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Abstract

We study the employee retention and job assignment strategyof growth-orientedentrepreneurial firms

in which the employee’s capability is unknown to both the firmand the employee. As the employee

performs his task, both the firm and the employee update theircommon belief about the employee’s ca-

pability based on the noisy profit stream from the employee’sperformance. The firm seeks to dismiss

low-capability employees while high-capability employees seek to leave the firm for higher compensa-

tion. We model this situation as a real options game between the firm and the employee, and we obtain

a Markov perfect equilibrium (MPE) characterized by the employment termination strategies of the two

players. In stark contrast to conventional real options models, a higher rate of learning canhurt both

players when the employee’s capability is sufficiently uncertain. This suggests that firms should assign

employees with highly uncertain capabilities to tasks withhigh noise levels.

OR/MS subject classifications:Decision analysis: inference. Games/group decisions: stochastic. Probability:

diffusion.

Keywords:Entrepreneurial operations, employee retention, real options game, Bayesian sequential decision.

∗Department of Business Administration, University of Illinois at Urbana-Champaign, 1206 South Sixth St., Champaign,IL
61820; Email: dhkwon@illinois.edu.

†Department of Management Science and Innovation, University College London, London WC1E 6BT, United Kingdom; Email:
onesun.yoo@ucl.ac.uk.

1



1 Introduction

Employee retention is one of the biggest concerns for growth-oriented entrepreneurial firms (Hendricks 2006).

Those that retain good employees can harness their valuabletacit knowledge (Tansky 2006), save significant

time and money on hiring and training (Yoo et al. 2011), and achieve faster growth (Baron et al. 2001;

Baron and Hannan 2002). Despite its importance, little is known about the retention challenges concerning

entrepreneurial firms (Cardon and Stevens 2004). In particular, when the employee’s capability is uncertain,

the problem of employee retention becomes complex because the entrepreneur has an incentive to dismiss a

low-capability employee while a high-capability employeehas an incentive to leave the company in search

of higher compensation. To mitigate the uncertainty, the entrepreneur can attempt to learn the employee’s

capability by assigning the employee to more informative tasks that produce less noisy outcomes (Pastorino

2004), but it is not clear whether this is a good, let alone an optimal, policy. In this paper, we examine a game

between an entrepreneurial firm and an employee when the employee’s capability is uncertain in order to

provide insights into the impact of learning on the equilibrium strategies and expected payoffs. In particular,

we investigate whether the firm should strive to reduce the noise of the employee’s performance.

In a resource-constrained entrepreneurial firm undergoinga phase of rapid growth, payroll is often the

largest cost. Hence, it is important for each employee to contribute to the firm’s profit. Facing tight capital

constraints, an entrepreneurial firm must learn quickly about the employee’s capability to contribute to the

firm’s profit so it can exert effort to retain high-capabilityemployees and dismiss those with low capability.

This, however, presents unique challenges due to a number ofsalient features of entrepreneurial firms. First,

unlike those of established firms, employees hired by entrepreneurial firms come from a highly diverse pool

of workforce (Barber et al. 1999) so that a given employee’s capability is highly uncertain. Moreover, the

employees of an entrepreneurial firm most often work on noveltasks whose outcomes are inherently more

noisy. Hence, the firms must observe the employee’s performance for a long duration to learn the employee’s

capability. Second, due to the resource constraints, the entrepreneurial firm often cannot offer competitive

compensation or long-term stability to the most capable employees. Hence, the employees who learn of their

high capability develop the incentive to quit and seek higher compensation in other firms or by launching their

own companies. Finally, the entrepreneurial firms lack a formal departmentalized structure, and the employ-

ees observe the same information as the entrepreneur regarding the opportunities and challenges of the firm

(Quinn and Cameron 1983): employees directly observe the impact of their own performance on the firm’s
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profit. Consequently, an employee and the firm learning aboutthe employee’s capability is contemporaneous.

This lack of structure eliminates any organizational buffer between the firm and the employee, causing con-

stant tension between the two throughout the learning process. Incorporating these three salient features, we

address the following research questions:

1. How does the employee’s threat of quitting influence the firm’s dismissal strategy? Similarly, how does

the firm’s threat of dismissal impact the employee’s quitting strategy? When both firm and the employee

are free to choose their termination strategies, what are the equilibrium strategies and profits?

2. What is the impact of the rate of learning on the equilibrium strategies and profits? Given that the firm is

able to control the rate of learning through job assignment,should the firm increase the rate of learning?

In the model that we study, an employee generates a profit stream, which is observable to both the en-

trepreneur (firm) and the employee; in return, the firm pays the employee a fixed salary per unit time and a

fixed proportion of the profit he generates. We assume that theemployee is one of two types: a high-capability

employee who contributes highly to the firm’s profit, or a low-capability employee who contributes less. The

employee’s profit stream is modeled as a Brownian motion with(i) drift that is perfectly correlated with the

employee’s capability and (ii) volatility (the noise level) of the profit generated by the employee. The noise

level depends only on the employee’s tasks and is independent of the employee’s capability. For example, if

the task is to generate sales in an established market, the noise level will be low; if the task is to generate sales

through new product development, the noise level will be high.

The firm and the employee share the same prior and posterior belief regarding the employee’s capability.

Due to the noise in the profit stream, both must observe the employee’s performance over time to update

their common belief about the employee’s capability. At anypoint in time during the learning process, either

player can unilaterally terminate the employment relation: the firm can dismiss an employee if he is deemed

to be of low-capability, whereas an employee who learns of his high capability can quit in search of higher

compensation. After termination of employment, the firm expects a profit stream without the employee,

whereas the employee expects an outside option representedby the present value of the lifetime income

stream that is perfectly correlated with his capability.

Restricting our attention to Markov strategies, we first analyze the best responses of each player. We

find that the firm’s strategy is to dismiss the employee when the posterior belief that the employee has high

capability falls below a lower threshold, and the employee’s strategy is to quit when the posterior belief
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exceeds an upper threshold. In particular, when the employee’s threat of quitting increases (when the upper

threshold decreases), the firm’s best response is to expedite the dismissal (increase the lower threshold).

Similarly, when the firm’s threat of dismissal increases (when the lower threshold increases), the employee’s

best response is to quit sooner (decrease the upper threshold). This occurs because the increased threat of

separation (due to quitting or dismissal) from the opponentdecreases the value of waiting; in turn, a lower

value of waiting induces an incentive for earlier termination of employment. We then characterize the focal

point of the player’s strategies by obtaining a unique Pareto-dominant Markov perfect equilibrium (MPE), the

subgame perfect equilibrium in Markov strategies (Dutta and Rustichini 1993; Maskin and Tirole 2001).

Next, we investigate the impact of the noise level associated with the employee’s task on the equilibrium

payoffs. We find that, if the belief about the employee’s capability is sufficiently weak (i.e. if the posterior

is sufficiently far away from the two thresholds), the equilibrium payoffs to both the firm and the employee

increase in the noise level. Because the noise level is inversely proportional to the rate of learning, this result

implies that a higher rate of learning canhurt both players. This occurs for the following reason: a higher

rate of learning accelerates the time evolution of the posterior (Kwon and Lippman 2010) and expedites

termination of the employment relationship, and the shortened duration of employment deprives both players

of the opportunity to take advantage of the option value of waiting. This result is in stark contrast to the

conventional results of real options models under incomplete information, in which the real option value

decreases in the noise (e.g. Decamps et al. 2005 and Kwon and Lippman 2010). Moreover, while there do

exist well-known examples of games with incomplete andasymmetricinformation in which acquisition of

additional information hurts all players (see, for example, Kreps 1988, p. 41), our model presents an example

of an incomplete information game in which a similar result holds despite the information beingsymmetric.

