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Abstra t
Minimalist Grammars are a rigorous formalization of the sort of grammars proposed in the linguisti
framework of Chomsky's Minimalist Program. One notable property of Minimalist Grammars is that they
allow

onstituents to move during the derivation of a senten e, thus

reating dis ontinuous

In this paper we will present a bottom-up parsing method for Minimalist Grammars, prove its
and dis uss its

onstituents.
orre tness,

omplexity.

1 Introdu tion
It seems to be a general feature of natural language that the elements of a senten e are pronoun ed
in one position, while at the same time serving a fun tion in another part of the stru ture of the
senten e. Linguisti theories in the transformational tradition have tried to apture this fa t by
proposing analyses that involve movement of onstituents. Stabler ([8℄) presents a formalism for
de ning minimalist grammars that allow for movement of onstituents. This formalism is based on
Chomsky's Minimalist Program ([2℄).
Mi haelis ([5℄) provides an argument showing that minimalist grammars as de ned in ([8℄) are weakly equivalent to multiple ontext-free grammars as des ribed in Seki et al. ([6℄).1 Multiple ontext-free
grammars are non- on atenative in the sense that a non-terminal symbol in this grammar an dominate a sequen e of strings of terminal symbols, rather than just one string, as in the ase of ordinary
ontext-free grammars. Ea h of the strings dominated by a non-terminal symbol in a multiple ontextfree grammar will be a substring of a senten e whose derivation in ludes this non-terminal, but in the
senten e these strings are not ne essarily adja ent. The main insight ontained in [5℄ is that minimalist grammars are non- on atenative in a similar way. In minimalist grammars, non- on atenativity
arises as the result of movement. Thus, in a minimalist grammar a onstituent an dominate nonadja ent substrings of a senten e. Seki et al. ([6℄) also des ribe an algorithm for re ognizing multiple
ontext-free grammars. Stabler ([10℄) sket hes how this algorithm may be extended to minimalist
grammars.
This paper ontains a formal spe i ation of a re ognizer for minimalist grammars. Furthermore,
it is shown that the re ognizer is sound and omplete, and that its time omplexity is polynomial
in the length of the input string. Besides this introdu tion, this paper has six se tions. Se tion
1 Hen e, minimalist grammars are also weakly equivalent to linear ontext-free rewriting systems ([11℄), multiomponent tree-adjoining grammars ([12℄), and simple positive range on atenation grammar ([1℄), as these formalisms
are equivalent to multiple ontext-free grammars.

2 introdu es the minimalist grammars as de ned in [8℄. Se tion 3 ontains the spe i ation of the
re ognizer. Se tions 4 and 5 present the proofs of soundness and ompleteness. Se tion 6 des ribes
some omplexity results. The paper on ludes with some dire tions for future work.

2 Minimalist Grammars
Minimalist grammars manipulate minimalist trees. Minimalist trees are nite, binary ordered trees
whose leaves are labeled with sequen es of synta ti and non-synta ti features. New trees are built
by either merging two trees into one, or by moving a subtree in a tree. The appli ation of merge
and move operations is driven by the synta ti features labeling the leaves of the trees. The language
de ned by a minimalist grammar onsists of the yields of a parti ular subset of the trees generated
by the grammar.
Formally, following [8℄, a minimalist grammar G is de ned to be quadruple (V, Cat, Lex, F), where
V is a nite set of non-synta ti features, Cat is a nite set of synta ti features, Lex is a nite set of
lexi al expressions built from V and Cat, and F is a nite set of stru ture building fun tions.
The set of non-synta ti features V is made up of a set of phoneti features P and a set of semanti
features I: V=P [ I. The set Cat omprises four kinds of synta ti features: Cat=base [ sele t
[ li ensors [ li ensees.
The elements of base represent basi synta ti ategories. The set base
minimally ontains the distinguished ategory feature . For ea h ategory feature x 2 base, there
will be a sele tion feature =x 2 sele t, although sele t does not ne essarily ontain a feature = . The
features in base and sele t play a role in merge operations. The features in li ensors and li ensees
regulate movement operations. For ea h feature -y 2 li ensees, there will be a feature +y 2 li ensors.
A minimalist tree  is given by a non-empty set of nodes N , a fun tion Label , and three relations
on N : dominan e, pre eden e and proje tion. Immediate dominan e and immediate pre eden e and
their re exive and transitive losures are de ned as for trees of the usual kind. For any two sister
nodes x, y in a minimalist tree  , either x proje ts over y, or y proje ts over x, notated x < y and y
< x, respe tively, or x > y and y > x. The fun tion Label assigns to ea h leaf of  a string from (V




