrictive in certaithe iterative water-filling algorithm is a contraction, and
cases. To derive the second and third sufficient cond|t|onp(k>(f) — PN(f)in Li-norm ask — oco. The same analysis
let AMP(f) = PM(f) — PN(f). Comparing with the can be applied td,(f), which yields the third condition.
interference emitted by ( f), the power d|str|but|orP( )(f) The convergence of the iterative water-filling process implies
causes a difference in the interference level that is equbht the Nash equilibrium is unique. This is because the iterative
to ar(f)AMP(f). This difference in interference wouldwater-filling process converges to the same Nash equilibrium
cause a difference in user 25 power allocation by at mogbm any starting point. But each Nash equilibrium is its own

al(HA®PI(f) — (1/F) fo al(HA® P (f)df. (The fixed point. So, there could not have been more than one Nash
mean is subtracted here, because the water-filling proces®dgiilibria. The stability of the Nash equilibrium also follows
insensitive to the absolute interference level change andfrism the convergence of the iterative procedure. O
only affected by the relative interference level change.) This
difference in user 2's power allocation would in turn cause an REFERENCES
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