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1. Introduction

Many enumeration problems, such as that of counting nonnegative integer matrices
with given row and column sums, have solutions which can be expressed as coefficients
of symmetric functions. We show here how useful formulas can be obtained from these
symmetric function generating functions. In some cases, the symmetric functions yield
reasonably simple explicit formulas or generating functions for the coefficients. In other
cases, such as in counting several types of regular graphs, explicit formulas that are too
unwieldy to be useful in computation can still be used to show that a sequence of coeffi-
cients is P-recursive, that is, it satisfies a linear homogeneous recurrence with polynomial

coeflicients.

In Sections 2 and 3 we review the basic facts about symmetric functions and intro-
duce the method we use (due to Read [35]) for coefficient extraction: The coefficient of
xf‘lle‘;- . x;\k’“ in the symmetric function f is the scalar product (f,hy, ---hy,), where h,
is the complete symmetric function. To evaluate this scalar product, we expand f and the
hy, in power sum symmetric functions, and use the orthogonality of the power sum sym-
metric functions. We give examples of explicit formulas and generating functions obtained

by this method for problems of counting permutations, trees, and partitions.

In Sections 4 and 5 we introduce the basic facts about P-recursive functions and
D-finite power series. We define D-finite symmetric functions, and show that their coef-
ficients give rise to P-recursive sequences, proving a conjecture of Gouden and Jackson
[18] that the counting sequence for k-regular graphs is P-recursive for all k. In Section
6, we apply the theory to Schur functions, and use some formulas of Gordon and Houten
[15], Gordon [16], and Bender and Knuth [5] to show how the exponential generating func-
tion for the number of standard tableaux with at most k rows can be expressed in terms

of a determinant of Bessel functions. We obtain the explicit formulas of Regev [39] and
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Gouyou-Beauchamps [20] for the cases k < 5. In Section 7 we consider symmetric functions
in two sets of variables, and show that the counting sequence for n x n nonnegative integer
matrices with every row and column sum equal to k& (with k fixed, as a function of n) is
P-recursive, and similarly for 0-1 matrices. We also derive a doubly exponential generating
function for permutations with longest increasing subsequence of length at most k, as a
determinant of Bessel functions, and find an explicit formula for the coefficients in the case
k = 3. In Section 8 we show how our method can sometimes be applied to generating
functions that are almost, but not quite, symmetric, such as in counting n x n nonnegative
integer matrices with every row and column sum k, and zeroes on the diagonal. Finally, in
Section 9, we give a brief indication of how the unwieldy explicit formulas obtained from

symmetric functions can yield asymptotic approximations.

A preliminary version of some of this material appeared in [14].

2. Symmetric functions

We recall some basic facts about symmetric functions. Proofs and details can be found
in Macdonald’s book [29].

We work with symmetric functions in the infinitely many variables x1,x2,... with
coefficients in a field of characteristic zero. We shall be concerned with the following

particular symmetric functions:

The elementary symmetric function e,, is defined by

€n — E Lij 1 Ljg *** Tq,, -

11 <ta<-+<in

If A= (A1, A2,..., \k) is a partition, i.e., a nonincreasing sequence of nonnegative integers,

we define ey = ey, e, - €x,-

The complete symmetric function h,, is defined by

h, = E TiyTiy " Ti,

11 <12 <<ty

It is convenient to define hy to be hy, hy, - - - hy, for any sequence A = (A1, Ag, ..., Ag) of

nonnegative integers, not necessarily a partition. We set h = > h, and e = > en,

where hg = eg = 1. We also define h,, to be 0 for n < 0.

The monomial symmetric function m) is the sum of all distinct monomials of the form

A1 . Ak

xpt -k, where iq, ..., iy are distinct.
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The power sum symmetric function p,, is defined by
Dn = Z x;.
i

More generally, if A = (A1, A2, ..., \g) is a partition, we define py = px,px, - - Pa

P

The Schur function sy is the determinant det (hAiJrj_i) and more generally,

1<i,j<k’

the skew Schur function sy,, is the determinant det(h/\i—uj+j—i)1<ij<k- We refer the

reader to Stanley [46] or Macdonald [29] for their combinatorial interpretation.
It is known that each of the sets {ex}, {hr}, {pa}, {mxr}, and {sx}, where A ranges
over all partitions of n, is a basis for the vector space of symmetric functions homogeneous

of degree n.

It is convenient to use the notation (1272 - .- k") for the partition with r; parts equal
tod. If A\ = (17272 ...k™) then we define z) to be 17272 ... k™ rylpryl. il Tt is also
convenient to identify partitions which differ only in the number of zero parts. The empty

partition is denoted by 0.

There is a symmetric scalar product ( , ) defined on symmetric functions that has

the following properties:

<m>\»hu> = Oap (1)
and

(DA, Pu) = 2204 (2)

where 6y, is 1 if A = p and 0 otherwise. This scalar product was introduced by J. H.
Redfield [38] in 1927 in his then-ignored but now-famous paper on what later became
known as Pdélya theory. Redfield called it the “cap product.” The scalar product was
rediscovered by Hall [21] in 1957 and is sometimes attributed to him. It is equivalent to

the usual scalar product on characters of symmetric groups.

Note that equation (1) implies that if f is a symmetric function, then the coefficient of
AL, Ak
11 1k

functions that can be expressed explicitly in terms of power sum symmetric functions. To

x in fis (f,hy). Equation (2) allows us to evaluate scalar products of symmetric

use this technique for coefficient extraction, we need to express the complete symmetric

functions in terms of power sum symmetric functions. This is accomplished by the formula

> b = exp (2 %) , 3)
n=0 k=1
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which implies that
2
hy, = —=

where the sum is over all partitions A of n. In particular, we have

hi = p1

hy = p3/2 4 p2/2

hs = p/6 + p1p2/2 + p3/3

ha = p1/24 + pip2/4 + p1ps/3 + p3/8 + pa/4

hs = p3 /120 + p’ps/12 + pips/12 + p1p3 /8 + p1pa/A + paps/6 + ps /5

Next we recall the operation of internal (also called inner) product on symmetric

functions which is defined by
P * Pp = OApZAPA (4)

and extended by linearity to all symmetric functions. The internal product was also dis-
covered by Redfield [38] in 1927, who called it the “cup product,” and it was rediscovered
by D. E. Littlewood [27] in 1956. It is equivalent to pointwise multiplication of char-
acters of symmetric groups, which corresponds to the tensor (or Kronecker) product of

representations of groups.