 
[ Cat) , in parti ular, a string from sele t li ensors sele t base li ensees P I . The other nodes of 
are not labeled. The elements of Lex are are assumed to be trees onsisting of one node.
This paragraph will introdu e some arboreal notions that will be used in the remainder of the paper.
For nodes x, y in a tree  , x is the head of y if and only if y is a leaf and x=y, or there is a node z
in  su h that y immediately dominates z, z proje ts over its sister and x is the head of z. The head
of a tree  is the head of the root of  . A node y in a tree  is a maximal proje tion of a head x in
 if and only if x is the head of y and y's sister proje ts over y. A tree  is maximal if and only if
its root is the maximal proje tion of some head. A tree  is omplex if and only if it has more than
one node, otherwise,  is simple. A tree  is said to have feature f 2 V [ Cat if the rst element of
the sequen e that labels the head of  is f. For  and  minimalist trees, [<  ,  ℄ denotes a tree with
immediate subtrees  and  where the root of  proje ts over and pre edes the root of  , and [>  ,  ℄
denotes a tree with immediate subtrees  and  where the root of  pre edes the root of  and the
root of  proje ts over the root of  . A tree  is omplete if its head does not ontain any synta ti
features ex ept for the distinguished ategory feature , and no node in  other than the head has
any synta ti features. The yield Y( ) of a tree  is the on atenation of the phoneti features in the
labels of the leaves of  , ordered by pre eden e.
There are two stru ture building fun tions: F=fmerge, moveg. A pair of trees  ,  is in the domain

of merge if  has feature =x and  has feature x for some x 2 base. Then,
( ,  )=[<  0 ,  0 ℄ if  is simple, and
0 0
merge ( ,  )=[>  ,  ℄ if  is omplex,
merge

where  0 is like  ex ept that =x is deleted, and  0 is like  ex ept that x is deleted. A tree  is in
the domain of move if  has feature +y 2 li ensors and  has exa tly one maximal subtree 0 that has
feature -y 2 li ensees.2 Then,
move

( )=[> 00 ,  0 ℄,

where 00 is like 0 ex ept that -y is deleted, and  0 is like  ex ept that +y is deleted and subtree 0
is repla ed by a single node without features.3
S
Let G=(V, Cat, Lex, F) be a minimalist grammar. Then CL(G)= k2N CLk (G) is the losure of
the lexi on under the stru ture building fun tions, where CLk (G), k 2 N , are indu tively de ned by:
1. CL0 (G)=Lex
2. CLk+1 (G)=CLk (G) [ fmerge ( ,  )j( ,  )
Dom(move) \ CLk (G)g,

2

Dom(merge)

\

CLk (G)CLk (G)g

[ fmove

( )j

2

where Dom(merge) and Dom(move) denote the domains of the fun tions merge and move. The
language derivable by G onsists of the yields of the omplete trees in the losure of the lexi on under
the stru ture building fun tions: L(G)=fY( )j 2 CL(G) and  is ompleteg.
Example 1: Consider the minimalist grammar G de ned by the following sets: I=;, P=f1, 2, 3, 4g,
base =fa, b, , dg, sele t =f=a, =b, =dg, li ensors =f+p, +qg, li ensees =f-p, -qg, Lex=f=ba-p1, b-q2,
=a+qd3, =d+p 4g. The senten e `1423' is derived as follows: merge (=ba-p1, b-q2)=[<a-p1, -q2℄, or
tree 1 below; merge (=a+qd3, 1 )= 2 ; move (2 )= 3 ; merge (=d+p 4, 3 )= 4 ; move (4 )= 5 .

1 :

<
a-p1

2 :

<

-q2

3 :

>

-p1

<

2

<

+qd3

d3

-q2

<
-p1

4 :

5 :

<

1

<

2

<

<

>

+p 4

<

3

-p1
2 Sin e +y6=-y,  and 
0
3 The stru ture building

6 :

>

2

<,y

<,r
>

4

>,z

1,p

<
3

q

>,x

4,s
2,t

<,w
3,u

v

have di erent head labels. Hen e, 0 is properly in luded in  .
fun tions in Stabler ([8℄) also allow for head movement, whi h is not dis ussed in this paper.
The re ognizer des ribed in this paper is easily adapted to deal with this kind of movement.

Tree 5 is a omplete tree.4 Tree 6 is the same as tree 5 . The nodes in 6 are named for illustrational
purposes only; these names have no signi an e in the grammar. In tree 6 , node u is the head of
nodes u, w and x. Node s is the head of nodes s, y and z. Node t is the head of node t and no other
node. Nodes z, r, q, x, t and v are maximal proje tions; nodes s, p, q, u, t, v are their respe tive
heads. Node s has feature . No other node has a synta ti feature. w =[< u , v ℄, and x =[> t , w ℄,
where n denotes the subtree of 6 whose root is named n.


