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1 The dynamic turn

Meaningful comparisongetween‘logic’ and ‘legal reasoning’must evolve with
their relata.n this paper,we explainsomebasicsof 'logical dynamics',a current
procedure-orientediew of reasoningand other cognitive tasks,usinggamesas a
model for many-ageninteraction.Against this background,we speculateabout
possible new connections between logical dynamics and legal reasoning.

2 Law versus logic?

Many authorshave claimedthat there are systematicdifferencesbetweenlogical
reasoningandjuridical reasoningHereis a quote from the sixties, found in van
Apeldoorn's well-known textbook for beginning Dutch lawyers:

"In law, as opposed to logic, if the premises
of an argument are bad, so is the conclusion.”

In logic, hereditarysin works the other way around. Bad conclusionsof valid

arguments infect one or more premises, but bad premiagseadto perfectly true

conclusions (witness many cases in the history of science). Anywagyljffarence
is only apparentlt makeslittle senseto usepremiseghatare known to be false,

even to logicians, while lawyers may appreciate standard lagiftahtion.Perhaps
a more subtle difference was noted by Toulmin in “The Uses of Argument”:

“Logical proof turns on abstract mathematical form,
legal reasoning turns on procedure (the ‘formalities’).”



In other words, logic deals with static forms and Platonic relationships of
implication between these, while the law must dei¢h ‘rationality in action’. This
judgment was true, by and large, when Toulmin wrote his farbhoak in the 50s,
but we shall se that mattersare much more diversethesedays. One indication of
this is the lively modernliteratureat the interfaceof law, artificial intelligenceand
logic, documenteck.q., in the proceedingf this conference(Nijboer, Tillers,
Prakken).Onecanview Al as the ‘strong arm’ of logic, making its static forms
‘work’. But in this paper, we want to discuss dynamic tendencies in logic itself.

Polemicsaside,what specific featuresof legal reasoningmight setit apartfrom
logical reasoningin general?Generally speaking,thesewill reflect its task of
delivering rationality under real-time constrairitiere are somepositive prejudices
to this effect from an outsider (often a good source of biased positive views):

. the crucial importance of gogatocedure and timing

. the role ofdifferent parties, not just one lonely Thinker
. inevitably limited resourcesfor the reasoning process
. the aim for, not absolute, bteasonable certainty

Law has been so succesfulin delivering 'real-time rationality' under these
constraints that some philosophers e&es one main pillar of our westernculture,

which should not be ‘reduced'to the other (being mathematics)But in recent
years, logicians, too, are becomingincreasinglyinterestedin generalcognitive

mechanisms ofeasoning and information flow, partly underthe influenceof

computerscienceandAl. In this movementessentialaspectsare again: resources
(notably, computationabnes oftime and effort), preferenceqof both single and

multiple agents)procedureand timing. This dynamic turn has noticeainifuences
on logical theory andpractice, which makestraditional comparisonswith legal

reasoning less conclusive. (Note 1.)

3 Logical dynamics

Traditionally, logic is taken to be about implications between static propositians
aretrue or false aboutthe world. The emphasigs then on ‘truth conditions’ for
thesepropositions,andon soundand completeproof rules that manipulatethese.
To-day’s 'dynamic turn' shifts theerspectivaowardsgeneralprocesseghanging
information statesaboutthe world — of which reasonings animportantexample,



but notthe only one. Whenusinglanguageto communicate people modify their
own and other people's information, often in subtle ways. In a modern slogan:

Statements are actions — and therefore natural language is not a
description language, but a kind of programming language for cognition.

What we needto investigatethen are the ‘update conditions’ for statements.
Likewise, reasoning is a stepwise activity, whose success involves judisieus
timing and resources. Note that indeed the vemns"statement” and “reasoning”
are ambiguous betweéactivities' andthe 'products’of thoseactivities! Hereis a
warm-up examplefor the rest of this paper, demonstratingthe new way of
thinking. To a first approximation, one person’s

information state ishe set of all relevant possibilities that she entertains
updates are actions that change this information set.

Propositionalnferenceasanupdateprocess

Considertwo atomic propositionsA, B. Their true/false combinationsgive 4
candidates for the real state of affairs. Information about the latter now gomias
utterancedriggering updates,restricting this set. In the limit, only one option
remains,andwe know the real facts. Here is a video-strip illustrating successive
information states and updates associated with the valid propositional inference

from two premises /M and -A to the conclusion B :

ACB AB, ABN -A B

The two premise updatesadd information. We can even measuretheir precise
strength, via th@umbersof possibilitiesremoved:the secondis more informative
than the first. By contrast, the conclusioraixed point updatingwith it adds no
further information, the stateremainsthe same.This kind of updatemechanism
explains the solution process in simple logic puzaegamesdike ‘Master Mind'.
Of course, there is much more to this than can be discussed here. (Note 2.)