Finally, our results lead to a counterintuitive managerialimplication: the firm should position employees with

highly uncertain capability into tasks with high noise levels.

The paper is organized as follows. We first review related literature in Section 2. In Section 3, we introduce

the model of a real options game between an entrepreneurial firm and its employee, present each player’s best

responses, and characterize the MPE strategies and payoffs. We address the impact of the learning rate on the

MPE payoffs and strategies in Section 4, and we conclude in Section 5. All proofs appear in the Appendix.
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2 Related Literature

We first motivate our context relative to the employee retention literature, with particular focus upon the

economic and the organizational dimensions. We then highlight our theoretical contributions on the novel

application of the real options game and novel insights regarding the impact of learning.

Among the most significant hurdlesthat growth-oriented entrepreneurial firmsface in retaining their em-

ployees is their less-than-competitive compensation packages. Due to their resource constraint and their

uncertain profit streams, entrepreneurial firms are restricted in the salary that they can offer to their employees

in contrast to their established firm counterparts. Although they can offer a larger portion of compensation

in performance-based format to attract talented employees(Balkin and Gomez-Mejia 1987), such “at-risk”

payments are not sufficient for retaining employees who are offered greater non-risky compensation packages

by large firms (Graham 2002). Another difficulty faced by entrepreneurial firms is high job mobility among

inexperienced and young workers, a characteristic of the employees of high-growth entrepreneurial firms.

Johnson (1978) formulates a job shopping model in which a worker sequentially experiences jobs to learn

about his own capability. In a similar vein, Viscusi (1980) studies a model of a Bayesian worker who learns

about a job’s attributes and finds that a worker will prefer jobs with uncertain prospects.

Employee retention and job assignment policy has been widely studied in the established firm settings.

For example, empirical organizational studies find that theorganizational climate of a firm – i.e. its degree

of trust, conflict, rewards equity – impacts employee’s behavior (Glick 1985), turnover (Huselid 1995), and

firm performance (Burton et al. 2004). In particular, employee retention is also influenced by individual traits

of the employees such as their level of job satisfaction, (Mitchell et al. 2001), relationships with co-workers

(Griffeth et al. 2000), and fit with the organization (Chatman 1991). Using a theoretical model, Pastorino

(2004) studies a firm’s experimentation with employees withuncertain capabilities through job assignments

with varying degrees of informativeness and finds that the firm should assign employees to decreasing degrees

of informativeness over time. Although the model of Pastorino (2004) bears some similarity to ours, its main

focus is on established firms with long-running employment relations. Unlike these studies, we explicitly

model the organizational climate of growth-oriented entrepreneurial firms.

On the theoretical front, our paper lies in the domain of realoptions games, where there is rich literature in

various contexts. For a comprehensive review of real options game models, see Azevedo and Paxson (2010).

While most real options game models address competition between two or more rivalrous players to win
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limited resources or limited investment opportunities, our paper addresses a game between two non-rivalrous

players in an employment relation.

The Bayesian framework of our model is based on the work of Shiryaev (1967) who studies the single

player decision theoretic problem of minimizing the cost oferrors with two hypotheses on the drift of a

one-dimensional Brownian motion. The framework has been utilized by Ryan and Lippman (2003), who

consider when to stop (abandon) a project with unknown profitability; Decamps et al. (2005), who employ

Shiryaev’s framework to study the optimal time to invest in an asset with an unknown underlying value;

Kwon and Lippman (2010) who study an expansion and exit decision regarding a pilot project with unknown

profitability which can be in one of two states. Shiryaev’s framework has been also applied to dynamic game

models under incomplete information. Bolton and Harris (1999) study a free-rider problem arising from

information externality when many agents face the same uncertainty and experimentation, and Bergemann

and Välimäki (2000) examine a multi-agent learning model oftwo sellers who compete with price and many

buyers who experiment with a new product with unknown quality.

Finally, in the context of real options decisions, the impact of uncertainty has been of particular interest in

the economics literature. The value function generally increases in the uncertainty under conventional situa-

tions of real options (Dixit 1992). In a model of a firm which has an option to enter and exit an industry, Dixit

(1989) obtains the comparative statics of the optimal entryand exit thresholds with respect to the uncertainty

(volatility) in the profit stream. Alvarez (2003) proves a general comparative statics result for the optimal

policy and the optimal return with respect to the uncertainty for a class of optimal stopping problems which

often arise in economic decisions. Kwon (2010) shows that anembedded option can result in non-trivial

comparative statics of the optimal policy with respect to the uncertainty. Kwon and Lippman (2010) examine

the impact of uncertainty on the time-to-decision. While these papers address the effect of uncertainty on the

optimal policy and the optimal return in decision theoreticmodels, our paper addresses the impact of the rate

of learning in a game setting. We report non-trivial resultsarising from thestrategic interaction between the

players.

3 The Model

Consider a growth-oriented entrepreneurial firm, where each employee plays a critical role in contributing to

the firm’s profit. We assume that each employee generates profit independently of the other employees, and
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hence focus on the interaction between the entrepreneur (firm) and a single employee who was hired at time

t = 0. LetXt denote the cumulative marginal profit contribution earned by an employee from time 0 through

t. Thefirm’s cumulative profit is a stochastic processX = {Xt : t ≥ 0} given by a Brownian motion:

Xt = µt+σBt ,

whereµ is the drift (the expected profit per unit time earned by the employee),σ is the constant volatility, and

B≡ {Bt : t ≥ 0} is a Wiener process. For the duration of employment, thefirm pays the employee a fixed and

unalterable wages per unit time and a proportionλ of the profit he generates. Moreover, we assume that the

firm and the employees are risk-neutral with a common discount rate α > 0.

The magnitude of the driftµ represents the capability of the employee. The value ofµ is unknown to both

the firm and the employee, but it is commonly known to be eitherh for a high-capability employee orℓ for a

low-capability employee; of course,h> ℓ. The constant volatilityσ, on the other hand, represents the noise

level of the profit stream related to the nature of the job or task at hand: it is independent of the employee’s

capability. For example, if the employee’s job is to make frequent sales to a known market, his capability to

make sales will be known after a short time, in which case the value ofσ is low. On the other hand, if the

job is to work on an R&D project or to create a new profit stream from a novel product or service, the profit

stream is inherently more noisy and will mask the capabilityof the employee, resulting in a highσ. In fact,

the ratio(h− ℓ)/σ has the meaning of thesignal-to-noise ratio (SNR) of the observed performance of the

employee (Bolton and Harris 1999, Bergemann and Välimäki 2000), and we interpret it as thelearning rate

regarding the employee’s capability, with low (high)σ corresponding to faster (slower) learning rate.

Let (Ω,G ,P) be the probability space on whichXt , µ, andBt are measurable. We letF = {F t : t ≥ 0}

denote the filtration generated by the observable cumulative profit processX = {Xt : t ≥ 0}. The two players

have a common priorp0 ≡ P({µ = h}|F0), the initial probability that the employee is of high-capability.