3 Spe i ation of the Re ognizer
This se tion ontains a formal de nition of an agenda-driven, hart-based re ognizer for minimalist
languages. Taking a logi al perspe tive on parsing as presented in Shieber et al. ([7℄), the de nition
of the re ognizer in ludes a spe i ation of a grammati al dedu tive system and a spe i ation of
a dedu tion pro edure. The formulae of the dedu tive system, whi h are ommonly alled items,
express laims about grammati al properties of strings. Under a given interpretation, these laims are
either true or false. For a given grammar and input string, there is a set of items that, without proof,
are taken to represent true grammati al laims. These are the axioms of the dedu tive system. Goal
items represent the laim that the input string is in the language de ned by the grammar. Sin e our
obje tive is to re ognize a string, the truth of the goal items is of parti ular interest. The dedu tive
system is ompleted with a set of inferen e rules, for deriving new items from old ones. The other
omponent of the de nition of the re ognizer is the spe i ation of a dedu tion pro edure. This is a
pro edure for nding all items that are true for a given grammar and input string.
3.1

Dedu tion Pro edure

The dedu tion pro edure used in the re ognizer presented in this paper is taken from Shieber et al. ([7℄).
It uses a hart holding unique items in order to avoid applying a rule of inferen e to items to whi h the
rule of inferen e has already applied before. Furthermore, there is an agenda for temporarily keeping
items whose onsequen es under the inferen e rules have not been generated yet. The pro edure is
de ned as follows:
1. Initialize the hart to the empty set of items and the agenda to the axioms of the dedu tion system.
2. Repeat the following steps until the agenda is exhausted:
a) Sele t an item from the agenda, alled the trigger item, and remove it.
b) Add the trigger item to the hart, if the item is not already in the hart.
) If the trigger item was added to the hart, generate all items that an be derived from the trigger
item and any items in the hart by one appli ation of a rule of inferen e,5 and add these generated
items to the agenda.
3. If a goal item is in the hart, the goal is proved, i.e., the string is re ognized, otherwise it is not.
4 In identally, note that the last movement of this derivation is an instan e of remnant movement. Remnant movement
is movement of a onstituent from whi h material has already been extra ted. In this parti ular ase it reates a
on guration in whi h the moved onstituent with yield `2' no longer - ommands its tra e. This example shows
that remnant movement is easily modeled in minimalist grammars (see Stabler ([9℄) for further dis ussion). Re ently,
remnant movement has gained some linguisti popularity, e.g. [4℄, [3℄.
5 Note that su essful appli ations of Move-1 and Move-2 as de ned in se tion 3.2.2 do not involve any items from
the hart.

Shieber et al. ([7℄) prove that the dedu tive pro edure is sound { it generates only items that are
derivable from the axioms { and omplete { it generates all the items that are derivable from the
axioms.
3.2

Dedu tive System

Given an input string w=w1 . . . wn and minimalist grammar G=(V, Cat, Lex, F), the items of the
dedu tive system will be of the form [ 0 , 1 , . . . , m ℄t , where m  jli enseesj, t 2 fs, g. For 0  i

 m,
i is of the form (xi , yi ): i , where 0  xi  yi  n, n=jwj, and i 2 Cat .
The proper interpretation of the items requires the notion of narrow yield of a tree. The narrow
yield Yn () of a minimalist tree  is de ned in the following way. If  is a omplex tree, then either
=[>  , ℄, or =[<  , ℄. If =[>  , ℄, then:
Yn ()=Yn ( )Yn ( ) if  does not have a feature -f 2 li
Yn ()=Yn ( ) otherwise.

ensees

6

If =[<  ,  ℄, then:
Yn ()=Yn ( )Yn ( ) if  does not have a feature -f 2 li
Yn ()=Yn ( ) otherwise.

ensees

If  is not a omplex tree, it must be a simple tree. In that ase:
Yn ()=Y()
Informally, the narrow yield of a tree is that part of its yield that will not move out of the tree by
some appli ation of the fun tion move. For example, the trees from example 1 have the following
narrow yields: Yn (1 )=1; Yn (2 )=3; Yn (3 )=23; Yn (4 )=423; Yn (5 )=Y(5 )=1423.
Now, an item [(x0 , y0 ): 0 , (x1 , y1 ): 1 , . . . , (xm , ym ): m ℄t is understood to assert the existen e of a
tree  2 CL(G) whi h has the following properties:
If t=s,  is a simple tree; if t= ,  is a omplex tree.
The head of  is labeled by 0 ,  2 P I .
For every (xi , yi ): i , 1  i  m, there is a leaf in  labeled i ,  2 P I .
Besides the nodes labeled by i ,  2 P I , 0  i  m, there are no other nodes with synta ti
features in  .
5. The narrow yield of the subtree whose root is the maximal proje tion of the node labeled by i ,
 2 P I , is wxi +1 . . . wyi , 0  i  m.

1.
2.
3.
4.

