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Abstra t
To solve hierar hi al problems, one must be
able to learn the linkage, represent partial solutions eÆ iently, and assure e e tive ni hing. We propose the hierar hi al Bayesian
optimization algorithm whi h ombines the
Bayesian optimization algorithm, lo al stru tures in Bayesian networks, and a powerful
ni hing te hnique. Additionally, we propose
a lass of hierar hi ally de omposable problems, alled hierar hi al traps, whi h are deeptive on ea h level. The proposed algorithm is shown to s ale up subquadrati ally
on all test problems. Empiri al results are in
agreement with re ent theory.

1 INTRODUCTION
Geneti algorithms (GAs) (Holland, 1975; Goldberg,
1989) ombine short partial solutions to form solutions of higher order. New solutions undergo sele tion
and the pro ess is repeated until the entire solution
is formed. However, xed, problem-independent, reombination operators have shown to perform quite
poorly on problems with intera tions among the variables spread a ross the solutions (Thierens & Goldberg, 1993; Pelikan, Goldberg, & Cantu-Paz, 1998).
Moreover, the hierar hi al nature of the optimization
pro ess has earned only little attention and it has been
assumed that geneti algorithms do this automati ally.
The purpose of this paper is to show that ompetent
geneti algorithms whi h su eeded in solving problems of bounded diÆ ulty on a single level qui kly, a urately, and reliably, an be extended to solve problems that are hierar hi al in their nature. We fo us
on the Bayesian optimization algorithm (BOA) (Pelikan et al., 1998) using de ision graphs to represent
the onditional probabilities of the model used to represent promising solutions (Pelikan et al., 2000).

There are three major issues one must address to su eed in solving diÆ ult hierar hi al problems: linkage
learning, ni hing, and eÆ ient representation of the
model. Linkage learning ensures powerful re ombination. Ni hing and eÆ ient representation of the model
ensure preservation of alternative partial solutions that
are assembled to form solutions of higher order. We
propose the hierar hi al Bayesian optimization algorithm whi h addresses the three aforementioned issues
by ombining the Bayesian optimization algorithm, loal stru tures in Bayesian networks, and a powerful
ni hing te hnique. Hierar hi al BOA is able to solve
problems that are not only hierar hi al, but that also
mislead the algorithm toward some inferior optimum
on ea h level. Additionally, we design a lass of hierar hi al test problems whi h require both eÆ ient
linkage learning and ni hing, and perform a number of
experiments to show that hierar hi al BOA is able to
solve the problems eÆ iently. Due to their de eptive
nature, the proposed problems are alled hierar hi al
de eptive traps.
The paper starts by des ribing BOA, whi h uses
Bayesian networks to model promising solutions and
generate the new ones. Se tion 3 dis usses the use of
ni hing in geneti and evolutionary algorithms. Hierar hi al BOA is des ribed in Se tion 4. Test problems
ta kled in our experiments are presented in Se tion 5.
Se tion 6 provides and dis usses the results of our experiments. Se tion 7 on ludes the paper.

2 BAYESIAN OPTIMIZATION
ALGORITHM
By applying re ombination and mutation, GAs are
manipulating a large number of promising partial solutions. However, xed, problem independent, re ombination and mutation operators often result in inferior performan e even on simple problems. Without
knowing where the important partial solutions are and

designing problem spe i operators that take this information into a ount, the required number of tness evaluations and population size grow exponentially with the number of de ision variables (Thierens
& Goldberg, 1993).
That is why there has been a growing interest in linkage learning whi h studies methods that are able to
learn where the important intera tions in the problem are and use this information to ombine solutions
more e e tively. One of the approa hes to linkage
learning is based on using probability distributions to
model promising solutions found so far and generating new solutions a ording to the estimated distribution (Muhlenbein & Paa, 1996; Pelikan, Goldberg,
& Lobo, 2000). Probability distributions an apture variables whi h are orrelated and the ones whi h
are independent. This an subsequently be used to
ombine the solutions in more e e tive manner. An
overview of methods based on this prin iple is beyond
the s ope of this paper and an be found in Pelikan,
Goldberg, and Lobo (2000) and other related papers.
The Bayesian optimization algorithm (BOA) (Pelikan,
Goldberg, & Cantu-Paz, 1998) uses Bayesian networks
to model promising solutions and subsequently guide
the exploration of the sear h spa e. In BOA, the rst
population of strings is generated randomly with a uniform distribution. The initial population an be biased
to the regions that we are interested in. From the urrent population, the better strings are sele ted. Any
sele tion method an be used. A Bayesian network
that ts the sele ted set of strings is onstru ted. Any
metri as a measure of quality of networks and any
sear h algorithm an be used to sear h over the networks in order to maximize/minimize the value of the
used metri . Besides the set of good solutions, prior
information about the problem an be used in order to
enhan e the estimation and subsequently improve onvergen e. New strings are generated a ording to the
joint distribution en oded by the onstru ted network.
The new strings are added into the old population, repla ing some of the old ones.
The next subse tion des ribes basi prin iples of learning and utilization of Bayesian networks. Subsequently, lo al stru tures that an be used to make the
representation of the model more eÆ ient are dis ussed
and a simple greedy algorithm for network onstru tion is brie y des ribed.
2.1

