PRICING PATH-DEPENDENT OPTIONS
IN SOME BLACK-SCHOLES MARKET,
FROM THE DISTRIBUTION
OF HOMOGENEOUS BROWNIAN FUNCTIONALS.

T. FUJITA, F. PETIT, AND M. YOR

ABSTRACT. We give some explicit formulae for the prices of two
path-dependent options which combine Brownian averages and pe-
nalizations. Because these options are based on both the maximum
and local time of Brownian motion, the obtention of their prices
necessitates some involved study of homogeneous Brownian func-
tionals, which may be of interest by themselves.

1. MOTIVATION, INTRODUCTION

1.1. To (B, t > 0), a one-dimensional Brownian motion, we associate
its maximum, minimum and local time processes, which we denote
respectively by:

1 t
M, = By, I, =infB,, L;=1lim— [ 1 ds.
t Sslélz sy At }%t sy L 81_{% 9% /0 (IBs|<e) &S
We also consider A = fot 1(,>0) ds, the time spent in Ry by B up to
time t.

The primary objective of this work was to obtain an explicit expression
for the price of the two exotic financial options:

(A) P = E[1(z,<1 (exp(aM; + bB;) — K)*]

(and more generally when (B, u>0) is replaced by (Bff) = By,+ou, u > 0)
for some drift ¢),
and

(B) U (K) =E

t +
(/ 1(exp<Bs>zl)d8—K) 1(Mt<m>]
0

=E[(Af — K) Ls<m) (0< K <t).

Clearly, these are two path dependent options, involving a barrier
which, in the case (A), penalizes too much time spent by the process
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(exp(By)) in the neighborhood of 1, whereas in case (B), it penalizes
high values of (exp(B;)). We believe that such combinations of averages
and penalizations may be attractive from a practical viewpoint.

In Section 4, we answer these questions by finding the joint law of
(Ms,, Bs,, Ls,) and also (Agfe, Mg, ) for Sy an exponential time, with pa-
rameter 0, independent of B, and then invert the corresponding Laplace
transform.

1.2.  Of course, the study of the law of (Mg,,Is,, Bs,,Ls,) and/or
(AZCQ,BSQ) has been done, at least partially, in a number of papers
([18], Chapter XII), but it seems worthwhile to gather some of these
results, and indicate a number of connections with other Brownian
studies. This has been a second motivation to write the present paper,
and, in Section 2, we present a list of formulae involving the above
Brownian functionals and their laws, which may be helpful for various
purposes.

1.3.  We now say a few words about the methods which we use in this
paper. Thanks to the scaling property of Brownian motion (i.e. for
c >0, (Ba;t > O)i(\/EBt;t > 0)), it suffices to consider the case
0 = % in our study. We then denote simply S for S 1.

We rely essentially upon the path decomposition of (B,,u < S) into
the two independent components (B,,u < gs) and (Bs_,,u < S —gg),
where g, = sup{s < t; B, = 0}. We recall some further well-known
facts:

(ii) \/9s 4 VS —gs 4 |N|, where N is a standard Gaussian variable;

1
(iii) (b(u) = ——DByu< 1) is a standard Brownian bridge, inde-
V3s
pendent of gg;

1
(iv) (mv = \/j’Bgs-&-v(S—gs)
S —gs

ander, independent of the o-field o{B,,u < gs; S}.

;v < 1> is a standard Brownian me-

1.4. In our solution of (A) and (B), the joint law, on one hand, of
(0_ = sup | Bs|, Ls), and, on the other hand, of (6. = sup |Bsl,|Bs]),

s<gs gs<s<S
plays an important role. These laws are ”"well-known”, and given by,

denoting N an independent standard Gaussian variable:
(C) Plo_ <a;Lgs € dl]
— PI|Nsup [b(u)]| < a; [N]i1(b) € di]
u<l
= exp(—lcotha)dl

(where {1(b) is the local time of b at level 0 and time 1),



(D) Plo, < b;|Bg| € da]
= P[|N|sup |m,| < b;|N|m, € dal
u<l

sinh(b — a)
~ sinhb
We devote Section 3 to a detailed discussion of (C) and (D). We con-
sider Section 3 as a warm-up, which an expert reader might skip.

