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This paper describes a generic model for case memory systems expressed using the Z notation.
A case memory system is an essential part of any case-based reasoning system, and provides a
mechanism for storing old cases, and for assessing the relationship between the stored cases and
a new problem. Using the model, characteristics that have been claimed for specific case memory
systems in the literature, e.g. responsiveness to a reasoner’s goals or use of past experience in case
assessment, are expressed formally in terms of constraints on the means by which case relations
are computed. The model supports precise reasoning about the characteristics of specific systems
and offers insight into the variety of options available to software or knowledge engineers seeking
to reuse a case memory system, to select a case memory system shell or to develop a new system.
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1. INTRODUCTION

In recent years, case-based reasoning (CBR) has grown in
popularity as a paradigm for the design of knowledge-based
systems. CBR has been successfully applied to a number of
commercial and industrial problems [1-4] and commercial
products which might be described as CBR shells [5, 6] have
been successfully marketed.

In this paper, we investigate issues in the design of one
part of any CBR system, the mechanism for the storage
and retrieval of cases. Kolodner [7-9] uses the term ‘case
memory’ to refer to a software artefact that includes a
specific set of stored cases and a mechanism for storage
and retrieval. In this paper, we shall use the term case
memory system (or system where there is no ambiguity) to
refer to an abstract model of a mechanism for storage and
retrieval of cases, i.e. a case memory without a particular
set of cases instantiated within it. We present a generic
model of case memory systems that can be used to support
software engineers and knowledge engineers in selecting
case memory system shells, in reusing existing system
designs, and in developing new systems.

The paper also shows how a formal software engineering
notation, in this case Z, can be used to develop models that
are both precise and offer sufficient range to support reuse.
Generic formal models have been reported by others [10—
12]; however, to the best of our knowledge, this approach has
not previously been applied to a class of knowledge-based
systems.

1.1. Structure of this paper

In Section 2, we describe the basic process of case-based
reasoning and introduce the concept of a case memory
system. In Section 3, we examine why a new generic

model of case memory systems is required, and some of the
criteria by which such a generic model should be judged. In
Section 4, we explain our choice of notation and introduce
its basic elements. In Section 5, we present our generic
model for case memory systems. In Section 6, we show
how the generic model can be used to construct formal
definitions for properties of case memory systems that have
been identified as significant by researchers in the field
of CBR. In Section 7, we show how the model supports
reasoning about the properties of individual systems and
about the relationships between properties. In Section 8, we
discuss the model we have presented and some of the other
work that we are developing from the model. In Section 9,
we present our conclusions.

2. AN INTRODUCTION TO CBR AND CASE
MEMORY SYSTEMS

Case-based reasoning is the process of using information
from previous incidents to solve new problems. Figure 1
illustrates a task decomposition of CBR as presented by
Aamodt and Plaza [13]. They describe CBR as a cycle of
four stages. Given a new problem, a CBR system tries to
solve the problem by:

1. retrieving previously stored cases that may be useful;

2. reusing the retrieved cases by either copying some
aspect of their solution(s) or seeking to adapt the
retrieved solution(s).

After a problem-solving episode a CBR system may:

3. evaluate and revise the solution that was applied;
4. store the new problem-solving episode, together with
the revised solution, as a new case.
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FIGURE 1. A task decomposition of case-based reasoning.

In the CBR literature, the data structure in which the cases
are stored is usually called a ‘case base’, and the method by
which cases are selected and retrieved is called ‘similarity
assessment’, or computing a ‘similarity function’. We
follow these conventions, although we agree with Kolodner
[7, 8] that the concept of ‘similarity’ may be misleading,
and that the problem for a CBR system is to find the most
‘useful” case rather than the most ‘similar’.

In this paper, we are concerned with the first stage of
CBR, i.e. the search for and retrieval of appropriate cases.
In many case-based reasoners the mechanism for storage
and retrieval is implemented as a separable software module.
Kolodner [8] describes one such module, together with
an instantiated set of cases, as a ‘case memory’. We
prefer the term ‘case memory system’ to emphasize the
distinction between a system providing functions for storage
and retrieval, and a case base which is a passive store of
cases. We define such a system as follows:

A case memory system is an abstraction that
describes the way in which, given a new situation,
previously stored cases can be retrieved and
ordered in relation to a new problem.

3. MODELS TO SUPPORT REUSE

In this section we explain why generic models of case
memory systems are required by software and knowledge
engineers, outline some criteria by which such models might
be judged and then compare existing information about such
systems with these criteria.

3.1. Why models of case memory systems are required

Two key aims of all engineering disciplines are to improve
the reliability, and to control the costs, of the process
of producing artefacts. To achieve this aim, software

engineers and knowledge engineers have sought to design
components and systems that can be reused for multiple
applications. This approach is apparent in the development
of object-oriented programming [14], in the development of
methodologies based on generic tasks [15-17], and in the
concept of knowledge-based system shells [18].

In the context of case memory systems, reuse may take
place either by reusing an existing design as a component in
anew CBR system or by instantiating a new case base within
a case memory system shell. If software and knowledge
engineers are to reuse case memory systems they will require
generic models of the capabilities of systems that allow them
to compare and contrast different designs.

3.2. Criteria for generic models of case memory
systems

A number of basic criteria can be identified for any generic
model that aims to support engineers in selecting and reusing
systems or components of a given class.

1. The model must be abstracted away from the concerns
of particular applications or domains. If not, then the
model may include assumptions that are inappropriate
to the new application.

2. The model should have sufficient range to describe
a wide variety of different systems in the class. If
not, engineers may fail to identify important design
possibilities.

3. The model should be sufficiently expressive to allow
important distinctions between systems to be described.
To interpret this requirement in the context of case
memory systems it is necessary to consider what
distinctions and properties should be expressible.
Previous informal discussions of case memory systems,
e.g. [19], have highlighted the following issues as
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important:

e the different possible outputs, i.e. single cases,
sets of cases, case lattices etc. [20, p. 73];

e the role of context in retrieving cases [20, p. 74;
21,p. 70; 22, p.84];

° the effect of the case base contents on retrieval
[7,p.77; 20, p. 74].

These issues are still relevant questions for system
designers, see for example the preference orderings
over cases described by Plaza [23], the development of
context-sensitive measures in Ricci and Avesani [24],
and the representation of the ‘desirability’ of cases in
Haigh and Veloso [25].

4. The model should be precise and unambiguous. If
not, then it will be difficult to use for engineers who
have not been involved in its development or have not
already gained considerable experience of the systems
described [26].