The preceding example is also misleading, however, in that most realistic
communicativesettingsgamesinvolve updatingof many-agentnformation states

For instancewhena questionis askedand an answer isgiven, two agentslearn
much morethan a simple factual updateaboutthe contentof the question.Under
normal circumstanceshe questionerconveysthat he doesnot know the answer,
and that he expectsthe answererto know. The answererachieves‘common
knowledge’ of the answer, which means that both panties know that they both

know the answer, and thtte otherknows this, etceteraSuch‘logical overtones’
matter.Information aboutotheragents’knowledgeor ignorancecan be crucial to

further action. Also, ‘who knew what when’ ¢sucial to establishingnnocenceor

guilt. Humansare remarkablygood at keepingtrack of suchsubtleties.Compare
the case where everyokaows that your partneris unfaithful. This is a nuisance,
but one you can liveown. But if the bad situationis commonknowledge,it may
be time to draw your gumestoreyour injured honour(and geta goodlawyer...).

Updatinginformation statesfor manyagentsis a subtleprocess,that we will not

pursue here. (Note 3.) (Note 4.) Instead, we now tmamany-agenmodelwith

useful concrete intuitions that will be the focus for the rest of this paper.

4 Games as a model for many-agent logical dynamics

A desire to improveone’sskills in winning arguments andebatedgs a motivation

for many students of logic (whether well-founded or not...), ahdsindeedbeen
a source of inspiration for logic since Antiquity. There even sderhs a plausible
intuition of a ‘valid inference’ as guaranteed winningtrategyin debate Evenso,

games have never been a major recognized paradignfdoencein logic, such as
‘semanticvalidity’ or ‘provability’. But thesedays, this minor currentis turning

into a full-fledged researctprogramusing concretegamesas a proceduralmodel

for a variety of logical tasks: semanticevaluation, model construction, proof,

comparison,communication.(Pioneersin this movementhave beenLorenzen,
Ehrenfeuchtand Hintikka. By now, thereare many strandsanddirectionsin this

field.) At the sametime, contactsare increasing betweenlogicians and other

communitiesinterestedn games:philosophers|inguists, computerscientists,and

of course, game-theoristan economists,starting from the tradition of von

Neumann— Morgenstersind Nash. Sharedconcernsacrossthesecommunitiesare

rational deliberation,communicationdecision and action for groups of agents.
These involve typical game features like



. interaction between players, their moves and turns,
. players’ rights and duties, intentions, resources,
. explaining behaviour via strategies, and stable behaviour in terms of

‘strategic equilibria’, where the players have no interest in deviating.

(Note 5.) Gamesare not just a metaphorhere (as they were in the old days of
Huizinga’s ‘homo ludens’, Wittgenstein’s ‘language games’ or NN’s ‘games
peopleplay’): but a concretemethodof modelling. We will show this for logical
tasks in the coming three sections, while also pointing out some broader
implications for cognition and legal reasoning in particular.

5 Disputes about facts

5.1 Evaluation games Hereis the simplestlogic game. Supposetwo

parties disagree about a the trutraatatementn somesituationunderdiscussion:
Verifier V claimsit is true, Falsifier F that it is false. Evaluationgamesdescribe

their moves of defense and attack — with a schedule driven by the assertion at issue:

atoms testto determine who wins
disjunction V's choice

conjunction F'schoice

negation role switchbetween the two players
existential quantifiers letV pick an object

universal quantifiers do the same fdF

E.g., consider two objects s, t, with R = {<s, t>, <t, s>}:

> o t

Here is the game of perfect informatifor the logical formula [x [y Rxy (say,

the assertion that "everyone has an enemythigsituation— picturedas a tree of
possible moves, with the scheduling read from top to bottom:



vi

Falsifier starts, Verifier must respond. (Another way of thinking about this
particular game is as ‘matching pennies’.) Cleahgreare 4 possibleplayshere,
with 2 wins for each player. Yet, the players are not evenly matched. Evidgntly,
is the lucky one: after all, she is defending the truth of the matter...

5.2 Truth, winning strategies, and determinacy The point is thatV
can always win, by choosing the appropriate response to wha&tglays:she has
awinning strategy a pattern of behaviour thaill guarantee certainoutcome,in
this case:'winning”. By contrast, F has nowinning strategy: V. may always
thwart him. But neither does he have a ‘losing strategy’: he cannotMai@dinish
him off... Thus, players’ powersof determiningthe outcomesof a gamemay be
quite different. Here is the fundamentalconnection betweenthe relevant key
notions of logic and game theory underlying our simple observation:

Proposition A statement A isrue if and only if Verifier
has awinning strategyor its evaluation game.

The proof of this is not hard ( a simple induction on formulasjt goesone step
beyond the intentions of this paper. But even sos@esomeimportantaspectof
the dynamicsof two interactinglogical agents,which do not arise on standard
semantic accounts of truth at all. There is ‘necessary effort’ and ‘mutual power’:

(2) Fairnessguarantees a win with optimal patterns of behaviour. It is not a
panacea for lazy people. Verifier might play stupidly, and lose the game.
Logic is about what you can win, not what you cannot help winning.