Moreover, both players observeX and update the common posterior probability denoted byPt ≡ P({µ =

h}|F t). From Bayes rule (Peskir and Shiryaev 2006, pp. 288-289), wecan derive the following expression of

Pt in terms of the observable processX:

Pt =

(

1+
1− p0

p0
exp

{

−
h− ℓ

σ2 ·

[

Xt −
h+ ℓ

2
t

]})−1

. (1)
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Note: The time-evolution (stochastic differential equation) of Pt is given by

dPt =
h− ℓ

σ
Pt(1−Pt)dB̃t ,

where B̃t ≡
1
σ

(

Xt −

∫ t

0
E[µ|Fs]ds

)

=
1
σ
[Xt −

∫ t

0
(Psh+(1−Ps)ℓ)ds] ,

is a Wiener process constructed purely from the observable processX (Liptser and Shiryayev, 1977). Note

that the speed of Bayesian updating is proportional to[(h− ℓ)/σ]Pt(1−Pt). For the sake of convenience,

we call the factor(h− ℓ)/σ the rate of learningalthough the actual speed of learning involves both factors

(h− ℓ)/σ andPt(1−Pt).

3.1 Real Options Game

Both the firm and the employee simultaneously observe and update their beliefPt about the employee’s ca-

pability, and either player can unilaterallyterminate the employment relationat any point in time to seek an

outside option. If the firm believes thatµ= ℓ, it will dismiss the employee to avoid loss in profit and to obtain

its outside optionu, which is the present value of the absence of the employee. The outside optionu can

include the expected net present value of hiring another employee from the general pool of workers. The

employee can voluntarily quit to search for an outside option whose compensation is higher thans and the

proportionλ ∈ [0,1) of the profit that he generates. The employee’s outside option is given by a random vari-

ableW, which represents the present value of the employee’s lifetime income stream. The random variable

W is perfectly correlated with the employee’s capability:

W =











wh if µ= h

wℓ if µ= ℓ

with wh >wℓ. This assumption is reasonable because a worker capable of contributing highly to a given firm’s

profit is likely to do the same for another firm’s profit in the same industry (e.g. Freeman 1977, Johnson 1978,

and Gonzalez and Shi 2010).

Each player’sstrategy is represented by a stopping timeat which the employment isterminated. Let τi

denote the stopping time for playeri ∈ { f ,e} where i = f for the firm andi = e for the employee. Given

the strategy profileS≡ (τ f ,τe) determined byτ f andτe, the stopping time of termination of employment is
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τS≡ τ f ∧ τe. Let Ep[·]≡ E[·|P0 = p] denote the expected value conditional on the initial beliefP0 = p. Then,

the expected payoff to the firm is

Vf (p;S) = Ep[
∫ τS

0
((1−λ)µ−s)e−αtdt+

∫ τS

0
σe−αtdBt +ue−ατS] ,

=
1−λ

α
[ph+(1− p)ℓ]−

s
α
+Ep[e−ατSgf (PτS)], (2)

where gf (p) = u−
1−λ

α
[ph+(1− p)ℓ]+

s
α

, (3)

and the firm’s objective is to findτ f that maximizes Eq. (2) given the employee’s strategyτe. Similarly, the

payoff to the employee is

Ve(p;S) = Ep[

∫ τS

0
(λµ+s)e−αtdt+We−ατS] =

s
α
+

λ
α
[ph+(1− p)ℓ]+Ep[e−ατSge(PτS)], (4)

where ge(p) = p

(

wh−
λh
α

)

+(1− p)

(

wℓ−
λℓ
α

)

−
s
α

, (5)

and the employee’s objective is to findτe that maximizes Eq. (4) given the firm’s strategyτ f .

Definingα′ = α/(1−λ), s′ = s′/(1−λ), w′
h = wh−λh/α, andw′

ℓ = wℓ−λℓ/α, and re-expressinggf (·)

andge(·) in terms of the primed parameters, one can remove the explicit dependence ofgf (·) andge(·) on λ.

Because the maximization problem depends only on the functionsgf (·) andge(·), we can takeλ = 0 for the

remainder of the paper without loss of generality. Furthermore, as we are interested in the regime of model

parameters in which the firm wants to dismiss the low-capability employee and to retain the one who is of

high-capability, we assume(h−s)/α > u> (ℓ−s)/α. Similarly, as the employee wants to quit only if he is

of high-capability, we assumewh > s/α > wℓ.

3.2 Best Responses

Because the posterior processPt is a Markov process andgf (·) and ge(·) do not depend on the calendar

time, it suffices to restrict our attention to stationary Markov strategies (Oksendal 2003, p.220). A stationary

policy can be represented by the thresholds with respect toPt . For example, the firm may have a stationary

policy of dismissing the employee whenPt falls below a thresholdθ f . In other words, the firm terminates the

employment at the first exit time ofPt from the set(θ f ,1]. In general, the stopping timesτi for i ∈ { f ,e} for
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stationary policies can be expressed asτi = inf{t ≥ 0 : Pt 6∈ Ci} (the first exit time ofPt from Ci) for some

open setsCi ⊂ [0,1]. Then the playeri’s objective is to find the open setC∗
i that maximizesVi(p;Cf ,Ce) given

the opponent’s (−i’s) strategyC−i. As we will show below, this is equivalent to finding the optimal thresholds

with respect toPt .

In order to obtainthe best response to the opponent’s strategy,we need to utilize optimal stopping theory.

The most direct way to find the optimal solution is to construct a candidate value functionVi(p;Cf ,Ce) which

is a return function to a candidate policyCi, and to verify that it satisfies a number of sufficient conditions

as laid out by Theorem 10.4.1 of Oksendal (2003). One of the conditions stipulates thatAVi(p;Cf ,Ce) = 0

whereA is the characteristic differential operator forPt (Peskir and Shiryaev 2006) given by

A ≡−α+
1
2

(

h− ℓ

σ

)2

p2(1− p)2∂2
p .

Here the term−α replaces the term∂t from the time-dependent characteristic operator (Oksendal, 2003)

because the payoff from Markov strategies is time-invariant except for the discount factore−αt . The positive

fundamental solutions to the equationA f (p) = 0 are given by

φ(p) = p
1
2(1−γ)(1− p)

1
2(1+γ),

ψ(p) = p
1
2(1+γ)(1− p)

1
2(1−γ) ,

where γ ≡

√

1+
8ασ2

(h− ℓ)2 . (6)

Note thatφ(·) is convex decreasing whileψ(·) is convex increasing. Then the value functionVi(p;Cf ,Ce) is

given by a linear combination ofφ(·) andψ(·). The following lemma provides the necessary conditions for

the best response.

Lemma 1 Suppose that there exists a best response C∗
f to a given strategy Ce. Then C∗f = (θ f ,1] for some

θ f which depends on Ce. Similarly, suppose that there exists a best response C∗
e to a given strategy Cf . Then

C∗
e = [0,θe) for someθe which depends on Cf .

Lemma 1 is intuitive and straightforward. The firm does not want to dismiss a high-capability employee,

so it waits until the posteriorPt is sufficiently low before dismissing him. Similarly, the employee wants

to quit the job only if he is sufficiently optimistic about hiscapability, so he waits until the posteriorPt is
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sufficiently high. The lemma enables us to characterize the stopping timesτi for i ∈ {r,e} in terms of a pair

of thresholdsθ f andθe as follows:

τ f = inf
{

t > 0 : Pt ≤ θ f
}

,

τe = inf {t > 0 : Pt ≥ θe} .

Thus, if θe > θ f , then the interval(θ f ,θe) is the region of continued employment. A higherθ f corresponds

to earlier dismissal by the entrepreneur, and a lowerθe corresponds to earlier quitting by the employee. For

simplicity of notation, from here on we let the strategy profile Sbe represented by a pair of thresholds(θ f ,θe)

instead of a pair of open sets(Cf ,Ce). The next two propositions establish one player’s best response and

expected payoff given the other player’s strategy.

Proposition 1 Suppose the firm’s strategy is given byθ f .