3.3. Existing models of case memory systems

At present most of the information available to support the
engineering of CBR systems in new domains is in the form
of case studies of single systems. As models to guide reuse,
individual case studies have insufficient range and may lack
abstraction.

Various authors have presented informal overviews of
CBR; for examples see Kolodner [9] and Reisbeck and
Schank [27, Chapter 2], but such informal accounts lack
the precision required to support reuse. Aamodt and Plaza
[13] provide an abstract framework that decomposes CBR
into a set of subtasks. However, the input and output of
the subtasks in the framework are not specified, which again
results in a lack of the necessary precision.

More formal treatments of case memory systems have
been presented, but the additional precision has been
obtained by restricting the models to a limited range of
systems. Koton and Chase [28] and Mehl [29] investigated
the logical properties of one particular case memory system.
Jankte [30] considers the learning capabilities of case
memory systems but restricts his attention to systems that
select a single case. Wettscherreck and Aha [31] provide a
framework for considering feature-weighting methods in k-
nearest neighbour classifiers. Bayer er al. [32] provide a
useful catalogue of numeric similarity functions, but do not
consider questions such as the use of contextual information
or systems that return complex case orderings. Plaza et al.
[33] have developed a possible worlds semantics for CBR
systems that use numeric similarity functions. None of these
existing models is able to describe important legal systems
such as HYPO [34], GREBE [35] and CABARET [36].

Thus, each of the currently available models is inadequate
with respect to one or more of the criteria we have identified.

In the rest of this paper we describe a formal model for
case memory systems that:

1. is abstracted away from particular knowledge domains
or applications;

2. has a greater range than existing formal treatments of
case memory systems;

3. supports the expression of properties of systems
that have been identified as significant by previous
researchers;

4. is sufficiently precise to support reasoning about the
relationships between different properties of systems
and the analysis of domain-independent algorithms and
case memory system shells in relation to the properties
described.

We believe that such a model will be useful to software
engineers and knowledge engineers in selecting existing
designs or shells for reuse in new domains, and in designing
new systems.

4. THE CHOICE OF THE Z NOTATION

The model we present is written using the software
engineering notation Z [37]. Since Z is not a typical choice
of modelling language within the artificial intelligence
community, our choice deserves some explanation. The
suitability of Z for our task derives from some observations
about case memory systems.

Firstly, a case memory system involves the storage and
retrieval of cases and sets of cases. Z provides all the usual
machinery of set notation. Secondly, a generic model of
case memory systems requires the abstract description of a
function (the similarity function). Z is well suited to defining
constraints on functions without specifying the function
explicitly. Thirdly, Z’s refinement mechanism by imposing
additional constraints upon schemata offers a useful device
for describing alternative classes of systems by presenting
each class as a refinement of a generic model.

4.1. An introduction to Z

Z provides all the familiar notation of set theory, including
set membership x € X, the power set of a set PX,
universal and existential quantification, V and 3, and logical
connectives ‘—’ (not), ‘A’ (and), and Vv’ (or).

A binary relation is modelled in Z by its graph expressed
as a set of ordered pairs. Thus the relation ‘less than’ on the
set {1,2, 3,4} is modelled by the set {(1, 2), (1, 3), (1, 4),
(2,3),(2,4), 3,4}

If f(x) = y we may write (x,y) € f. A convenient
notational device to clarify the intention that a pair is to be
interpreted as belonging to some relation is to write the pair
as a maplet x — y. We may also write x > y € f. For
example, assuming the usual definition of square, we may
write any of the following statements: square(2) = 4 or
(2,4) € square or (2 — 4) € square.

A general relation, r, between two sets X and Y can
be declared as r : X < Y. Total functional relations
(i.e. functions with a defined value for each element of the
domain) are written f : X — Y. Partial functions (i.e.
functions which are undefined for some elements of the
domain) are written f : X - Y. In addition, domr denotes
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the domain of the relation r and ranr denotes its range. If A
is a set, then #A is the size (number of elements) of A.

Z uses schemata to group related functions and sets.
A schema consists of a set of variable names with type
declarations (e.g. v : T) and a set of predicates, typically
defining constraints between these variables. A schema can
be written using a box of the form

__Schemaname
Declarations

Predicates

The inclusion of Schemaname in the declarations of
another schema implies the inclusion of all the declarations
and all the predicates of the named schema in the new
schema.

The general form of predicates in Z is Quantifier D |
P e O, where D is a type declaration and P and Q are
predicates. The semantics of this predicate are that whenever
the predicate P is true for the variables declared in D, the
predicate Q is also true. For instance the predicate:

Vx,y:N|x <yex?<y?

is read as ‘for all natural numbers x and y such that x is less
than y it is also true that x squared is less than y squared’.

Set comprehension in Z uses the notation {Quantifier D |
P e Q}, where D is a set of variable declarations, P is
a predicate relating those variables and Q is a tuple. The
semantics defines this to be the set of tuples of the form of
Q such that Quantifier D | P is satisfied. So {x : N | x >
1 Ax <3e(x,x?)}is the set {(1, 1), (2,4), (3,9)}.

A sequence s of elements of type X is denoted by s :
seq X. () denotes the empty sequence. Sequences are
represented by partial functions from the positive natural
numbers to the type of the sequence elements. Thus the
sequence (a, b, ¢, d) is the same as the set {(1,a), (2, b),
(3,¢), (4,d)}. The length of a sequence is the number of
elements in this set, so #s is the length of s.

Anonymous functions can be written in Z using a form
of A notation, that is Ax : X e f(x). Thus, the function
square(x) on the natural numbers can be written Ay : N e
y X y.

Finally, two relations used in this paper which may be
unfamiliar are domain restriction and range restriction. For
any relation A and any set B of the same type as the elements
in the domain of A, the expression B < A denotes the relation
A with its domain restricted to the set B, i.e.

B<A={x—y:A|x € B}

The expression B <« A denotes the relation A with the
elements of B deleted from its domain (domain anti-
restriction), i.e.

B<A={x—y:A|x ¢ B}

Similarly the symbols > and » denote range restriction
and range anti-restriction respectively. Thus for the relation

square on the domain {1, 2, 3, 4, 5},

{1,2,3} < {1, 1), (2,4), (3,9), (4, 16), (5,25)}
={1,1),(2,4,3.9}

and

{(1,1),(2,4),(3,9), (4,16), (5,25)}» {9, 16, 25}
={, D, 2,4}

For a full treatment of the Z notation see [37]. In the next
section we introduce our general model for case memory
systems.