(2)  Joint powersEven if one player has a winning strategy, outcomes may still
depend on the other, who might decide e.g., where to make his final stand!
(Think of the losing party at least chosing the final battlefield with honor.)

In general, then, both parties are involved in determining the final result.

Both pointsareimportantto applicationsof the model. Inparticular,it is a typical
game-theoretic thought that all players are stakeholders in the final outcome.

In addition to these general points, therease interestingtechnicalaspectdo the
aboveconnectionln particular, logical laws now acquiregame-theoretiemport!
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E.g., consider the classidalical law of ExcludedMiddle A[-A , often takento

be a triviality. The fact that Verifier hasa winning strategyfor this statemenin
every model means she can choose to play either Verddger, or -A as\Verifier
(i.e.: A as Falsifier), and then still haaevinning strategyfor the remainderBut
this is another way of stating a well-known notion from game theory:

Excluded Middle A-A expressedeterminacyof evaluation games:

i.e., one of the two players must always have a winning strategy.

This is just the tip of an iceberg. The preceding observatdas becausef a few
very generalfeaturesof our evaluationgames.In thefirst decadeof this century,
Zermelo (yes, the famous set-theorist) already proved that

All zero-suntwo-player games that hafieite depthare determined.

Zermelo was mainly concerned with finite-depth gamesdikess wherehis result
implies that oneof the two playershasa non-losingstrategy.(It is not yet known
whetherthis is Black or White. Abstractexistenceresultsfor strategiesmay still

defy the bestcurrentcomputers.) By contrasturrentevaluationgamesfor more
complex languagesthan first-order predicate logic may go on forever, and
determinacybecomesa more subtleissue. This technicalissueagainhasa clear
practicalrepercussionShort-termdisputesand debatesnay havefinite depth— if

only by stipulationof somekind of limit to repetitions(as happensn chess).But
when wemoveto a higher level, and considermacro-gamedike ‘languageuse’
(the ‘operating system’ of cognition), or indeed ‘law’ (the operating system of

justice), infinite patterns and strategies become essential.

5.4 Points of relevance to legal reasonindhe preceding analysis shows
that one meaningful typeof legal episode two-party disputesaboutfacts, can be
modelled as gamesith precise rulegndwinning conventionsDifferent roles are
necessaryhere, players are both stakeholders(antagonisticin our particular
example, but cooperativa others),andthe truth of the matteris reflectedin their
available strategies. These strategies corresotietir rational behaviourswhich
they might display in court when interacting with the other party.
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Next, we turn from gamesaboutthe question"Did things actually happenthis
way?" to logical games abou€6uldthingshavehappenedhis way?". This might
be the objecbf a lawyer’s strategy,pointing out scenarioghat are consistentwith

the innocence of her client. The logical issue here is no ldvigdel Checking but
Satisfiability Given one or more assertions A, butspecific situation,doesthere
exist a model making all these assertions true? Answr@gatisfiability question
is equivalent to answering a question, not of truthyvhlidlity:

“Does A have a model?” is equivalent to “Is the negation —-A valid?”.

6 Disputes about consistency

6.1 Model construction games Considertwo partiesdisagreeingaboutthe
consistencyof a story, without an external source for checking. Logical
constructiongamesmodel this situation. We only describetheir outline, because
our further points can be understoodwithout details. (Note 6.) One player is
Builder, who claims that a model exists. Her moves introdigjectsand postulate
facts concerningthe model in statu nascendi.The other player is Critic, who
searchedor inconsistenciesn this process,issueschallenges,and makessure
everyrequiremenis met. The scheduleof movesin constructiongamesis much
freer than in evaluation games. At any stage, a number of assertions may bave
madetrue and/orfalse, and playerscanpick any oneof these.Another difference
with the preceding evaluatiggamesare the asymmetriebetweenplayers.E.q., if

an existential formuladx A(x) has tobe madetrue, Builder mustintroducea new

object that can serveas a witness, while, if it is false, Critic only has to issue
challengego the effect that no existing objectsatisfies A . Also, Builder has no
special interest in meeting every requirem@ve are not talking aboutconstruction
of physical buildings with possible legal action afterwards), but Critic does.

For a concreteexample the readermay want to think about Builder's movesand
Critic’s challenges in a police station where people ponder the case of

TheGangof Four
Somewhat unorthodox (but let us hopdmissible)detectivework hasyieldedthe
following facts about the power structure in a certain gang with four members:




» some member either commands or is commanded by everyone else
« if you are commanded by someone, you do not command anyone

Cantherebe gangssatisfyingthis description?Builder must constructa situation
that do (pictures ara good meansof displayingthese),while Critic is a colleague
trying to takethis constructionapart.indeed,introducingobjectsthat satisfy these
two assertionsandthat canstandup to the obvious challengescorrespondingo
the quantifiers “everyone else” and “you”, “someone”, can be done in two ways:

Ny ~"

Thesetwo patternscorrespondto the two different winning strategieswhich
Builder in fact possesses. Notice that we are interesteatlrstructures here, bat
lawyer trying to show that the assertionsare consistentwould only need one.
Conversely,f alawyer arguedthatthis descriptionis inconsistent- so her client
could not have belonged to any such organisation — just one picture would do.