(i) If ge(θ f ) < 0, then the employee has a unique best responseθe which satisfies bothθ f < θe and the

equation

a1φ(θ f )+a2ψ(θ f ) = ge(θ f ) , (7)

where a1 =
ψ(θe)

2γ

[

(

wh−
s
α

) γ−1
1−θe

+
(

wℓ−
s
α

) γ+1
θe

]

, (8)

a2 =
φ(θe)

2γ

[

(

wh−
s
α

) γ+1
1−θe

+
(

wℓ−
s
α

) γ−1
θe

]

. (9)

The employee’s expected payoff is given by

Ve(p;θ f ,θe) =











s
α +a1φ(p)+a2ψ(p) for p∈ (θ f ,θe)

s
α +ge(p) otherwise

. (10)

(ii) If ge(θ f )≥ 0, then the best response of the employee is to quit immediately (θe≤ θ f ), and Ve(p;θ f ,θe)=

s/α+ge(p) for all p ∈ [0,1].

Proposition 2 Suppose the employee’s strategy is given byθe.
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(i) If g f (θe)< 0, then the firm’s unique best responseθ f satisfies bothθ f < θe and the equation

b1φ(θe)+b2ψ(θe) = gf (θe) , (11)

where b1 =
ψ(θ f )

2γ

[(

u+
s−h

α

)

γ−1
1−θ f

+

(

u+
s− ℓ

α

)

γ+1
θ f

]

,

b2 =
φ(θ f )

2γ

[(

u+
s−h

α

)

γ+1
1−θ f

+

(

u+
s− ℓ

α

)

γ−1
θ f

]

.

The firm’s expected payoff is given by

Vf (p;θ f ,θe) =











1
α [ph+(1− p)ℓ−s]+b1φ(p)+b2ψ(p) for p∈ (θ f ,θe)

1
α [ph+(1− p)ℓ−s]+gf (p) otherwise

. (12)

(ii) If g f (θe)≥ 0, then the best response of the firm is to dismiss the employee immediately (θ f ≥ θe), and

Vf (p;θ f ,θe) =
1
α [ph+(1− p)ℓ−s]+gf (p) for all p ∈ [0,1].

If the employee’s strategy is to never quit(θe = 1), the model reduces to a decision-theoretic one where

only the firm has the option to dismiss the employee. From Eq. (2), the firm’s problem is to find the optimalτ

to maximizeEp[e−ατgf (Pτ)]. The best response of the firmθ f is consistent with the optimal policy proposed

by Ryan and Lippman (2003). Similarly, ifθ f = 0, then only the employee has the option to quit, and the

employee’s problem is to findτ to maximizeEp[e−ατge(Pτ)]. The best response of the employee isθe, again

consistent with the optimal policy that can be derived from Ryan and Lippman (2003). Hence, the solutions

to the decision-theoretic models are special cases of the real options game model.

Next, we investigate the sensitivity of the best responseθi to the opponent’s strategyθ−i .

Proposition 3 (i) The employee’s best responseθe is non-increasing inθ f .

(ii) The firm’s best responseθ f is non-increasing inθe.

The proposition can be understood as follows. Ifθ f is increased, then the dismissal of the employee

happens earlier. Because there is always a non-zero probability that an employee is of low-capability, earlier

dismissal decreases the overall expected payoff to the employee. A decrease in the payoff induces the em-

ployee to quit and seek his outside option earlier. Thus, an increase inθ f decreasesθe. Similarly, suppose that
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θe is increased. Then the employee quits earlier, which decreases the firm’s overall expected payoff because

there is always a non-zero probability that the employee is of high-capability. A decrease in the payoff induces

the firm to dismiss the current employee earlier and seek its outside option earlier. Therefore, a decrease inθe

increases inθ f .

In the game-theoretic model, the thresholds can be interpreted as the level of threat of termination of

employment. A higher thresholdθ f implies a higher likelihood of the employee’s dismissal. Hence, we say

that the firm’s threat of dismissal is higher whenθ f is higher. Likewise, a lower thresholdθe implies a higher

likelihood of the employee’s quitting, and hence we say thatthe employee’s threat of quitting is higher when

θe is lower. Thus, by Proposition 3, a player’s threat increases in the opponent’s threat.

3.3 Markov Perfect Equilibrium of the Real Options Game

We now obtain the MPE strategies and profits for the real options game model. We limit ourselves to MPEs

because we want to focus on strategies that depend only on thecurrent value of the posterior and that are

subgame perfect. The necessary condition for an MPE is that the equilibrium strategiesθ f andθe are best

responses to each other. According to the strategy profiles of Propositions 1-2, there can be multiple MPEs.

In particular, the strategy profile(θ f ,θe) with θ f = 1 andθe = 0 is always an MPE, and it leads to immediate

termination of employment. We call an equilibrium strategyprofile (θ∗f ,θ∗e) degenerateif θ∗f ≥ θ∗e. Here we

are interested in delineating the conditions under which there exists an MPE that isnon-degenerate, i.e. one

that satisfiesθ∗e > θ∗f .

Proposition 4 (i) Suppose the inequality

(

s−wℓα
whα−s

)(

h−s−uα
uα+s− ℓ

)

> 1 (13)

holds. Then, there exists an MPE with a strategy profile(θ∗f ,θ∗e) that satisfiesθ∗f < θ∗e. Moreover, a unique

Pareto-dominant MPE exists, and it is characterized by the highest ratioθ∗e/θ∗f of the two thresholds among

all MPEs.

(ii) If
(

s−wℓα
whα−s

)

(

h−s−uα
uα+s−ℓ

)

is sufficiently small, an MPE strategy profile(θ∗f ,θ
∗
e) satisfyingθ∗f < θ∗e does not

exist.
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The inequality (13) can be intuitively understood. The numerator of the ratio(s−wℓα)/(whα− s) cor-

responds to the employee’s loss from quitting when he is a low-capability employee while the denomina-

tor corresponds to his gain from quitting when he is a high-capability employee. Hence, a larger value of

(s−wℓα)/(whα− s) signifies greater loss than gain from quitting, which induces the employee to quit later,

i.e. the thresholdθe is higher. Similarly, the numerator of the ratio(h− s− uα)/(uα + s− ℓ) corresponds

to the firm’s loss when dismissing a high-capability employee while the denominator corresponds to its gain

when dismissing a low-capability employee. Hence if the ratio (h− s−uα)/(uα+ s− ℓ) is larger, the firm

has the incentive to dismiss the employee later, i.e. the thresholdθ f is lower.

While non-uniqueness of equilibria in economic games is commonplace, we conjecture, based upon ex-

tensive numerical study, that the non-degenerate MPE is unique if the inequality (13) is satisfied. (See the

comment in the proof of Proposition 4 in Appendix.) Even if a unique non-degenerate MPE does not exist,

the inequality (13) also guarantees a unique Pareto-dominant MPE that is non-degenerate. In contrast, if the

left-hand-side of the inequality (13) is sufficiently small, then the only MPE is the degenerate MPE in which

both players terminate the employment (dismiss or quit) immediately.

4 The Impact of Noise Level

In this section, restricting our attention to the unique Pareto-dominant MPE, we investigate the impact of the

rate of learning on the MPE strategies and payoffs. In particular, lettingθ∗f , θ∗e, V∗
f , andV∗

e denote the MPE

thresholds of the firm and the employee and the MPE payoffs to the firm and the employee respectively, we

examine the comparative statics ofθ∗f , θ∗e, V∗
f andV∗

e with respect toσ, and we compare and contrast the

results with those of conventional real options problems under incomplete information.