5. THE BASIC MODEL
5.1. Assumptions of the model

We begin the construction of the model by making some
assumptions based on our observations on systems described
in the literature [38—45].

e The use of a set of features, or attribute—value pairs,
forms part of the indexing and retrieval processes of the
majority of systems that we have investigated. In the
model, cases are indexed by a description from the set
D, which is the set of partial functions from Attributes
to Values, i.e. a unique value is associated with each
attribute.

e A wide range of possible representations of case
content are used. We model the content of a case by
an item from a set of reports, R. We have chosen to
abstract away from the particular representations that
can be used for reports, since these are likely to be
highly domain-specific. Each case is then a D—R pair.

e A case base is a set of cases, or alternatively a relation
between D and R.

e Many systems assume that a static statement of the
current problem is available at the start of the reasoning
process.! In the model the new case is represented by
an element from the set of problem statements, PS.

e Since the problem statement may represent different
information from that used for indexing, a process
of translation may be necessary to infer appropriate
indexing attributes (and values). In CBR literature,
this translation process may be referred to as ‘situation
assessment’. In the model, we include a translation
function, T, to perform this task. In some systems, 7
may be the identity function. The model assumes that
T is a static function that is not modified by the contents
of the case base.

e Retrieval may return one case or a set of cases ordered
in some way. The simplest forms return a single
case. The most complex form of ordering that we have
encountered is a partial order of equivalence classes

'We have developed an extended model for systems in which the input
is incrementally refined by a process of interaction with a case memory
system; see [46, 47].
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[34, 35]. We model the output of a system as a pre-
order. The selection of a single case, selection of a set
of cases, a total ordering over cases, a partial ordering
over cases or a partial order over equivalence classes of
cases can all be treated as special cases of a pre-order.
e A case memory system consists of: a method for
translating from PS to D, and an enquiry function that
takes as input a case base and a PS and delivers as
output some ordering over a subset of the case base.

Notice that our choice of attribute—value pairs as the
general indexing mechanism is not intended to exclude
richer case representations. Abstracting away from the
representation details for the problem statement and the
case content, by means of the arbitrary sets R and PS,
permits the application of the model to systems that use
complex problem and case representations such as graphs
or objects. We merely note that the software used for
the initial retrieval of cases uses either a set of (possibly
abstract) features, or attribute—value pairs, although the
ordering task may use more detail which involves the richer
representations available from the problem statement or the
retrieved reports. The use of attribute—value pairs to denote
the indexing scheme also allows the model to be applied to
database retrieval as well as to case memory systems.

5.2. Case memories and case memory systems

Based on the assumptions we have made above, we can now
present our generic formal model of a case base and a case
memory system. We begin by declaring the existence of the
sets:

[PS, Attributes, Values, R].

These will form the basic types of the specification. For any
particular system the elements in these sets will depend on
the application domain.

D is defined to be the set of partial functions from
Attributes to Values. Each description may have values
defined for only a subset of the full set of attributes. A case
is a D—R pair:

D == Attributes + Values
Cases == D x R

A case base is a particular set of cases or, equivalently, a
relation between D and R.

Case_Bases == D < R.

To retrieve cases from the case base we shall define a
function Enquire, which takes as input a case base and a
PS, and returns a pre-order over the cases. A pre-order is a
relation on a set that is transitive and reflexive.

—[X]
Pre_orders : P(X < X)

Vx,y,z: X; P : Pre_orderse
(x,y) € PA(y,2) € P = (x,2) € P)
Ax,x) e P

We also require a translation function, 7', that maps the
set PS to the set D.

We can now give a general schema CMS to represent a
case memory system.

__CMS
T:PS— D
Engquire : (D < R) x PS)

— (Cases <> Cases)

VYCb: D < R; p: PSe
Enquire(Cb, p) € Pre_orders
A dom(Enquire(Cb, p)) C Cb
Aran(Enguire(Ch, p)) € Cb

In the schema CMS the Enquire function takes as input a
case base and a PS and returns a pre-order over the cases in
the case base.

This formalization may seem unusual in that the Enquire
function takes the problem statement as an argument,
rather than the description that is generated by the
translation function. The reason for this choice is that
some case memory systems make use of information
in the problem statement, that is not included in the
language of indexing descriptions, to determine the final
output. Such additional information might be applied
after an initial retrieval operation based only on the
indexing description of the new case, or it may be used
directly to modify the way that the case base is searched.
Our formalization covers either of these implementation
options.

5.3. An example system

To illustrate how the generic model can be used to describe
particular systems we consider the case memory system used
by the HYPO legal reasoner [34]. HYPO is designed to
support a lawyer in identifying test cases in trade secrets law
which may be relevant to a new legal claim.

The input to HYPO is called the ‘current fact situation’
which is a set of predicates which describe material facts
about the client’s case. The stored cases are described by
fact situations in the same language as that used for the input;
however they also include details of the outcome of the case
(for the plaintiff or the defendant) and the legal claim that
was pursued. An example of part of a fact situation given by
Ashley and Rissland [34] is:

‘Telex offered IBM’s Merlin project engineers
large salaries stock options and bonuses (one
for $500,000) as inducements to join Telex’ [34,
p- 72].

HYPO compares cases using a set of abstract legal
dimensions which are significant for this part of trade secrets
law. An example of a dimension that can be extracted from
the statement above is called ‘Bribe-Employee’. HYPO’s
translation function, 7, is implemented by means of a
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Space Aero vs. Darling

’ Analogic vs. Data Trans

non-disclosure-agreed
brought-tools

_> P

P brought-tools

Current case

. Eastern Marble P
—P

Kewanee vs. Bicron P

Amoco
non-disclosure-agreed
sole-developer
specific-non-

disclosure-agreement

non-disclosure-agreed

. sole-developer ]

specific-non-
disclosure-agreement

D Telex vs. IBM P

non-disclosure-agreed

brought-tools
secrets-disclosed-to-
outsiders

Motorola D

> non-disclosure-agreed
specific-non-

outsiders

Crown Industries D
Data General

L Pp| secrets-disclosed-to-

disclosure-agreemant

P

FIGURE 2. A ‘claims lattice’ output by HYPO.

set of frames, one for each legal dimension, that evaluate
the current fact situation and return one of three possible
values: applicable, near-miss or not applicable. Within our
model ‘Bribe-Employee’ would be an attribute having the
value ‘applicable’ in the case of Telex vs. IBM. The case
description would then be a mapping from the attributes
(legal dimensions) to the values (applicable, not-applicable,
near-miss).