But now, a third report comes in (this is really a kind of logic police force):

» everyone takes orders from exactly one person.

This time Critic hasa winning strategy,being in essencea formal proof that the
threeassertiongogetherform a contradiction.There are indeedvarious strategies

for this purpose, depending how one ‘pinpoints’ the contradiction.

6.2 Strategies, models and proofs
The main theoretical result about construction games is this

Proposition Builder has avinning strategyn the construction game
if and only if the initial set of assertionsagnsistent

A more detailed analysis of the proof reveals that, as with evaluation games,



Each construction gamedgtermined
either Builder or Critic has a winning strategy.

The reason is nas simpleas forevaluationgames sinceconstructiongamescan
have infinite branchescorrespondingo the constructionof infinite models that
satisfy the given assertions. Thisnesededo take careof predicate-logicalalidity

in its entirety, althoughmany practicalapplicationswill leadto finite gametrees.
(Infinitely large criminal organisations seem rare, unless one thinks of Crioreas
party in a never-ending ganagainstJustice.)More concretely thereis againa lot

of interestingfine-structureto the interactionsbetweenplayersin a construction
game. In particular, different strategeery important information:

Builder's winning srategies (if any) are the differemidels
Critic’s winning strategies (if any) are inconsistempegofs

Also, despitethis antagonisticdescription the very asymmetryof players’ moves
shows that players do not necessarily have conflicting interestsalaéew Critic
just as well as someonewho helps Builder schedulehis tasksin a way which
ensures solidity of theonstruction— and heartily rejoicesin her winning strategy.
It is often quite convenient to delegate one’s coordinating tasks to other parties.

A final logical point of interestis this. Generallyspeaking,the model evaluation
task andthe modelconstructiontask are of different complexiy (in termsof the
order of magnitude of the time steps required):

Construction games hatgher computational complexity

than evaluation games. Given a finite model, the evaluation
games take a polynomial number p(n) of time steps (where
n measures the length of the input assertions). Construction
games may take forever — and even if they do terminate,
they may take any (exponential) amount of time f(n) .

Thus, checking for consistencynsore complexthancheckingfor truth. A related
logical point isthis. Lying is a more sophisticatedkill thantelling the truth — and
typically, it comes many years later in a child's cognitive development.



Xi

In actual argumentation, and legal settings, the two tasks may occur intertdsned.
philosophergoint out, we checkthe facts (by perception,or other means)when
we can without too much effort, and ‘fantasize’in all other cases.This can be
modelled bymixed ganes, which would presumably be closer to courtroom reality.

7 Dialogues, debates, and procedural bias

Historically the oldestlogic gamesare ‘Lorenzen dialogues’. Theseare relatedto
the preceding construction gambst they presentsomeinterestingfurther points,
that seem closer tpracticalargumentationAgain, we refer to the literaturefor the
precise definition of these games, stating merely that we now have

a formal debate betwe@&roponentandOpponent
arguing for c.q. against some proposition at issue.

Dialogue games havegical rulesbreakingdown formulasmuchlike thosein our
earlier games. E.g., to defend a disjunctidrgponenhasto chosea disjunctand
defendthat— while for a conjunction,Opponenichooseghe conjunct. To defend
an existential quantifier, Proponent must choose a ‘witness’ object, @pgenent
choosesa ‘challenge’ objectif a universalquantifieris defendedby Proponent.
Winning or losing occurswhenone playerhas runout of legitimatethingsto say
(accordingto the dialogueconventions)the first to encounterthis impasseloses.
(This is a well-knowrconventionin many games- thoughnot, e.g., in checkers,
where it generates a draw. But in debatbesjing no further movesis indeedoften
interpretedas a player'sdefeat.)Given all thesestipulations,the structureof the
eventual ‘adequacy assertion’ for dialogue games remains as we have seen before:

validity of a formula A amounts to Proponent's having
a winning strategy — viewed in more detail, Proponent's
winning strategies correspond precisely to logical proofs.

A bit more generally, one can start the dialogue game with a situation where
Proponentmakesa claim (the conclusion),while Opponenthas already granted
some assertions (the premises) which proponent can exploit in further play.

But the main point we wish to stress in this sectioongwhich comesout only in
the detailsof suchargumentatiorgames.The notion of ‘validity’ in the preceding
assertionis not as stable as one might expect! For, in addition to the non-
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controversialogical rulesregulatinga dialogue,one must agreeon what may be
calledprocedural conventiong hese involve crucial featuressatheduling

who wins what depends essentially on procedure
in particular, timing and rights of defense or attack.

