
PRICING PATH-DEPENDENT OPTIONS
IN SOME BLACK-SCHOLES MARKET,
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Abstract. We give some explicit formulae for the prices of two
path-dependent options which combine Brownian averages and pe-
nalizations. Because these options are based on both the maximum
and local time of Brownian motion, the obtention of their prices
necessitates some involved study of homogeneous Brownian func-
tionals, which may be of interest by themselves.

1. Motivation, introduction

1.1. To (Bt, t ≥ 0), a one-dimensional Brownian motion, we associate
its maximum, minimum and local time processes, which we denote
respectively by:

Mt = sup
s≤t

Bs, It = inf
s≤t

Bs, Lt = lim
ε→0

1

2ε

∫ t

0

1(|Bs|≤ε) ds.

We also consider A+
t =

∫ t

0
1(Bs≥0) ds, the time spent in R+ by B up to

time t.
The primary objective of this work was to obtain an explicit expression
for the price of the two exotic financial options:

(A) φa,b,l
t (K) = E[1(Lt<l) (exp(aMt + bBt) − K)+]

(and more generally when (Bu, u≥0) is replaced by (B
(δ)
u ≡ Bu+δu, u ≥ 0)

for some drift δ),
and

(B) ψm
t (K) = E

[(∫ t

0

1(exp(Bs)≥1)ds − K

)+

1(Mt<m)

]

= E
[
(A+

t − K)+1(Mt<m)

]
(0 ≤ K < t).

Clearly, these are two path dependent options, involving a barrier
which, in the case (A), penalizes too much time spent by the process
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(exp(Bt)) in the neighborhood of 1, whereas in case (B), it penalizes
high values of (exp(Bt)). We believe that such combinations of averages
and penalizations may be attractive from a practical viewpoint.

In Section 4, we answer these questions by finding the joint law of
(MSθ

, BSθ
, LSθ

) and also (A+
Sθ

, MSθ
) for Sθ an exponential time, with pa-

rameter θ, independent of B, and then invert the corresponding Laplace
transform.

1.2. Of course, the study of the law of (MSθ
, ISθ

, BSθ
, LSθ

) and/or
(A+

Sθ
, BSθ

) has been done, at least partially, in a number of papers
([18], Chapter XII), but it seems worthwhile to gather some of these
results, and indicate a number of connections with other Brownian
studies. This has been a second motivation to write the present paper,
and, in Section 2, we present a list of formulae involving the above
Brownian functionals and their laws, which may be helpful for various
purposes.

1.3. We now say a few words about the methods which we use in this
paper. Thanks to the scaling property of Brownian motion (i.e. for

c > 0, (Bct; t ≥ 0)
d
= (

√
cBt; t ≥ 0)), it suffices to consider the case

θ = 1
2

in our study. We then denote simply S for S 1
2
.

We rely essentially upon the path decomposition of (Bu, u ≤ S) into
the two independent components (Bu, u ≤ gS) and (BS−u, u ≤ S−gS),
where gt = sup{s ≤ t; Bs = 0}. We recall some further well-known
facts:
(ii)

√
gS

d
=

√
S − gS

d
= |N |, where N is a standard Gaussian variable;

(iii)

(
b(u) ≡ 1√

gS

BugS
; u ≤ 1

)
is a standard Brownian bridge, inde-

pendent of gS;

(iv)

(
mv ≡ 1√

S − gS

|BgS+v(S−gS)|; v ≤ 1

)
is a standard Brownian me-

ander, independent of the σ-field σ{Bu, u ≤ gS; S}.
1.4. In our solution of (A) and (B), the joint law, on one hand, of
(σ− ≡ sup

s≤gS

|Bs|, LS), and, on the other hand, of (σ+ ≡ sup
gS≤s≤S

|Bs|, |BS|),
plays an important role. These laws are ”well-known”, and given by,
denoting N an independent standard Gaussian variable:

(C) P[σ− ≤ a; LS ∈ dl]

= P[|N | sup
u≤1

|b(u)| ≤ a; |N |l1(b) ∈ dl]

= exp(−l coth a) dl

(where l1(b) is the local time of b at level 0 and time 1),
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(D) P[σ+ ≤ b; |BS| ∈ da]

= P[|N | sup
u≤1

|mu| ≤ b; |N |m1 ∈ da]

=
sinh(b − a)

sinh b
1(a≤b) da.

We devote Section 3 to a detailed discussion of (C) and (D). We con-
sider Section 3 as a warm-up, which an expert reader might skip.

1.5. In Section 5, we present another approach to the joint law of
(Mt, Lt), whereas, in Section 6, we are naturally led to study the joint
law of (BSθ

, L0
Sθ

, La
Sθ

).

2. Table of results

We first recall our notation:

Brownian motion (Bs)s≥0, σ− = sup
s≤gS

|Bs|, σ+ = sup
gS≤s≤S

|Bs|, Lt = L0
t ,

Brownian motion with drift (B
(δ)
s ≡ Bs + δs)s≥0,

Brownian bridge (b(u))0≤u≤1,

Brownian meander (mu)0≤u≤1, m∗ ≡ sup
u≤1

mu.

The following Table guides the reader to the precise point in our paper
where the law of the random variable in the first column is discussed.