Finally, we need to consider the operation of composition (also called plethysm) for
symmetric functions. To motivate the general definition, first suppose that g is a symmetric
function which can can be expressed in the form ¢, +t5 + - - -, where each ¢; is of the form
zitx - zi*. (The terms t; need not be distinct.) Then for any symmetric function
f = f(x1,2z2,...) we define the composition f(g) to be f(t1,ta,...).

In the general case, composition may be defined as follows: If f; and fo are symmetric

functions then (f1 + f2)(9) = fi(g) + f2(g9) and (f1f2)(9) = fi(g)f2(g) so it is sufficient
to define p,(g). This is accomplished by the formula p,(g) = g(p,), where g(p,) may

be determined by the special case given in the previous paragraph, or by the formula

Pm (pn) = Pmn-

3. Coefficient extraction for symmetric functions

There are several useful methods for extracting coefficients from symmetric functions.
Goulden and Jackson [17, Section 3.5; 18] and Goulden, Jackson, and Reilly [19] used
a method based on expanding a symmetric function in power sums to find recurrences

for the coefficients. This method is useful in many of the problems considered in this
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paper, such as counting regular graphs. Read [36] used the method of evaluating (f, hy)
by expanding f and hy in Schur functions, and using the orthogonality of Schur functions.
This method seems most useful in computing numbers for small cases, rather than in
deriving general formulas. A related technique, which is occasionally useful, is to expand
f in Schur functions and use what is known about the coefficients of Schur functions (the
Kostka numbers). This technique can be used, for example, in studying degree sequences of
graphs. Sometimes it is possible to evaluate coefficients of symmetric functions by applying
linear functionals to products of polynomials. (See, for example, Even and Gillis [9], Askey
and Ismail [1], and Zeng [52].)

In this paper we shall develop the method sketched in the previous section for extract-

ing coefficients from symmetric functions: The coefficient of xf‘llx?‘z- . xf‘: in the symmetric
function f is (f, hy). To evaluate this scalar product, we expand f and h) in power sum
symmetric functions. This method was described clearly by Read [35], but does not seem
to be well known. Applying it usually gives us a simple, and often well-known, formula
for the case A = (1™), or at least a simple exponential generating function. We often get a
fairly simple formula when all parts of A are at most 2, and a formula which is reasonable

to write down when all parts are at most 3.

The coefficient of 15 - - - x,, in a symmetric function is easily extracted by the follow-
ing theorem, of which the underlying idea, if not the explicit formulation, is well known
(cf. Gessel [11, Theorem 3.5] and Goulden and Jackson [17, Lemma 4.2.5, p. 233]):

Theorem 1. Let 6 be the homomorphism from the ring of symmetric functions to
the ring of formal power series in X defined by 0(p1) = X, 6(p,) =0 for n > 1. Then if f

is a symmetric function,
oo

X"
H(f) = Zanmv

n=0
where a,, is the coefficient of x1xs - --x, in f. In particular, 0(h,) = X" /n!.
Proof. Let f(p1,p2,...) be a symmetric function and let
— D
f(p1,0,0,..) =Y ap,—*.

n=0

Then the coefficient of z125 -z, in f is

<f7 h?) = <f(p170707 o ')7p711>

I
—
| M8

Q

3
=
-
=3
~_
$
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It is interesting to note that this principle was not known to MacMahon, who worked
extensively with symmetric functions, but failed to find the simple exponential generating
functions, such as those for Eulerian numbers, that his symmetric generating functions
implied.

There is a g-analog of the homomorphism 6 which is useful in studying partitions
(especially plane partitions) and in counting permutations by greater index, although we

will not discuss it further in this paper. Define the homomorphism © from symmetric
functions to formal power series by O(f(z1,22,...)) = f(X,¢X,¢*X,...). Then O(h,) =
X"/(q)n and O(e,) = q(2) X"/(q), where (q)n = (1 - q)(1 — ¢?)--- (1 — g"). Moreover,
0(f) = limg—1 O(f)((1 - ¢)X).

We now give an unusual example of the use of Theorem 1, suggested by Goulden
and Jackson [17, pp. 73-74]. A sequence of integers from 1 to n is of increasing support
if 12---m occurs as a (not necessarily consecutive) subsequence, or equivalently, if the
sequence has a strictly increasing subsequence of length n. Goulden and Jackson showed

that the number Iy, x, .. ,)(n) of permutations of increasing support of the multiset
(1M et Aty s the coefficient of 7! - - -z in

A=(1—-z)"! H(l —33+$j)_1,

J

where © = z1 + -+ + z,. In this form, A is a symmetric function of the n variables

T1,...,T,. Now we may write A as
n . 1 n oo wk
o\ —(n+1) J _ o\ —(n+1) _1\k J
(1) H(Hl_x) () e 3N ()R
j=1 j=1k=1
— Pk

= (1—p1)" " Vexp —1)k ) 5
(1-m) D e I
where the p; are in the variables x1,...,x,. It is clear that as long as A has at most n

An

parts, the coefficient of xi\l ez

will be unchanged if we take infinitely many variables
in (5). Thus Theorem 1 implies that if m < n then the coefficient of z1 - - - z,, in A, which

corresponds to the multiset {12,22,... m?, m +1,...,n}, is the coefficient of X™/m! in

X
e (-7 ).

and thus
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In terms of the Laguerre polynomials, which may be defined by the generating function
uX i n
%) = 2 X

m=0

we have I(1my(n) = m! Lgff)(l). Note that I(;m)(n) makes sense only for m < n, and in

(1—X)" D exp (—

fact m! L7 )(1) need not be nonnegative when m > n. The first few values of I(;m)(n) are

as follows:
Iy(n)=1
Iqy(n) =n
Iazy(n) =n*+n—1
Isy(n) =n® +3n* —n—4
I14y(n) = n* +6n® + 5n® — 16n — 15
I1sy(n) = n® + 10n* 4 25n° — 20n* — 111n — 56

An analog of Theorem 1 for the coefficient of 1 - - zp,22, | -+ 22, will be given in

Theorem 4. First we consider some explicit formulas for coefficients.