BAYESIAN NETWORKS

A Bayesian network (Pearl, 1988) is a dire ted a y li
graph with the nodes orresponding to the variables in
the modeled data set (in our ase, to the positions in

solution strings). Mathemati ally, a Bayesian network
en odes a joint probability distribution. A dire ted
edge relates the variables so that in the en oded distribution, the variable orresponding to the terminal
node is onditioned on the variable orresponding to
the initial node. More in oming edges into a node result in a onditional probability of the orresponding
variable with a onjun tional ondition ontaining all
its parents. The network en odes independen e assumptions that ea h variable is independent of any of
its ante edents in an estral ordering given its parents.
To en ode the onditional probabilities orresponding
to the nodes of the network, one an use a simple
probability table listing probabilities of all possible instan es of a variable and its parents. However, the size
of su h a table grows exponentially with the number of
parents of the variable even though many probabilities
of higher order may be the same. To solve hierar hi al
problems, it is essential to be able to represent onditional probabilities by stru tures that are polynomial
in the order of intera tions. While the order of intera tions an be as high as the size of the problem, the
number of orresponding alternative partial solutions
must be polynomial in their order to allow eÆ ient and
reliable exploration. The next subse tion presents alternative ways to represent onditional probabilities in
the model whi h allow a more ompa t representation
of the lo al densities in the model.
2.2

LOCAL STRUCTURES IN BAYESIAN
NETWORKS

One simple extension of the probability table is a default table (Friedman & Goldszmidt, 1999). In the default table, only some instan es of the variable and
its parents are listed together with the orresponding probabilities. The remaining probabilities are obtained from the default entry whi h is simply an average of the remaining (unlisted) probabilities.
One an use more omplex lo al stru tures, su h as
de ision trees (Friedman & Goldszmidt, 1999) or de ision graphs (Chi kering, He kerman, & Meek, 1997).
Ea h internal node of a de ision tree or graph orresponds to some variable. Children (su essors) of
ea h internal node orrespond to disjoint subsets of
values the variable an obtain. For binary variables,
ea h non-leaf node an have exa tly two hildren where
ea h hild orresponds to one of the values zero and
one. In ase of bigger alphabets, there are more possibilities. A de ision graph allows di erent parents to
have the same hild. This makes the stru ture both
more general and expressive than de ision trees. In
hierar hi al BOA we use de ision graphs. However,
there is only little di eren e between the performan e

using de ision graphs and trees. Sin e trees are simpler to interpret we used only de ision trees in our
experiments.
Using lo al stru tures an redu e the spa e we need
to represent the model. Additionally, it an re ne the
model building by using smaller operators and make
the model more general for some data sets. One an
en ode intera tions of a high order without having to
onsider exponentially many instan es and probabilities. Please, see Pelikan et al. (2000) for more details
on using de ision graphs in the BOA.
2.3

LEARNING BAYESIAN NETWORKS

To onstru t the network, a simple greedy algorithm
is usually used. This algorithm performs simple graph
operations that improve the quality of the urrent network the most, starting from an empty network or a
network from a di erent sour e. To measure quality of
ea h network, various s oring metri s an be used. Reently, we have used the Bayesian-Diri hlet metri , the
minimum des ription length (MDL) metri , and a metri whi h is a ombination of the Bayesian-Diri hlet
and MDL metri . For more details on the network onstru tion and s oring metri s for simple Bayesian networks and for networks with lo al stru tures, see Pelikan et al. (1998) and Pelikan et al. (2000). The
next se tion dis usses various approa hes to ni hing.
Subsequently, hierar hi al BOA is des ribed.