Example:Classicalersusintuitionistic logic

Consider Excluded Middle [A-A , taken for granted so far. If Proponent isio

a dialogue game for this, she must be allowed to switch defenses. Witaguthe
has to make one choice (left or right), thereis no guaranteef a furtherwin. If
she chooses, and Opponentattacksthat, she has neesponself she chooses
-A , andOpponentattacksby assertingA, she has navinning responseeither.
(We forego some technicdetailsof Lorenzendialoguesat this point.) But, if she
can switch defensesshe canfirst defend-A, forcing Opponentto assertA in

order to attackthat, and then switch her defenseof the initial A=A to A ,

exploiting the fact that Opponent himself has already granted this.

Is being able to answer the same attagke a justified procedurakight? Lorenzen
himself did not think so, and opted for intuitionisiiesteadof classicallogic. And
indeed, Proponent’shifty defenseof ExcludedMiddle does not really suggest
greatmoralfibre... In any case,the abovegeneralpoint will have becomeclear:
procedure determines logical powers. Is this a legally relevant paanthot sure,

but consider this situation. The evidence on the table consists of three assertions

~(A&B) ~A-C -B.C

Say, your client cannot have been at locations A and B atthetime. If shewas
not at point A she is guilty of misdemeanor Cshiewas not at B, she isguilty of
the samemisdemeanor C. Doesit follow that she isguilty of C? Yes, if your
opponents allowedto argueaccordingto classicallogic. No, if the stricter proof
rules of intuitionistic logic are applied.For then, the first premisedoesnot imply
the disjunctionof -A and-B, as youmay lack the evidenceto determinewhich
one obtains, and hence you may be at a loss when challenged to probomeat
somestageof the argumentatiorgame. Think of castigatingyour opponentsin
court for being unable to come up with a precise location where she was not...
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Different legal procedurescan have systematiceffects on outcomesof trials — at
leastif onebelievesthe Proceeding®f this conference(see(ref.]), whereto my
greatinterestand edification,guilty personsare advisedto try their luck in US
courts, andnnocentpersonsin Europearones... Startling outcomerelativitiesare
well-known for formal procedures suels voting schemesn social choicetheory,
eventhoughits effectshave not beenfully takenin by practisingpoliticians and
decision makers. It iat leastinterestingthat similar dependencies especiallythat
on the almost inevitable practical curtailing of repetition rights for attacks and
defenses in debate — can have systematic logical consequences, too.

This concludesour discussion ologic gamesandtheir import to legal reasoning.
But this picturewould be seriouslyincompletewithout at least mention of some
further themesthat arise in gametheory. Theseadd more realism to the game
perspective on cognitive activities: of which we will consider three main aspects.

8 Preferences, equilibrium, and fair outcomes

Onecrucial aspeciof gameshasremainedimplicit so far. Like deonticreasoning,
gamesrefer essentiallyto players' preferencesetweendifferent outcomes With
just winning andlosing, we have a degenerateaseof this: presumably players
prefer situationsvherethey win over thosewherethey lose. But in general there
may be much more finer-graing@deferencedetweenoutcomesegitherin the form
of numericalvaluations,or in the form of comparativepreferencebetweenthem.
Playerswill seekmaximalgain andminimal lossin theseterms,and choosetheir
strategiesaccordingly. This preferencepatternis the basis forthe fundamental
game-theoretinotion of Nash Equilibrium, an acceptablgatternof behaviourfor
all participants, which can be considered ‘stable’ and justified. More technically,

A Nash equilibrium profile is a choice of strategy for each player such that
the resulting outcome cannot be improved by anyone switching his strategy
(while the others keep theirs fixed).

In our determinedogic games Nashoutcomesconsistof a winning strategyfor
one playerand anystrategyfor the other. Of course,otherplayersmay still have
reasons for choosing their strategikshey prefersomesitesfor defeatto others,
the equilibrium will be more subtle. Equilibria are tj@me-theorist'savourite tool
for explaining stable rationally justified behaviour.particular,if thereis just one
Nash equilibrium, a game will havevalug which is what players would g#tthis



Xiv

equilibrium is played. This is a good candidate fésia outcome.This notion may
be generalizedby meansof probabilisticconsiderationsn casethereis more than
one equilibrium. (This happens,e.g., in the notorious Prisoner’s Dilemma —
perhaps not surprisingly, a case with a juridical setting of sorts.) (Note 7.)

A legal counterpart to the notion of faialue of a gamemight be anassessmeruf
the parties’ chances,and their preferencesbetweenvarious outcomes— while
equilibrium pay-offs would correspondto some kind of imposed setllement.
Conversely,negotiatedsettlementis a juridical conceptthat might find further
applications in game theory, or even logic when time constraints become important.

9 Games with imperfect information

The dynamics of playing games is rooted in whaly be called ‘future ignorance’.
We do not know precisely which move our opponentis going to make, and
therefore,our strategymustbe preparedfor eventualities.Logic gameshave this

uncertainty, even though they have perfect information in all other respeeiach
stage,playersknow exactlywherethey arein the gametree, including all moves
that have beermplayedby themandtheir opponentsBut in real games,there may
also be ‘past’ or ‘present’ ignorance. Itadgame, | donot know exactlywhich

cards you were dealt in the first move. A game like “Cluedo” do¢permit me to

observe which card you are showing to your neighbour. Or, in Prisoner’s
Dilemma, | cannotseewhat you are doing right now in the other prison cell...