Random variables Explicit formula
(σ−, LS) (C)
(σ+, |BS|) (D) and (D′)
sup
u≤1

|b(u)| (E)

(m∗, m1) (F ) and (F ′)

(L
(δ)
Sθ

, B
(δ)
Sθ

, M
(δ)
Sθ

) (4.1)

P[L
(δ)
Sθ

≥ l, M
(δ)
Sθ

≤ m] (4.2)

E[φa,0,l

S
(δ)
θ

(K)] = E

[
(exp(aM

(δ)
Sθ

) − K)+ 1
(L

(δ)
Sθ

≤l)

]
(4.3)

P[Mt < m, Lt ∈ dl] (5.1)

E[M i
1 Lj

1] (5.2)
P [Lt ∈ dl, Bt ∈ da, Mt ≤ m] (5.3)

E[e
−µ2

2
A+

Sθ 1(MSθ
≥m)] (4.5)

P[A+
t ∈ dz, Mt ≤ m] (4.6)

ψm
t (0) = E[A+

t 1(Mt≤m)] (4.7)

E[e
−α2

2
A+

Sθ e
−β2

2
A−

Sθ 1(MSθ
≤m), BSθ

∈ da] (4.8)

(BSθ
, L0

Sθ
, La

Sθ
= 0) (a > 0) (4.1) and (6.1)

(BSθ
, L0

Sθ
, La

Sθ
, La

Sθ
> 0) (a > 0) (6.2)

(L0
Sθ

, La
Sθ

, La
Sθ

> 0) (a > 0) (6.3)
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3. On the Brownian meander and its maximum

3.1. Before we discuss (D) in depth, we note that an elementary com-
putation shows it is equivalent to:

(D’) P[σ+ ∈ db; |BS| ∈ da] =
sinh a

sinh2 b
1(a≤b) da db.

3.2. We now manipulate (D’) in order to translate it in terms of only
the Brownian meander m taken at time 1, i.e. m1, and its maximum
m∗ ≡ sup

u≤1
mu.

Indeed, from (D’), (ii) and (iv), we deduce that, for h : R+ → R+, and
f : [0, 1] → R+, two Borel functions,

E

[
h(|N |m∗) f

(m1

m∗

)]
= E

[
h(σ+) f

( |BS|
σ+

)]

=

∫ ∞

0

db
h(b)

sinh2 b

∫ b

0

da sinh a f
(a

b

)

=

∫ ∞

0

db
b h(b)

sinh2 b

∫ 1

0

du sinh(bu) f(u).(3.1)

3.3. Let us consider now the following function:

ϕu(b) =
b

sinh b

sinh(bu)

u sinh b
.

ϕu(b) is the value of the Laplace transform, in b2

2
, of the sum:

T̂u ≡ T0→1 + T̃u→1(3.2)

where Ta→c denotes the first hitting time of c for a three-dimensional
Bessel process, starting from a, and in (3.2), the two hitting times on
the right-hand side are assumed to be independent. We recall that, for
0 < a < c < ∞:

E[exp(−λ2

2
Ta→c)] =

(
λc

sinh(λc)

)
/

(
λa

sinh(λa)

)
.

3.4. With the help of the preceding remark, we are now able to rewrite
the identity (3.1) in terms, on one hand, of the pair (m∗, m1

m∗ ), and on

the other hand, of T̂u (as defined in (3.2)). Indeed, the left-hand side
of (3.1) may be rewritten as:√

2

π

∫ ∞

0

e−ν2/2 E

[
h(νm∗) f

(m1

m∗

)]
dν

=

√
2

π

∫ ∞

0

h(b) E

[
1

m∗ e
− b2

2(m∗)2 f
(m1

m∗

)]
db,
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whereas the right-hand side of (3.1) may be rewritten as:∫ 1

0

du f(u) u

∫ ∞

0

db h(b) E

[
exp(−b2

2
T̂u)

]
.

Equating these two expressions, which are valid for every positive Borel
functions f and h, we easily obtain : for every pair of positive Borel
functions f and k,√

2

π
E

[
1

m∗ k

(
1

(m∗)2

)
f

(m1

m∗

)]
=

∫ 1

0

E[k(T̂u)] u f(u) du,(3.3)

which, upon changing f(u) in f(u)
u

, leads to:√
2

π
E

[
1

m1

k

(
1

(m∗)2

)
f

(m1

m∗

)]
=

∫ 1

0

E[k(T̂u)] f(u) du.(3.4)

3.5. We now give a simple probabilistic interpretation of the iden-
tity (3.4), with the help of Williams’ path decomposition of Brownian
motion (Bu; u ≤ T0) starting at level 1, and considered up to its first
passage time at 0. Precisely, let M = sup

u≤T0

Bu. Then:

(i) 1
M

is uniformly distributed on [0, 1];
(ii) there exists a unique time ρ (< T0) at which Bρ = M , and, condi-

tionally on M = m, the two processes (B̃u ≡ BT0−u, u ≤ T0 − ρ)
and (Bu, u ≤ ρ) are two independent three-dimensional Bessel pro-
cesses considered up to their first hitting time of m.
Another ingredient we shall need to reinterpret (3.4) is the absolute
continuity relationship√

2

π
E

[
1

m1

F (mu, u ≤ 1)