Once the case has been translated to find the set of
relevant dimensions, HYPO constructs a ‘claims lattice’,?
which orders the relevant prior legal cases by reference to
the subsets of legal dimensions that the stored cases share
with the input case. A case is judged to be more similar
than a second case if and only if the first case shares with
the new case a superset of the legal dimensions shared
by the second case. In the first instance, HYPO makes
no distinction between the near-miss dimensions and the
applicable dimensions. Cases that share the same set of
dimensions with the current fact situation are placed within
a single equivalence class. An example of a ‘claims lattice’
output by HYPO is shown in Figure 2.

Formally, the construction of the initial ‘claims lattice’
in HYPO can be modelled as follows. First we assert the
existence of three new sets about which we have no more
detailed information.

[Attributes),, Fact_Situation, Legal _Claim].

Some other basic types are used by HYPO and must be

2Strictly speaking, HYPO’s output is not necessarily a lattice, rather it
is an example of a pre-order.

introduced.

Valuesy, ::= Applicable | Nearmiss | Notapplicable
Finding ::= Plaintiff | Defendant.

These sets can then be used to define appropriate types for
the problem statements, descriptions, reports and cases.

PS;, == Fact_Situation
D), == Attributes;, + Values,,
Ry, == Fact_Situation x Legal_Claim x Finding

Cases, == Dj, X Ry,.

We model each of HYPO’s frames as a function that
maps a problem statement to one of the values, Applicable,
Nearmiss or Notapplicable:

Frames, == PS;, — Valuesy,,

and we associate each frame with an attribute:

Dimension : Frames;, — Attributes,.

The schema CMS models HYPO as a case memory
system.
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__CMS,
T, : PSy — Dy,

Enquirey, : (D, <> Ry) x PS),

— (Casesy, <> Casesy,)

YCb : D, <> Ry; p : PSye
Ty(p) =
{f : Frames, |
f(p) # Notapplicablee
(Dimension(f), f(p)}

A
Enquire, (Cb, p) =
{c1, ¢y = Casesy, |

{c1,c2} € Cb

A

dom(first c¢; > {Applicable, Nearmiss})

Ndom(7,(p))
C

dom(first ¢, > {Applicable, Nearmiss})
Ndom(7,(p))}

To show that CMS), is a refinement of schema CMS, it is
necessary to show that the output of Enquire,, is transitive
and reflexive, and that it covers a subset of the case base.
Transitivity and reflexivity follow from the fact that the
relation C is both transitive and reflexive. That the output
covers a subset of the case base follows because the output
is defined as a set comprehension from the case base.

6. FORMALLY DESCRIBING PROPERTIES OF
SYSTEMS

In this section, we show how the model can be used
to discriminate between properties of systems already
recognized in the CBR literature.

6.1. Directing search

The first example we choose is the concept of Goal-
Directed Preference [8]. Kolodner argues that the degree
of usefulness of a stored case to a case-based planner will
depend on what goal the planner is currently pursuing.
Kolodner gives an example from the PARADYME menu
planning system.

‘... when the problem solver is trying to come up
with a main dish, those cases that match on main
dish constraints will be preferred over others.” [8,
p- 158]

Thus, although the reasoner’s current goal of ‘plan-main-
dish’ is not used as an indexing attribute, the fact that the
reasoner has this as its current goal affects the ordering of
cases returned from the case memory system.

Since goals are not the only factors that might be allowed
to influence case retrieval, for example a designer might

want to allow the personal preferences of a user to be
considered, or alternatively Smyth and Keane [48] suggest
using ease of adaptation to affect retrieval, goal-directed is
an inappropriate term for a general model. Instead we apply
the term directable to systems that are able to make use of
information for similarity assessment that is not available for
indexing.

We can model this property by considering the role that
the problem statement plays in evaluating an enquiry. The
schema Directable.CMS demands that it be possible to
find two problem statements which translate to the same
description but generate different outputs from an enquiry.

__Directable_CMS
CMS

ACb: D < R; p1, p2 : PS |

T(p1) =T(p2)e
Enquire(Cb, py) # Enquire(Cb, p,)

Conversely we can define an undirectable system as
satisfying:

_Undirectable_CMS
CMS

YCb: D < R; py, py: PS|

T(p1) =T(p2)e
Enquire(Cb, p\) = Enquire(Cb, p»)

In an undirectable system if two elements of PS translate to
the same D then the output of an enquiry based on either of
these PSs must be the same.?

Notice that these schemata do not place any restriction on
the implementation of directability.

To illustrate directability, consider a system designed to
support a second-hand car dealer in deciding on a suitable
price for a vehicle. The cases in the system would be
previous vehicles that the dealer has bought, sold or seen
advertised. Three possible goals could be identified: to fix
a selling price for a car, to decide how much to bid for a
car or to decide whether to pay a given price for a car. The
dealer needs to direct the system accordingly. Directability
then could be implemented by:

e Allowing the dealer to assign numerical weights to each
feature. When selling the dealer might concentrate
on desirable features of the vehicle. When buying
the dealer might place more weight on undesirable
features.

e The system asking the dealer whether he/she is buying
or selling and then ordering or weighting the features
accordingly.

e If the dealer was trying to decide whether to buy a
particular car at a particular price, then the enquiry

3In these schemata, it is not necessary to constrain p; and p; to be
distinct PSs, since the fact that Enquire is a function implies that p; and p»
must be distinct if the schema Directable_CMS is to be satisfied.
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function could be restricted to consider only a subset of
the case base, i.e. those cases where the dealer knows
the price at which the car was actually sold, rather than
just an advertised price.

The shell ReMind [6] is an example of a shell that
provides directability by allowing a user or client to attach
different weights to different features in an enquiry.

This example is a typical use of the model to discriminate
amongst systems. For a given property two schemata can be
defined, each of which includes the basic schema CMS. In
one schema a constraint is added such that for any two inputs
having a particular relationship, the output of the enquiry
function is fixed. In the second schema it is possible to find
inputs with the given relationship for which the output of an
enquiry differs. In the rest of this paper we shall construct
only one schema that describes the positive occurrence
of each property. The second schema that excludes the
property can be constructed by analogy with the schema
Undirectable_CMS.