Axioms and Goals
The set of axioms of the dedu tive system is spe i ed in the following way. For ea h lexi al item
in Lex with synta ti features 2 Cat and whose phoneti features over wi+1 . . . wj of the input
string, there will be an axiom [(i, j): ℄s in the dedu tive system.
There will be two goal items: [(0, n): ℄s and [(0, n): ℄ , 2 base being the distinguished ategory
feature. These are appropriate goal items for a re ognizer, sin e their truth under the interpretation
provided above requires the existen e of a omplete tree  2 CL(G), either simple or omplex, with
narrow yield Yn ( )=w1 . . . wn =w. Sin e  is omplete, Yn ( )=Y( ). Therefore, w 2 L(G)=fY( )j
2 CL(G) and  is ompleteg.
6 Re

all that `to have a feature' is a formal notion, de ned in se tion 2.

Rules of Inferen e
The dedu tive system has six rules of inferen e, grouped into Merge rules and Move rules:
Merge-1:
[(p, q):=x ℄s , [(q, v):x, 1 , . . . ,
[(p, v): , 1 , . . . , k ℄

k ℄t

Merge-2: (Æ 6=;)
[(p, q):=x ℄s , [(v, w):xÆ , 1 , . . . ,
[(p, q): , (v, w):Æ , 1 , . . . , k ℄

k ℄t

Merge-3:
[(p, q):=x , 1 , . . . , k ℄ , [(v, p):x, 1 , . . . , l ℄t
[(v, q): , 1 , . . . , k , 1 , . . . , l ℄
Merge-4: (Æ 6=;)
[(p, q):=x , 1 , . . . , k ℄ , [(v, w):xÆ , 1 , . . . , l ℄t
[(p, q): , 1 , . . . , k , (v, w):Æ , 1 , . . . , k ℄
Move-1:
[(p, q):+y , 1 , . . . , i 1 , (v, p):-y, i+1 , . . . ,
[(v, q): , 1 , . . . , i 1 , i+1 , . . . , k ℄

k℄

Move-2: (Æ 6=;)
[(p, q):+y , 1 , . . . , i 1 , (v, w):-yÆ , i+1 , . . . ,
[(p, q): , 1 , . . . , i 1 , (v, w):Æ , i+1 , . . . , k ℄

k℄

The rules Move-1 and Move-2 ome with an additional ondition on their appli ation: if (xj , yj ): j
is one of the 1 , . . . , i 1 , i+1 , . . . , k , then the rst feature of j is not -f. For all rules the
following holds: 0  p, q, v, w  n; 0  i, k, l  m; and t 2 fs, g, =x 2 sele t, x 2 base, +y 2
li ensors, and -y 2 li ensees.
Example 2: The dedu tive system for the minimalist grammar G given in example 1 has four
axioms: [(0, 1):=ba-p℄s, [(2, 3):b-q℄s , [(3, 4):=a+qd℄s , and [(1, 2):=d+p ℄s. The goal item [(0, 4): ℄ is
dedu ed in the following way (in this simple example the agenda will not be mentioned expli itly): [(0,
1):=ba-p℄s, [(2, 3):b-q℄s ) [(0, 1):a-p, (2, 3):-q℄ (Merge-2); [(3, 4):=a+qd℄s, [(0, 1):a-p, (2, 3):-q℄
) [(3, 4):+qd, (0, 1):-p, (2, 3):-q℄ (Merge-2); [(3, 4):+qd, (0, 1):-p, (2, 3):-q℄ ) [(2, 4):d, (0, 1):-p℄
(Move-1); [(1, 2):=d+p ℄s , [(2, 4):d, (0, 1):-p℄ ) [(1, 4):+p , (0, 1):-p℄ (Merge-1); [(1, 4):+p , (0,
1):-p℄ ) [(0, 4): ℄ (Move-1).

Sin e Shieber et al. ([7℄) proved that the dedu tive pro edure is sound and omplete, establishing
the orre tness of the re ognizer entails showing that the dedu tive system de ned above is sound
and omplete relative to the intended interpretation of the items. This will be done in the next two
se tions.

4 Proof of Soundness
The following two lemma's will be helpful for establishing soundness of the dedu tive system.
Lemma 1a: if  ,  0 and  ,  0 are trees su h that merge ( ,  )=[<  0 ,  0 ℄ or merge ( ,  )=[>  0 ,  0 ℄,
then Yn ( 0 )=Yn ( ) and Yn ( 0 )=Yn ( ).
Proof: inspe tion of the de nition of merge shows that in both ases  0 and  are identi al ex ept
for the labels of their heads. A ording to the de nition of narrow yield the label of the head of a tree
is of no relevan e for determining the narrow yield of that tree. Analogously, Yn ( 0 )=Yn ( ).

0
0
0
0
0
Lemma 1b: if  ,  and 0 , 0 are trees su h that move ( )=[> 0 ,  ℄, then Yn ( )=Yn ( ) and
Yn (00 )=Yn (0 ).
Proof: a ording to the de nition of move,  0 will be like  ex ept that feature +y is deleted and a
subtree 0 has been repla ed by a single node with no features. As is the ase for merge, the di erent
head labels of  and  0 are irrelevant as narrow yields are on erned. Furthermore, the yield of 0 is
ex luded from Yn ( ) be ause 0 has a feature -f 2 li ensees. The yield of 0 is also ex luded from
Yn ( 0 ) be ause 0 is not a subtree of  0 . Sin e trees  and  0 are otherwise the same, Yn ( 0 )=Yn ( ).
Con erning 00 and 0 , these trees di er only by their head label. Hen e, Yn (00 )=Yn (0 ).