]
= E

(3)
0

[
F

(
1√
γ1

Ruγ1 , u ≤ 1

)]
(3.5)

where, on the right-hand side, P
(3)
0 denotes the law of the three-dimensional

Bessel process (Ru; u ≥ 0) starting from 0, and γ1 = sup{u; Ru = 1}.
Formula (3.5) follows easily from a combination of Imhof’s relation:

E [F (mu, u ≤ 1)] =

√
π

2
E

(3)
0

[
1

R1

F (Ru, u ≤ 1)

]
(3.6)

and the ”comeander’s relation” (i.e. absolute continuity between the

law of the ”comeander” ( 1√
γ1

Ruγ1 , u ≤ 1) and P
(3)
0 :

E
(3)
0

[
F

(
1√
γ1

Ruγ1 , u ≤ 1

)]
= E

(3)
0

[
1

(R1)2
F (Ru, u ≤ 1)

]
(3.7)

(for a discussion of these, see, e.g. Yor ([19], Lecture 4)). We now
transform (3.4) thanks to (3.5), and we obtain:

(3.4)3 E
(3)
0

[
f

(
1

R∗
γ1

)
k

(
γ1

(R∗
γ1

)2

)]
=

∫ 1

0

E[k(T̂u)] f(u) du,
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or, with the help of D. Williams’ time reversal theorem:

(Bu; u ≤ T0)
d
= (Rγ1−u; u ≤ γ1)(3.8)

equation (3.4)3 becomes

(3.4)1 E1

[
f

(
1

M

)
k

(
T0

M2

)]
=

∫ 1

0

E[k(T̂u)] f(u) du,

and now, (3.4)1 is clearly a consequence of (i) and (ii) above (modulo
the relationship due to Brownian scaling) :

(
T0

M2
, M)

d
= (T 1

M
→1 + T̃0→1, M)

with the same notation as in (3.2).
Note. Obviously, the subscripts 1 and 3 added to (3.4) refer to the
dimensions 1 and 3.

3.6. We now present a slightly different derivation of (D) which does
not hinge so directly on Imhof’s type relations, but rather on the Biane-
Yor integral representation:∫ ∞

0

dt P(t) =

∫ ∞

0

dl Pτl ◦
∫ +∞

−∞
da r(PT0

a ),

(for these notations, see [4]. See also [1] and [13]).
For any positive Borel function f , we have:

P[σ+ ≤ b; f(|BS|)] = E[f(|BS|) 1( sup
t≤S−gS

BS−t≤b)]

=
1

2

∫
R

f(|a|) Ea[1( sup
t≤T0

|Bt|≤b)e
− 1

2
T0 ] da =

∫ +∞

0

f(a) Ea[1( sup
t≤T0

Bt≤b)e
− 1

2
T0 ] da

=

∫ +∞

0

f(a) E1[1( sup
t≤T0

Bt≤ b
a
)e

−a2

2
T0 ] da

=

∫ b

0

f(a) Q2
0

[
e−

a2

2

∫ 1
0 Yxdx Q0

Y1

[
e−

a2

2

∫ +∞
0 Yxdx 1(T0≤ b

a
−1)

]]
da

=

∫ b

0

f(a) Q2
0

[
e−

a2

2

∫ 1
0 Yxdx e−

aY1
2

coth(b−a)
]
da =

∫ b

0

f(a)
sinh(b − a)

sinh b
da

since

Q0
l

[
e−

a2

2

∫ +∞
0 Yxdx 1(T0≤β)

]
=

∫ β

0

Q0
l

[
e−

a2

2

∫ T0
0 Yxdx/T0 = t

]
Q0

l [T0 ∈ dt]

= exp(−al

2
coth(aβ)),

where Qd
x denotes the law of the d-dimensional squared Bessel process

starting at x ([18], Chapter XI).
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3.7. In this section, we relate (C) and (D) with the theta series ex-
pansions:

(E) P

[
sup
u≤1

|b(u)| ≤ x

]
= P

(3)
0

[
π2

4
T1 ≤ x2

]
=

∑
k∈Z

(−1)k exp(−2k2 x2)

(for instance, see [8], [5] p. 74, [19] p. 86)

(F) P[m∗ ≤ x, m1 ≤ a] =
∑
k∈Z

(e−
(2kx)2

2 − e−
(2kx+a)2

2 ), 0 < a ≤ x.

(see [10] and [2]).
We now compare (F) with formula (3.4):
- we first deduce from (F) that

(F’) P[m∗ ∈ dx, m1 ∈ da] = H(x, a) 1(a≤x) dx da,

with

H(x, a) =
∑
k∈Z

2k(1 − (2kx + a)2) e−
(2kx+a)2

2 .

Thus, the left-hand side of (3.4) is equal to:√
2

π

∫ ∞

0

da

∫ ∞

a

dx H(x, a)
1

a
k(

1

x2
) f(

a

x
),

which, after elementary manipulations, and comparison with the right-
hand side, leads to:

P[T̂u ∈ dy] =
dy√

2π u y
3
2

H(
1√
y
,

u√
y
), hence

P[T̂u ∈ dy] =
dy√

2π u y
3
2

∑
k∈Z

2k(1 − (2k + u)2

y
)e−

(2k+u)2

2y .(3.9)

As a thorough check on (3.9), let us recall that:

E[exp(−λ2

2
T̂u)] =

(
λ

sinh λ

)2

/

(
λu

sinh(λu)

)
(3.10)

and we should
(i) either recover (3.10) from (3.9);
(ii) or, starting from (3.10), and developping sinhα, etc, then re-
cover (3.9);
(iii) or, using again another method, check that (3.9) is indeed obtained
from convoluting the densities of T0→1 and Tu→1.