As a benchmark, we consider the decision-theoretic model described in the comments that follow Propo-

sition 2. The decision-theoretic model exhibits the following three characteristics regarding the noise levelσ:

(1) the payoff functionV(p) decreases inσ, (2) θe decreases inσ while θ f increases inσ, and (3) in the limit

of small values ofσ, θe approaches 1 whileθ f approaches 0. These characteristics are typical of real options

problems under incomplete information (see Bolton and Harris 1999, Bergemann and Välimäki 2000, Ryan

and Lippman 2003 and Kwon and Lippman 2010). The three characteristics can be explained as follows.

First, as shown by Bolton and Harris (1999) and Bergemann andVälimäki (2000),(h− ℓ)/σ has the meaning

of the signal-to-noise ratio (SNR) of the observed performance of the employee, and it is interpreted as the
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rate of learning about the employee’s capability. Thus, if the firm is able to discern the employee’s capability

quicker (which happens with lowσ), then its payoff is higher. Moreover, if the payoff is higher, then the value

of waiting is also higher, resulting in the expansion of thecontinued employment region. Hence, the upper

thresholdθe decreases inσ while the lower thresholdθ f increases inσ. Finally, in the limit of small values of

σ, because the learning rate is extremely high, the firm can very quickly learn about the employee’s capability.

Hence, it makes sense for both players to impose a very stringent criterion for an action, i.e., to wait untilPt

reaches a value very close to 1 or 0.

For the remainder of this section, we examine the limits of small and large values of the noise levelσ and

derive analytical results and insights on the MPE strategies and profits.

4.1 Small Noise Levels

The noise levelσ is small when the outcomes of employee’s tasks are relatively predictable (e.g. sales in

known markets). In the following Proposition, we establishthe uniqueness of a non-degenerate MPE whenσ

is sufficiently small and characterize the small-σ behaviors of the thresholds.

Proposition 5 Suppose the inequality (13) holds. Then, in the small-σ limit, there exists a unique non-

degenerate MPE with a strategy profile(θ∗f ,θ∗e) which satisfiesθ∗e ↑ θ0
e < 1 andθ∗f ↓ θ0

f > 0 asσ → 0.

The proposition states that, in the smallσ limit, θ∗e decreases inσ while θ∗f increases inσ. In contrast

to the characteristics of the decision-theoretic models discussed in the beginning of this section, we obtain

θ∗e → θ0
e 6= 1 andθ∗f → θ0

f 6= 0 asσ → 0. This is due to the strategic interaction between the firm and the

employee. For instance, ifθ f were set to strictly 0, thenθ∗e would converge to 1 in the limitσ → 0; similarly,

if θe were set to strictly 1, thenθ∗f would converge to 0 in the limitσ → 0. In light of Proposition 3, due to

the presence of mutual threat of employment termination, both players’ expected payoffs (values of waiting

before termination) are diminished, and both are induced toterminate earlier. Hence, the MPE thresholds do

not converge to extreme values (0 or 1) even asσ → 0.

Next, we inspect the comparative statics of the MPE payoffsV∗
e (p)≡Ve(p;θ∗f ,θ∗e) andV∗

f (p)≡Vf (p;θ∗f ,θ∗e)

with respect toσ.

Proposition 6 For all p ∈ (θ0
f ,θ

0
e), the MPE payoffs V∗e (p) and V∗

f (p) increase inσ for sufficiently small

values ofσ.

15



Proposition 6 is in stark contrast to conventional results from decision-theoretic real options models under

incomplete information. Intuitively, one would expect that the noiseσ is always detrimental to the expected

payoff. The counterintuitive result of Proposition 6 is again a consequence of the strategic interaction between

the firm and the employee. When the employee’s capability is uncertain, the noise in the performance delays

both the firm and the employees’ termination decision. Specifically, an increase inσ will delay the firm’s

decision to dismiss the employee due to its slow learning rate and hence the payoff to the employee increases;

see the discussions on time-to-decision in Kwon and Lippman(2010). Likewise, an increase inσ will delay

the employee’s quitting decision due to his slow learning rate and hence the payoff to the firm also increases. In

other words, having more performance noise prolongs the employment relationship which could be potentially

favorable. Of course, the players do not know which one actually benefits from the prolonged employment

when the employee’s capability is highly uncertain. Nevertheless, the expected returns to both players increase

when the employment is prolonged because they can avoid the downside risk by terminating the relation at

their choice.

4.2 Large Noise Levels

The noise levelσ is large when the outcomes of employee’s tasks are relatively unpredictable (e.g. R&D

or new product development). In the next proposition, we characterize the large-σ behaviors of the MPE

strategies.

Proposition 7 In the large-σ limit, θ∗e ↓ θ∞
e and θ∗f ↑ θ∞

f as σ → ∞, whereθ∞
e ≡ (s/α−wℓ)/(wh −wℓ) and

θ∞
f ≡ (uα+s− ℓ)/(h− ℓ).

Note that both players continue the employment relation ifPt ∈ (θ∞
f ,θ

∞
e ) even in the limitσ → ∞. If σ is very

large, then the rate of learning is extremely slow, and the convergence ofPt to either threshold would take a

very long time. Hence, the decisions of both players are madeas if the belief will never be updated. It follows

that the players will either almost immediately terminate the employment or wait for a very long time before

taking an action. For example, ifPt ∈ (θ∞
f ,θ∞

e ), thenge(Pt) < 0 andgf (Pt) < 0, and therefore neither player

has an incentive to terminate the employment relationship immediately.

Next, we investigate the comparative statics of the MPE payoffs with respect toσ.

16



Proposition 8 Suppose p∈ (θ∞
f ,θ∞

e ) and let

p̂≡

√

θ∞
e θ∞

f
√

θ∞
e θ∞

f +
√

(1−θ∞
e )(1−θ∞

f )
.

In the limit σ → ∞,

(i) V ∗
e (p) ↑ s/α for p≤ p̂ and V∗e (p) ↓ s/α for p> p̂;

(ii) V ∗
f (p) ↑ [ph+(1− p)ℓ−s]/α for p≥ p̂ and V∗f (p) ↓ [ph+(1− p)ℓ−s]/α for p< p̂.

The limiting values of the payoff functionsV∗
e (p) andV∗

f (p) can be explained as follows. SupposePt is within

the interval(θ∞
f ,θ

∞
e ). Then the processPt will take a very long time to exit the region(θ∗f ,θ

∗
e) in the limit σ →

∞ (Kwon and Lippman, 2010). Hence, due to discounting,V∗
e (p)→ s/α andV∗

f (p)→ [ph+(1− p)ℓ−s]/α.

We also note that the direction of convergence of the payoff functions depends on the value ofp. If

p ∈ (p̂,θ∞
e ), thenV∗

e (p) decreases inσ becauseσ slows down the desired confirmation that he is of high-

capability. If p∈ (θ∞
f , p̂], then an increase inσ is good for the employee because it delays the firm’s decision

to dismiss him, soV∗
e (p) increases inσ. Similarly, if p ∈ [p̂,θ∞

e ), thenV∗
f (p) increases inσ because an

increase inσ delays the employee’s decision to quit. If p∈ (θ∞
f , p̂), then an increase inσ delays the desired

confirmation that the employee is of low-capability, soV∗
f (p) decreases inσ.

4.3 Summary and Discussion

In subsections 4.1 and 4.2, we find that, for certain values ofp, an increase inσ increases the payoffs. We

also find that both payoff functions decrease inσ for sufficiently small values ofp and for sufficiently large

values ofp. For a numerical illustration of theσ-dependence of the payoff functions, see Figures 1 and 2.

