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Abstract

An improved maximum likelihood estimator for ellipse
fitting based on the heteroscedastic errors-in-variables
(HEIV) regression algorithm is proposed. The technique
significantly reduces the bias of the parameter estimates
present in the Direct Least Squares method, while it is nu-
merically more robust than renormalization, and requires
less computations than minimizing the geometric distance
with the Levenberg-Marquardt optimization procedure.
The HEIV algorithm al so provides closed-form expressions
for the covariances of the ellipse parameters and corrected
data points. Thequality of the different solutionsis assessed
by defining confidence regions in the input domain, either
analytically, or by bootstrap. The latter approach is exclu-
sively data driven and it is used whenever the expression of
the covariance for the estimatesis not available.

Keywords: errors-in-variables models, heteroscedastic
noise, maximum likelihood estimation, bootstrap, confi-
dence regions.

1. Introduction

Letx;, € R?, i = 1---n bethetruevalues of theimage
points assumed to obey the quadratic model

()D(mz'oa Q, C) = (332'0 - C)TQ(wz'o - C) -1=0 (1)

where ¢ isthe center of ellipse and @ is a positive definite
2 x 2 matrix defining the shape of the ellipse. Throughout
the paper the subscript ‘o' denotesthe true, unknown values
of the data. The true values #;, are corrupted by additive
noise

B = Xijp + (533, (SID, ~ GI(O, O'zcxi) (2)
where @; are independent variables and GI(u, C) stands
for ageneral and distribution with mean p and covariance
C. It is assumed that the covariance matrices C,, are

known up to a common multiplicative factor, the noise vari-
anceo?.
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Equation (1) can be expressed equivalently in the lin-
earized form [4, 7, 10]

(,D(CE,'O, «, 0) =a+ z(a:,;o)TG =0 (3
where z(z;,) are the carriers dependent only on the data
‘T%io ] (4)

and « and the five-dimensional 8 are the linearized ellipse
parameters

_ _ 2
Zio=2(®io) = Tlio T2i0 T1lioT2i0 L1i0

a=c'Qc §=[-27Q 2Q1» Q1) Q). (5

To have (3) represent an ellipse, the parameter # must satisfy
the additional ancillary constraint [4]

48485 — 63 = 4(QHQPY — (@) > 0. (6

Since « and 8 need to be known only up to a multiplicative
constant, (6) can be written as

49495 - 9% =1. (7)

In the Direct Least Squares (DLS) method proposed by
Fitzgibbon et a. [4] the noniterative solution {&, 8} is
found by minimizing the squared algebraic distances

n
~ a1 . T 2 . .
[&, 6] = arg Iglgl; (a+2z; )" z;,==z(=;) (8)

subject to (7).

The technique is equivalent to a Total Least Squares
(TLS) estimation [14] which is consistent (the estimates
converge asymptotically to the true values) only when the
noise affecting the carriers 6 z; satisfies

§z; ~ GI(0, 0*I5). (9)

However, it can be easily shown by Taylor expansion of
the carriers z(x;) around the true values z;, that §z; ~
GI(p,,, 02C,) with

p.,=10 0 o2ct? o2ctY 5208 T (10)
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Figure 1. Minimization of the geometric dis-
tance from the measurements to the ellipse .

The DL S estimates are significantly biased when the avail-
able measurements come from short ellipse segments with
low curvature. The approach, however, has the advantage
of yielding anoniterative solution and automatically impos-
ing the ellipse constraint (7).

The Maximum Likelihood (ML) estimator under normal
noiseéx; fora, @ and®1,, -, &y IS

n
(&, 6, mi]:arganenarvll
k) k) 10 Z:l

(2 —mio)TC;i(wi —x) (12

subjectto (3) and (7). Therearen + 2 unknowns «, 8, ;,,
i=1---n, but only n available measurements ;.