To check (i), we write, from (3.9):

E[exp(−λ2

2
T̂u)] =

1√
2πu

∑
k∈Z

∫ +∞

0

2k y− 3
2 (1−(2k + u)2

y
)e−

(2k+u)2

2y e−
λ2

2
y dy



8 T. FUJITA, F. PETIT, AND M. YOR

=

√
2

u
√

π

∫ +∞

0

e−
λ2

2
y ∂

∂y

(
−

∑
k∈Z

2k√
y

e−
(2k+u)2

2y

)
dy

= −λ2

√
2

u
√

π

∑
k∈Z

∫ +∞

0

e−
λ2

2
y k√

y
e−

(2k+u)2

2y dy = −2λ

u

∑
k∈Z

k e−λ|2k+u|

= −2λ

u

∑
k≥1

k e−λ(2k+u) +
2λ

u

∑
n≥1

n e−λ(2n−u)

=
4λ

u
sinh(λu)

∑
k≥1

k (e−2λ)k =
λ sinh(λu)

u sinh2 λ

Checking (ii) is essentially the same as for (i).

For the point (iii), we first recall the well-known Poisson summation
formula:

∀x > 0, ∀t ∈ R,
∑
k∈Z

e−x2(2kπ−t)2/2 =
1

x
√

2π

∑
n∈Z

eint e−n2/2x2

(3.11)

and the Fourier developments ([9])

∀k ∈ Z∗, ∀t ∈] − π, π[,
∑
n∈Z

n2 	=k2

(−1)n

n2 − k2
eint =

t (−1)k

k
sin(kt) +

(−1)k

2k2
cos(kt)

(3.12)

∀t ∈] − π, π[,
∑
n∈Z∗

(−1)n

n2
eint =

t2

2
− π2

6
.(3.13)

From [5] page 74, we have:

P[T0→1 ≤ x] =
∑
n∈Z

(−1)n e−
n2π2x

2

and

E[exp(−λ2

2
Tu→1)] =

sinh(λu)

u sinh λ
=

1

u

∑
n≥0

(
e−λ(2n+1−u) − e−λ(2n+1+u)

)

=
1

u
√

2π

∫ +∞

0

e−
λ2

2
t

t
3
2

∑
n≥0

(
(2n + 1 − u) e−

(2n+1−u)2

2t − (2n + 1 + u) e−
(2n+1+u)2

2t

)
dt

=
1

u
√

2π

∫ +∞

0

e−
λ2

2
t

t
3
2

∑
k∈Z

(2k + 1 − u) e−
(2k+1−u)2

2t dt

=
π

2u

∫ +∞

0

∑
k∈Z∗

(−1)k−1 k sin(kπu) e−
k2π2t

2 e−
λ2

2
t dt from (3.11).
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Then we have (u ∈]0, 1[):

P[T̂u ≤ y] = P[T0→1 ≤ y − Tu→1]

= π
2u

∫ y

0

∑
n∈Z

(−1)n e−
n2π2(y−t)

2

∑
k∈Z∗

(−1)k−1 k sin(kπu) e−
k2π2t

2 dt

= −
∑

k∈Z∗

πky sin(kπu) e−
k2π2y

2

u
+

∑
k∈Z∗

(−1)k−1 k sin(kπu) e−
k2π2y

2

πu

∑
n∈Z

n2 	=k2

(−1)n

n2−k2

+ 1
πu

∑
n∈Z

(−1)n e−
n2π2y

2

∑
k∈Z

k2 	=n2

(−1)k k sin(kπu)
n2−k2

= −
∑

k∈Z∗

πky sin(kπu) e−
k2π2y

2

u
−

∑
k∈Z∗

sin(kπu) e−
k2π2y

2

2kπu

+
∑

n∈Z∗
e−

n2π2y
2 (cos(nπu) + 1

2nπu
sin(nπu)) + 1 from (3.12) and (3.13)

= −
√

2
π

1
u
√

y

∑
k∈Z

(2k + u)e−
(2k+u)2

2y +
∑
n∈Z

e−inπue−n2π2y/2 from (3.11)

= −
√

2
π

1
u
√

y

∑
k∈Z

2ke−
(2k+u)2

2y using (3.11) again.

Deriving the preceding equality in y, we recover (3.9).

4. Computations at independent exponential time

4.1. The option problem (A) : the law of the triplet (M
(δ)
Sθ

, B
(δ)
Sθ

, L
(δ)
Sθ

).

Proposition 4.1. For every positive Borel function f , we have:

E[f(BSθ
)1(LSθ

≥l)1(MSθ
≤m)e

− δ2

2
Sθ ]

=
θ2

√
θ2 + δ2

exp(− l
√

θ2 + δ2

2
(1 + coth(m

√
θ2 + δ2)) exp(−m

√
θ2 + δ2)

(∫ m

0

f(a) sinh((m − a)
√

θ2 + δ2) da + sinh(m
√

θ2 + δ2)

∫ 0

−∞
f(a) ea

√
θ2+δ2

da

)
.