In suchgamesof imperfectinformation the notion of a strategy(suitably adapted
to cope with my current uncertainties) still makesise -but the situationdoesget
more complicated. In particular these gammes/ be non-determinedneitherplayer
has a winning strategy. Outcomes will then depend@rerness plus chance.

Hereis a concreteexampleof such a game, derived from a recently proposed
variation on evaluation games. Consider the earlier game of Sectidx 5y: Rxy.

Now change this to
Ox Oy/x Rxy

where Verifier, in her response to Falsifier’s initabve, doesnot know (failed to
notice, or forgot) which object was chosémthe gametree, this is indicatedby a
dotted line, indicating the two positions which Verifier cannot distinguish:
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y::mz t y:= W: t
win iny winy/ inF

Mow, neitherV nor F hasa winning strategy.F doesnot haveonefor the same
reason as before: whatever he déesyight make the right response, and vidat
also, V doesnot have a winning strategynow, becausethere is no uniform
recommendation which sleanusein both casesacrossthe dottedline. Choosing
S is winning in one case but losing in the other, and so is choosing t .

Is this secondtype of ignorancerelevantto legal proceduret dependson how it

arises. If aplayercannotwin becausef imperfectinformationaboutmovesmade
by others (say, what did thepposingparty tell the judge?),this may seemunfair,

and in conflict with full disclosure. But certain movesdifier partiesin court may
indeedbe private to someextent,and in that case, imperfect information is an
inevitable fact of life. If the presentor pastignorancecomesfrom defective
memory, howeveror other personalhandicaps,this seemsirrelevant. (That is,

unless wewish to compensatsomelegal actorsfor their stupidity — the way we
sometimes take pity on unworthy opponents in a game.) If legal gamepreaise
boundarieson the ‘imperfect information’ which they tolerate,this might by itself
be an interesting defining feature setting them apart from games in general.

In any case,asin the precedingsection,evennon-determinedjamesof imperfect
information can have a valug representingvhat playerscan reasonablyhope to
achieve if the game is played many times.&@nin this game-theoretiscenario,
there is a radical option of

computing the merits of the case beforehand,
and then pay/punish both parties accordingly....

10 Repeated games

One noteworthy feature alur logic gameswhich we havenot emphasizedo far,
is their ‘one-shotcharacter’.We cannotplay all possibleruns, which givesthe
actual sequence of events its drama. Say, Verifier womwnef evaluationgame.
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Does this prove the assertion was true? Nevehavenot testedwhethershehad

a winning strategy, reacting succesfullyeteeryplay by Falsifier.So, did she win

by accident or for deeper reasons? Here is Whalsgfier hasan interestingrole to
play. It is hisinterestto offer the bestpossiblecounter-playjn orderto maximize

his chances of winning — but in doing so, he also otfezdestpossibleguarantee
that Verifier really has a winning strategy! This one-shot character seems
characteristiof law-suits,or soccermatchesandothertypesof ‘decisive event'.
Nevertheless, one must realize that it does not give complete certainty. (Note 8.)

In gametheory, repeatedgamesare essentialfor achievingfairnessand strategic
equilibrium... Repeatedgamesreveal more of players'strategiesand they give
players a faichancefor changingsomeof the actionsthey took (perhapsn some
randomizedfashion). Thus, playerswill get their fair value in the long run. Of
course,this would taketoo muchtime for realisticdecisionmaking — evenwhen
the separategames themselveare short. In legal procedure, some sort of
repetitionsare allowed (appeals) but they do not seemto havethe same spirit.
Again, the betterway of dealingwith this needfor fairnessneedwould be by
properadjudication.Neverthelesstepeateditigation canbe surprisingin its own
right. Instead of proper analysis, here is an old anecdote from the logic textbooks.

The sophist Corax had taught a pupil Euathlos: the fee would fiesth@oneyhis
studentmadein winning a law-suit. But Euathlosneverenteredcourt. So, Corax
brought a case against him, arguing:

“Either | win, and you have to pay me (by the verdict),

or | lose, and you also have to pay, by our contract.”

But the obviously well-taught Euathlos produced a ‘counter-dilemma'’:
“Either | lose (and | need not pay, by our contract),
or | win, and need not pay because of the verdict.”