Proving soundness of the re ognizer amounts to showing that the axioms and the rules of inferen e
of the dedu tive system are sound. Then it will follow that every derivable item in the dedu tive
system will represent a true grammati al statement under the intended interpretation.
4.1

Soundness of the Axioms

A ording to the interpretation given in se tion 3.2, an axiom [(i, j): ℄s asserts the existen e of a tree
 2 CL(G) with the following properties:
1.
2.
3.
4.

Tree  is a simple tree.
The head of  is labeled by , for some  2 P I .
Besides the head of  there are no other nodes with synta ti features in  .
The narrow yield of  is wi+1 . . . wj .

It is easy to see that the lexi al item in Lex whi h o asioned the axiom [(i, j): ℄s has exa tly these
properties. By de nition this lexi al item is in CL0 (G)  CL(G).
4.2

Soundness of the Rules of Inferen e

There are six rules of inferen e. Their soundness will be established below.7
Merge-1: the items [(p, q):=x ℄s and [(q, v):x, 1 , . . . , k ℄t in the ante edent of the rule Merge-1
assert the existen e of trees  and  2 CL(G), whose heads are labeled by =x and x, respe tively.
Hen e,  and  are in the domain of the fun tion merge. This fun tion will apply to  and  and
produ e a omplex tree =[<  0 ,  0 ℄ 2 CL(G), sin e  is a simple tree. The head of  is labeled by
. Furthermore, Yn ()=Yn ( 0 )Yn ( 0 ), sin e the head of  0 does not have a feature -f 2 li ensees.
By lemma 1a, Yn ( 0 )Yn ( 0 )=Yn ( )Yn ( )=wp+1 . . . wq wq+1 . . . wv =wp+1 . . . wv . Also, all maximal
subtrees properly ontained in  will be in luded in  with their head labels and narrow yields
un hanged, sin e merge does not tou h any proper subtrees of  . As is easy to he k, the item [(p,
7 Sin e appli ability of the stru ture building fun tions and the rules of inferen e does not depend on non-synta ti
features, their presen e in trees will be ignored in the dis ussion to follow. Thus, the statement `the head of tree  is
labeled by ', for example, means: `the head of tree  is labeled by , for some  2 P I '.

v): , 1 , . . . , k ℄ in the onsequent of the rule Merge-1 laims the existen e of a tree in CL(G) with
the properties of . Thus Merge-1 is sound.
Merge-2: appli ation of the Merge-2 presupposes the existen e of trees  ,  2 CL(G) whi h will
produ e another tree =merge ( ,  )=[<  0 ,  0 ℄ 2 CL(G). A ording to the de nition of the fun tion
Label, the
rst feature of Æ , whi h is the label of the head of  0 , must be a feature -f 2 li ensees.
Therefore, by the de nition of narrow yield and lemma 1a, Yn ()=Yn ( 0 )=Yn ( )=wp+1 . . . wq . Obviously,  0 , whose head is labeled Æ , will be a maximal subtree of . By lemma 1a, Yn ( 0 )=Yn ( )=wv+1
. . . ww . Now it is easy to see that the grammati al laim made by the item in the onsequent of the
rule Merge-2 is justi ed by  2 CL(G).
Merge-3: the argument unfolds in a fashion similar to Merge-1, ex ept that now =[>  0 ,  0 ℄, be ause
 is omplex. Consequently, Yn ()=Yn ()Yn ( )=wv+1 . . . wp wp+1 . . . wq =wv . . . wq . Furthermore,
 inherits the narrow yields and head labels of the maximal subtrees in both  and .
Merge-4: this rule of inferen e is treated analogously to Merge-2, with the provisos mentioned under
Merge-3.
Move-1: rule Move-1 will apply provided there is a omplex tree  2 CL(G) whose head is labeled
by +y , whi h ontains one leaf labeled by a feature -y and no other leaves whose rst feature is -y.
Let 0 be the maximal subtree in  proje ted by the node labeled with the single feature -y.8 Then
 is in the domain of the fun tion move. The result of applying move to  will be a omplex tree
=[> 00 ,  0 ℄ 2 CL(G). The head of  is labeled . Moreover, Yn ()=Yn (00 )Yn ( 0 )=Yn (0 )Yn ( ) by
lemma 1b and be ause the head of 00 has an empty label. Sin e Yn (0 )=wv+1 . . . wp and Yn ( )=wp+1
. . . wq , Yn ()=wv+1 . . . wq . The fun tion move does not a e t the labels or narrow yields of any of
the maximal subtrees properly ontained in  , ex ept for 0 ( f. the third ase in the proof of lemma
2 in se tion 5). Now it is easy to see that the item in the onsequent of the inferen e rule Move-1
a tually des ribes  2 CL(G).
Move-2: appli ation of rule Move-2 requires the existen e in CL(G) of a omplex tree  to whi h
the fun tion move will apply to produ e a omplex tree =[> 00 ,  0 ℄ 2 CL(G), whose head is labeled
, 00 and  0 as in the de nition of move. Yn ()=Yn ( 0 ), sin e 00 , whose head is labeled by Æ , has
a feature -f 2 li ensees, f. similar situations in Merge-2 and Merge-4. As in Move-1, the narrow
yields and labels of maximal subtrees properly ontained in  are left inta t, ex ept for 0 . 0 is not
a subtree of , but 00 is. The label of the head of 00 is Æ and 00 's narrow yield is Yn (00 )=Yn (0 ), by
lemma 1b. It is easily he ked that  2 CL(G) has the same properties as the tree laimed to exist
by the item in the onsequent of Move-2. Hen e, Move-2 is sound.