Proof. From excursion theory ([19], p. 73), we have, for every positive
Borel functions f and h:

E[f(BSθ
)h(LSθ

)1(MSθ
≤m)e

− δ2

2
Sθ ]

= E[h(LSθ
) 1(MgSθ

≤m) e−
δ2

2
gSθ ] E[f(BSθ

) 1( sup
t≤Sθ−gSθ

BSθ−t≤m) e−
δ2

2
(Sθ−gSθ

)].

We now consider each of these expectations:

a) E[h(LSθ
) 1(MgSθ

≤m) e−
δ2

2
gSθ ] = θ

∫ +∞

0

h(l) E[1(Mτl
≤m)e

− θ2+δ2

2
τl ] dl
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= θ

∫ +∞

0

h(l) exp(− l
√

θ2 + δ2

2
(1 + coth(m

√
θ2 + δ2)) dl.

b) E[f(BSθ
)1( sup

t≤Sθ−gSθ

BSθ−t≤m)e
− δ2

2
(Sθ−gSθ

)]=θ

∫
R

f(a)Ea[1(MT0
≤m)e

− θ2+δ2

2
T0 ]da.

Consequently, we obtain the expected result thanks to Ray-Knight the-
orems.
Notice that, thanks to (D) and the scaling property of Brownian mo-
tion, we may also write directly:

E[f(|BSθ
|)1( sup

t≤Sθ−gSθ

BSθ−t≤m)e
− δ2

2
(Sθ−gSθ

)] = E[f(
|BS|
θ

)1( sup
t≤S−gS

BS−t≤mθ)e
− δ2

2θ2 (S−gS)]

= E[f(
m1|N |

θ
)1(|N |m∗≤mθ)e

− δ2N2

2θ2 ] =
θ√

θ2 + δ2
E[f(

m1|N |√
θ2 + δ2

)1(|N |m∗≤m
√

θ2+δ2)]

= θ

∫ m

0

sinh((m − a)
√

θ2 + δ2)

sinh(m
√

θ2 + δ2)
f(a) da.

Remark 4.2. Let us consider now (B
(δ)
t ≡ Bt + δ t, t ≥ 0), the

Brownian process with drift δ, and L
(δ)
t its local time at level 0 at time

t. From the Cameron-Martin relationship, we obtain, for every positive
Borel function f :

E

[
1

(L
(δ)
Sθ

≥l)
1

(M
(δ)
Sθ

≤m)
f(B

(δ)
Sθ

)

]
= E

[
e−δBSθ e−

δ2

2
Sθ f(BSθ

)1(LSθ
≥l) 1(MSθ

≤m)

]

=
θ2

√
θ2 + δ2

exp

(
−
√

θ2 + δ2

2

(
l + 2m + l coth(m

√
θ2 + δ2)

))

(∫ m

0

f(a) e−δa sinh((m−a)
√

θ2+δ2) da + sinh(m
√

θ2 + δ2)

∫ 0

−∞
f(a) ea(

√
θ2+δ2−δ) da

)
.

Hence,∫ +∞

0

e−
θ2

2
t E

[
1

(L
(δ)
t ≥l)

1
(M

(δ)
Sθ

≤m)
f(B

(δ)
t )

]
dt

=
1√

θ2 + δ2
exp

(
− l

√
θ2 + δ2

1 − e−2m
√

θ2+δ2

)

.

∫ m

−∞
f(a) e−δa

(
e−|a|

√
θ2+δ2 − e−(2m−a)

√
θ2+δ2

)
da.
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Consequently, we obtain:

P

[
L

(δ)
Sθ

∈ dl, B
(δ)
Sθ

∈ da, M
(δ)
Sθ

≤ m
]

(m ≥ 0)(4.1)

=
θ2 e−δa exp(− l

√
θ2+δ2

1−e−2m
√

θ2+δ2
)

2(1 − e−2m
√

θ2+δ2)

(
e−|a|

√
θ2+δ2 − e−(m+|a−m|)

√
θ2+δ2

)
dl da

In particular, we have:

P

[
L

(δ)
Sθ

≥ l, M
(δ)
Sθ

≤ m
]

=
(
1 − e−m(δ+

√
θ2+δ2)

)
exp

(
− l

√
θ2 + δ2

1 − e−2m
√

θ2+δ2

)
.

(4.2)

Proposition 4.3. If δ +
√

θ2 + δ2 > 1 and a > 0, we have:

E

[
(exp(aM

(δ)
Sθ

) − K)+ 1
(L

(δ)
Sθ

≤l)

]
= K

(
e−l

√
θ2+δ2 − e

− l
√

θ2+δ2

1−K−2
√

θ2+δ2/a

)(4.3)

+ 2
√

θ2+δ2

(2
√

θ2+δ2−a) K(2
√

θ2+δ2−a)/a

∑
k≥1

(−l
√

θ2+δ2)k

(k−1)! 2F1(k+1, 1− a
2
√

θ2+δ2 ; 2− a
2
√

θ2+δ2 ;
1

K2
√

θ2+δ2/a
)

− a

(δ−a+
√

θ2+δ2) K(δ−a+
√

θ2+δ2)/a

∑
k≥1

(−l
√

θ2+δ2)k

k! 2F1(k, 1
2
+ δ−a

2
√

θ2+δ2 ;
3
2
+ δ−a

2
√

θ2+δ2 ;
1

K2
√

θ2+δ2/a
),

where 2F1(α, β; γ; z) denotes the hypergeometric function (see [12]).