1(a§b) da.

1.5. In Section 5, we present another approach to the joint law of
(M, Ly), whereas, in Section 6, we are naturally led to study the joint
law of (Bsg,, LY,, LE,).

2. TABLE OF RESULTS

We first recall our notation:

Brownian motion (Bg)s>, 0 = sup |By|, 0. = sup |Bsl|, Ly = LY,
s<gs gs<s<S

Brownian motion with drift (Bgé) = B+ 65)s>0,

Brownian bridge (b(u))o<u<1,

Brownian meander (my,)o<u<1, m* = sup m,.
u<l
The following Table guides the reader to the precise point in our paper

where the law of the random variable in the first column is discussed.

Random variables Explicit formula
(0—, Ls) ()
(04, |Bs]) (D) and (D)
sup [b(u)| (£)
u<l
(m*,my) (F) and (F")
(Lg,. By, Mg)) (4.1)
PILY > 1, MY < m] (4.2)
a,0, 6
B[y (K)] = E | (exp(aMy)) = K)* 1,00, (43)
E[M} L7] (5.2)
P[L; € dl, B; € da, My < m] (5.3)
1At
E[e AL 1(M502m)] (4.5)
P[AF € dz, M; < m)] (4.6)
_(0) = E[A] 10, <m)] (4.7)
E[ef%Age e~ T A5 (v, <m), Bs, € dal (4.8)
(BSB,L%G,ng =0) (a>0) (4.1) and (6.1)
(Bs,, ng, Lg,,Le, >0)  (a>0) (6.2)
(25, L%, [§, > 0)  (a>0) (63)
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3. ON THE BROWNIAN MEANDER AND ITS MAXIMUM

3.1. Before we discuss (D) in depth, we note that an elementary com-
putation shows it is equivalent to:

sinh a
(D’) ]P)[O-Jr € db, ‘BS’ € da] = ﬁl(a<b) da db.
sinh“b ~ ~
3.2. We now manipulate (D’) in order to translate it in terms of only
the Brownian meander m taken at time 1, i.e. my, and its maximum
m* = sup my,.
u<l

Indeed, from (D’), (ii) and (iv), we deduce that, for h: Ry — R, and
f:10,1] — Ry, two Borel functions,

B [h(vm) £ (22)] - % [h(0+) f (|B_S|>}

O+

[ h(b) [P a
—/0 dbm/ﬂd@Slﬂh@f(g)

(3.1) - /0 g 200 / du sinh(bu) f(u).

sinh“ b /g

3.3.  Let us consider now the following function:
b sinh(bu)
~ sinhb w sinhb’

©u(b) is the value of the Laplace transform, in %, of the sum:

©u(b)

(3.2) Tu =To1 + Ty

where T,_,. denotes the first hitting time of ¢ for a three-dimensional
Bessel process, starting from a, and in (3.2), the two hitting times on
the right-hand side are assumed to be independent. We recall that, for
0<a<c<oo:

oo 3 Tu) = (555 )/ ()

3.4.  With the help of the preceding remark, we are now able to rewrite

* My

the identity (3.1) in terms, on one hand, of the pair (m*, 7+), and on
the other hand, of T, (as defined in (3.2)). Indeed, the left-hand side

of (3.1) may be rewritten as:

2zl ()]
2 [ | R my
:\E/O h(b)E[%e o) f(ﬁ)} db,




whereas the right-hand side of (3.1) may be rewritten as:

/01 du f(u) u/ooo dbh(b)E {exp(—gfu)} .