3 NICHING
The purpose of ni hing in geneti and evolutionary
optimization is twofold: (1) dis overy of multiple solutions of the problem and (2) preservation of alternative
solutions until one an de ide whi h solution is better.
In some real-world appli ations it is important to nd
multiple solutions and let the expert or experiment deide whi h of the solutions is the best after all. The
reason for preserving multiple alternative solutions is
that on some diÆ ult problems one annot learly determine whi h alternative solutions are really on the
right tra k until the optimization pro eeds for a number of generations. Without ni hing the population is
a subje t to geneti drift whi h may destroy some alternatives before we nd out whether or not they are
the ones we are looking for.
There are three general approa hes to ni hing: tnesssharing, sele tion-based, and island models. The following paragraphs brie y dis uss ea h approa h. It
is beyond the s ope of this paper to give a omplete
overview, and we refer the reader to the extended version of this paper (Pelikan & Goldberg, 2001).

The rst approa h modi es the tness lands ape before the sele tion is performed. Fitness sharing (Goldberg & Ri hardson, 1987) is based on this idea. In
tness sharing, the lo ation of ea h individual is set to
either its genotype or phenotype. The neighborhood
of ea h individual is de ned by the sharing fun tion.
An individual shares a ni he with any individual that
is within a ertain range from its lo ation. The e e t
may de rease with the distan e and ompletely vanishes for distan es greater than a ertain threshold.
The se ond approa h modi es the sele tion itself to
take into a ount the tness as well as the genotype
or the phenotype instead of using the tness as the
only riterion. In presele tion of Cavi hio (1970) the
o spring repla ed the inferior parent. This s heme
was later generalized by De Jong (1975) who proposed
rowding. In rowding, for ea h new individual a subset of the population is rst sele ted. The new individual then repla es the most similar individual in this
subset. Harik (1994) proposed the restri ted tournament sele tion as an extension of De Jong's rowding.
RTS pro eeds just as rowding; however, the individual repla es the losest individual from the sele ted
subset only if it is better in terms of tness. Therefore, RTS introdu es sele tion pressure and an repla e
the sele tion operator.
The third approa h is to isolate several groups of individuals rather than to keep the entire population in
one lo ation. The lo ation of ea h individual does not
depend on its genotype or phenotype. The individuals an migrate between di erent lo ations (islands
or demes) at ertain intervals and allow population at
ea h lo ation to develop in isolation. There are two
reasons why spatial separation should be desirable in
geneti and evolutionary omputation. One reason is
that in nature the populations are a tually divided in
a number of subpopulations that (geneti ally) intera t
only rarely or do not intera t at all. Another reason
is that separating a number of subpopulations allows
an e e tive parallel implementation and is therefore
interesting from the point of view of omputational
eÆ ien y.
Some related work studies the preservation of diversity from a di erent point of view. The primary goal
of these te hniques is not the preservation of multiple
solutions or alternative sear h regions, but the avoidan e of premature onvergen e. Various te hniques for
ni hing were also proposed in the area of multiobje tive optimization. These methods are not appli able to
single- riterion optimization and therefore we do not
dis uss them in this paper.
The BOA uses the set of sele ted solutions to learn a
model of promising solutions. Fitness sharing would

a e t the tness and subsequently also the model onstru tion. That is why it is desirable that we use a
di erent ni hing method in the BOA. Spatial separation an be dire tly en oded in the probabilisti model
by using mixture distributions or models with hidden
variables. A simple method based on mixture models
to redu e negative e e ts of symmetry in the problem
on the BOA was proposed in Pelikan and Goldberg
(2000a). However, to solve hierar hi al problems, we
must deal with a number of ni hes that an be exponential in the number of variables. Even though this
implies exponentially sized populations, one an use
the fa t that the model itself preserves diversity quite
well by that it makes many independen e assumptions
and uses these to generate new solutions. Only little
extra pressure toward diversity preservation is then required. That is why we used the restri ted tournament
sele tion to in orporate ni hing into hierar hi al BOA.
Sin e the te hnique is used as a repla ement te hnique
and not as a primary sour e of sele tion pressure, we
alled the method restri ted tournament repla ement.