Proof. Noticing that, for a > 0, we have

(eaM − K)+ = a

∫ +∞

ln K
a

eax 1(x<M) dx,(4.4)

we may compute

E

[
(exp(aM

(δ)
Sθ

) − K)+ 1
(L

(δ)
Sθ

≤l)

]
= a E

[∫ +∞

ln K
a

eax 1
(x<M

(δ)
Sθ

)
1

(L
(δ)
Sθ

≤l)
dx

]

= a

∫ +∞

ln K
a

eax
(
1 − P[M

(δ)
Sθ

≤ x] − P[L
(δ)
Sθ

≥ l] + P[L
(δ)
Sθ

≥ l, M
(δ)
Sθ

≤ x]
)

dx

= a

∫ +∞

ln K
a

eax

(
e−x(δ+

√
θ2+δ2) − e−l

√
θ2+δ2

+ (1 − e−x(δ+
√

θ2+δ2)) e
− l

√
θ2+δ2

1−e−2x
√

θ2+δ2

)
dx

=
∑
k≥1

(−l
√

θ2 + δ2)k

k!

(
BK

k (

√
θ2 + δ2

a
) − AK

k (

√
θ2 + δ2

a
,
δ

a
− 1 +

√
θ2 + δ2

a
)

)
,
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denoting

BK
k (α) =

∫ +∞

ln K

ex((1−e−2αx)−k−1)dx = K(1−(1−K−2α)−k)+2kαAK
k+1(α, 2α−1)

and

AK
k (α, β) =

∫ +∞

ln K

e−βx(1−e−2αx)−k dx =
1

βKβ 2F1(k,
β

2α
; 1+

β

2α
;

1

K2α
).

4.2. The option problem (B) : the law of the pair (A+
Sθ

, MSθ
).

For the second option pricing problem, denoting A±
t =

∫ t

0
1(±Bs>0)ds,

we are interested in the computation of:

Proposition 4.4.

E[e
−µ2

2
A+

Sθ 1(MSθ
≥m)] =

θ2

θ2+µ2 (1 − e−m
√

θ2+µ2
) + e−m

√
θ2+µ2 θ√

θ2+µ2

cosh(m
√

µ2 + θ2) + θ√
µ2+θ2

sinh(m
√

µ2 + θ2)

(4.5)

Inverting the Laplace transform, we obtain, for every t > 0:

P[A+
t ∈ dz, Mt ≤ m]/dz =

1

π
√

z(t − z)
(0 < z < t)(4.6)

+

√
2

π
3
2

∑
k≥1

2mk

∫ z

0

e−
(2mk)2

2s

s
3
2

√
(t − z)(z − s)

Tk(2
z − s

t − s
− 1) ds

− 1

π

∑
k≥0

(2k + 1)

∫ z

0

e−
(2k+1)2m2

2s

√
s(t − s)

3
2

Pk(2
z − s

t − s
− 1) ds,

where Tk and Pk are respectively the Tchebychev and Legendre polyno-
mials.

Remark 4.5. Consequently, we may compute for instance:

ψm
t (0) = E[A+

t 1(Mt≤m)] =
t

2
+ m

√
t

2π
e−

2m2

t ψ(2,
3

2
;
2m2

t
)(4.7)

− t

2π
e−

m2

2t [
√

πψ(
1

2
,
1

2
;
m2

2t
) + ψ(

1

2
,−1

2
;
m2

2t
)]

− t

2π
e−

9m2

2t [
√

πψ(
1

2
,
1

2
;
9m2

2t
) − ψ(

1

2
,−1

2
;
9m2

2t
)],

where ψ(α, γ; z) is the confluent hypergeometric function of the second
type ([12]).



13

Proof of Proposition 4.4.

E[e
−µ2

2
A+

Sθ 1(MSθ
≥m)] = E[e

−µ2

2
A+

Sθ 1(Sθ≥Tm)] =
θ2

2
E[

∫ +∞

Tm

e−
θ2

2
te−

µ2

2
A+

t dt]

=
θ2

2
E[e−

θ2

2
A−

Tm e−
µ2+θ2

2
A+

Tm ] Em[

∫ +∞

0

e−
θ2

2
u e−

µ2

2
A+

u du].