A way of reducing the number of unknownsin ML esti-
mation isto restrict the corrected measurements &; (the es-
timators of the true values x;,) to the projection of x; onto
the ellipse &, @, as shown in Figure 1. The criterion (12)
then becomes the minimization of the sum of geometric dis-
tances from «; to &; under the metricinduced by C,. The
solution of this nonlinear problem is usually obtained with
the Levenberg-Marquardt (L-M) technique. Theapproachis
computationally intensive, since it requires at each iteration
step finding the roots of afour-degree polynomial for every
point @; [15]. To reduce the amount of computation the ge-
ometric distances are often approximated by Taylor expan-
sion [5, pp.230-244][13] at the price of introducing asmall
bias in the estimates.

2. HEIV Estimator for Ellipse Fitting

The improved ML algorithm for solving the linearized
model (3) is presented next. The approach extends[10, 11]
using the results from [1]. Aswas shown in Section 1 the
carriers are corrupted by noise dependent on the measure-
ments =;, i.e., heteroscedastic noise. Since the errors cor-
rupting the true values x;, appear inside the carriers z;, (3)
is called an errors-in-variables (EIV) model [1][5, pp.30—
31]. An excdllent introduction to EIV nonlinear modelsis
[5]. The heteroscedastic EIV (HEIV) agorithm introduced
below exploitsthelinear dependency of (3) in«, 8 and itera-
tively solves a generalized eigenproblem. The first and sec-
ond order moments of the carrier noise § z; are also updated
during theiterations. The quality of the HEIV estimates can
be assessed by the covariance matrices and confidence re-
gions provided.

2.1. HEIV Algorithm

Theupdaterulesfor the HEIV algorithm are summarized
below. Theiteration index is dropped for simplicity.

1) Start with an initial random é(o). Evaluate C ., at x;
using (11) and let g, = 0. Alternatively, 6 may
be a TLS estimate obtained by taking C,, = Is and
p,, =0.Letz{ = z;.

2) Compute

£=600C.0 i=1-n (13)

Calculate the weighted centroid of the carriers

n -1,
z= lZs}*] P& 1
i=1 i=1

3) Calculate the scatter matrix
S(6] = iéfl[zi- —Z[zi -z (19
i=1
and the weighted covariance matrix
Clé) = Z viC., vi=E&Nz-2)T6. (16)
i=1

Notethat $[@] and C[f] are positive semidefinite.

4) Compute the new @ as the smallest unit eigenvector
(the eigenvector corresponding to the smallest eigen-
value) of the generalized eigenproblem

A A A A

S[6)6 = \C[6] 6. (17)

Compute the new intercept

a=-32"0. (18)
5) Update the corrected measurements &;
& =z — & Yp(ai, &, 0)C 9z Té (19)
i = & i PlE, @, T Xy .

6) Update the noise variance estimate

AT Al A
52 = % (20)

n—4

7) Update the moments of the carrier noise

p,=[0 0 82cl? s2c) 5203V (2)

co.=[]e.[F] . @
8) Update
zi=zi—p,, i=1---n (23)



9) Go to step 2 until the smallest eigenvalue A = 1.
Thefirst-order renormalization technique of Kanatani for
linearized models[8, pp.267—290] is a particular case of the
HEIV algorithm, obtained by substituting in (16) p,. = 0
and

clé) = f}s;chi : (24)
i=1

The covariance matrices of the carriers are evaluated at the
noisy measurements x; and are not updated during the it-
erations. The renormalization iterates 6 as the smallest
eigenvector of S[8] — C[#]. We have found that solving
the generalized eigenvalue problem (17) at Step 4 yields
faster convergence and less dependence on the initial (3(0).
The second-order renormalization algorithm [8, pp.290—
294] takesthebiasof thecarriers u,, . alsointo consideration
by using second order Taylor expansion, but theanalysisbe-
comes quite involved.