The logical point of the anecdotes just the clever use ofdilemmaand counter-
dilemma in arguing for one’s position. As for the legal point, a lawyer toidene
this case should be easy to solVke studentwins the first case,sincehe hadnot
promisedhis teacherto engagen lawsuits(thereis no breachof faith). But then,
the teacher must starsacondawsuit to collect his fee, and he wilin that. (Note
9.) Having two lawsuits never came up in logical discussion of this puzzle!
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11 The law as a game

11.1 General considerations The claim in this paper is not that legal events
are gamesin somedeepobjectivesense -eventhoughthere are somegame-like
features to what one sees happening in court. The mainislaatherthatit makes
senseto analyzelegal eventsas games,as a meansof bringing out somesalient
characteristics- for reasongnalogoudo thosemaking game-theoreti@analysisof
logic illuminating. Thereis nouniqueway of doing this. Onecan think of single
trials as games, but also of types of legal activity (say, the functioning of a@surt)
gamesin a broadersense.For an analogy,think of the distinction betweenthe
specific programs you are running on your computer versus the opesypdiegn:a
macro-programenabling the former eventsto take place at all. Moreover, the
contactcango both ways. One cantake notions and resultsfrom logic gamesor
general games — and then suggest legahterpartsThis hasbeenthe main thrust
of our paper.We havemerely madesomesuggestionsere and there,and more
case studies would be required to prove the utility of this perspective. (Note 10.)

But things becomemore interestingif one also movesin the oppositedirection,
looking at existing legal proceduresand then tries to extracttheir game-theoretic
and logical import. Legal practice containsseveralideas that seem of general
interest in games, while legal games might &lawe specialdistinguishingfeatures
that set them apart as a natural subclass of games in general. thespwopose of
this paper to explore this in detail, but here are some points that conedta-irst
considerthe effectsof havingmorethantwo players not just the contestantshut
also lawyers, judges, expert witnesses, etc. A much-studied issue in gameasheory
powers ofcoalitionsof players to achieve outcomes that laegondeachmember’s
individual powers. This fits well with currentlogical trendsin studying collective
information, group obligation, etc. More specifically, what happens to tjices,
or general games when we add ‘juridical players’, sughdagesor referee®

Perhapsthe most decisive peculiarity of legal gamesis their reasoning with
boundedresourcespbeyingconstraintson time and effort. Disputescannottake
forever, judgments have to laerivedat in effectively boundedtime. This requires
not just decidability, but indeedmuch lower complexitythanin the usualsystems
that logicianscanafford (in theory). One canstudywhat things keep legal debate
functioning within theseconstraints.This is preciselywhere the connectionwith
Artificial Intelligence hasalreadyprovidedvaluableexperienceBut it would be of
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interestto seeif this is just computationalimplementation’,or whetherthere are
featuresof generalfundamentalinterestthat can inform new logical theorizing.
(Note 11.) In particulamesourceboundsand methodsfor enforcingthem,e.g. in
terms of ‘feasible strategies’, habeenstudiedin gametheory, but thesemay not
be quite the ones that drive legal practice. (Note 12.)

12 Conclusions

Reasoningand many other logical tasks (evaluation, model construction,and
others) can be cast as games. This leads to new dynamic viéogsooms a many-
agenttheory of cognitive activity, with a shift in basic notions and results. The
resultingparadigminvites fresh comparisonswith legal procedure.Through this
comparison, one also gets into broadennectiondbetweengametheory andegal
reasoning.Our emphasishere has not beenon specific systemsthat effect this
junction, but ratheon generalissuesthat seemworth pondering.If thesecontacts
work well, they should work in several directions: first, a better logical
understanding of 'legal games', but also, ideas from f@gaticemay enrichlogic
games, and games in general. This idea of mutual influence is not new byitself,
we may haveaddednew twists. (Note 13.) Finally a warningseemsin order. In
my experience succesful interdisciplinary work seldom consists in  solving
problems of one field bysing methodsfrom another.It is ratherthat membersof
two intellectual communitiesmeet, fall in love, and producecommonoffspring
in the form of new questionsand new typesof result.In the long run, the joint
venture of having children produces the stronger bond than tempaiapyatiorof
lovers’ individual habits...

13 Notes

1)

There are many further analogiesbetweenbasicissuesin computation/cognition
and in law. We mention justfaw for perspective(a) rule subsumptiorvs pattern
recognition, (b) worst vs averagecaseperformance(c) avoiding errors of two
types (false positives, false negatives), (d) protocols for achieving secrecy, etc.
2)

For many consequences of this dynamic view on inference, see van B&@8ém
Exploring Logical Dynamics CSLI Publications,Stanford. Note that reasoning
still makessensein the updatesetting.It providesa ‘red thread’ of significant
assertions through successive updates, as may benseatistic problemsolving.
This is oneinstanceof the generalissuehow abstractinformation’ is turnedinto
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concrete knowledge’. Moreover, the strict order dependencef premiseupdates
may be unrealistic.Considerthe following information: A - -B, BOC, A . Most

people would first combine the third premise with the first, and tisetthe second
to arrive at the facts A, =B, C . Qhe otherhand, real-timeargumentatiormakes
such choices irrevokable, which is another form of order-dependence.

3)

J. Gerbrandy, 199&isimulations on Planet KripkeéLLC, A'dam.

A. Baltag, 1999, ‘A Logic of Communication’, CWI-ILLC, A'dam.

(4)

Many other notions are naturally subject to updatignsideragents’preferences.
These,too, may changebecauseof incoming information — and logical calculi
performing ‘upgrades’ have been proposed by a.o0. Spohn and Veltman.