Thanks to the Brownian scaling property and Ray-Knight theorem:

E[e−
θ2

2
A−

Tm e−
µ2+θ2

2
A+

Tm ] = Q2
0[e

− (µ2+θ2)m2

2

∫ 1
0 Yxdx Q0

Y1
[e−

θ2m2

2

∫ +∞
0 Yxdx]]

=
1

cosh(m
√

µ2 + θ2) + θ√
µ2+θ2

sinh(m
√

µ2 + θ2)

and, by scaling again

θ2

2
Em[

∫ +∞

0

e−
θ2

2
u e−

µ2

2
A+

u du]

=
θ2

2
Em[

∫ T0

0

e−
θ2

2
u e−

µ2

2
A+

u du] +
θ2

2
Em[

∫ +∞

T0

e−
θ2

2
u e−

µ2

2
A+

u du]

=
θ2

θ2 + µ2
Em[1−e−

θ2+µ2

2
T0 ]+Em[e−

θ2+µ2

2
T0 ]

θ2

2
E0[

∫ +∞

0

e−
θ2

2
u e−

µ2

2
A+

u du]

=
θ2

θ2 + µ2
E1[1 − e−

(θ2+µ2)m2

2
T0 ] + E1[e

− (θ2+µ2)m2

2
T0 ] E0[e

−µ2

2
A+

Sθ ]

=
θ2

θ2 + µ2
(1 − e−m

√
θ2+µ2

) + e−m
√

θ2+µ2 θ√
θ2 + µ2

,

from P. Lévy’s arcsine law.
To invert the Laplace transform, we have used the following identities
([7], [12] and [15] page 304):

1√
2πt

∫ t

0

e−
µ2x
2 Pk(

2x

t
− 1)dx =

(−1)k

µ
e−

µ2t
4 Ik+ 1

2
(
µ2t

4
)

and

1

π

∫ t

0

e−
µ2x
2

√
tx − x2

Tk(
2x

t
− 1)dx = (−1)k e−

µ2t
4 Ik(

µ2t

4
),

where Iν denotes the modified Bessel function of the first kind of in-
dex ν.
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Remark 4.6. Using the same method, we get:

E[e
−α2

2
A+

Sθ e
−β2

2
A−

Sθ 1(MSθ
≤m), BSθ

∈ da]/da(4.8)

=
θ2(sinh((m − a)

√
θ2 + α2)1(0<a<m) + ea

√
θ2+β2

sinh(m
√

θ2 + α2)1(a<0))√
θ2 + α2 cosh(m

√
θ2 + α2) +

√
θ2 + β2 sinh(m

√
θ2 + α2),

from which we can deduce the following identity for Brownian motion
with drift δ:

2

θ2
E[e

−µ2

2
A

(δ),+
Sθ 1

(M
(δ)
Sθ

≤m)
] =

emb−e−mδ

b+δ
+ e−mb−e−mδ

b−δ
+ emb−e−mb

a−δ

b cosh(mb) + a sinh(mb)
,

where a =
√

θ2 + δ2 and b =
√

θ2 + δ2 + µ2.

5. A direct approach to the joint law of (Mt, Lt)

Proposition 5.1. Let Hp denotes the p-th Hermite polynomial (see [12]):

(−1)p e−x2

Hp(x) = G(p)(x) where G(x) = e−x2

.

Then, we have:

P[Mt < m, Lt ∈ dl]/dl(5.1)

=

√
2

πt

∑
0≤k≤n

Ck
n

k!
(

l√
2t

)k

(
G(k)(

2nm + l√
2t

) − G(k)(
(2n + 1)m + l√

2t
)

)
.

Proof. From (4.2), we have:

2

θ2
P [LSθ

∈ dl, MSθ
≤ m] /dl =

2

θ

1 − e−mθ

1 − e−2mθ
exp

(
− lθ

1 − e−2mθ

)

=
2

θ
(1 − e−mθ) e−lθ

∑
n≥0

Ln(lθ)e−2mnθ

= 2
∑
n≥0

n∑
k=0

Ck
n

k!
(−l)k

(
θk−1e−θ(l+2mn) − θk−1e−θ(l+(2n+1)m)

)
where Ln is the Laguerre polynomial of degree n (see [12], formula
(4.17.3)).
We recall that for every integer ν ≥ −1, we have:

∀λ > 0,∀y > 0, λνe−λy =
1√
π

∫ +∞

0

e−
λ2

2
t e−

y2

2t

Hν+1(
y√
2t

)

(2t)1+ ν
2

dt.

Equation (5.1) immediately follows.
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Remark 5.2. We note that:

P[Mt < m, Lt < l] = P[t < Tm, t < τl] = P[t < Tm ∧ τl].

Thus, we need to find the law of Tm ∧ τl.

E[exp(−λ2

2
(Tm∧τl))] = E[exp(−λ2

2
Tm) 1(Tm≤τl)]+E[exp(−λ2

2
τl) 1(τl<Tm)]

= E[exp(−λ2

2
Tm) 1(LTm≤l)]+E[exp(−λ2

2
τl) 1(Mτl

<m)]

and both the joint laws of (Tm, LTm) on one hand, (τl, Mτl
) are known.

Thanks to excursion theory, we have ([18], Chapter XII, exercise 4.11):

E[exp(−λ2

2
τl) 1(Mτl

<m)] = E[exp(−λ2

2
τ+
l ) 1(Mτl

<m)] E[exp(−λ2

2
τ−
l )]

= exp(−λl
2
(1 + coth(λm))).

On the other hand, using the Brownian scaling property, the second
Ray-Knight theorem, and classical results on squared Bessel processes
([18], Chapter XI):

E[exp(−λ2

2
Tm) 1(LTm≤l)] = E[exp(−λ2m2

2
T1) 1(mLT1

≤l)]

= Q2
0

[
exp(−λ2m2

2

∫ 1

0

Yxdx) 1(Y1≤l/m) exp(−λm

2
Y1)

]

=

∫ l/m

0

λm

sinh(λm)
exp(−λm

2
z(1 + coth(λm))) dz

= exp(−λm)

(
1 − exp(−λl

2
(1 + coth(λm)))

)
.