Equating these two expressions, which are valid for every positive Borel
functions f and h, we easily obtain : for every pair of positive Borel
functions f and £,

(3.3) %E H k <(m1*)2> f (:1” - /OlE[k(Tu)]uf(u) du,

which, upon changing f(u) in %, leads to:

2 1 1 my L .
3.4 “E |k ) F(52) :/Ek:Tu du.
B0 \2E|k (o) £(5)] = [ e s a
3.5.  We now give a simple probabilistic interpretation of the iden-
tity (3.4), with the help of Williams’ path decomposition of Brownian

motion (By;u < Tp) starting at level 1, and considered up to its first

passage time at 0. Precisely, let M = sup B,. Then:
u<Ty

(i) i is uniformly distributed on [0, 1];

(ii) there exists a unique time p (< Tp) at which B, = M, and, condi-
tionally on M = m, the two processes (B, = Bry_u, u < Ty — p)
and (By,u < p) are two independent three-dimensional Bessel pro-
cesses considered up to their first hitting time of m.

Another ingredient we shall need to reinterpret (3.4) is the absolute
continuity relationship

(3.5) ‘g [iF(mu,u < 1)} =E® {F (\/—%RMI,U < 1)]

™ mi

where, on the right-hand side, ]P’(()B) denotes the law of the three-dimensional
Bessel process (R,;u > 0) starting from 0, and v = sup{u; R, = 1}.
Formula (3.5) follows easily from a combination of Imhof’s relation:

36)  EFmaus] = S50 [ LF (R <)

and the ”comeander’s relation” (i.e. absolute continuity between the

law of the ”comeander” (\/%Rw,u < 1) and IP’E]?’):

3.7)  EY {F (\/%le,u < 1)] =E® {(Rll)zF(Ru,u < 1)}

(for a discussion of these, see, e.g. Yor ([19], Lecture 4)). We now
transform (3.4) thanks to (3.5), and we obtain:

ey =1 () # ()] = [ BB A
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or, with the help of D. Williams’ time reversal theorem:
(3.8) (Buiu < To) £ (Ryy—iu < 1)

equation (3.4); becomes

s, m i (5) s (22)] = [ B @

and now, (3.4); is clearly a consequence of (i) and (ii) above (modulo
the relationship due to Brownian scaling) :
1o
G
with the same notation as in (3.2).

Note. Obviously, the subscripts 1 and 3 added to (3.4) refer to the
dimensions 1 and 3.

M)E (T + o1, M)

3.6.  We now present a slightly different derivation of (D) which does
not hinge so directly on Imhof’s type relations, but rather on the Biane-
Yor integral representation:

0 0 —+00
/ dt PV = / dIP™ o / da" (Ph),
0 0 —00

(for these notations, see [4]. See also [1] and [13]).
For any positive Borel function f, we have:

Ploy <b; f(IBs)] = E[f(IBs]) 1 sup Bs_.<b)]

t<S—gg

1 1 +oo .
B 2 / f(lal) E“[l(sup |Bt\Sb)67§TO] da = f(a) IEa[l(sup BtSb)eiiTO] da
R

t<Ty 0 t<Tp

400 o2
= /0 f(a) ]El[l(sup Bth)e—yTo] da

’ o[ —2 [1yode 0 [ —2 [ Veda
:/0 f(a) Qg [6 2o @Yl[ o 1(To§§—1)Hda

b 2 h
_ 2| % I Ywdz -=1 coth(b a) Sln ) it S |
/0 Fla) Qg [e ’ / fla sinh b “

since

B 2
oo <y
@l [ 7 yede 1(T0§ﬁ)] - / Q? [6_7 OOYde/TO - t] Q?[TO € di]
0

= exp(~ 2 coth(a),

where Q¢ denotes the law of the d-dimensional squared Bessel process
starting at = ([18], Chapter XI).