4 HIERARCHICAL BOA
As it was dis ussed above, hierar hi al BOA uses
Bayesian networks to learn the linkage. To eÆ iently
represent partial solutions, lo al stru tures are used
to represent lo al densities in the model. The remainder of this se tion des ribes restri ted tournament repla ement (RTR) used in hierar hi al BOA to ensure
e e tive ni hing.
RTR lo alizes the repla ement in hierar hi al BOA by
sele ting a sub-set of the original population for ea h
new o spring and letting the o spring ompete with
the most similar member of this subset. If the new
o spring is better, it repla es the orresponding individual. The measure of similarity an be based on
either the genotype or the phenotype. In our experiments, we used Hamming distan e to measure similarity. Sin e the generation of a probabilisti model in the
BOA does not en ourage using a steady state geneti
algorithm, we in orporate ni hing in the repla ement
step of a traditional BOA.
It is important to set the size of the subsets that are
sele ted to in orporate ea h new individual into the
original population. The size of these subsets is alled
a window size. A window size should be proportional
to the number of ni hes. We have tried a number of
settings on various diÆ ult problems. A window size
proportional to the size of the problem yielded the best
performan e.
A window size proportional to the size of the problem
an be supported by the following argument. For or-

re t de ision making on a single level, the population
size must grow proportionally to the problem size (Pelikan, Goldberg, & Cantu-Paz, 2000). To maintain a
ertain number of ni hes, one must lower-bound the
size of ea h ni he by a ertain onstant. Therefore, a
population size proportional to the problem size allows for maintenan e of the number of ni hes proportional to the problem size. The number of ni hes
that RTR an maintain is proportional to the window size. Therefore, the window size growing linearly
with the size of the problem is the strongest ni hing
one an a ord without in reasing population sizing requirements.

5 TEST PROBLEMS
In order to analyze the performan e of hierar hial BOA on diÆ ult hierar hi al problems, most test
problems are hierar hi al. The remainder of this se tion des ribes test problems used in our experiments.
5.1

HIERARCHICALLY
DECOMPOSABLE FUNCTIONS

Hierar hi ally de omposable fun tions (HDFs) (Watson, Hornby, & Polla k, 1998; Pelikan & Goldberg,
2000b) are a sub lass of general additively de omposable fun tions (Pelikan, Goldberg, & Cantu-Paz,
1998). HDFs are de ned on multiple levels where the
input to ea h level is based on the solutions found on
lower levels. The tness ontribution of ea h building
blo k is separated from its interpretation (meaning)
when it is used as a building blo k for onstru ting
the solutions on a higher level. The overall tness is
omputed as the sum of tness ontributions of ea h
building blo k.
In spite of bounded diÆ ulty of HDFs on ea h level, a
hierar hi al fun tion an ontain intera tions of order
equal to the size of the problem. Bounded diÆ ulty
on ea h level of the hierar hy makes HDFs solvable in
polynomial time even though the problem is very difult when viewed on a single level. It is important
to note that hierar hi al problems of bounded diÆulty are a stri tly more diÆ ult lass of problems than
problems of bounded diÆ ulty on a single level.
A hierar hi ally de omposable fun tion is de ned by
its stru ture in the form of a tree with one-to-one mapping between the leaves and the variables in a problem,
and two sets of fun tions: (1) the interpretation fun tions and (2) the ontribution fun tions. The stru ture
de nes whi h blo ks of interpretations to interpret to
the next level and how, and whi h blo ks ontribute
to the overall tness on this level. The interpretation
fun tions de ne how we interpret solutions from lower

levels to be ome inputs of the ontribution and interpretation fun tions on a higher level. The ontribution
fun tions de ne how mu h do blo ks of interpretations
on ea h level ontribute to the overall tness.
The diÆ ulty of hierar hi al fun tions depends on the
underlying stru ture as well as the ontribution and interpretation fun tions. The hierar hi al if-and-only-if
(HIFF) fun tion (Watson et al., 1998) uses the \if and
only if" fun tion on ea h level. More diÆ ult fun tions
have been proposed (Goldberg, 1997; Goldberg, 1998;
Pelikan & Goldberg, 2000b), where fun tions de eive
the algorithms to a lo al optimum on ea h level. Only
at the top level it be omes lear whi h optimum is the
global one.
In this paper, only simple stru tures su h as balan ed
binary and ternary trees are used. The ontribution
of ea h subfun tion on ea h level is s aled so that the
ontributions on all levels are of the same magnitude.
5.1.1