6.2. Responding to contextual information

In [20], Ashley considers the interaction between different
attributes of a case. Ashley notes that:

‘One problem is that the relative significance of
factors depends so much on context. Experts
may believe that a certain feature is generally
more important than another feature, but they may
rarely assign numerical weights or probabilities to
express the difference and they always are aware
of the possibility that in some combinations of
features, the opposite may be true, the usually
minor feature may be more significant.” [20, p. 74]

The example of the second-hand car dealer introduced
above may be used to illustrate possible interaction between
attributes. For instance, if the dealer’s task is to set a price
for a car with a diesel engine, then matching the age and
mileage of the vehicle might be less significant than when
setting a price for a car with a petrol engine.

The idea of a context provided by some part of a PS
may be represented by considering two PSs, one of which
translates to a superset of the attribute—value pairs of the
second, i.e.

Ap1, p2 : PS | T(p2) S T(p1).

The attribute—value pairs in the set difference 7' (p;) \ T (p2)
provide a context in which the query Enquire(Cb, p;) is
evaluated. If this context is to have an effect on the case
ordering by altering the significance of attributes in 7 (p,)
then we should expect that two cases can be found that are
ordered one way by Enquire(Cb, p,), but ordered differently
in the new context provided by py, i.e.

3Cb : D < R; ¢y, c; : Cases |
{c1,c2} € Cbhe
(c1, ¢2) € Enquire(Cb, py) \ Enquire(Cb, p;).

Of course, one way in which this may occur is if the cases
differ with respect to the attributes in 7 (py) \ T(p2). To
exclude this possibility we must require that the cases do not
differ on these attributes:

dom(T (p) \T(p2)) <dy =
dom(T (p) \ T (p2)) < ds,

i.e. if d; and d, are restricted to only those attribute—value
pairs that involve attributes in the domain of 7 (p) \ T (p2),
then the two restricted sets cannot be distinguished.

Combining these observations allows the construction
of a constraint that requires that a system be sen-
sitive to such contextual information. The schema
Attribute _Interdependent_CMS is shown below.

__Attribute_Interdependent_CMS
CMS

ACbhb : D < R; py, p2: PS; ¢y, ¢y : Cases |
{c1, 02} € Cb
AT (p2) € T(p1)
Adom(T (p1) \ T(p2)) <first ¢y =
dom(T (p1) \ T (p2)) <first c2@
(c1, ¢2) € Enquire(Cb, p,) \ Enquire(Cb, py)

6.3. Using past experience in retrieval

It is generally recognized that past problem-solving
experience should be used to guide retrieval in case
memory systems. This has been reflected in a variety
of designs using particular heuristics. ~ For example,
PARADYME (8] includes heuristics which prefer cases
that have been frequently accessed, recently accessed or
are known to be easy to modify. An alternative heuristic
suggests emphasizing certain attributes which are more
discriminating than others [49]. However these heuristics
may operate on a number of different (complementary)
levels. Below we demonstrate the use of the model to
explicate different ways in which such experience might be
used in similarity assessment.

We begin by defining a schema that describes the set of
systems which take into account some content of the case
base other than the indexing descriptions of a particular pair
of cases. The constraint required for a history-sensitive
system states that two descriptions can be found whose
associated cases d; — Cb;(d;) will be ordered differently in
an enquiry when placed in the context of two different case
bases Cb; and Cb,. Thus the ordering of cases is dependent
on something more than the value of PS and the indexing
descriptions of the two cases.
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__History _Sensitive_CMS
CMS
dp : PS;Cb,Chy : D < R;dy,dy: D |
{d\, d>} € (domCbh; Ndom Cbh;)e
(di = Cbi(d1), dr > Cbi(dr))
€ Enquire(Cby, p) \ Enquire(Cb,, p)

Below we consider what factors could cause the different
orderings of the cases di — Cb;(d)) and d, > Cb;(d,).
To do this we partition each of the case bases into:

1. the cases associated with the two descriptions d; and d;
in each case base;

2. the rest of the two case bases excluding the cases
associated with d; and d5.

This second partition can be further refined by considering
just the domain of this part of the case base, or the whole
mapping from D to R. These different sets can then be
used to generate questions, and associated predicates to
distinguish between different implementations of history
sensitivity. These options and their associated schemata are
listed below.

6.3.1. Examining individual case reports

One possibility is to use the content of the individual
cases associated with the descriptions d; and d in ordering
cases. The schema Report_Examining_CMS demands that
it is possible to construct two case bases which are the
same for all cases other than those associated with two
particular descriptions d; and d; (denoted by the expressions
{d,, d»} <« Cb;), and yet order the cases associated with these
two descriptions differently in response to the input of the
same problem statement.

_Report_Examining_CMS
CMS

ACb,Cby : D <> R;dy,d, : D; p : PS |
dom(Cbhy) = dom(Cbh,)
A({di,dr} <Cby = {di,dr} <« Cbh))e
(di = Cbi(dy), dr = Cbi(d2))
€ Enquire(Cby, p) \ Enquire(Cb,, p)

In our car dealer example, report examination might
always prefer those cases where the actual selling price of
the car is known over those where only an advertised price is
known; or might give an extra numerical weight to matching
features of the previous cases that were regarded as the main
‘selling points’ for the car.

6.3.2. Responding to the rest of the case base
A content-sensitive system uses some information from the
content of the rest of the case base to order cases.

___Content_Sensitive_CMS
CMS
3Chy,Cby : D < R; p : PS; cy, ¢y : Cases |
{c1, 2} S CbNChye
(c1, ¢2) € Enquire(Cby, p) \ Enquire(Cb,, p)

This schema demands that although we are restricting our
attention to the cases in the intersection of Cb; and Cb,, the
ordering of these cases is different for the two case bases.

6.3.3. Using the domain of the case base
A domain-content-sensitive system uses information from
the domains of the two case bases to order cases.

__Domain_Content_Sensitive_CMS
CMS
Vr : Re
(3Ch,,Cby : D < {r};dy,d : D; p: PS |
{d\, d>} € (dom(Cbhy) Ndom(Cbh;))e
di—r,dyr—r)
€ Enquire(Cby, p) \ Enquire(Cb,, p))

This schema requires that although all the descriptions in
both case bases Cb; and Cb, map to a single report,
an enquiry using the same problem statement may yield
different results. This distinction must therefore arise from
differences in the domains of the two case bases.

Lieber [50] shows that, for a numeric similarity function,
case bases in which the cases are evenly distributed around
the space of possible values may be preferable to case bases
in which the distribution of cases is less uniform. Given this
result, for our second-hand cars example, we might choose
to assign higher numeric weights to attributes for which
the distribution of values amongst cases in the case base is
more uniform, and lower weights for attributes for which
the distribution of values is clustered. Such a design would
be domain-content sensitive. This method of weighting can
also be related to notions of information gain as used in
machine learning algorithms such as ID3 [51].