Theorem 2. Let

Pt (p2/2)°
p17p2 Zfrs ! 2/

Then the coefficient of z - - - T2, -+ ~:U$n+n in f(p1,p2) is

27" Z <Z) Sm+2jn—j-

=0

Proof. We want the coefficient of (a”/m!)(8"/n!) in
(f, e*Mefh2) = (f, exp(apy + BT /2 + Bp2/2))

m—+27
o 2! p2/2 m pj+k P p
(S A e

m,j,k

= Y amprk miai

m! 27+k 1 k!
m,j,k

=2 W GrRE g )Imrank

m,j,k

and the theorem follows.

One can give a similar formula for the coefficient of a monomial in which all powers

are at most 3, but for simplicity we give only the case in which all powers are 1 or 3:
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Theorem 3. Let

t
f(p1,p2,p3) Zfrstpl pQ/!Z) (pgt/!3) -

7,8,

Then the coefficient of zy ... Tmad -+ ad . in f(p1,p2,p3) is

—(1 i+k (Z+]+k)
Z 2 (+j)3 (i+ )me+3@'+j7j,k-

i+j+k=n
Proof. We want the coefficient of (a/m!)(5"/n!) in

(f,eM+Phsy = (f exp(apr + B} /6 + Bpip2/2 + Bps/3))

3i+7
_ m qi+ji+k  P1 " PaP3
- <f’za p m!6@z!29313kk!>

Ii7j’k

_ m gi+j+k fm+32+3737k

=2 a"p 1Gig1 2771 3kl
— m! 6! 27 51 3%k!

1,5,k

am TR (i45) a—(i+k) (T T K)!
=X e T S

7’77

We now give some examples of Theorems 2 and 3. For other explicit formulas that
can be obtained by this method, see Read [34, 35].

Carlitz [6] (see also Goulden and Jackson [17, Corollary 4.2.7, p. 234]) showed that if

Al = A1 + A2 + -+ - + A is even then the coefficient of m>‘1 5‘22 : x;\: in
po1/ S,
is equal to the number of permutations ajaz...a)y of the multiset {jl ,32 ,'--,j,;\"“}

satisfying a1 < ag > ag < ayg--- < ax)- Now with ¢ = y/—1 we have

— 2/ (Z "y, + Z(—i)”hn>
n=0 n=0

= 2/(exp Z z”% + exp Z(—z)"%)
n=1 n=1

— exp (Z(—ml%) sec <§;<—1)n 5;“:11).
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The Fuler or secant numbers FE,, are defined by

oo
:L.Tl
secxr = g E,—
n!

n=0

(so E, = 0 when n is odd). For any partition A let us define Ey to be (E,hy). Then
Theorem 1 yields E(ny = E,, as is well-known. On setting p; = 0 for i > 3, E' becomes

, P (p2/2)° (p3/3)"
e /QSGC(pl —p3/3) = Z(—l)tETHT—}( 23/! )* ( St/! ) .

7,8,t

Then from Theorems 2 and 3 we have
E(lmgn) =27 " i " E o, (6)
i=0 U

as found by Goulden and Jackson [17, Exercise 4.2.2, p. 240, Solution, pp. 459-460], and

e (i )
E(ymgny = Z 2-(+i)3 (“‘)W(—l) Emt3itjtk

i+j+k=n
NG
=6 ; (Z.>Em—|—n+2i' (7)

Note that these formulas imply the identity E(jmingn) = 3" E(1msn). It follows from (6)

that the sum
n
g ( .>Em+2i
)

i=0
is divisible by 2" for all m and from (7) that this sum is divisible by 6™ for m > n. (See
Gessel [12] for further divisibility properties of these numbers.)

The first few values of the numbers F(3») and E(3n) are as follows:

n: 012 3 4 ) 6 7 8
Egny: 11 2 10 104 1816 47312 1714000 82285184
Egny: 1.0 2 0 2248 0 54103952 0 9573516562048

Carlitz [6] also showed (see also Goulden and Jackson [17, Corollary 4.2.20, p. 238])

that if |\| is odd then the coefficient of x?ll :17?22- : acj‘: in

T= (_1)nh2n+1/ Z(—l)nhm
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is equal to the number of permutations aias...ay of the multiset A R Tl

satisfying a1 < az > a3z <aq--- > apy.
As before, we can show that
. DPon+1
T = tan(;(—l)”#ﬂ)

Since T involves does not involve p,, for m even, we will get simpler formulas from 7" than

from E. The tangent numbers Ts, 1 are defined by

o0
tanx = Z Top+1

n=0

:I:Zn—l—l

(2n+ 1)1

For any partition A, let us define T to be (T, hy). Then Theorem 1 yields T(;»y = T, and
Theorem 2 yields T(mon)y = 27" Ty 42, A straightforward calculation shows that

—ma—n - n—io—i[ ¥
T(1l2m3n) = 2 3 Z(_l) 2 (i>ﬂ+2m+n+2i
1=0

and that

n

—n n—ig—i ("
E@mgny =3 Z<_1) 8 (i)Tm+2n+2i-

1=0

The first few values of the numbers T{3»), for n odd, are as follows:

n: 1 3 ) 7
E@ny: 030 217800 16294301520

Symmetric functions arise in Pélya theory as “cycle indices.” If f is a symmetric

function interpretated in this way, then the coefficient of xi‘l -.-xp in f is the number of

“labeled objects” counted by f in which ¢ occurs as a label \; times. We give one simple
example. It follows from the work of G. Labelle [24, Corollary A2] that the part of the
cycle index for rooted trees involving only p; and p- is

S0 (r 4 251 AL (p2/2)"

rl s!

