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CLIQUE POLYNOMIALS
OF THRESHOLD GRAPHS

Dragan Stevanovi¢™

We give a characterization of the clique polynomials of threshold graphs and
show that every threshold graph is completely determined by its clique poly-

nomial within the class of threshold graphs.

1. INTRODUCTION

Throughout this paper we assume that G = (V, F) is a simple graph. A
k-clique of G is a complete subgraph of G with k vertices. For S C V, (S) denotes
the graph induced by the vertices in S, while G — .S denotes the graph induced by
vertices in V — S. If S = {u} we shall write G — u for G — S. By N(u) we denote
the graph induced by the neighbors of the vertex u. The join of graphs G and H
is denoted by G + H.

Many kinds of graph polynomials have been introduced and extensively stud-
ied in the literature. Clique polynomials have been first introduced in [2], and then
indepedently in [1].

Definition 1.1. The clique polynomial of a graph G, denoted by C(G; x) is defined
by

C(Gsx) = Z%(G)l‘k,
k=0
where ag(G) = 1 and ag(G) is the number of k-cliques of G. For V(G) = 0 we
define C(G;x) = 1.
The following result is an easy consequence of the above definition.
Theorem 1.2. Let G and H be vertez-disjoint graphs and u an arbitrary vertex of
G. Then
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i) C(GUH;z)=C(G2)+ C(H;x) - 1;
(i) C(G+H;z)=C(G ) C(H;x);
(i) C(Gyz)=C(G —wu;z)+ - C(N(u);z).

2. THRESHOLD GRAPHS

In [1], C. HoEDE and X. LI posed the question of characterizing clique
polynomials. Here we shall give a characterization of the clique polynomials of
threshold graphs. We shall also show that non-isomorphic threshold graphs cannot
have the same clique polynomial.

Definition 2.1. Graph G = (V, E) with n vertices is called threshold graph if
its vertices can be ordered in the sequence vi,va,...,v, such that for the vertex
v; (1=2,...,n) one of the following conditions holds:

A: v; is adjacent to all verticesv; (j=1,...,i—1);
N: v; is not adjacent to any vertez v; (j=1,...,i—1).

The sequence vy, vs, ..., v, will be called the threshold sequence of the graph G. We
shall say that the vertices u and v of G have the same character if in the threshold
sequence of G the same condition (A or N) holds for both u and v.

Theorem 2.2. If G and H are threshold graphs, then G s isomorphic to H if and
only if C(G;z) = C(H;x).

Theorem 2.3. The polynomial P(x) with integral non-negative coefficients,
deg P = n > 1, s the clique polynomial of some threshold graph if and only if
P(0)=1 and

() (—
Zu<0 (r=0,1,...,n—1),

i=0

where PO (x) denotes the i'™ derivative of P(x).

3. PROOFS

Proof of Theorem 2.2. Suppose that there exist non-isomorphic threshold graphs
G and H such that C(G;2) = C(H;x). We may further suppose that the sum
of the numbers of their vertices |G| + [H| is minimal. Let g1,92,...,9)g and
hi, ha, ..., by be the corresponding threshold sequences of these graphs. If vertices
g)c| and hjg| have the same character then G — g, and H — hj5 would be non-
isomorphic threshold graphs with the same clique polynomial, giving contradiction
to the minimality of the choice of G and H.
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Therefore, we may suppose that g|g| is adjacent to vertices g1,...,9¢/-1
of G and that for some k, k < |H|, hy is adjacent to vertices hy, ..., hx_1, while
hig1, ..., by are isolated vertices of H. Then

C(Gsx)=(1+2) C(G =g 2)
and (14 ) | C(G;x), while
CH;x)=(H|=k) -2+ (1 4+2) - C({(h1,..., hg—1); 2),

hence C'(H; ) is not divisible by 1 + # and we have a contradiction. O
Proof of Theorem 2.3. (=) Suppose that P(z) is the clique polynomial of
threshold graph G with &k vertices. We prove theorem by induction on k.

If K =1 then P(x) = z + 1, and clearly P(x) satisfies given conditions.

If £ > 1 then let vy, ... vy be the threshold sequence of G. If vy is adjacent
to vertices vy, ..., v5_1, then P(z) = (1 4+ z) - C(G — vy; ). From this, it follows
that P(0) = C(G — v;0) = 1, P(—1) = 0, and

P(i)(x) =(14+2) ~C(i)(G— Uy ) i C(i_l)(G— Up; ),

hence P(i)(—l) =1q- C(i_l)(G — vg; —1), for i > 1. Therefore

r

PO(—1)  P(=1) i CUY(G —wy;—1)
T 2

i=0 =1
r—1 (2) _ -1
:ZC (G -lvk’ )SO (7”21,2,,71_1)
2.
=0

Similarly, if vy is an isolated vertex of G, then P(z) = + C(G — vy; %), and
P(0) = C(G' — vg;0) = 1, while

. PU)(—1 C(G — v —1 C'"G — vg; —1
27;‘ )oY Ofk ) 14 &1 1,”’“ )

L O0O(G = ;-1
_|_Z ( Uk )
i=2

i

:Zr:c(i)((;_vk;—l)<0 (r:()’l’,,.,n—l).

; i -
1=0

(<) We shall use induction on the degree deg P = n. If n = 1 then P(z) =
az + b, and from P(0) = 1 it follows that b = 1, hence P(z) is clique polynomial of
the graph consisting of a isolated vertices.

Let

Px)=ap(x+1)" +an_1(e+1)"""+ . +ai(z+ 1)+ ao
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(k) (—
Then a; = % for k£ > 0, and the conditions of the theorem now become

> a; <0, forall r=0,1,...,n—1. Now
i=0

P(z) = (a:—i—l)(an(x—i—l)"_l—i—...—I—az(x—l—l)—i—al—l—ao)—aox =(x4+1)-Q(x) —age.

Since Q(x) obviously satisfies given conditions and deg @ < n, it is the clique
polynomial of some threshold graph 7'. From the conditions of theorem for r = 0
it follows that ag < 0 and therefore P(z) is the clique polynomial of the threshold
graph formed from 7" by adding first a vertex adjacent to all vertices of 7', and then
—ag 1solated vertices. O
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