6.3.4. Examining the case base mapping
A report-history-sensitive system uses details of the case
base mapping to order cases.

—Report_History_Sensitive_CMS
CMS
3Chy,Cby : D < R; p: PS; cy, ¢y : Cases |
dom(Cbh;) = dom(Cbh,)
Acr, 2} € Chby N Chye
(c1, ¢2) € Enquire(Cby, p) \ Enquire(Cb,, p)

This schema demands that although the two case bases Cb,
and Cb, have the same domains, and contain the two cases
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c; and ¢, the ordering of these two cases by an enquiry may
differ. In this case the system must be making use of the
content of the reports of the other cases in the case base.

In our second-hand cars example, report history exam-
ination might assign weights to attributes or features by
examining the statistical correlation between the attributes
and the selling price of the vehicle. This algorithm might
assign high weights to features such as the age, make, model
and engine size of the vehicle, and low weights to minor
features such as whether a car had a sunroof. Hasting et
al. [52] use a measure of mutual information gain, i.e. the
expected reduction in uncertainty about the classification of
a new case given knowledge about the value of a particular
attribute, to determine attribute weights for the CARMA
case-based reasoner.

It is not difficult to show that the four schemata
listed above are all special cases of the general
schema  History_Sensitive.CMS, or that the last
two schemata, Domain_Content_Sensitive.CMS and
Report_History_Sensitive_CMS, are special cases of the
more general Content_Sensitive_CMS.

In the next section, we shall show how the formal
model can be used to establish other relationships between
properties identified by different researchers.

7. REASONING ABOUT PROPERTIES OF SYS-
TEMS

One major advantage of formal models over informal
models of system properties is the ability to support
reasoning about these properties. Previous discussions of the
distinctions between systems, e.g. the panel discussion on
similarity assessment at the 1989 DARPA CBR Workshop
[19], have not been able to do this because the issues were
presented informally.

In this section, we present some simple results that show
how the model can be used to analyse similarity functions
and to relate the various properties.

7.1. Analysing a similarity function

First we present a simple example of the use of the model
to analyse a system. The system selected is Datalex [49].
Datalex reasons about legal cases which may arise when a
person finds some object buried on another person’s land,
and the original owner of the object cannot be traced. The
goal of DatalLex’s reasoning is to identify the likely outcome
of a new case (for the person who found the object or for the
owner of the land) and to identify cases that might be used
in argumentation in favour or against a client’s claim. Cases
are indexed by a list of legal concepts which apply in such
cases.

The ordering of cases is based on a weighted Euclidean
distance metric. In order to define the metric we require
some basic types for Datal.ex:

[Attributes;, Ry, PSy]

Values; ==
D, == Attributes, + Values,
Cases; == Dy x Ry.

From these basic types it is possible to define the distance
metric for Datalex as follows.*

__Distance
W . Attributes; — R

Dist : Dy x D; — R

Ya : Attributesy; d, d, : Dge
square(Dist(d, d,)) =
Z({al : Attributesy |
a; € domd Ndomd,,,},
(Aay : Attributes;e
(d(ay) — dn(a2))* x W(a)))

In this expression d(a) denotes the value for the attribute
a in a description d. The weights, W (a), of the attributes
are based on the content of the case memory. The weighting
given is 1/(Ave — Ave?) where Ave is the numerical average
(mean) of the attribute taken across all the cases in the case
base. The case that produces the lowest weighted distance
from the new case is retrieved as the most relevant.

We can show that Datalex satisfies the schema for
domain-content sensitivity by constructing two case bases.
Each case base contains four cases which are described using
four binary-valued attributes ay, as, a3, as. All the reports
are the same in both case bases.

Case Base 1
Cb1 = {d1 = r,d2+—> V,d3 r—>r,d4 > r}

a0 a1

) a1 ) a2 0

d = az— 0 dy = az— 0
as+— 0 as+— 0

a1+—>1 alr—>l

) a1 ) a2~ 0

d3_ a3|—>1 d4_ (13!—)1
a40—>1 a4|—>1

Case Base 2

Chy={di+—>r,dyr>r,dz+— r,ds — r}

“#Standard Z does not include either the real numbers or the Y notation.
In Appendix A we provide a suitable formalization, in which Y takes as
arguments a set and a function. Also, the schema Distance uses the symbols
— and x which, in standard Z, are only defined for the integers, and 2to
represent the square of a real number. In Appendix A these are replaced by
minus, times and square_ respectively, in order to satisfy the constraints of
typechecking software.
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a— 0 a— 1

_ a2|—>1 _ (12l—>0
d = az— 0 dy = az+— 0
a4r—>0 a4r—>0

a — 1 a— 0

_ a2|—>1 _ azl—>1
d3_ a3|—>1 d5— a3t—>1
as+— 1 as+— 1

Calculating the attribute weights for each case base in turn
we obtain:

Wi(ay) = 16/3 Wi(ay) = 4/1
Wi(as) =4/1 Wi(as) = 4/1
Wala) =4/1  Wala) = 16/3
Wi(az) = 4/1 Wa(ay) = 4/1

where W, and W, represent the weighting functions for Cb,
and Cb, respectively.
If we now consider the response to a new case:

d,,:{alr—> 1,a2r—> 1,613}—)0,614!—)0}

we find that d; +— r is preferred to d, +— r in Cb; having
distances of 4/1 and 16/3 respectively, but in Cb, these
distances are reversed and d, +—> r is preferred to d; +— r.
Thus, as a result of the use of the content of the case base to
set attribute weights, DatalLex is domain-content sensitive.

Notice that the fact that Datal.ex is domain-content
sensitive does not imply that all nearest-neighbour retrieval
algorithms will share this property. Datalex’s sensitivity
arises from the fact that the feature weights have been
derived by reference to the distribution of the cases within
the space of possible descriptions.