7

3.7. In this section, we relate (C) and (D) with the theta series ex-
pansions:

® Pl <o =B | D1 <] = Y0 o2

usl keZ

(for instance, see [8], [5] p. 74, [19] p. 86)

(2km+a)2

2kx)2
(F) P[m*§$7m1§a]22(6_(k2) —e 2 ), 0<a<uz.
keZ
(see [10] and [2]).
We now compare (F) with formula (3.4):
- we first deduce from (F) that

(F") Plm* € dz,m; € da] = H(z,a) 1(4<q) dz da,
Trr+a 2
H(z,a) = Z 2k(1 — (2kz + a)?) e 5
kel
Thus, the left-hand side of (3.4) is equal to:

\/g/ooo da/:o dz H(x,q) 2 k(%) f(%),

which, after elementary manipulations, and comparison with the right-
hand side, leads to:

. dy 1w
PT, € dy| = ———~ H(—,—=), hence
(2k 2h+u)?
(3.9)  Plhiedy=———3 Y 2k(1- ) SRR s

Voruy? keEL Y

As a thorough check on (3.9), let us recall that:

A2 A\ Au
(3.10) Elexp( 2 1)) = (sinh )\) /(sinh()\u))
and we should
(i) either recover (3.10) from (3.9);
(ii) or, starting from (3.10), and developping sinha, etc, then re-
cover (3.9);
(iii) or, using again another method, check that (3.9) is indeed obtained
from convoluting the densities of Ty_,; and T),_.;.

To check (i), we write, from (3.9):

N oo 2k +u)?, _@rrw? 2
E[exp( 2 u 27( Z/ Qky 2 _%>e k;—y _%y dy
kEZ
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oo ey 2k errw?
/ — | - —e dy
u\/_ ay keZ \/g

= \/_Z/ __y—e %dy:—gz:ke_mk”'

keZ keZ
2\
_a“n k —A(2k+u) an —A(2n—u)
25 e L 25
k>1 n>1
A sinh(Aw)

:—smh Au) Zk —2X k:

i
=1 u sinh” A
Checking (ii) is essentially the same as for (i).

For the point (iii), we first recall the well-known Poisson summation
formula:

3.11 Vo > O YVt € R e 2k’ﬂ' t) /2 elnt —n2/2x
on T s

keZ nez

and the Fourier developments ([9])

(3.12)
. (=D" e t(=D* (=D*
Vk e Z*, vVt €] — m, 7, ; PR b= % sin(kt) + oTE cos(kt)
ngyka
(_1)n int t? i
(3.13) Vt €] — m, 7], % S =55

From [5] page 74, we have:

nez
and
A2 sinh(Au) 1
E — T, )] =——"t==- “A2n+1-u) _ —A(2n+1+u)
fexp( 2 V] wsinhA  w ; (e € )
+oo _% (2n+1 u)2 (2n+1+u)2
\/2_/ Z(@nﬂ—u) S (v ltu)er I )dt
uN2m =
+oo —a- 5
(2k+1—wu)
2k+1—wu)e 2t dt
e g )

+oo
2ﬂ2t

2
(=% 'k sin(kru) e 2 e~ Tl dt from (3.11).
kez*

o
2



Then we have (u €]0, 1[):

2 2 5 9
_ Yy n _Lw k—1 . _ k%%t
= 2 fo > (=1)"e 2 S (=) k sin(kru)e” 2 dt
nez kez*
k2w2y k2w2y
_ wkysin(kmu)e” 2 + Z (=)L sin(kru)e” 2 Z (—1)"
o u U n2_k2
kezZ* kez* nez
n2#£k2
2 2
LS (et (=" ksin(kmu)
tr (e e Y —h
neEZ kez
k2#£n2
K22y 6202
= Y rhysin(bmwler 7 g~ sin(kmu)e” 2
N u 2kmu
kezx kez*

n2w2y
+ > e 2 (cos(nmu) + 5o—sin(nru)) + 1 from (3.12) and (3.13)
nez*
k uF

(2k+ .
= —y/2ak @k w)e T 4 3 e et from (3.1)
Y ez net
_ (2k+u)?