5 Proof of Completeness
This se tion presents a ompleteness proof for the re ognizer. A re ognizer is omplete if for every
string that is in the language de ned by the grammar, there is a derivation of a goal item from the
axioms.
First, the following two useful lemma's will be proved.
Lemma 2: if the derivation of tree  in a minimalist grammar G immediately in ludes tree  , then
for every maximal subtree  ontained in  , there is a maximal subtree  0 in  su h that Yn ( ) is a
substring of Yn ( 0 ).
8  6=
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be ause their head labels are di erent.

Proof: three distin t ases have to be onsidered: there is an  2 CL(G) su h that =merge ( ,  ),
there is an  2 CL(G) su h that =merge ( ,  ), and =move ( ).
In the rst ase, either =[<  0 ,  0 ℄ or =[>  0 ,  0 ℄, depending on whether  is a simple or a omplex
tree. Furthermore, either  is a proper subtree of  , or  = . If  is a proper subtree of  , then  0
will properly ontain  , as  0 is like  ex ept that =x is deleted from the label of the head. For the
same reason,  is maximal in  0 . Sin e  ontains  0 ,  will be a subtree of  and, trivially, Yn ( ) is
a substring of Yn ( ). If  = , then Yn ( )=Yn ( )=Yn ( 0 ) by lemma 1a. Also, Yn ( 0 ) is a substring
of Yn () by the de nition of narrow yield. Trivially,  is a maximal subtree of .
In the se ond ase, either =[<  0 ,  0 ℄ or =[>  0 ,  0 ℄, depending on whether  is a simple or a
omplex tree. Again, either  is a proper subtree of  , or  = . If  is a proper subtree of  , then 
will be a proper, maximal subtree of , as argued for the similar situation in the ase above. If  = ,
then Yn ( )=Yn ( )=Yn ( 0 ) by lemma 1a. Tree  0 is a maximal subtree ontained in , and, trivially,
Yn ( ) is a substring of Yn ( 0 ).
In the third ase, =[> 00 ,  0 ℄, with 0 spe i ed as in the de nition of move. Either  is a proper
subtree of 0 , or  =0 , or  is a proper subtree of  and 0 is a proper subtree of  , or  = . If  is a
proper subtree of 0 , then  will be a proper, maximal subtree of , as in the similar situations above.
If  =0 , then Yn ( )=Yn (0 )=Yn (00 ) by lemma 1b. Now, 00 is a maximal subtree ontained in ,
and, trivially, Yn ( ) is a substring of Yn (00 ). If  is a proper subtree of  and 0 is a proper subtree
of  , then, by the de nition of move,  0 will ontain a tree  0 whi h is like  , ex ept that subtree
0 is repla ed by a single node without features. Yn ()=Yn (0 ), sin e the yield of 0 is ex luded
from Yn ( ) be ause of its -f feature, and the yield of 0 is ex luded from Yn ( 0 ) be ause 0 is not a
subtree of  0 . Hen e, trivially, Yn ( ) is a substring of Yn ( 0 ). Moreover,  0 is a maximal subtree of
 0 sin e  is a proper, maximal subtree of  . Finally, if = , then Yn ()=Yn ( )=Yn ( 0 ) by lemma
1b. Furthermore, Yn ( 0 ) is a substring of Yn () by the de nition of narrow yield. Trivially,  is a
maximal subtree ontained in .

Lemma 3: if for a minimalist grammar G, the derivation of a omplete tree in ludes  , then Yn ( )
is a substring of Y( ).
Proof: by repeated appli ation of lemma 2, will ontain a maximal subtree  0 su h that Yn ( )
is a substring of Yn ( 0 ). Sin e is a omplete tree, it does not have any labels with a feature -f
0
2 li ensees. Hen e, by the de nition of narrow yield, Yn ( ) is a substring of of Yn ( )=Y( ), and,
onsequently, Yn ( ) is a substring of Y( ).