Hierar hi al If-and-Only-If (HIFF)

The stru ture of the HIFF is a balan ed binary tree.
By height(x) we denote the distan e from the node
x in the tree to one of its des endant leaves. Sin e
the tree is balan ed, the height is well-de ned. Ea h
leaf ontributes to the tness by 1. Ea h parent node
x ontributes to the overall
tness by 2height(x) if and
only if the interpretations of its hildren are both either
0 or 1. Otherwise, the ontribution is 0. The two
symbols are interpreted to their parent on the next
level as 0 in ase they are both 0's, 1 in ase they are
both 1's, and '-' otherwise. As input, the leaves of the
tree get the input string with no hange.
5.1.2

Hierar hi al Trap Fun tions

Hierar hi al traps use a balan ed k -ary tree as the underlying stru ture, where k  3. The interpretation
fun tions interpret blo ks of all 0's and 1's to 0 and 1,
respe tively, similarly to the HIFF. Everything else is
interpreted into '-'.
Ea h ontribution fun tion is a trap fun tion of order
k . A trap fun tion is a fun tion of unitation, i.e. its
value depends only on the number of ones in the input
string. See Figure 1 for a graph of the trap fun tion of
order k . If there is a '-' in the input to this fun tion,
it simply returns 0.
The values of fhigh and flow de ne the heights of the
two peaks. The trap fun tion is fully de eptive whenever fhigh is greater than flow within some proportion
depending on the order k of the fun tion. See Deb
and Goldberg (1994) for suÆ ient onditions of de eption. If the fun tion is de eptive or flow > fhigh , any
s hemata of order lower than k bias the sear h to the

fhigh
flow

f

0

u

k -1

k

Figure 1: Trap fun tion of order k .
string all zeroes.
In both fun tions used in our experiments, the underlying stru ture is a ternary tree (k = 3) and the leaves
do not dire tly ontribute to the overall tness. For
all non-leaf nodes x of the rst hierar hi al trap exept for the root, the ontribution is omputed by a
trap with equal peaks fhigh = flow = 1 multiplied by
3height(x) . The ontribution of the root node is given
by a trap with fhigh = 1 and flow = 0:9 multiplied by
3height(root) . In this fashion, the fun tion biases the
sear h to the solution of all zeroes on ea h but the
top level. However, the optimum is in the string of all
ones. The top level is also de eptive whi h makes the
problem even harder. The above fun tion is denoted
by H-Trap1 in further text.
In the se ond fun tion the bias toward solutions with
many zeroes is made even stronger by making the peak
flow higher than the other peak everywhere ex ept for
the root. To keep the global optimum in the string of
all ones, we set fhigh = 1 and flow = 1 + 0:1=k for all
non-root levels. This fun tion is denoted by H-Trap2.
The HIFF fun tion does not bias the sear h toward
either global optimum. Unlike the HIFF, both hierar hi al trap fun tions H-Trap1 and H-Trap2 bias the
sear h toward the solution with all zeroes on all levels.
However, the a tual global optimum is in the string of
all ones. Therefore, the fun tions are very diÆ ult to
solve and without e e tive linkage learning required
to preserve the lo al optima on ea h level and ni hing required to preserve alternative partial solutions
until solving the problem on the highest level, the algorithm annot rea h the global optimum. For a more
detailed des ription of the test fun tions, see Pelikan
and Goldberg (2001).
5.2

BIPOLAR FUNCTION

The bipolar de eptive fun tion of order 6 is onstru ted by on atenating a number of bipolar subfun tions of order 6 (Deb, Horn, & Goldberg, 1992).
See Pelikan and Goldberg (2001) for a full de nition of
the fun tion. The bipolar fun tion of size n has 2n=6