_ _\/g%ﬁ keZZ‘,le % using (3.11) again.

Deriving the preceding equality in y, we recover (3.9).

4. COMPUTATIONS AT INDEPENDENT EXPONENTIAL TIME
4.1. The option problem (A) : the law of the triplet (M, By, LY)).

Proposition 4.1. For every positive Borel function f, we have:

2

_ 8z
E[f(Bs,)L(Ls, 0105, <mye” 2]

62 IV6? + 02

W eXp(_ 9 (1 + COth(m 62 + 52)) exp(_m 62 + 52)

( /0 " f(a) sinh((m — a)V8 + 8%) da + sinh(mv/6 + 5?) /_ (; f(a) VI da> |

Proof. From excursion theory ([19], p. 73), we have, for every positive
Borel functions f and h:

2
E[f(Bse)h<L59)1(MSg Sm)ei%se]

2

_Z 62,q
- E[h(LSG) 1(Mgsg <m) € 2 959] E[f(BSH) 1( sup  Bg,_4<m) € ? (So 939)].

t=Sp—9gs,

We now consider each of these expectations:

2

+oo
a) Blh(Ls) Lon <oy e 5751 =0 [ hOElL sy cme
0

02462

5 g1
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(1 + coth(mv6? + 62))dl.

oo V02 + 52
/ (D) exp(~ 0
0

2 2
b) E[f(BSQ>1( sup  Bg,— t<m)e 2 59 gsg /f MTO<m)e %To]da.
t<Sp—gs,
Consequently, we obtain the expected result thanks to Ray-Knight the-
orems.

Notice that, thanks to (D) and the scaling property of Brownian mo-

tion, we may also write directly:

 (So—gs,) |Bs| 2 (S—gs)
E[f(IBs, D1 sup Bs,—t<m)€ T o] = E[f( 0 )1 sup Bs i<mo)€ 2 ]
t<SG 95, t<S—gg
my|N| _82N? 0 my|N|

= E[f (5= )1ntme <mye” 7] = Ny [f(\/92+52)1(|mm*gm¢m)]

_y /Om sinh((m — a)Vv60?% + 52)f(a) da.

sinh(mv/6? + §?)
U

Remark 4.2. Let us consider now (Bt(‘s) =B +dt t > 0), the

Brownian process with drift 4, and Lﬁ‘” its local time at level 0 at time
t. From the Cameron-Martin relationship, we obtain, for every positive
Borel function f:

5 - _a2
E |:1(Lg2>l) 1(Mg;)§m) f(Bé‘e)>:| =E |:€ PBsg ¢='7 % f(BSG)]'(LSQZl) 1(M50§m):|

02 NGRS
IRGET e G

752
5 <l+2m+lcoth(m 7 +5))>

(/ f(a) e sinh((m—a)v02+62) da + sinh(mv/62 + 62) / f(a a(VOH62-0) 1. ) _
0
Hence,

+oo _ﬁt )

; e 2'E 1(L§6)2l) 1(M§‘Z)§m)f(Bt ) dt

o NGET:
TVt P\ T v

/m f(a)e™ <6f|a|¢m_€f(2mfwm> da.
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Consequently, we obtain:

(4.1) P2 e dl, BY e da, MY < m] (m > 0)
92 e —da exp( _IWe2+82

T 21— _w)_;%;m " (67‘“'W—e*<m+lafm\)\/m) e
— e~ m

In particular, we have:

(4.2)
() (¥) _ (/BTS2 IV0? + 52
PLSQZZ,MSGSm}—O—e (o+ +)>eXp<_1_e—2m\/W )

Proposition 4.3. If§ + V6? + %2 > 1 and a > 0, we have:

(4.3)