7.2. Directability implies attribute interdependence

As well as allowing the analysis of individual systems, the
model allows properties of systems to be related. The model
can be used to prove that a directable system is a special case
of an attribute interdependent system, i.e. the constraints
of the schema Directable_.CMS imply the constraints of
Attribute_Interdependent_CMS. Formally:

ACb: D < R; p1, p2: PS| T(p1) =T(p2)e
Enquire(C, p) # Enquire(C, p»)
=
ACbh : D < R; py, p2: PS; ¢y, ¢y : Cases |
{c1.02} SCbAT(p2) S T(p1)
Adom(T (p) \ T (p2)) < first c; =
dom(T (p1) \ T(p2)) < first c2e
(c1, ¢2) € Enquire(Cb, p,) \ Enquire(Cb, py)

This result can be trivially proved from the model by taking
the case of attribute interdependence with T (p;) = T (p2).

This implies that 7 (p;) \ T(p2) is the empty set, and thus
T(p)\T(p2)<firstc; = T (p1)\ T (p2) <first c, since both
sides of this equality are empty.

This result is interesting because it relates views on the use
of context provided by researchers working in substantially
different domains. The notion of the interdependence of
attributes was presented by Ashley in [19, 53] based on
work in case-based legal argumentation. The importance
of taking account of a reasoner’s goals was argued strongly
by Kolodner in [8, 19] working from research in planning
domains. It is also possible to show that attribute
interdependence is possible without requiring directability.

ReMind [6] is an example of a shell that supports
directability but is not able to support general attribute
interdependence, i.e. only one element of the input to
ReMind, the selection of an attribute weighting vector, can
be used to express the context of the current problem. It is
not possible within the ReMind shell to make the selection
of the weighting vector dependent on other attributes of the
input.

7.3. Attribute interdependence from report
examination

It is also possible to prove that attribute-interdependent
behaviour may arise from the use of report examination.
Consider a system in which problem statements are mod-
elled by sets of features taken from the set { f1, f2, f3, fa}.
Descriptions map the features in the problem statement to
the single value present. The translation function, 7', maps
each feature that is present in a PS to the value present. So

T'({fi, f2}) = {fi > present, f, — present}.

The reports for each case associate a weight of 0, 1 or 2
with each attribute of the description. The weight is used
to indicate the significance of the attribute for the individual
case.

A numeric scoring function for the cases is based on
summing the weights associated with each feature by the
case analysis.

— RE_CMS
CMS

Weight : R - (Attributes — R)
Score : PS x D x R — R
Vp:PS;d: D;r:R;a: Attributese
Score(p,d,r) =
Z({al : Attributes |
a € (dom(T (p)) N dom(d))},
Weight(r))

Here Weight(r)(a) represents the weight assigned to
attribute a in the report . The enquiry function will prefer
one case to another if the total score for the first case is
higher.
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This system is clearly report examining since it makes use
of the analysis of a case in constructing the scoring function.
To show that it exhibits attribute interdependence, consider
a case base containing the cases defined below.

¢y = (d1,r1)

where

dl = {(flapresent)v (f27present)» (f3»present)}
Weight(ry) = {f1 — 0, o — 2, f3— 0}

¢y = (da, 12)

where

dr = {(f1, present), (f2, present), (f4, present)}
Weight(r) = {fi = 1, 2= 0, fy = 0}.

Two problem statements p; = {fi, f2, f3} and p, =
{f1, f3} can be constructed such that 7 (p,) € T(p;) and
T(p1) \ T(p2) = {f2}. The descriptions of the cases c; and
¢, do not differ with respect to f,. The scores associated

with each case for queries using the two problem statements
p2 and p, are:

Score(T (p1),r1) =
Z({a : Attributes |
a € {fi, fo, LY A, fas 331
Weight(ry))
= Weight(r1)(f1) + Weight(r1)(f2)
+Weight(r1)(f3)
=0+2+40
=2
Score(T (p1), ) =
> (a : Attributes |
a €{fi, [, LYNLS, fo, falh

Weight(r,))
= Weight(r2)(f1) + Weight(r2)(f2)
=1+0
=1

Score(T (p2),r1) =
Z({a : Attributes |
a €{fi. sYN{f1, fo, 334
Weight(ry))
= Weight(r1)(f1) + Weight(r;)(f3)
=040
=0

Score(T (p2),r2) =
Z({a : Attributes |

a € {fi, s} N0 {f1, f2, fa}}s
Weight(r,))

= Weight(r2)(f1)
=1.

Consequently the result of the Enquire function will be that

(c2, c1) € Enquire(Cb, py)
A(cr, €2) & Enquire(Cb, p1)

and

(c2, ¢1) ¢ Enquire(Cb, p>)
A(c1, ¢2) € Enquire(Cbh, py).

This demonstrates that this system exhibits attribute
interdependence, since any case base that includes cases
c; and c¢; will order the cases differently depending on the
presence of feature f, in the input, despite the fact that these
cases do not differ with respect to f5.

This result is interesting because it shows that attribute
interdependence may be an emergent property that arises
unintentionally in a system. CBR Express [5] uses this
form of similarity function and so provides for emergent
attribute-interdependent behaviour. It is also possible to
show that attribute interdependence can be an emergent
property of a report-history-examining system or a domain-
content-sensitive system.

7.4. Summary

In this section, we have demonstrated that the generic model
supports some elementary reasoning that allows properties
of individual systems to be identified, and interrelations
between the properties to be explored. As a consequence
of the high level of abstraction in the model, the reasoning
supported is limited to the exploration of these two types
of result. This high level of abstraction is appropriate for
our intended use of the model as a tool for thought when
selecting designs. The model can also be refined/restricted
to cover particular classes of system, where more specific
properties may be investigated. For example, the class of k-
nearest neighbour algorithms studied by Wettschereck and
Aha [31] could be modelled as one particular refinement
from our model.

8. DISCUSSION

We argued, in Section 3, that a model of case memory
systems to support reuse should abstract away from
particular knowledge domains and representations; should
cover a wide range of systems; should support the expression
of important distinctions between designs; and should be
precise and unambiguous. In this section, we discuss the
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degree to which the model we have presented meets these
criteria, we describe some of the limitations of the current
model and indicate further areas of work we are conducting.

8.1. Abstraction

All the systems mentioned so far in this paper and most of
the systems we have investigated to date can be modelled
using the basic schema CMS [46], although they work
in different domains and use a variety of knowledge
representations and algorithms. Thus, the schema CMS
appears to be independent of application domain or
knowledge representation. Similarly, the properties that
have been modelled are analysed in domain-independent
terms.

The domain independence is achieved in part as a
consequence of the choice of Z as a modelling language.
The Z notation describes systems in terms of sets of
objects, relations between these sets and constraints on
those relations, rather than describing all the relations
extensionally.  However, Z, like many other software
engineering notations, can be applied at many different
levels of abstraction. We have chosen a high level of
abstraction in order to provide a generic model that can be
applied to a wide range of systems.