,8
>0

Then by Theorem 2, the number of rooted trees in which m labels appear once and n
labels appear twice is

n

J=0
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where 0¥ is interpreted as 0.

In some cases, Theorems 2 and 3 can be used to derive reasonably simple exponential

generating functions. We consider here only the case of Theorem 2.

Theorem 4. Let m be a fixed nonnegative integer and let ¢, be the coefficient of

.. .xmxfnﬂ e :L%Hn in the symmetric function f(p1,p2). Let ¢ be the linear operator
on power series in y defined by

S AR . (X/2)?
Tb(ZarW)—ZamHg’ I
r=0 7=0
Then

Z (f(y, X)).

Proof. Let f, s be as in Theorem 2. Then by Theorem 2,

ZC”W =) ( é!) > (?)fm—i—Zj,n—j

n=0 n=0 j=0
X/2) (X/2
—meff(ﬁ
7,s=0
=¥(f(y, X))

As our first example of Theorem 4, let w,, be the number of n X n nonnegative integer
matrices with every row and column sum 2. It is not difficult to see that w, is the
coefficient of 22 --- 22 in h%. Since the coefficient of 2 --- 22 in h% is 0 for k # n, w, /n!

2

is the coefficient of x% ---x2 in

el — e(p%+172)/2_
Then applying Theorem 4 with m = 0 we have

an 7= ) (6(y2+X)/2> — X/2y, (ey2/2>

2r

= (2! y
e (Z 7l (o ) SN o

jl
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This generating function was first found by Anand, Dumir, and Gupta [2]. See also Stanley
[45, Example 6.11] and Goulden and Jackson [17; Exercise 3.4.15, p. 212, Solution, pp.
449-450; pp. 221-224].

Next we apply Theorem 4 to the problem of counting partitions of the multiset
{1,2,....,m,(m + 1)2,...,(m + n)?}. It is clear that the number of partitions of the
multiset {1*,..., M} with & blocks is the coefficient of t*z}" -~ 2 in

Ztkhk(h—l) = exp Zﬁ(exp(z Zﬁ) —1) : (8)
k=0 i=1 ' =1 J

The part of (8) involving only p; and ps is

t2
exp (t(ep1+p2/2 —1)+ 5(6102 _ 1)) )

Now let Tj,,(n, k) be the number of partitions of the multiset {1,2,...,m, (m+1)2,...,
(m + n)?} with k blocks. Then it follows from Theorem 4 that

2

3 tk%Tm(n, k) = exp (%(eX - 1)) b (et<ey”/2—1>) . 9)

n,k=0

Let S(n, k) be the Stirling number of the second kind. Then we have

o (s ) (N g )
n,k
_ w(lzk L P g, )

= Zt’“MS(HmjL%,k)(j;l)

ey (7 +0!
X" -
:ZthQ_”Z <;‘)S(m+n+j,k). (10)
n,k ) j=0

It follows from (9) and (10) that

Xn t2 Xn -~ n
k X k —n .
—Tm , = — -1 —2 . ,K). 11
ngk Ot ! (n, k) exp<2(e ))ngk Ot ! j 0(3)S(m—|—n+j k). (11)
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Now let C,,(n) be the total number of partitions of the multiset {1,2,...,m,
(m+1)%...,(m+n)?}, so

Then setting ¢ =1 in (11) we obtain

where B,, is the Bell number. The right side of (12) may be expressed symbolically as

B™ exp <%(6X —1)+ <B2+1)X) :

where after expansion, B™ is replaced by B,, (cf. Baroti [3]).

We can obtain another expression for the generating function for 75, (n, k) by writing

(9) as

= X" t 1o X/2 oy
;Tm(n,k)ﬁ = exp (—t + §(€X — 1)) P (e ) . (13)

Note that

7=0 j=0
Thus
2, = (teX?) =t j
¢ <€teX/ e > — Z ( € - ) jmej X/2 _ Z —'jme( J2rl)X (14)
PR i=0 7’

It follows from (13) and (14) that
= Xn t2 =t 1
k _ X -m X
ngkzot T Tm(n, k) = exp (—t + 5 (e 1)) jE_O —j!j U3)X (15)

Formula (15) was found (in the case m = 0) by Bender [4]. Partitions of the multiset

{12,...,n?} were also studied in connection with a problem in genetics by Thompson [48]
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and Lloyd [28]. The closely related problem of counting partitions of multisets in which
every block is a set was studied by Comtet [7], Baroti [3], Bender [4], Reilly [40], Devitt
and Jackson [8], and Goulden and Jackson [17; pp. 201-204; Exercises 3.5.6-3.5.8, p. 229,
Solutions, pp. 455-457].

4. D-finite power series and P-recursive functions

A formal power series f(x) is said to be D-finite (or differentiably finite) if f satisfies
a linear homogeneous differentiable equation with polynomial coefficients. An equivalent
condition is that the derivatives of f span a finite-dimensional vector space over the field
of rational functions in z. A function a(n) defined on the nonnegative integers is said to be
P-recursive (or polynomially recursive) if there exist polynomials ro(n), r1(n), ..., rr(n)
such that

k
Zrl an+1i)=0

=0
for all nonnegative integers n.

The fundamental fact relating these two concepts is that a(n) is P-recursive if and
only if its generating function Y ja(n)z™ is D-finite. We refer the reader to Stanley [47]
for the proof of this and other basic facts.