L weme
. {(GXP(GMS)) - K)* 1(L(566)Sl):| =K ((3"”2’“52 —e 1—K—2v92+62/a>

202162 (=02 +52)F a__.9___a__. 1
+ 352 (2V602+62-a)/a Z (k—1)! 2F1(k+1 1= 2\/024—52’2 20624627 2\/92+52/a)
(2v02+62—a) K K
(— z\/m)k .3 d—a . 1
2162) K(6—a+V62+52)/a Z 2F1(k’ 2+2\/¢92+62’ 2+2\/62+62’ 2\/62+52/a)’
 (6—atVOTTo )K K

where o Fy (o, B;7; 2) denotes the hypergeometric function (see [12]).

Proof. Noticing that, for a > 0, we have

+oo
(4.4) (e - K)t =a / o € L dz,

we may compute

E [(exp(aMgz)) - f()+ 1(Lg2<l)‘| =alE

—+oco
axr
e 1 s 5. dx
/n_K (:p<M§)) @) <)

a

+oo
:a/ e (1—1P>[M§§>gx]—1@[L > ] +PLY) > 1, M) ]) dx
In K

+00 __ We?%+s
a / e e—m(6+\/92+62) . e—l\/02+62 + (1 . e—x(§+\/02+62)) e 1 o—22\/62 152 dx
1

I T ) VT NG N
K K
L! Bk( a )_Ak< a 7__1+ ) )

a a
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denoting

+oo
B (a) :/1 e ((1—e ") F~1)do = K(1—(1-K %) ") +2ka A, (o, 2a—1)

n K
and

AK(O{ /6):/+Ooe_ﬁx(1_6—2ax)—kdajzi F(k’ ﬁl"—ﬂL)
B In K BEA> 12T T2 K2a

O

4.2. The option problem (B) : the law of the pair (Aj, , Ms,).

For the second option pricing problem, denoting AF = fot 1(+B,>0ds,
we are interested in the computation of:

Proposition 4.4.
(4.5)
o —mna/02+pu? —mA/0%+pu?
2 s 02+u (1 (& ) +e \/m

E[G_ 2 S@l(MSGZm)] e h \/2792 2 - h \/792
cosh(m+/p? + )+\/msm(m u2 + 62)

Inverting the Laplace transform, we obtain, for everyt > 0:

1
4.6) PIAF €dz, M, < ml]/dz = ———— 0<z<t
( ) [ t t ]/ ﬂ_m ( )
(2'mk)2
2 # TTas —
+£szk - T(25—2 _1)ds
T2 15 0 sz4/(t—2)(z—s) t—s
(2k+1)2 2
zZ— 5
—— 2k‘+1/ Pi(2 —1)ds,
2 VTR

where Ty, and Pk are respectively the Tchebychev and Legendre polyno-
maals.

Remark 4.5. Consequently, we may compute for instance:

@1 P0) = B L] = & +myf e, 2200
1 1 m? 1 1 m?
e V(5 5 50) (G~ )]
om? 119 1 1 9m?
e e 2 ) a1 )

2 272 2t
where (v, y; z) is the confluent hypergeometric function of the second

type ([12]).
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Proof of Proposition 4.4.

2

2 92 +oo 2 2
E[G_%Agal(MSOZm)] = ]E[e_%Agﬂl(sngm)] =3 E[/ o~ Tte— T Al dt]

62 - _u%46% 4t too g2 p2 A+
= EE[G G AT, o AL | By e” e T du).
0

Thanks to the Brownian scaling property and Ray-Knight theorem:

#2+92 AT

Efe~ 47 5 4] = Q3™

(W2+6%)m? +9 )m?