2.2. Statistical Propertiesof HEIV Estimates
Up to afirst order approximation all the HEIV estimates

are unpiased. The covariance of the corrected points &;
given @ is the rank-one matrix

C, = Co—Ec,, |22 oa7 %] ¢ (25)
@16 — Ve S S Fry 0%, Ti*
The covariance of ' = [ &4 @' ]isobtained from the

perturbation theory of the eigenvectors[9, pp.72—99]

:'Ccz -z'cy
Cs= [ z_cc,’;é Céce ] , Where  (26)
C; =5° [S[é] . C[é]] . 27)

Assuming that the HEIV algorithm has converged, the ma-
trix S[8] — C[6] has rank four, and therefore the pseudoin-
verse must be used in (27).

2.3. Imposing the Ancillary Constraint

Whenthe constraint (7) isnot satisfied aé hasto befound
such that [4]

00 00 0

T . 00 00 0

6 D6=1 D=0 0 -1 0 0 (28)
00 00 2
00 020

The solution is obtained from

~
Py

O:argmein{(ﬂ—é)TCef(O—é) - n(()TD()—l)} (29)

with C 4 defined in (27). Taking the derivative of (29) with
respect to 8 and using (27) we find

~

si6 - cié)| 6=yDé. (30)
{ }

The DL S estimate corresponds to substituting in (30) 5[6]
and C[6] with

§=> [zi— [z - 2" 2:%2% c=0. (31)
i=1 i=1

Inthiscase, it can be provenusing Sylvester’slaw of inertia,
that only one finite positive eigenvalue exists [4]. The esti-

mate @ is then the ei genvector corresponding to this eigen-
value. However, since S[6] — C[6] issingular inthe HEIV
algorithm, theinertialaw doesn’t hold for (30), and thesigns
of the eigenvalues cannot be a priori specified. The min-
imum error in (29) corresponds to the eigenvector corre-
sponding to the smallest nonnegative eigenvalue, if it exists.
When such an eigenvaluedoesn’t exist, thefall back method
isto usethe DL S estimate, which always can be found.

3. Confidence Regionsfor the Parameters

The accuracy of an estimator can be assessed using sta-
tistical measureslike covariance matrices and confidencere-
gions. Aswas shown in Section 2.2, the HEIV estimates &;
and 3 are unbiased and have the covariance matrices (25),
respectively (26). An elliptical confidence region D 5 for 8
can be constructed in the six-dimensional parameter space
assuming that B hasanormal distribution [12], however the
visualization of Sé in the input spaceis desirable.

In the case of estimators for which closed-form expres-
sion of the covariance C ; isnot available, the confidencere-
gion of an estimate can be found with the bootstrap method-
ology [11, 12].

3.1. Confidence Regionsfor HEIV Estimates

The visuaization in the input space of the confidence
region D; associated with the covariance matrix C 5 is
achieved in [8, pp.122-124] using the primary deviation
pairs which are determined by the largest eigenvector of
C ;. A more accurate method, however, can be used [2,
pp.334-335] as shown in Figure 2.

Givenan ellipse 3, for any z; € R, therearetwo real or
imaginary valueszsg and zay, 224 > 224 SUChthat (4) z4 =
z(21, T24), 2u = 2(21, 22, ) SAisfy the ellipse constraint

léll=1. (32
Supposethat z2, € R. Then, with confidence 1 —vy

a+z$0€[—,/x§71_,yau ,/X%l_,yau] (33)

16l=1 oi=[1 2z;]Cs[1 =z;]7 (34

u

G+z0=0 a+z216=0
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Figure 2. Mapping of the confidence region
Dy of the ellipse estimate into the input do-
main.

wherex? ;. denotesthe 1—y quantileof the x distribution
with v degrees of freedom. A similar expression isobtained
fora +z, 0.

3.2. Bootstrap Confidence Regions

Thebootstrap isawell-established techniqueto compute
statistical measures for estimators using computer simula-
tions with resampled data [3]. To illustrate this procedure,
confidence regions for the DLS ellipse estimates are con-
structed.