In the next few sections we use symmetric functions to show that counting sequences
for certain combinatorial problems are P-recursive. To do this we need a multivariable
generalization of the theory of D-finiteness and P-recursiveness. Such a generalization
was first proposed by Zeilberger [50]. However, Zeilberger’s definition of multivariable

P-recursiveness does not imply D-finiteness. For example, if we set

oo

flz,y) = Z a(m,n)x™y" ij

m,n=0

then a(m,n) is P-recursive by Zeilberger’s definition since (n — m?)a(m,n) = 0 for all
m and n, but f(x,y) is not D-finite. (This example was suggested by Richard Stanley.)
Lipshitz [26] has given a definition of multivariable P-recursiveness that does correspond
to D-finiteness, and Zeilberger [51] has written a corrected version of [50]. However, we
shall work only with multivariable D-finiteness. In the next section we define multivariable
D-finiteness and describe some of its properties. All the properties follow easily from the
definition except for the fact that Hadamard products of D-finite series are D-finite. In the

one-variable case, this is straightforward using P-recursiveness; one need only show that



SYMMETRIC FUNCTIONS AND P-RECURSIVENESS 15

the product of P-recursive functions is P-recursive. In the multivariable case the proof is
more difficult, and is due to Lipshitz [25].

5. D-finite power series in several variables

First we discuss the theory of D-finite power series. Let I be an integral domain and
let f(x1,x2,...,2,) be a formal power series in I[[z1,xa,...,2,]]. Let F be the quotient

field of I[xy1,xa,...,2,]. We say that f(z) is D-finite in the variables x1, xa, ..., x, if the
3i1+--~+inf

set of all partial derivatives spans a finite-dimensional vector space over F'

ozt - iy
(as a subspace of the tensor product F ®p, . . 2. I[[T1,T2,. .., 25]]).

The following lemma contains some of the basic facts about D-finite power series
in several variables that we will need. By D-finite we mean D-finite in the variables
r1,%2,...,T, except where otherwise stated.

Lemma 5.

(i) The set of D-finite power series forms an I[-subalgebra of I[[x1,za, ..., x,]|.
(ii) If f is D-finite in x1,x3,..., T, then f is D-finite in any subset of x1,xa, ..., Zy.

(iii) If f(x1,x2,...,xy) is D-finite in x1, x9, ..., x, and for each i, r; is a polynomial in the
variables Y1, Y2, - . . ; Ym, (Which may include some or all of the z;) then f(ry,72,...,7)

is D-finite in y1, Y2, ..., Ym, as long as it is well-defined as a formal power series.

(iv) If P(x) is a polynomial in xy,xs, ..., x, then e ®) is D-finite.

The proofs of these statements are straightforward, and are similar to proofs for the

one-variable case given by Stanley [47]. We need one further fact about D-finite power

series in several variables, due to Lipshitz [25]. If A(z) = Y. a(ii,...,in)z" --- 2 and
B(z) = Y.b(i1,...,in)2 -~z then the Hadamard product A(z) ® B(z) with respect
to the variables x1,xo, ..., z, is defined to be

> aliv, .o in)b(in, . i)zl aly

Note that the a’s and b’s may involve other variables.
Lemma 6. (Lipshitz [25]) Suppose that A and B are D-finite in the variables x1, x4,

«evy Tm+n- Then the Hadamard product A® B with respect to the variables 1,2, ..., x,

is D-finite in x1,%2, ..., Tmin-

Now suppose that f is a formal power series in an infinite set X of variables. For any

subset S of X let fs be the formal power series in the variables in S obtained by setting
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to zero all the variables in X — S. We shall say that f is D-finite in X if fg is D-finite in
S for every finite subset S of X. With this definition, all the properties of D-finite series
in finitely many variables given by Lemma 5 are easily seen to remain valid for D-finite
series in infinitely many variables, except that in Lemma 5(iii) we may only substitute for
finitely many variables.

We shall say that a symmetric function is D-finite if it is D-finite when considered as a
power series in the power sum symmetric functions p;. This definition is useful because it
allows us to show that functions obtained from coefficients of D-finite symmetric functions

are P-recursive.
Theorem 7. Suppose that f and g are symmetric functions which are D-finite in the

pi and possibly in some other variables. Then f x g is D-finite in these variables.

Proof. Note that fxg= f ©® g ®u, where ® is the Hadamard product in the p;, and

u is the symmetric function given by

u = ZZAP)M

A

where the sum is over all partitions A. Now

U = Z 17272 oyl ptph? -

(Zﬁ 1])1 ><ZT2 2]92 >
A1p1 2p2)"-,

where A(y) = > >~ ,nly™. Since u is D-finite, f*g is a Hadamard product of three D-finite

power series, and is thus D-finite by Lipshitz’s theorem.

Corollary 8. Let f and g be symmetric functions which are D-finite in the p; and
in another variable t, and suppose that g involves only finitely many of the p;. Then (f, g)

is D-finite in t as long as it is well-defined as a formal power series.

Proof. By the previous theorem, f * g is D-finite in the p; and in ¢, and involves only
finitely many of the p;. Then (f,g) is obtained from f % g by setting each p; equal to 1,

and thus the conclusion follows from Lemma 5(iii).

Note that without the restriction on g Theorem 8 would not be true: according to
our definitions, >, ¢,py is D-finite for any coefficients ¢, and thus any power series in ¢

can be obtained as a scalar product of two D-finite symmetric functions.
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Corollary 9. Let f be a D-finite symmetric function and let S be a finite set of
integers. Define integers s,, as follows: s,, is the sum over all n-tuples (A1, Aa,..., \,) € S™
of the coefficient of x3* -- -z} in f. Then s(t) = >0 o Snt™ Is D-finite.

n

Proof. The coefficient of 2} - -2 in f is (f, hy), and so s(t) = (f, g), where

g:nijo (tiezshi)n: (1—t;hi>_l

and the assertion follows from Corollary 8.

Theorem 10. Suppose that g is a polynomial in the p,. Then h(g) and e(g) are
D-finite.