Of course, any abstraction results in a loss of some
information. Because the model loses information about
the representation and the algorithms used in retrieval,
the model is unable to support arguments such as those
presented in [28, 29] about the logical correctness or
consistency of any particular design.

This loss of information also means that our model does
not provide guidance about the selection of an algorithm
for a particular domain. We believe that such advice could
only be based on experience of using a large number of
different case memory systems in a sufficiently broad class
of real-world applications. At present the number of systems
that have been fielded is not sufficiently large to support
such detailed advice. However, we would argue that the
model provides software and knowledge engineers with a
framework, or ‘tool for thought’. Such tools may assist
engineers by making them aware of possible factors that
they should consider in developing a new system, reusing
an existing design, or selecting a shell.

8.2. Range

The model provides greater range than previous formal
models such as those in [28-30, 32, 33]. This range has been
achieved primarily by two choices:

1. unlike previous models we have chosen to separate the
input to a case memory system, the problem statements
PS in the model, from the terms used to index cases, the
descriptions D in the model;

2. we have also chosen to model the output of a system as
a pre-order rather than focusing on the retrieval of sets
of cases, or the assignment of numeric scores.

One possible generalization of the model would be to
extend the descriptions to include feature terms, where cases
are indexed by tuples of attribute—value pairs, but where
the value of an attribute may itself be a tuple. Plaza
[23] provides a formalization of feature term representations
and comments on their similarity to frame-based case
representations. Extending the model to consider these
types of representation could be done by incorporating
Plaza’s formalization of feature terms, and redefining
attribute independence/interdependence in terms of the
graph subsumption relationships that he defines. The other
schemata describing history sensitivity and directability
properties would not need to be redefined, because they do
not reference the internal structure of descriptions.

8.3. Expressiveness

In Section 6, we showed how a number of important
properties of systems identified by previous researchers can
be expressed within the model. Previous formal models, e.g.
[28-30], have not attempted to express these properties and
are not well suited to this task.

We are aware of two important issues that our model does
not address.

The first issue is incremental construction of indexing
structures within self-organizing memories. In the CYRUS
system [54], the output of the memory is dependent not
only on the set of stored cases, but also on the order in
which the cases were presented to the system. We might
name the associated property order sensitivity. The model
can be extended to cover this property by re-interpreting the
content of the case base as a sequence of cases rather than
as a set of cases. However, we feel that this is a property
that systems that are engineered to provide decision support
would seek to avoid. Also, the model presented in this paper
was developed with the specific aim of extending it to deal
with interactive case memory systems, most of which are
not sensitive to the order of case addition. We have therefore
specifically chosen to exclude the sequence of case additions
from our model.

The second issue is that of incremental feature extraction.
In describing the ANON system, Owens [55] argues that in
real situations the number of features (attribute—value pairs)
that might be present in any given case is potentially infinite,
and decisions need to be taken as to which features should
be investigated, and in what order. The contents of a case
memory can be used to support this decision by indicating
features which are likely to discriminate amongst the stored
cases. Systems such as KID [56], and CBR Express
[5], allow a user to interact with a system, incrementally
refining the user’s view of the current problem, using the
contents of the case base to guide the construction of the
problem statement. The model presented in this paper does
not permit incremental problem interpretation because the
problem statement and the translation function are modelled
as constants. In [46, 47] we extend the model of case
memory systems to interactive systems which do support
such incremental refinement.
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Another possible extension would be to consider systems
where the translation function T could be altered by the
content of the case base. Again, we have not addressed
this type of system because of our aim of modelling
interactive systems which do not generally exhibit such
complex learning behaviour.

8.4. Precision

We have demonstrated the precision of the model in
Section 7 by showing that the model can be used to
classify individual case memory systems and to investigate
relationships between different properties. Dearden [46]
provides specifications for four exemplar systems (Datalex
[49], HYPO [34], PARADYME [8] and CBR Express [5])
using the model as a starting point, and considers the
properties of these systems.

8.5. Further work: interaction with case memory
systems

Our primary aim in developing the model was to provide
a basis for a model to support reasoning about properties
of interactive case memory systems. In [46, 47] we show
how an extended model can be used to specify formally
some of the interaction properties that may be desirable in
interactive systems. The extension of the model to discuss
interaction properties follows the approach to modelling
interactive systems adopted by Sufrin and He [57]. The
extended model permits formal specification of properties
such as: support for incremental refinement of the current
problem statement; support for non-monotonic development
of the problem statement, i.e. facilities to allow the user to
retract or modify parts of the existing problem statement;
the use of different reasoning strategies in searching the case
base. These properties are generally recognized as important
in the interfaces to other knowledge-based systems [58—61].

9. CONCLUSIONS

In order for a software engineer to reuse an existing case
memory system design, or to select a case memory system
shell to use in a new domain, he or she must understand the
properties and capabilities of the system. The model that we
have presented:

1. is sufficiently abstract to allow designs from different
domains to be compared and contrasted;

2. has a greater range than existing formal models;

3. can be used to express properties of case memory
systems that have been identified as important by
previous researchers;

4. is sufficiently precise to support reasoning about the
relationship between possible properties.

We believe that this generic model will be a valuable tool
for thought for software and knowledge engineers aiming to
reuse case memory system designs, select shells or design
new systems, and that it provides a suitable reference point
for our work on interaction with a case memory system.
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APPENDIX A. DEFINING

To define ) we begin by introducing the real numbers and
declaring some basic arithmetic operations on them.

subtraction and multiplication on the reals.

—[X,Y]
makeseq : PX — seq X

apply : (X —- Y) xseqX — seqY

Vxs :PX; f: X —Y;s:seqX;i:Nj|
i <#xs As = makeseq xse
#s = #xs
Arans = xs
ANapply(f,s))i = f(s i)
N#(apply(f, s)) = #s

— [ X]
YiPXx(X—>R) —>R

Vxs :PX;s:seqX; f: X > R|
s = makeseq xse
#s =0= ) (xs, f) = zero
AN
#s 0 =
> (xs, f) =
apply(f, s)(1)plus Y_(ran(tail s), )

THE COMPUTER JOURNAL,

Vol. 40, No. 4, 1997

9T0¢ ‘ST Joquivldas uo A1sBAIUN SIS BIUeA|ASuuad e /610'S[eulno(pioxo: Julwody/:dny woly papeojumoq


http://comjnl.oxfordjournals.org/