S Yado QY [e- 2m? (oo Yada))

B 1

cosh(my/u? + 62) + \/ﬁ sinh(m~/p? + 62)
o

and, by scaling again

2 +o0
o —E,.[ e’%“e’g‘q dul
2 0

62 To 2 2 2 +o0 2 2
=—E [/ e T e T A du] + — ]Em[/ e Tue T A du]
2 0 2 T

H2 2,2 2,2 62 +oo 2 2
— Bl IR I TR [ e T
G 0
6> (02 +n%)m? (0% 4u2)m? At
= E[l—e” ] L Eyle” Tl Egle™ = “50]
02 + MQ
62 6

from P. Lévy’s arcsine law.
To invert the Laplace transform, we have used the following identities
([7], [12] and [15] page 304):

220 (—1)’“ w2t ut
— — 1l)dx = ]
\/ﬁ ) z L k+1( 4 )

and
2

1 t e*“T 23: p?t

1dzx = I
where I, denotes the modified Bessel function of the first kind of in-
dex v. 0
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Remark 4.6. Using the same method, we get:

_ o2 A+ 52

(4.8) Ele™ 2 45 ¢ 2 450 L(mg,<m), Bs, € da]/da

_ 6*(sinh((m — a)VO? + 0?)L(gcacm) + €V sinh(m V02 + 02)1(acq))

V02 + a2 cosh(mv02 + a2) + /02 + 32 sinh(mV/62 + a?),
from which we can deduce the following identity for Brownian motion
with drift ¢:

2 5 )4 emb_efmé + efmb_efmé + 6'mb_ef'mb
_E[e—%ASO’ 1 (5) ] — b+5 b—5 . a—5 ,
(Mg, <m) b cosh(mb) + asinh(mb)

where a = V6% 4+ 62 and b = /0% + 6% + p2.

5. A DIRECT APPROACH TO THE JOINT LAW OF (M, L)

Proposition 5.1. Let H, denotes the p-th Hermite polynomial (see [12]):
(1) e Hy(z) = GP () where G(z) = e
Then, we have:

(5.1) P[M, < m, L, € dl]/dl

Cc* RN o 2nm + 1 w, (2n+1)m+1
\fZ _ (GU( ) - g B >).

0<k<n

Proof. From (4.2), we have:

2 21—em 10
[LSQ € dl MS’G S m] /dl W exXp (—1_—)

0 01— c—2mf
2
= 5(1 o e—m@) e—l@ ZLn(10)€—2mn9
n>0
n Ck o o
=9 ' ( l) (ek 16 0(l+2mn) Qk 16 9(l+(2n+1)m))
k

>0 k

where Ln is the Laguerre polynomial of degree n (see [12], formula
(4.17.3)).
We recall that for every integer v > —1, we have:

1 +oo 2 2 L ( Yy )
VA S 0,¥y > 0, Ae N — _/ et V)
VT Jo (2t)'+3

Equation (5.1) immediately follows. O

dt.
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Remark 5.2. We note that:
PMy <m, Ly <] =Plt <Tp,t <71 =P[t <Tp, A7)

Thus, we need to find the law of T, A 7;.

2 2 )\2
Elexp(— - (TnAT))] = Efexp(— 2 T) L <o HELexp(— 5-7) 17,

2 2

A
= ]E[exp(—?Tm) 1(LTm§[)]+E[eXp(—?Tl) 1(M7'l <m)]

and both the joint laws of (7, Lt,,) on one hand, (7, M,,) are known.
Thanks to excursion theory, we have ([18], Chapter XII, exercise 4.11):

)\2 )\2 )\2
E[GXP(—le) L, <m)] = ]E[GXP(—?TZJF) Ly, <m)] E[GXP(—ETI_)]

= exp(—4(1 + coth(Am))).