Proof. By (3) we have

h(g) = exp (Z pig)) = exp (Z g(];;)) . (16)

To show that h(g) is D-finite we need only show that h(g) is D-finite in the variables

P1, D2, - - -, Pn for each n. But by (16), we have
— g(ps — 9ok
) = (390 oy (3 92),
k=1 k=n+1
where the second factor on the right does not involve py, pa,. .., p,. Then by Lemma 5(iv),

h(g) is D-finite in pq, po,..., pn. The proof for e(g) is similar.
Theorem 10 implies that the following products are all D-finite:

o) =[] - (7)

o L= wi
h(es) = 1:[ ﬁ (18)
e(hy) = 1:[(1 + xi1;) (19)
e(e) = 1;[(1 + i), (20)

Each may be interpreted as counting a class of graphs. Thus the coefficient of xi\lxé\Q e

in (17) is the number of graphs on the vertex set {1,2,...}, with multiple edges and loops
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allowed, such that the degree of vertex i is \;, where a loop contributes 2 to the degree
of its vertex. Similarly, (18) counts graphs with multiple edges but no loops, (19) counts
graphs with loops allowed, but not multiple edges, and (20) counts graphs without loops
or multiple edges. Graphs with loops in which a loop contributes only 1 to the degree of
its vertex are counted by h(ej +es) (multiple edges allowed) and e(e; +e2) (multiple edges

not allowed). Similarly, k-uniform hypergraphs are counted by e(eg), and so on.
From Corollary 9 and the preceding observations we may conclude the following:
Corollary 11. Let S be a finite set of integers and let G be one of the classes of

graphs described above. Let a(n) be the number of graphs in G on an n-element set in

which the degree of every vertex is in S. Then a(n) is P-recursive.

Corollary 11 (for (17) and (20)) was conjectured by Goulden and Jackson [18]. Recur-
rences for various types of graphs and digraphs with degree restrictions have been given
by Goulden and Jackson [17, Section 3.5; 18], Goulden, Jackson, and Reilly [19], Read [34,
35], Read and Wormald [37], and Wormald [49].

6. Schur functions

We recall that the coefficient of £} -z in the skew Schur function Su/v 1s the

number of tableaux (or column-strict skew plane partitions) of shape p — v and weight A.
(See Stanley [46] or Macdonald [29] for details.)

It is well-known that )", sy = h(ei1 + e2), where the sum is over all partitions A
[29, Exercise 4, p. 45], and thus it follows that for fixed j, the number of tableaux of
weight (j™) is a P-recursive function of n. More generally, for fixed v, ) /v 1S also

D-finite, since it is equal to

h(61 -+ 62) Z Su/u-
m

(See, for example, Sagan and Stanley [42].)

We now consider tableaux with at most r rows, which are counted by skew Schur

functions sy, in which A has at most r parts.

Theorem 12. Let u be a fixed partition and let
Bk(”) = ZSA/;“
A

where the sum is over all partitions A with at most k parts. Then By (u) is D-finite.
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Proof. By a result of Gordon and Houten [15, Lemma 1] (see also [16, Lemma 1]),

By (p) can be expressed as a polynomial in h and in the symmetric functions

C; = Z hnhn+z’- (21)
n=0

Each ¢; is D-finite since it is obtained by setting ¢ = 1 in the Hadamard product (with
respect to t)

i hnt" T ® i hnt™.
n=0 n=0

Corollary 13. For j and k fixed, let v(n) be the number of tableaux with at most k

rows, of weight (j™). Then v(n) is P-recursive.

Since Gordon and Houten’s results are not well known, we state them here, together
with simplifications in the case = 0 due to Gordon [16] and Bender and Knuth [5]. (I
am grateful to Richard Stanley for bringing these papers to my attention.)

Theorem 14. For n > 0 set
dp =co+2(c1+ -+ cp1) + Cn,

where ¢; is given by (21), and set d_,, = —d,,, with dy = 0. Then for k even, By (u) is the

Pfaffian of the skew-symmetric k X k matrix

Dy, = (dﬂi_ﬂj+j_i) 1<i,j<k

and for k odd, By () is the Pfaffian of the skew-symmetric (k + 1) x (k + 1) matrix

0 H
—H' Dy

obtained by bordering D), with a row H of h’s, a column —H"® of —h’s, and a zero.

In the case in which p is empty, we have (with c_; = ¢;)

By (0) = det(ci—j + Citj1) 1 ; jom (22)
=h

Bom+1(0)

det (Ci—j - Ciﬂ') 1<i,j<m’

Gordon [16] showed that for 1 = 0 the Pfaffian could be reduced to a determinant, and

he further simplified the determinant for the specialization he was interested in. Bender



SYMMETRIC FUNCTIONS AND P-RECURSIVENESS 20

and Knuth [5] observed that Gordon’s simplification would apply in general for ;. = 0 to
yield (22). These authors stated their results in terms of determinants of indeterminates,
rather than Schur functions, but as Bender and Knuth noted, the determinants become

Schur functions when the h; are substituted for the indeterminates.

The first few cases of (22) are, with By, = By(0):

By =h
By =co+c1
Bg = h(CO — 62) (23)

B, = C(Q) + cgcq1 + coeg + cr1e3 — C% — 2c1c9 — c%
Bs = h(c?) — CoCy — CoCy + Cocy — €2+ 2c103 — cg)
If we apply the homomorphism 6 to the formulas of (23), we obtain exponential

generating functions for standard tableaux. (The images of (23) under the g-analog © are

also interesting.)

Let b; = 0(c;). Then

- i X2n—|—i B i m ), X2n—|—i
L n! (n+1)! _n:0 n ) (2n+14)

which is the modified Bessel function I;(2X). Vandermonde’s theorem implies the following

formula for the coefficients of b;b;:

b‘b‘_‘” X247 45\ (2040 + (24)
ZJ_ZZO(2l+i+j)! l l+5 )

We also note the recurrence
Xb, = (1 — k)bk_l + Xbp_o, (25)

which yields the following simplifications for 6(By):

Expanding and (for £ = 4 and 5) simplifying, we obtain the following explicit formulas:
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Theorem 15. Let yx(n) be the number of standard tableaux with n entries and at

1 2
most k rows, and let C,, be the Catalan number ] ( n> Then

n -+ n
129 (1)

n = 3 (5:)c:

=0

Ya(n) = Cl(n+1)/2) Cl(nt1)/2)]

/2] .
B n (20 4 2)!
ys(n) = 6 ; (22) Ci (i +2)!(i+3)!