Completeness of the parser will follow as a orollary of lemma 4 below. If w 2 L(G), for some
minimalist grammar G, then there is a omplete tree  2 CL(G) su h that Y()=w. Sin e  2
CL(G), there must be a k 2 N su h that  2 CLk (G). Sin e  is a omplete tree, lemma 4 guarantees
that an item orresponding to  will be generated. Obviously, the item will be a goal item, sin e  is
omplete and Y()=w.
Lemma 4: for a given minimalist grammar G, if  2 CLk (G), k 2 N , and  is in luded in the
derivation of a omplete tree or  is a omplete tree itself, then an item [ 0 , 1 . . . , m ℄t orresponding
to  will be generated, [ 0 , 1 . . . , m ℄t as de ned in se tion 3.2.
Proof:9 it will be shown by indu tion over k that for arbitrary k 2 N and  2 CLk (G) su h that 
is in luded in the derivation of a omplete tree or  is a omplete tree itself, an item orresponding
to  will be generated.
9 As

in the dis ussion of the soundness proof, the presen e of non-synta ti features in trees will be ignored.

1. k=0. Then  2 CL0 (G)=Lex, and  is overed by one of the axioms.
2. Assume all items orresponding to  2 CLk (G),  in luded in the derivation of a omplete tree
or a omplete tree itself, are generated for a parti ular k 2 N . To show: for any  2 CLk+1 (G), 
in luded in the derivation of a omplete tree or a omplete tree itself, a orresponding item will be
generated.
Pi k an arbitrary  2 CLk+1 (G). By de nition, CLk+1 (G)=CLk (G) [ fmerge ( ,  )j( ,  ) 2
Dom(merge) \ CLk (G)CLk (G)g [ fmove ( )j 2 Dom(move) \ CLk (G)g. Hen e, three ases an
be distinguished:  2 CLk (G),  2 fmerge ( ,  )j( ,  ) 2 Dom(merge) \ CLk (G)CLk (G)g, and  2
k
fmove ( )j 2 Dom(move) \ CL (G)g.
In the rst ase,  2 CLk (G). Then, by the indu tion hypothesis, an item orresponding to  will
be generated.
In the se ond ase,  2 fmerge ( ,  )j( ,  ) 2 Dom(merge) \ CLk (G)CLk (G)g. Then there are
trees  ,  2 CLk (G) su h that =merge ( ,  ). Sin e  is in luded in the derivation of a omplete tree
or  is a omplete tree itself,  and  are in luded in the derivation of a omplete tree.10 Hen e, by
the indu tion hypothesis, there are items orresponding to  and  . Sin e ( ,  ) 2 Dom(merge), the
heads of  and  are respe tively labeled =x and xÆ , for =x 2 li ensees, x 2 base and , Æ 2 Cat .
Tree  is either a simple tree or a omplex tree. With regard to  , Æ =; or Æ 6=;. Hen e, there are four
ases to be dealt with. If  is a simple tree and Æ =;, i.e., the head of  onsists of the single feature
x, then =[<  0 ,  0 ℄, and Yn ()=Yn ( 0 )Yn ( 0 ). By lemma 1a, Yn ()=Yn ( )Yn ( ). Suppose 
parti ipates in a su essful derivation of a omplete tree whose yield is the string w1 . . . wm :11 Then,
by lemma 3, Yn ( )Yn ( ) is a substring of w1 . . . wm , that is, Yn ( )=wp . . . wq and Yn ( )=wq+1
. . . wv , 1  p  q  v  m. Hen e, the items orresponding to  and  will mat h the ante edents
of rule Merge-1. Alternatively,  is a omplete tree itself. Assume Yn ()=Y()=w1 . . . wm . Then
it follows immediately that Yn ( )=w1 . . . wq and Yn ( )=wq+1 . . . wm , 1  q  m. Again, the items
orresponding to  and  will mat h the ante edents of rule Merge-1. In both ases, appli ation of
Merge-1 will generate the item orresponding to . In a similar way it is established that the trees
 and  for the other three ases will orrespond to items that mat h the ante dents of the rules
Merge-1, Merge-3, and Merge-4. Appli ation of these rules will produ e an itemn orresponding to
tree .
In the third ase,  2 fmove ( )j 2 Dom(move) \ CLk (G)g. Then there is a  2 CLk (G) su h that
=move ( ). Sin e  is in luded in the derivation of a omplete tree or  is a omplete tree itself,  is
in luded in the derivation of a omplete tree as well. Hen e, by the indu tion hypothesis, there is an
item orresponding to  . Sin e  2 Dom(move),  has a feature +y and  has exa tly one maximal
subtree that has the feature -y, +y 2 li ensors, -y 2 li ensees. Let 0 be the maximal subtree of 
that has feature -y and let the label of its head be -yÆ . Then there are two ases to be onsidered:
Æ=; and Æ6=;. If Æ=;, then =[> 00 ,  0 ℄, and Yn ()=Yn (00 )Yn ( 0 )=Yn (0 )Yn ( ) by the de nition of
narrow yield and lemma 1b. As for Merge-1 and Merge-3 above, Yn (0 )Yn ( ) will be a substring of
w1 . . . wm , where w1 . . . wm is the yield of a omplete tree derived from  or the yield of  itself if 
is a omplete tree. Therefore, Yn (0 )=wv . . . wp and Yn ( )=wp+1 . . . wq , 1  v  p  q  m. Hen e,
the item orresponding to  will mat h the ante edent of rule Move-1. Appli ation of this rule will
generate the item orresponding to . If Æ 6=;, then the item generated for  will mat h the ante edent
10 Sin e  is
11 Referen e