On the other hand, using the Brownian scaling property, the second
Ray-Knight theorem, and classical results on squared Bessel processes
([18], Chapter XI):

A2 A2m?
E[exp(—;Tm) 1(LTmSl)] = Elexp(— 5

T1) L, <i)

2?2 ! Am
=Q} {exp(— 5 /dex) Livy<t/m) exp(—TYl)}
0

Um  \m Am
/o b () exp( 5 z(1 + coth(Am))) dz

Al
= exp(—Am) <1 - exp(—E(l + Coth()\m)))) :
Then, we recover (4.2), in the case § = 0:

/\2 +oo

2
5 P[M, < m, L, <{]e ="dt
0

2

=1- E[exp(—%(Tm AT))] = (1 - e_Am) (1 - exp(—%)) -

Remark 5.3. From (5.1), we may deduce the following moment for-
mula:

o i1 ¥l (_pyiEs ols!
(5.2) Vie N,Vj € IN, E[M]Lj] = 57— Z() —

2711(“’#) k=1 K
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Remark 5.4. In the same way, inverting the Laplace transform in (4.1),
we may obtain the trivariate law:

(5.3) P[L, € dl, B, € da, M, < m] /dlda
_ cko (2n+1)m~+l+|a—m)| 2nm+1+|al
- 2t\1/E 0 Zk;n F<ﬁ>k (G(k+1)( NG ) - G(kﬂ)(T)) :

6. LOCAL TIMES AT TWO DIFFERENT LEVELS
As we have
(6.1) P[M; <a,L)€dl,B; €dx]=P[L{ =0,L) € dl, B; € du],

it also seemed natural to consider the law of the triplet (B, LY, L¢),
where a > 0.

Proposition 6.1. Let a > 0. Then:

(6.2) P|Bs, € du, LY, € dy, L, € dz, 11z, 50)|
63 e—a? O(y + 2) p 0.\/yz
e (WD N bl ety [PV
2(1 — e=2a6)2 P ( 1-— e—2a9) {(6 ‘ ) O[Sinh(ae)]

_ _ _ 0\/yz 0
Ola] _ ,—0(a+la—al) Yy _ Y
(e ¢ ) (\/le{sinh(aﬁ)} 2 sinh(aG))} de dy dz,

from where we deduce
(6.3) P (L, € dy, LE, € dz, 113,50

0% exp (3 )
T2 sinh(af) (1 4 e=2¢

z

) {Io{siih\/fg)} 4. /Y hLiihV(i_Ze)} -5 Sigﬁ/(ae)} dy dz.

Proof. We consider the function:

u(zr) = G%Ex [exp(—)\Bge — O‘;Lgﬂe — %ng)} )

u=u" +2e
By Feynman Kac’s formula, we obtain: u'(a+) — u'(a—) = o u(a)
u'(04) = v'(0—) = 52 u(0)
which gives, with C' = ﬁ
Ce ™ + 016_9:0
u(x) = Ce™ + Che? + C3e7 0
Ce + 04699:

with the conditions

SHVANS!
IN &8 IV
O IN
Q
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C’le_ga = Cgeea + C’ge_e“
Cy+Cs =Cy
Cae + (Cy — Cy)e0a = —22 (Ce o + Cre %)
(Cy— Cs5 — C)O = B2 (C + Cy)
Then

2 2

(a +20) Oa __ o2 —)\a f Dz (a2+20) 6(a—|z|) _ a26—9|1 al d
S (20+a2+p2)efo+ 2702 sinh(af) RC " 9(20+a2+p5%)eP +a? B2 sinh(ad)

(6.4) 922 E {exp( ABg, — o - i —L% )} uw(0)=C+Cy

from where we obtain:
062 a 2
9% EO [exp(—)\BSQ - 5 lg, — %ng) 1(L%9>0):|

2 2
= [, e g0l 9+2%(1—e-2a9>—<§+%)gl—e-“a“w-a'-‘x‘))Q
R (6457 (1—e=200)) (2 [0+ 5 (1—e=200) | +0(0+2))

Inverting the double Laplace transform (see [7], p. 197), we obtain (6.2).
0

Remark 6.2. Notice that we may recover (4.1) from (6.4), thanks
o (6.1).
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