These formulas are due to Regev [39] for £ = 3 and to Gouyou-Beauchamps [20] for
k = 4 and 5. In general, if k is even then (22) expresses 6(By) as a sum of at most
2F/2(k/2)! terms, each of which is a product of k/2 of the b;. Using (24) we can express
such a product as a [k/4]-fold sum. Thus yx(n) can be expressed as a sum of at most
2k/2(k/2)! terms, each of which is a [k/4] — 1 = [(k — 1)/4]-fold sum of products of
binomial coefficients. Similarly, if k£ is odd, then yx(n) can be expressed as a sum of at
most 2L%/2)| k/2|! terms, each of which is a |(k + 1)/4]-fold sum of products of binomial
coefficients. It remains to be seen whether these sums simplify in general as they do for
k<5.

7. Symmetric functions in several sets of variables

For some applications it is necessary to work with symmetric functions in two or more
sets of variables. For simplicity, we consider here only the case of two sets of variables,
which we use to count nonnegative integer matrices with prescribed row and column sums
(or equivalently, digraphs with prescribed indegrees and outdegrees, or two-colored graphs

with prescribed degrees).

Let x1, 22, ...and y1, yo, ... be two disjoint sets of variables. We shall consider power
series in these variables which are symmetric in the z’s and symmetric in the y’s. It is

easy to see that such a symmetric function can be expressed in the form

> axupa(@)pu(y)
A

where py(x) means py(z1,x2,...) and similarly for p,(y). We call these series D-finite if

they are D-finite in the p;(z) and p;(y).



SYMMETRIC FUNCTIONS AND P-RECURSIVENESS 22

We may extend the scalar product ( , ) to symmetric functions in two sets of variables
by setting (f1(x)f2(y), 91(x)g2(y)) = {f1(2), 91(x))(f2(y), 92(y)) and using linearity.

If f is a symmetric function, by f(zy) we mean f(ziy1,z1y2,...,y;,...). Thus, for
example, we have
1
h =|]—
(zy) 1_][ p——

This product is easily seen to be D-finite using the fact that p,(xy) = pn(z)pa(y). It is
then clear that the coefficient of 27! -- -z y" - .. y#» in h(zy) is the number of digraphs
on {1,2,---,n} in which vertex i has outdegree \; and indegree p; (with multiple edges
allowed), or equivalently, the number of n X n matrices of nonnegative integers in which
the sum of the ith row is A; and the sum of the jth column is ;;. This coefficient is equal
to (h(zy), ha(z)h,(y)). (It is not difficult to show that this coefficient is also equal to
(ha(z), hy(z)), so this example could be done using only symmetric functions in one set of

variables.)

Now let m,, be the number of n x n nonnegative integer matrices with every row and

column sum equal to k. It follows from what we have said that
m(t) = mnt" = (h(zy), u(z,y)),
n=0

where u(z, y) is given by u(z,y) = (1—thi(z)hi(y)) _1, and thus as before, m(t) is D-finite.
Similarly, e(zy) counts 0-1 matrices with prescribed row and column sums, or equivalently,

digraphs without multiple edges with prescribed indegrees and outdegrees.

Next we consider the sum
Ry(z,y) = > sa(@)sx(y),
A

over all partitions A with at most k parts. (Similar reasoning would apply to the more
general sum ), s)/q(7)sy/(y) for fixed a and (3.) The following theorem implies that
Ry (x,y) is D-finite:

Theorem 16. For each integer 1 let

A=) hii(@)hu(y).
1=0

Then
Ri(z,y) = det(4;_;).
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Proof. Let M (x) be the oo x k matrix (hi_j(a:))i>1 1< j<p and for any set S of positive

integers, let Mg(z) be the k x k minor of M (x) obtained from the rows indexed by elements
of S. Now let A = (A1,...,Ax) be a partition and let S = { A\p11-; + 7|1 <i<k}. Then
Mg(z) = det(ha,,\ ;4i—j (m))1§i7j§k. Reversing the order of the rows and columns in this
determinant yields Mg(z) = det(hy,4j—i(z)) = sx(x). It follows that

Ry(z,y) = Y Ms(x)Ms(y),
S

where the sum is over all k-element sets S of positive integers. Then by the Cauchy-Binet
theorem, Ry (z,y) = det M*M. Now

(MM),; =" b (y) = A,
l

and the theorem follows.

Let us now write 6, for 6 and 6,, for the corresponding homomorphism in the y’s, taking
hn(y) to Y™ /n!l. Then 6, (Ry(z,y)) is D-finite and it follows from Knuth’s generalization
[22] of Schensted’s correspondence [43] that the coefficient of Y™ /n! in 6, (Ry(z,y)) is the
generating function in the x; for sequences of length n with longest increasing subsequence
of length at most k. It also follows that 6,0, (Rk(a:,y)) is the exponential generating
function in X and Y for permutations with longest increasing subsequence of length at
most k, and thus that for fixed k, the number of permutations with longest increasing

subsequence of length at most k£ is P-recursive.

Since 6,0, (Ry(z,y)) is a power series in XY, one variable is redundant. Let Uj, be
obtained by setting Y = X in 6,0, (Rk(x, y)) and let

oo X2n
Uk = ur(n) ",
n=0 ’

so that ug(n) is the number of permutations of {1,2,...,n} with longest increasing sub-
sequence of length at most k. Note that setting ¥ = X in 6,0,(A;), yields the series b;

considered in Section 5. Then

Uy = det (b)) 1<i,j<k

and we have
U =b
Uy = b3 — b2
Us = b3 + 2b2by — 2b3bg — bob3
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To find the coefficients of Uy, we rewrite the case i + j = 2r of (24) as

oo

bibj:ZXQn n(n—l)---(n—r—l—l)( o ) 26)

«nl? (n+1)(n+2)--(n+r)\n—r+j

Then to calculate us(n), we have

> X2n /9
2 _
=3 e ()

n=0

and

X" n (2n
b3 = :
! z::n!2n+1<n)

uz(n) = (?) _nj—l(ZT?;) - nil(?)

as found by MacMahon [33, Vol. 1, pp. 130-131]. See also Knuth [23, p. 64].