The figures illustrate that the payoffs increase inσ when p is far from both thresholds (as explained at

the end of Sec. 4.1) and decrease inσ when p is close to either threshold. Theσ-dependence ofV∗
e (p) and

V∗
f (p) for p close toθ∗e andθ∗f has the following explanation. In decision-theoretic realoptions problems

under incomplete information, an increase inσ slows down the learning rate and decreases the value function.

The same intuition applies toV∗
e (p) whenp is close toθ∗e so thatV∗

e (p) decreases inσ whenp is close toθ∗e.

It follows thatθ∗e decreases inσ. A decrease inθ∗e adversely affects the payoff to the firm ifp is close toθ∗e,

soV∗
f (p) also decreases inσ for p close toθ∗e. A similar argument explains whyV∗

e (p) andV∗
f (p) decrease in

σ whenp is close toθ∗f .

17



In summary, the comparative statics of the payoffs depend onboth the magnitude ofσ and the value ofp.

From Propositions 5, 6, 7, and 8, we obtain the following result:

Theorem 1 (i) If p ∈ (θ0
f ,θ

∞
f ]∪ [θ∞

e ,θ0
e), then the MPE payoffs increase inσ for sufficiently smallσ and

decrease inσ for sufficiently largeσ.

(ii) Suppose p∈ (θ∞
f , p̂), where p̂ is given by Proposition 8. Then the MPE payoffs increase inσ for

sufficiently smallσ. In the large-σ limit, V ∗
e (p) increases inσ while V∗

f (p) decreases inσ.

(iii) Suppose p∈ (p̂,θ∞
e ) . Then the MPE payoffs increase inσ for sufficiently smallσ. In the large-σ

limit, V ∗
e (p) decreases inσ while V∗

f (p) increases inσ.

The non-trivial comparative statics of the payoffs reflectsthe convex-concave-convex property of the

payoff functionsV∗
e (p) andV∗

f (p). Alvarez (2003) proves that the value function of a real options problem

monotonically increases in the volatility of the underlying asset if the value function is convex. Because

the payoff function of our model is not purely convex or concave, its comparative statics has non-monotone

dependence onσ.

5 Conclusions

In this paper, we examine a game between an entrepreneurial firm and its employee, who simultaneously

learn about the employee’s capability. The firm observes theemployee’s performance to identify and dismiss

a low-capability employee while a high-capability employee seeks to leave the firm in search of higher com-

pensation. Our goal is to shed light on the firm’s job assignment policy when an employee’s capability is

highly uncertain.

We find that the firm’s optimal policy is to dismiss the employee when the belief that the employee is of

high-capability falls below a lower threshold while the employee’s optimal policy is to quit when that belief

exceeds an upper threshold. The mutual threat of termination of employment tends to induce each player

to terminate the employment relation earlier. We obtain theunique Pareto-dominant MPE and investigate

the impact of the learning rate on the equilibrium strategies and profits. We find that, in stark contrast to

the conventional real options models under incomplete information, the payoffs to both the firm and the

employee can decrease in the learning rate. This is because lower learning rate helps to prolong the duration

of an employment relation, and consequently it increases the chance for the both players to take advantage of

the opponent while retaining the option to unilaterally terminate the employment at any point in time.
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Our main result (Theorem 1) provides practical and yet counterintuitive managerial insights for en-

trepreneurial firms in their high growth phase: firms should place employees with highly uncertain capabilities

in tasks with noisy outcomes (highσ) to reduce the mutual learning rate.

While our model is motivated by the strategic interactions inside entrepreneurial firms, our findings can

be extended to other situations in which the following key components exists: (i) partnership (employment)

can be beneficial, (ii) mutual learning about the contribution, and (iii) conflicting incentives to terminate the

agreement.
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Appendix

Proof of Lemma 1. We first consider the firm’s best response. We note that

A gf (p) =−αgf (p) .

Becausegf (·) is a decreasing function and because of the inequalities(h− s)/α > u > (ℓ− s)/α, there is

y∈ (0,1) such thatA gf (p)> 0 for p> y andA gf (p)< 0 for p< y. By the argument of Oksendal (2003), p.

215, the best response of the firm must contain(y,1] and cannot have a component disconnected from(y,1].

Thus, the best response is(θ f ,1] for someθ f < y which depends onCe. Using an analogous argument, we

can show that the employee’s best response is[0,θe) for someθe which depends onCf .

Proof of Proposition 1. To prove this Proposition, we solve the optimal stopping time problem of the

employee to obtain supτe
Ep[e−ατe∧τ f ge(Pτe∧τ f )]. Let’s assume thatθ f < θe. Under the firm’s strategyθ f ,

the domain of the employee’s value function is restricted to[θ f ,1]. To prove the existence of the best re-

sponse, we only need to findθe and the solutionf (·) to A f (p) = 0 for p∈ (θ f ,θe) which is continuous in

[θ f ,1] and which satisfies the smooth-pasting conditionf ′(θe) = g′e(θe). The solutionf (·) also has to sat-

isfy f (p) ≥ ge(p) for all p∈ [θ f ,1], f (θ f ) = ge(θ f ), andA f (p) ≤ 0 for all p∈ (θe,1]. In the end,f (p) is

identified as supτe
Ep[e−ατe∧τ f ge(Pτe∧τ f )]. (See Oksendal 2003, Theorem 10.4.1.).

FromA f (p) = 0 for p∈ (θ f ,θe) and the continuity,f (·) must have the following form:

f (p) =











a1φ(p)+a2ψ(p) for p∈ [θ f ,θe]

ge(p) for p∈ {θ f }∪ [θe,1]

for some coefficientsa1 anda2. The coefficientsa1 anda2 are determined by the conditionsf (θe) = ge(θe)

and f ′(θe) = g′e(θe), and they are given by Eqs. (8) and (9). Equation (7) is derived from the condition

f (θ f ) = ge(θ f ).

We first establish that a unique solutionθe to Eq. (7) exists ifge(θ f ) < 0. Defineβ f ≡ θ f/(1− θ f ),

βe ≡ θe/(1−θe), andη ≡ βe/β f . Note thatβ f (βe) is strictly increasing inθ f (θe) and thatη > 1 if θ f < θe.

From Eq. (7) we obtain the following equation forη:

s/α−wℓ

(wh−s/α)β f
=

j(η,γ)
j(η−1,γ)

(14)
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where j(η,γ) = η(γ+1)/2(γ−1)+η−(γ−1)/2(γ+1)−2γ . (15)

It is straightforward to prove thatj(η,γ) takes a minimum value of 0 atη = 1 and is strictly positive forη 6= 1.

Since we are interested inη > 1, j(η,γ) and j(η−1,γ) are strictly positive. Let

m(η,γ)≡
j(η,γ)

j(η−1,γ)
. (16)

After some algebra, we obtain

∂ηm(η,γ) =
(γ2−1)

[ j(η−1,γ)]2η
(ηγ/2−η−γ/2)[ηγ/2−η−γ/2− γ(η1/2−η−1/2)] .

It is straightforward to prove thatηγ/2 −η−γ/2 − γ(η1/2 −η−1/2) > 0 for all η > 1 andγ > 1 because its

derivative with respect toη is strictly positive forη > 1. It follows that∂ηm(η,γ) > 0 for all η > 1 and

γ > 1. We also note thatj(η,γ)/ j(η−1,γ) → 1 in the limit η ↓ 1 and j(η,γ)/ j(η−1,γ) → ∞ in the limit

η → ∞. Hence, j(η,γ)/ j(η−1,γ) monotonically increases inη if η > 1, and it can take any value in(1,∞).

We conclude that there is a unique value ofη ∈ (1,∞) which satisfies Eq. (14) givenβ f , wh, wℓ, ands/α as

long as s/α−wℓ

(wh−s/α)β f
> 1, which is equivalent to the conditionge(θ f )< 0.