the rst argument of merge,  annot be a omplete tree.
to the yield of a omplete tree derived from  pre ludes a general proof of ompleteness, i.e. a proof that
for all  2 CLk (G), k 2 N, a orresponding item [ 0 , 1 . . . , m ℄t will be generated.

of rule Move-2, appli ation of whi h will generate an item orresponding to .



6 Complexity Results
For a given minimalist grammar G=(V, Lex, Cat, F) and input string of length n, the number of
items is polynomially bounded by the length of the input string. All items are of the form [(x0 , y0 ): 0 ,
(x1 , y1 ): 1 , . . . , (xm , ym ): m ℄t , as de ned in se tion 3.2. Ea h part (xi , yi ): i of an item, 0  i 
m, has O(n2 ) possible instantiations, as both xi and yi range between 0 and n, 0 and n in luded.
The possible hoi es of i do not depend on the length of the input string. The number of hoi es is
bounded, however, be ause the labels o urring in any tree in CL(G) are substrings of the labels of the
expressions in Lex. This follows immediately from the the de nition of merge and move. Moreover,
Lex is a nite set and the labels assigned by Label are nite sequen es. Thus, the set of possible
labels is bounded by the grammar, and, sin e the re ognizer is sound, the number of possible i 's is
bounded by the grammar, too. Sin e an item has at most k+1 parts (xi , yi ): i , where k=jli enseesj,
the number of items in the hart is bounded by O(n2k+2 ).
As regards the time omplexity of the re ognizer, step 2.b) of the dedu tion pro edure spe i ed in
se tion 3.1 requires every item on the agenda to be ompared with the items already in the hart.
Sin e the number of items in the hart is O(n2k+2 ), this step will take O(n2k+2 ) per item on the
agenda. For any item on the agenda but not already in the hart, step 2. ) of the dedu tion pro edure
he ks whether any rule of inferen e will apply. Che king appli ability of the Merge rules involves
looking through all the items in the hart, sin e all Merge rules have two ante edents. Given an item
on the agenda and an item from the hart, a tually verifying whether any of the Merge rules applies
to these items takes onstant time. Thus, the time ost is O(n2k+2 ) per item on the agenda. In
order to determine whether one of the two Move rules will apply, the label 0 in an item has to be
inspe ted and ompared to the other labels i , 1  i  m in the same item. Sin e m is bounded by
k=jli enseesj, there is no dependen y on the length of the input string. Sin e steps 2.b) and 2. ) are
performed in sequen e, the time ost of both steps is bounded by O(n2k+2 ) per item on the agenda,
ignoring without loss of generality the fa t that step 2. ) is not performed for all items on the agenda.
Steps 1. and 3. of the dedu tion pro edure do not ex eed this bound. The number of items that will
be put on the agenda while re ognizing a string is O(n2k+2 ). This is the upperbound on the number
of possible items. There will be dupli ates in the agenda, but their number is nite and does not
depend on n, essentially be ause the number of axioms and the number of inferen e rules is nite and
all items in the hart are unique. Thus, the overall time omplexity of the re ognizer is O(n4k+4 ).

7 Con lusions and Future Work
In this paper we have provided a formal de nition of a re ognizer for minimalist grammars, together
with proofs of ompleteness and soundness and an analysis of its spa e and time omplexity.
There are several issues that deserve further investigation. First of all, the re ognizer has to be
developed into a parser. This an be done by either extending the items with a eld for re ording
the derivational history of an item, or by devising a method for retrieving derivation trees from the
hart. Se ondly, we onje ture that the eÆ ien y of the parser an be greatly improved by imposing
some order on the hart. In the urrent re ognizer, the entire hart is sear hed in order to determine
whether any one of the Merge rules will apply. The de nitions of the Merge rules suggest that grouping

the items in the hart a ording to the rst feature of their `head labels' will allow for a more eÆ ient
sear h. The urrent re ognizer operates in a bottom-up manner: no onstituent is re ognized until
all substrings that make up its yield have been en ountered. So, thirdly, it would be interesting to
investigate other re ognition strategies. Finally, there are still some open questions with regard to
the formal power of minimalist grammars in omparison with other grammar formalisms. Careful
examination of the omplexity of the algorithms for re ognizing and parsing these various grammar
formalisms might answer some of the questions.
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