The corrected measurements &; and their covariance ma-
trices (25) returned by the HEIV algorithm are employed
together with 2; and C, in the generation of new boot-
strap samples { 3% -2}, b = 1--. B using the boot-
strap of residuals[11]. For each bootstrap sample, the boot-
strapreplicates B*b arecomputed (using DL Salgorithmthis
time) and employed subsequently for computing the covari-
ance matrix C ; and confidence region D 5 for the DLS es-
timate[12].

4. Experiments

Four algorithms: DLS, HEIV, renormalization and the
geometric distance minimized with L-M were compared us-
ing synthetic and real data. The DL S estimatesare generally
biased when the available datacomes from short ellipse seg-
mentswith alow curvature, asillustrated in Figure 3. ThelL-
M, though theoretically unbiased, may yield biased 3 when
itsinitialization, most often doneusing DL S, isfar from the
truevalue 8.

To assess the accuracy of the solutions yielded by these
ellipse estimators, the true values x;, were selected from
different segments of the ellipse

10 0
e=[v i ==[3)
Normal noiseéx; with zero mean and covariance C';, =

02I,,0 = 0.02 wasadded onthen = 80 truevalues, shown
in Figure 4.

RENORMALIZATION

Figure 3. The four ellipse estimator s used in
the experiments. The 218 data points ; are
highlighted in the back.

@ (b)
Figure 4. Synthetic data. Normal noise with
zero-mean and covariance 0.022I, was added
on the n = 80 true values z;,.
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Figure 5. Histogram of the estimation error
for Q('V) (left) and for Q22 (right) using the
synthetic data from Figure 4 (a). 500 trials.
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Figure 6. Histogram of the estimation error
for Q1Y) (left) and for Q(2?) (right) using the
synthetic data from Figure 4 (b). 500 trials.



The histograms of errors in the estimation of Q') and
Q??) using 500 Monte Carlo trials are presented in Figures
5and 6. The DLS had the smallest spread, however, it was
strongly biased. The MATLAB implementation of the L-M
algorithmwasused in thesimulations. Notein Figures5and
6 how the bias in estimating Q') and Q(22) was reduced
after 100 and 200 L-M iterations.

For the data from Figure 4 (a) the HEIV required about
four iterations to reach convergence (A = 1 with tolerance
10~8). The HEIV estimate 3 satisfied the ancillary con-
gtraint (6) in al 500 trials. The renormalization required
about six iterationsto reach convergence (sametol erancefor
theeigenvalue) and in 3trialstheancillary constraint (6) had
to beimposed. The HEIV and the renormalization are unbi-
ased, with the latter having a dlightly larger spread.

The data from Figure 4 (b) leads to a more difficult es-
timation process since it comes from a shorter ellipse seg-
ment. The L-M remained biased even after 200 iterations.
The ancillary constraint had to be imposed in 72 trials for
HEIV and in 108 trias for the renormalization. Both algo-
rithmsreguired moreiterationsto converge (about seven for
HEIV and ten for renormalization). Note again the larger
spread of the estimates yielded by the renormalization com-
pared with HEIV.

The confidence regions D 5 for the HEIV and DLS esti-
mates constructed using the technique from Section 3 are
presented in Figure 7. The covariance matrices C ; were
computed using (26) for HEIV and B = 200 bootstrap repli-

cat%ﬁ* for DLS. To assessthe accuracy of Dy, derived ana
lytically for HEIV, 200 bootstrap replicateswere al so calcu-
lated. Note from Figure 7 (a) the symmetric distribution of
thesereplicatesaround 3 (zero-bias) and inside the theoreti-
cal confidenceregion. On the other hand, the DL S bootstrap
replicatesare not symmetrically distributed, suggesting abi-
ased estimate.

5. Conclusion

Animproved ML ellipse estimator based ontheHEIV al-
gorithm is presented. Closed-form expressions for the co-
variance of the HEIV estimates are provided. Confidence
regions of the ellipse estimates are constructed either ana-
litically, or by bootstrap. The mapping in the input space of
these confidence regions allows an easier assessment of the
reliability of the solution yielded.
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