We observe thatθ f < θe can be satisfied only ifge(θ f )< 0. If ge(θ f )≥ 0, then there is no solutionη > 1

that satisfies Eq. (14). Thus, the employee’s best response is to quit immediately. This proves statement (ii).

Next, we provef (p) ≥ ge(p). We first inspect the sign ofa1 anda2. Suppose that botha1 anda2 have

the same sign, either positive or negative. Sinceφ(·) andψ(·) are both convex,f (p) = a1φ(p)+ a2ψ(p) is

either strictly convex or strictly concave, and it cannot intersect with a linear functionge(p) twice (atθe and

θ f ) if f ′(θe) = g′e(θe) is satisfied. Hence,a1 anda2 must have opposite signs. Ifa1 > 0 anda2 < 0, then f (·)

is monotonically decreasing, which contradicts the condition f (θ f ) = ge(θ f )< ge(θe) = f (θe). Thus,a1 < 0

anda2 > 0.

Since f (·) cannot be strictly convex or concave in the interval[θ f ,θe], f (·) must be concave-convex from

the functional form ofφ(·) andψ(·), i.e., f (p) must be concave forp< pI and convex forp> pI for some

inflection pointpI ∈ (θ f ,θe). It follows that f (p)−ge(p) is concave-convex which vanishes atp∈ {θ f ,θe}

with a vanishing first derivative atp = θe. The only way this is possible is iff ′(p)− g′e(p) is positive at

θ f , turns negative once somewhere in the interval(θ f ,θe), and approaches zero asp → θe. It follows that

f (p)≥ ge(p) for all p∈ [θ f ,1].
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Now we confirm the inequalityA f (p) ≤ 0 for p∈ (θ f ,1]. BecauseA f (p) = 0 for p∈ (θ f ,θe), we only

need to check the interval[θe,1]. FromA f (p) = 0 and∂2
p f (p) > 0 for p ↑ θe, we find that f (θe) > 0 or

ge(θe) > 0. That implies thatA ge(p) = −αge(p) < 0 for p> θe sincege(·) is increasing. This proves that

the solutionθe to Eq. (7) is the best response threshold.

Proof of Proposition 2. Proof is analogous to Proof of Proposition1.

Proof of Proposition 3. Suppose that the given thresholdθ f of the firm increases. This implies that the firm

will dismiss the employee earlier even if the employee wouldlike to stay. Letθ′f > θ f andτ f = inf{t ≥ 0 :

Pt ≤ θ f}, τ′f = inf{t ≥ 0 : Pt ≤ θ′f }. Becauseτ f ≥ τ′f , the employee’s optimal expected gain from stopping

satisfies the following:

sup
τ≥0

Ep[e−ατ∧τ f ge(Pτ∧τ f )] = sup
0≤τ≤τ f

Ep[e−ατge(Pτ)]≥ sup
0≤τ≤τ′f

Ep[e−ατge(Pτ)] = sup
τ≥0

Ep[e−ατ∧τ′f ge(Pτ∧τ′f )] .

Hence, the payoff to the employee decreases inθ f . If the payoff f (p) to the employee decreases, then the

best response upper thresholdθe decreases because(θ f ,θe) is identified as{p : f (p) > ge(p)}. This proves

thatθe decreases inθ f . We can use a similar argument to prove thatθ f also decreases inθe.

Proof of Proposition 4.

(i) Supposeθe andθ f are best responses to each other. Then they must satisfy Eq. (14). Similarly, from Eq.

(11) which is the condition thatθ f is the best response toθe, the following condition has to be satisfied:

(

h−s−uα
uα+s− ℓ

)

βe =
j(η,γ)

j(η−1,γ)
, (17)

where j(η,γ) is given by Eq. (15).

The thresholdsθe andθ f are completely determined if and only ifβe = θe/(1−θe) andβ f = θ f /(1−θ f )

are determined. Hence, it suffices to determine the values ofβeβ f andη ≡ βe/β f . From the ratio of Eqs. (14)

to (17), the value ofβeβ f is given by

(

s−wℓα
whα−s

)(

uα+s− ℓ

h−s−uα

)

= βeβ f . (18)

There is a value ofβeβ f ∈ (0,∞) which satisfies this equation because the left-hand-side ispositive. Next, by
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multiplying Eqs. (14) and (17), we obtain

(

s−wℓα
whα−s

)(

h−s−uα
uα+s− ℓ

)

= k(η,γ) , (19)

where the right-hand-side

k(η,γ) ≡
1
η

[

j(η,γ)
j(η−1,γ)

]2

(20)

takes the value of 1 in the limitη ↓ 1 and∞ in the limit η → ∞. Hence, there exists at least one value ofη > 1

which satisfies this equation as long as the left-hand-side is larger than 1.

[Note: Equation (13) is actually a necessary and sufficient condition for an MPE withθ f < θe if the

functionk(η,γ) is strictly larger than 1 for allη > 1 andγ > 1. Our numerical study indicates thatk(η,γ) is

larger than 1 for all values ofη ∈ (1,100) andγ ∈ (1,100), so we speculate that Eq. (13) is a necessary and

sufficient condition for an MPE withθ f < θe. Moreover, the same numerical study shows thatk(η,γ) is a

strictly increasing function ofη. From the apparent monotonicity ofk(·,γ), we further speculate that there is

a unique value ofη that satisfies Eq. (19) and that the MPE is unique.]

Next, note that there are a finite number of values ofη which satisfy Eq. (19) because the functionk(η,γ)

is continuously differentiable andk(η,γ)→ ∞ in the limit η → ∞. Thus, there are a finite number of MPEs.

Let n be the total number of MPEs, and letSi = (θr,i ,θe,i) denote theith MPE strategy profile with the firm’s

thresholdθr,i and the employee’s thresholdθe,i . In particular, we indexSi in such a way thatθe,i > θe, j if

i < j. Thenθr,1 < θr,2 must be true because the firm’s best responseθ f must decrease in the strategyθe of

the employee by Propositions 1 and 2. Hence,θr,1 < θr,2 < θe,2 < θe,1 must be satisfied. From the proof of

Proposition 1, we note thatVe(p;θr,2,θe,2)≤Ve(p;θr,1,θe,2) becauseθr,2 > θr,1. By the property of MPEs, we

have

Ve(p;S2) =Ve(p;θr,2,θe,2)≤Ve(p;θr,1,θe,2)≤Ve(p;θr,1,θe,1) =Ve(p;S1) .

Similarly, we can show thatVf (p;S2) ≤Vf (p;S1). We can repeat the same argument for alli between 2 and

n and conclude thatVe(p;S1) ≥ Ve(p;Si) andVf (p;S1) ≥ Vf (p;Si). Thus,S1, which has the highest ratio

θe,i/θr,i , is the Pareto-dominant MPE.

(ii) From Eq. (19) and the fact thatj(η,γ) is strictly positive forη > 1, we know thatk(η,γ) is strictly

positive. Also, because limη↓1 k(η,γ) = 1 and limη→∞ k(η,γ) = ∞, there exists infη>1k(η,γ) = c ∈ (0,1].
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Hence, if( s−wℓα
whα−s)(

h−s−uα
uα+s−ℓ )≤ c, then Eq. (13) cannot be satisfied by any value ofη > 1.

Proof of Proposition 5. Sinceγ ↓ 1 asσ → 0, it suffices to study the limits of small values ofδ ≡ γ−1. We

note that

j(η,1+δ) = (x−1− lnx)δ+
1
2
(lnx)(x−1+

1
2

lnx)δ2+O(δ3)

in the limit δ → 0. Hence, Eq. (19) reduces to

(

s−wℓα
whα−s

)(

h−s−uα
uα+s− ℓ

)

=
(η−1− lnη)2

η(η−1−1+ lnη)2 +O(δ) .