(5)

A recent survey of the logic/games interfagevan Benthem,"Logic and Games",
electroniccoursenotes,Stanfordand Amsterdam,1999. Seealso the home page
‘Logic and Games in Amsterdantittp://www.cwi.nl/~pauly/games.html

(6)

More precisely, constructiogamesmay be representedby the well-known logical
technique obemantic tableaywviewed this time as ‘dynamic objects’.

(7)

This sectiononly scratcheghe surfaceof a complex interaction betweengame

theory and logic. There are many further topics of investigation here. Preferences
gamesalso suggestdeonticdynamics One might makepreferenceshemselvesan
issue for gaming, providing mechanisms for changing them.

(8)

In computer science, orf@sintermediatecases wherea gamewould be playeda
sufficient numberof times(i.e., a sufficient numberof brancheof the full game
treeis traversed)Yo makeit highly plausiblethat Verifier hasa winning strategy.
The most famous algorithm for achieving optimal performancein one-shot
situations comes from a judicial setting, however, viz. Cake Cuifimg.seemdo
derive from old Germanicproceduresn dividing the loot of a raid. One party
divides, the othergetsthe first choice— asin still visible in the Dutch expression
“kiezen of delen” (“do you wish to choose, or divide up?”).

9)

In AmsterdamRon Allen gavea more substantialegal analysis,reproducedhere
from a private communication: "The contractterednto explicitly calls for the fee
to "be the firstmoneyhis studentmadein winning a law-suit." The suit doesnot
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call for a fee if his student wins a suit; it cdlts a fee if he makesmoneywinning
a suit. Whenthe teachersuesthe student,whetherthe student"wins" or "loses",
the studentwill not makemoney;therefore,no paymentwould be due underthe
contractualprovision. Since no paymentwould be due under the contractual
provision no matterhow the lawsuit againstthe studentcomesout, obviously the
lawsuit has no basis and will logsmissed.This resultis unfair only if the student
somehow misled the teacher. For example, perhaps the studemlwagerested
in a learning about the law, boéverintendedto practiceit. In orderto geta free
legal education, however, perhaps he feignemhtanestin practice,inculcatingthe
belief in the teacher that the student intended to practice, thus inducing the tieacher
enter into this contract. Well, the law handles thisvaB. It is called"fraud in the
inducement.” If the teacher can prove that there was such fraadnrecoverhis
damages. And in American courts, maybe punitive damages as well."

(10)

One case was Josephson’s lectumdegal abductionprocedurest the Amsterdam
conference. H is an abductieenclusionfrom D if (a) H implies D (togetherwith
some background theory), (b) D are correct dadethereis no'better' hypothesis
H’ which also derives D Unpackingthis in a logic gamebetween'Proposer’and
‘Critic’, one gets moves correspondingthe threeclausesia) attackthe inference
from H to D: i.e., be Builder in a constructiongamefor {H, -D}, (b) attackat
least one of D, (c) using he quantifier form of "being beatack(c) by presenting
some H’ forwhich you claim thatit alsoderivesD, andthatit is better.Proposer
canthenattackeitherconjunctof this, againentirely via therules for a standard
logic game.The latter may be castas a game for checking if some proposed
hypothesisH is really a best explanationfor a given data D . Some further
interestingpoints in Josephson’saccount.(a) One of the optionsfor ‘Critic’ vs
‘Proposer’ is to derive a false consequefioen H. This seemdo correspondo a
further requirementthat "H hasto be true", or at least"consistentwith what is
known". (b) Proposercandispose ofa whole bunchof alternativehypothesesat
once. This is not neededin our game:it would tell him to reveal more of his
strategythan is warranted.(But mentioning a lot of potential points for your
opponentevenif you donot havea strong refutationis a well-known rhetorical
trick. At least, your opponent incutise odium of sayingsomethingpredictable'.)
(c) The requiremenfor a defensdawyer is that she shoulgroducean alternative
explanation after the prosecutiorhascomeup with explanationH (normally, the
guilt of the accused). Thseemsstrongerthanwhat would be minimally required:
viz. showing the evidenceto be consistentwith the negationof H . (d) One
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commentator described the judge’s task as chodmhgeenalternative'stories'in
which the dataD ‘fit’. Are theselike models,hypothesespr a mixture of both
ways of thinking?

(11)

What logicians already know is that restrictidos/ariousfine-structureformats of
assertion,and accompanyinglightweight calcul’ can improve performancein
consistencycheckingand proof searchdramatically.lt might be of interestto see
whether these correspond to anything in legal reasoning.

(12)

Winning strategiesmay be too costly to execute so we mustsometimessettle for
less. This canbe modelledby assigningcoststo actionsin a gametree, and then
computing optimal strategies through the tree given initial resources of players.
(13)

Therehave beersuggestions foisciencecourts’, where legal-style debatewould
be used to get best current opinions on issues thatdesveinderscientific debate
for a very long time — andtheresometemporaryresolutionwould be useful,e.g.
when preparing funding decisions.
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