Then, we recover (4.2), in the case δ = 0:

λ2

2

∫ +∞

0

P[Mt < m, Lt < l] e−
λ2

2
t dt

= 1 − E[exp(−λ2

2
(Tm ∧ τl))] =

(
1 − e−λm

) (
1 − exp(− λl

1 − e−2mλ
)

)
.

Remark 5.3. From (5.1), we may deduce the following moment for-
mula:

∀i ∈ IN,∀j ∈ IN, E[M i
1 Lj

1] =
i! j!

2
i+j
2 Γ(1+ i+j

2
)

2j+1∑
k=1

(−1)[ k−1
2

] C
[ k
2
]

j

ki
.(5.2)



16 T. FUJITA, F. PETIT, AND M. YOR

Remark 5.4. In the same way, inverting the Laplace transform in (4.1),
we may obtain the trivariate law:

P [Lt ∈ dl, Bt ∈ da, Mt ≤ m] /dl da(5.3)

= 1
2t
√

π

∑
0≤k≤n

Ck
n

k!
( l√

2t
)k

(
G(k+1)( (2n+1)m+l+|a−m|√

2t
) − G(k+1)(2nm+l+|a|√

2t
)
)

.

6. Local times at two different levels

As we have

P[Mt < a, L0
t ∈ dl, Bt ∈ dx] = P[La

t = 0, L0
t ∈ dl, Bt ∈ dx],(6.1)

it also seemed natural to consider the law of the triplet (Bt, L
0
t , L

a
t ),

where a > 0.

Proposition 6.1. Let a > 0. Then:

P

[
BSθ

∈ dx, L0
Sθ

∈ dy, La
Sθ

∈ dz, 1(La
Sθ

>0)

]
(6.2)

=
θ3 e−aθ

2(1 − e−2aθ)2
exp

(
− θ(y + z)

1 − e−2aθ

) {(
e−θ|x−a| − e−θ(a+|x|)) I0

[
θ
√

yz

sinh(aθ)

]

+
(
e−θ|x| − e−θ(a+|x−a|)) (√

y

z
I1

[
θ
√

yz

sinh(aθ)

]
− θ y

2 sinh(aθ)

)}
dx dy dz,

from where we deduce

P

[
L0

Sθ
∈ dy, La

Sθ
∈ dz, 1(La

Sθ
>0)

]
(6.3)

=
θ2 exp

(
− θ(y+z)

1−e−2aθ

)
2 sinh(aθ) (1 + e−aθ)

{
I0

[
θ
√

yz

sinh(aθ)

]
+

√
y

z
I1

[
θ
√

yz

sinh(aθ)

]
− θ y

2 sinh(aθ)

}
dy dz.

Proof. We consider the function:

u(x) = 2
θ2 Ex

[
exp(−λBSθ

− α2

2
La

Sθ
− β2

2
L0

Sθ
)
]
.

By Feynman Kac’s formula, we obtain:




θ2u = u” + 2 e−λx

u′(a+) − u′(a−) = α2 u(a)
u′(0+) − u′(0−) = β2 u(0)

which gives, with C = 2
θ2−λ2

u(x) =




Ce−λx + C1e
−θx x ≥ a

Ce−λx + C2e
θx + C3e

−θx 0 ≤ x ≤ a
Ce−λx + C4e

θx x ≤ 0

with the conditions
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

C1e
−θa = C2e

θa + C3e
−θa

C2 + C3 = C4

C2e
θa + (C1 − C3)e

−θa = −α2

θ
(Ce−λa + C1e

−θa)
(C2 − C3 − C4)θ = β2 (C + C4)

.

Then

2

θ2
E0

[
exp(−λBSθ

− α2

2
La

Sθ
− β2

2
L0

Sθ
)

]
= u(0) = C + C4(6.4)

= 2
θ2−λ2

(α2+2θ)eθa−α2e−λa

(2θ+α2+β2)eθa+α2β2

θ
sinh(aθ)

=
∫

R
e−λx (α2+2θ)eθ(a−|x|)−α2e−θ|x−a|

θ(2θ+α2+β2)eθa+α2β2 sinh(aθ)
dx,

from where we obtain:
2
θ2 E0

[
exp(−λBSθ

− α2

2
La

Sθ
− β2

2
L0

Sθ
) 1(La

Sθ
>0)

]
=

∫
R

e−λx θ e−θ|x| θ+β2

2
(1−e−2aθ)−(θ+β2

2
)(1−e−θ(a+|x−a|−|x|))(

θ+β2

2
(1−e−2aθ)

)(
α2

2

[
θ+β2

2
(1−e−2aθ)

]
+θ(θ+β2

2
)
)dx.

Inverting the double Laplace transform (see [7], p. 197), we obtain (6.2).

Remark 6.2. Notice that we may recover (4.1) from (6.4), thanks
to (6.1).
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formulae, Birkhaüser, second edition, 2002.
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[13] C. Leuridan. Une démonstration élémentaire d’une identité de Biane et
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