Let

k(η)≡
(η−1− lnη)2

η(η−1−1+ lnη)2 .

We note that limη→1 k(η) = 1 and limη→∞ k(η) = ∞. Hence, if( s−wℓα
whα−s)(

h−s−uα
uα+s−ℓ )> 1, there exists a finite value

of η ∈ (1,∞) which satisfies Eq. (19) in the limitσ → 0. It means thatθ∗e 6→ 1 andθ∗f 6→ 0 in the limit σ → 0.

Now we prove that there is a unique MPE in the small-σ limit by showing thatk(η) is strictly increasing

for η > 1. We note that
dk(η)

dη
=

(η−1− lnη)
(1−η+η lnη)3 k1(η)

wherek1(η) ≡ η(lnη)2+(η2−1) lnη−3η2+6η−3. We note thatk1(1) = 0 and that its first and second

derivatives vanishes atη = 1, and its third derivative is zero atη = 1 but strictly positive forη > 1. Conse-

quently,d2k1/dη2, dk1/dη, andk1(η) are all strictly positive and increasing forη > 1. It follows thatk(η) is

strictly increasing for allη > 1.

Next, we prove thatθ∗e decreases inσ while θ∗f increases inσ by showing thatη∗ decreases inσ in the

small-σ limit. To do so, we simply need to show limγ→1+ ∂γm(η∗,γ)> 0 and use the expression

dη∗

dγ
=−

(

2m(η∗,γ)
η∗

)

∂γm(η∗,γ)
∂ηk(η∗,γ)

, (21)

which is derived by applying the implicit function theorem on Eq. (19), since we already know thatdk(η)/dη>

0. After some algebra,

lim
γ→1+

∂γm(η,γ) =
(η−1− lnη)η lnη
(1−η+η lnη)3 ·m1(η),

where m1(η) =−2(η−1)2+
1
2
(η2−1) lnη+η(lnη)2 .
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We note thatm1(1) = 0, and its first and second derivatives vanishes atη = 1 and its third derivative is strictly

positive forη > 1 from the property ofη2−2η lnη−1. Consequently,d2m1/dη2, dm1/dη, andm1(η) are

all increasing and strictly positive forη > 1. It follows that limγ→1+ ∂γm(η,γ) > 0 for all η > 1. Therefore,

dη∗/dσ < 0 is true, andθ∗e decreases inσ while θ∗f increases inσ from Eq. (18).

Proof of Proposition 6. Let θ∗f (σ) andθ∗e(σ) denote the MPE thresholds when the volatility isσ. Similarly,

let V∗
e (p;σ) andV∗

f (p;σ) denote the MPE payoffs when the volatility isσ. For p∈ (θ∗f (σ),θ∗e(σ)), we study

the limiting values limσ→0V∗
e (p;σ) and limσ→0V∗

f (p;σ). From Eq. (10),

V∗
e (p;σ) =

s
α
+a1φ(p)+a2ψ(p)

wherea1 anda2 are given by Eqs. (8) and (9). For small values ofσ,

a1φ(p)+a2ψ(p) = pwh+(1− p)wℓ−
s
α
+O(σ2) = ge(p)+O(σ2) .

Hence, limσ→0V∗
e (p;σ) = s/α+ ge(p). However,V∗

e (p;σ) > s/α+ ge(p) for σ > 0 by the property of the

best response of the employee. Thus, we conclude

V∗
e (p;σ)> lim

σ→0
V∗

e (p;σ) .

Using the same procedure, we can show that

V∗
f (p;σ)> lim

σ→0
V∗

f (p;σ) .

These inequalities imply thatV∗
e (p;σ) andV∗

f (p;σ) decrease asσ → 0 for p∈ (θ∗f (σ),θ∗e(σ)).

Proof of Proposition 7. In the large-γ limit, we find that

m(η,γ) = η+O(γ−1) , k(η,γ) = η+O(γ−1) .

From Eqs. (17) and (18), we find thatβ∗
e ≡ θ∗e/(1−θ∗e) andβ∗

f ≡ θ∗f /(1−θ∗f ) are given by

β∗
e =

s−wℓα
whα−s

+O(γ−1) , β∗
f =

uα+s− ℓ

h−s−uα
+O(γ−1) .

So we obtainβ∗
e → β∞

e , β∗
f → β∞

f , θ∗e → θ∞
e andθ∗f → θ∞

f . TheO(γ−1) terms can be obtained directly from
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Eqs. (7) and (11):

β∗
e = β∞

e (
γ+1
γ−1

)+
2ge(θ∞

f )
√

β∞
e

(wh−s/α)
√

θ∞
f (1−θ∞

f )

(

β∞
e

β∞
f

)−γ/2

+o((β∞
e /β∞

f )
−γ/2) , (22)

β∗
f = β∞

f (
γ−1
γ+1

)+
2gf (θ∞

e )
√

β∞
f

(u+s/α−h/α)
√

θ∞
e (1−θ∞

e )

(

β∞
e

β∞
f

)−γ/2

+o((β∞
e /β∞

f )
−γ/2) . (23)

Hence,θ∗e ↓ (s/α−wℓ)/(wh−wℓ) andθ∗f ↑ (uα+s− ℓ)/(h− ℓ) asγ → ∞.

Proof of Proposition 8. To prove this Proposition, we need to inspect the large-γ behaviors ofa1φ(p) +

a2ψ(p) andb1φ(p)+b2ψ(p) [see Propositions 1 and 2 for Eqs. (10) and (12)]. We insert Eq. (22) into Eqs.

(8) and (9) to obtain the following:

a1φ(p) = ge(θ∞
f )

√

p(1− p)
θ∞

f (1−θ∞
f )

(

p/(1− p)
β∞

f

)−γ/2

+o





(

p/(1− p)
β∞

f

)−γ/2


 ,

a2ψ(p) = 2(
s
α
−wℓ)

√

p(1− p)
β∞

e

1
γ

(

β∞
e

p/(1− p)

)−γ/2

+o

[

(

β∞
e

p/(1− p)

)−γ/2
]

.

Note that p/(1−p)
β∞

f
> 1 and β∞

e
p/(1−p) > 1 becauseθ∞

f < p< θ∞
e . Both a1φ(p) anda2ψ(p) converge to zero as

γ → ∞, but a1φ(p) converges to zero more slowly thana2ψ(p) if and only if p/(1− p) ≤
√

β∞
e β∞

f . Hence,

a1φ(p) + a2ψ(p) ↑ 0 for p/(1− p) ≤
√

β∞
e β∞

f and a1φ(p) + a2ψ(p) ↓ 0 for p/(1− p) >
√

β∞
e β∞

f because

a1φ(p) < 0 < a2ψ(p). Following an analogous procedure and using Eq. (23), we canshow thatb1φ(p)+

b2ψ(p) ↑ 0 for p/(1− p)≥
√

β∞
e β∞

f andb1φ(p)+b2ψ(p) ↓ 0 for p/(1− p)<
√

β∞
e β∞

f .
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Figure 1:V∗
e (p) for σ =0.1, 5, 10, 30 whenα = 1, h= 6, ℓ= 3, s= 3, wh = 4, wℓ = 1, andu= 1.
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Figure 2:V∗
f (p) for σ =0.1, 5, 10, 30 whenα = 1, h= 6, ℓ= 3, s= 3, wh = 4, wℓ = 1, andu= 1.
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