Thus

Using the recurrence (25), we find that
Us = 2X 103y — 2X 107 — X 2bob?
and we obtain the following explicit formula for ug(n):
(2K (n\? 3k®+2k+1—n—2kn
us(n) kz_o ( k ) <k:) k+12(k+2)(n—Fk+1)

The first few values of us(n) are as follows:

n: 01234 5 6 7 8 9 10
us(n): 1 1 2 6 23 103 513 2761 15767 94359 586590

Rogers [41] has studied some special cases of ug(n).

8. Nonsymmetric functions

In some cases coefficients of generating functions which are close to symmetric can

be evaluated using the theory of symmetric functions. Suppose that f is a symmetric
A

n
2 T A in foand is thus (hay—pq ==~ hx,—p,» f) We can use this idea to find

function. Then the coefficient of z}* ---z} in 2/ ---zF» f is equal to the coefficient of
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coefficients in power series which are products of symmetric functions and power series
with simple coefficients.

For example, let Ni(a,b) be the number of graphs (without multiple edges) on {1, 2,
..., a+b} in which every vertex has degree k and loops are forbidden on vertices 1, 2, ...,

a, but allowed on the other vertices. Then Ni(a,b) is the coefficient of z§z% ... 2%, in

(ﬁ 1+1x§> <H<1 +f"’z’%’)) = (ﬁ(l — @+ —~~)> e(h2),

i=1 i<j i=1

and it follows that
Ni(a,b) = ((hg — hi—a + h—a — - )k, e(ha)) .

Thus for fixed k, Ni(n,n) is a P-recursive function of n.

As another example, let tx(n) be the number of n X n nonnegative integer matrices
with every row and column sum k, and with zeroes on the diagonal. Then t;(n) is the

coefficient of ¥ ... zkyl ... y* in

11 ﬁ _ (H(1 - xiyi))h(w),

1£j %
SO

tr(n) = ((ha(@)hi(y) = hi—1(2)hu—1(y)) ", h(zy)) .
It follows that for fixed k, tx(n) is P-recursive.

9. Asymptotics

Although the explicit formulas obtained from symmetric functions are often unwieldy,
they can be used to obtain asymptotic approximations, since in many cases all but the

initial terms are asymptotically negligible.

We give here a brief indication, with details omitted, of how asymptotic approxima-
tions can be obtained from symmetric functions. The number of n X n nonnegative integer
matrices with every row and column sum k is (h}, h}?). The explicit formula obtained by
expanding this expression is complicated, but it can be shown that asymptotically (for

fixed k as n — 00) we may approximate hy by its first two terms, yielding

R A A N R A
BT h—202) \& " k-2)2

k)l = (B(E - 1) (n(n— 1)+ (n — i+ 1))
~ kl2n Z 120 kn(kn—1)--- (kn—2i+1)

1=
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(This approximation is exact when k = 2.) Asymptotically each summand may be ap-

proximated by its limit as n — oo, and the sum is thus asymptotic to

(kn)!i(kz(k—l)Q/Q)l 1 21'_(/m)!€(,€_1)2/2
k120 i k) — kli2n ’

1=0

as found by Everett and Stein [10], who also used symmetric functions.

10. Further remarks

Some counting problems have solutions which can be expressed as coefficients of gen-
erating functions that are not quite symmetric functions. For example, it is easy to see

that the number of 3 x n Latin rectangles is the coefficient of x1 -« - z,y1 - ynz1 -+ 2, in

(S ) (27)

i7j7k

where the sum is over all triples of distinct integers 4, j, k, and Goulden and Jackson [17,
Exercise 4.5.6, p. 288, Solution, pp. 506-507)] derived the explicit formula for three-line
Latin rectangles from this generating function. The power series (27) has the property
that it is unchanged by any permutation of the subscripts which acts the same on z’s,
y’s, and 2’s, but it is not a symmetric function in three sets of variables in the usual
sense, and the standard theory of symmetric functions does not apply to it. MacMahon
[30,33] studied these symmetric functions extensively, calling them “symmetric functions
of several systems of quantities,” and in [32] he applied them to the problem of counting
Latin rectangles. Except for Schur functions, the usual theory of symmetric functions,
including the applications to P-recursiveness discussed here, can be generalized to these
symmetric functions of MacMahon, as shown in Gessel [14], and they can be used to derive
the explicit formula for Latin rectangles given in [13]. These symmetric functions can also
be used, in the problem considered in Section 7 of counting matrices of nonnegative integers

with zeros on the diagonal, where the generating function is [], £ j(l —zy;) L

The problem of counting k-regular graphs with a specified set of forbidden subgraphs
is one whose P-recursiveness remains open. Wormald [49] showed that the counting se-
quence for 3-regular graphs without triangles is P-recursive. It seems likely that an explicit
formula for these graphs can be obtained using symmetric functions and M6bius inversion.
However, for 4-regular graphs without triangles or 3-regular graphs without 4-cycles the
situation is more complicated, and it seems likely that new techniques will be necessary to

deal with the general case.
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Another possible candidate for P-recursiveness is the problem of counting permuta-
tions (or more generally sequences) with forbidden subsequences determined by inequal-
ities, for example permutations ajas---a, of {1,2,...,n} with no subsequence a;a;ay
satisfying a; < ar < a;. Simion and Schmidt [44] have given a comprehensive study
of restrictions involving subsequences with length at most 3. The case of forbidden in-
creasing or decreasing subsequences is covered by the remarkable properties of Schensted’s
correspondence [43] and Knuth’s generalization [22]. The general problem seems to be
difficult.
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