global and 20n=6 lo al optima. For n = 30, there are
32 global and 3; 200; 000 lo al optima.
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To show how hierar hi al BOA s ales up on diÆ ult hierar hi al problems, we performed tests on ea h fun tion with varying problem size. For ea h problem size,
we required that the algorithm nd the global optimum in all 30 independent runs. The performan e
was measured by an average number of tness evaluations until the optimum was found. The population
size was determined empiri ally to minimize the number of tness evaluations until the optimum was found.
A window size was set to the problem size, i.e. w = n.
We used de ision trees to represent onditional probabilities in the model and onstru t the model. Prior
distribution of models was biased toward simpler models (Pelikan et al., 2000).
The results of our experiments on the HIFF and HTrap1 fun tions are shown in Figure 2. In all three
ases the algorithm s ales up subquadrati ally. On
the left-hand side of the gure, the graphs in arithmeti s ale display the growth of the number of tness
evaluations with respe t to the size of the problem for
the HIFF and H-Trap1 problems. Results on H-Trap2
were within 8% of the results on H-Trap1 and due to
the la k of spa e we do not present them here (see Pelikan and Goldberg (2001)).
Theory of population sizing and time to onvergen e
for the BOA on separable problems of bounded difulty (Pelikan et al., 2000) an be used to estimate
time to onvergen e of hierar hi al BOA on hierar hial problems. Theory suggests that a single level of the
hierar hi al problem an be solved in about O(n1:5 ) tness evaluations. The number of levels in all three hierar hi al problems grows as O(log n). Thus, the overall time to onvergen e should grow as O(n1:5 log n).
The t is very good and mat hes also the slopes in the
log-log s aled graphs very a urately.
On the right-hand side, the log-log s aled graphs inluding the slopes between neighboring points are
shown. A linear fun tion in this s ale is a polynomial
of the degree equal to the slope of the urve. To show
that the number of tness evaluations grows at most
polynomially with the problem size, the points must
lie on a straight line. In our experiments, we see that
the slopes in fa t de rease with the problem size. This
is the e e t of the logarithm in the expe ted number
of tness evaluations.
The simple geneti algorithm with xed rossover is
not able to optimize hierar hi al fun tions without
making sure that intera ting genes are lose to ea h
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Figure 3: Number of opies of di erent global optima
of the bipolar fun tion. There are 32 optima in this
fun tion and all 32 are multiply represented at the end
of the run.
other. Under the assumption of tight linkage, the simple geneti algorithm with good ni hing should work
quite well. The algorithm presented in Watson (2000)
is able to solve the HIFF problem even for intera ting
genes spread throughout the strings. However, Watson's algorithm requires O(n2 log n) tness evaluations
for a problem of size n whi h is more than is required
by our algorithm.
To show the ability of hierar hi al BOA to dis over
multiple optima, we also performed a single run on a
bipolar fun tion of size n = 30 with a suÆ iently big
population and re orded the number of opies of ea h
global optimum in the population (see Figure 3). We
have performed a number of experiments with varying
parameters with a very similar result. The algorithm
was able to dis over and maintain all global optima
whi h soon took over the entire population. However,
the optima were not equally distributed, ranging from
about 1:27% to about 5:53% of the population. This
on rmed the intuition that, unlike tness sharing, the
methods based on rowding are not very sensitive to
the tness values. They are able to maintain a number
of alternatives but the total spa e o upied by ea h
alternative is not proportional to its tness.

7 CONCLUSIONS
The paper takes another important step toward inreasingly ompetent geneti algorithms by providing
an algorithm that is able to solve problems on a single
level as well as multiple levels. It emphasizes the importan e of solving separable problems on a single level
by showing that we need not modify mu h to su essfully move from a single level to hierar hies. To solve
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Figure 2: Results on the hierar hi al fun tions.

hierar hi ally de omposable problems qui kly, a urately, and reliably, a ombination of ni hing, linkage
learning, and eÆ ient representation of partial solutions is ne essary.
To learn the linkage, hierar hi al BOA uses Bayesian
networks to model promising solutions and to generate
the new ones. To eÆ iently represent partial solutions,
de ision graphs are used to represent lo al densities in
a model. To assure powerful ni hing, the restri ted
tournament repla ement is used.
Separable de eptive problems of bounded diÆ ulty are
extended to multiple levels. The designed hierar hi al
trap problems that are de eptive on ea h level are intra table by lo al sear h methods and an be used as
a ben hmark for other optimization algorithms. Hierar hi al BOA an solve these problems very eÆ iently
and reliably and it s ales up subquadrati ally with the
problem size. Population sizing and onvergen e theory an be used to approximate the behavior of the
algorithm both on single-level and hierar hi al prob-

lems.
Hierar hi al BOA should be appli able to real-world
problems without problem spe i knowledge ahead
of time. This takes us loser to the promised land of
robustness, that has long been asso iated with GAs
but rarely delivered.
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