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Abstract

We generalize the concept of block reduction for lattice bases from the I norm to
arbitrary norms. This extends the results of Schnorr [S87, S94]. We give algorithms
for block reduction and apply the resulting enumeration concept to solve subset sum
problems. The deterministic algorithm solves all subset sum problems. For up to 66
weights it needs in average less than two hours on a HP 715/50 under HU-UX 9.05.

1 Introduction

Several NP—complete problems can efficiently be reduced to the problem of finding shortest
lattice vectors with respect to the [,c—norm (subset sum, 3-SAT, ...) or the [y—norm (inte-
ger factorization). The known lattice basis reduction concepts and algorithms are based on
the Euclidean norm. The first concepts of Lagrange, Gaufl and Dirichlet (1773-1850) were
developed for low dimensions. The concept of Hermite, Korkine and Zolotarev (1850/73)
is strong and algorithmically motivated, but still impractical for higher dimensions. A suc-
cessful efficient but weak concept was introduced by Lenstra, Lenstra and Lovész [LLL82].
Schnorr [S87] linked Lovasz and Hermite’s definitions to obtain a flexible hierarchy of con-
cepts, named block reduction. Recently some reduction concepts were generalized to arbi-
trary norms, namely the Lovdsz—Hermitean by Lovédsz and Scarf [LS92] and the Gaussian
by Kaib and Schnorr [KS94]. In this paper we generalize the strong and efficient concept
of block reduction to arbitrary norms. We prove bounds for the quality of block reduced
bases and give algorithms to construct them efficiently.

We show that a (-block reduced lattice basis 01,...,b, satisfies the inequalites

m—1

_gizZl ) 2
H%Iiﬂ L bl A < R kg ' for arbitrary norms, where the ); denote the

successive minima and n% is a generalization of the Hermite constant ~g.
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As practical result we can solve all subset sum problems. Up to dimension 66 the deter-
ministic algorithm needs average time less than two hours on a 13.2 MFLOPS workstation.
The previous algorithms like the Schnorr—Euchner—algorithm [SE91] only solve a substantial
fraction of random subset sum problems.

2 Block Reduced Bases

Given a lattice basis b1,...,by, € R and an arbitrary norm |.|| we define the distance

functions F;(x) = ming,, ¢  erlle + ;;11 jbj|l for all z € R" and i =1,...,m.

.....

Theorem 1. FEvery basis by, ..., by, € R of a lattice L satisfies

.....

m 1/m
~min_ Fi(b) < M(L) < (m! 117 (bz’)> :
i1

Proof. The proof of the left—-hand inequality follows the proof for the case of the Euclidean
norm. For the right hand inequality let V,,, = vol, {z € spanL | || z || < 1} denote the
m-dimensional volume of a ball with radius 1. By Minkowski’s first Theorem we have the
inequality A"V, < 2™det L. The Theorem now follows from the inequalities

2m < i Fi (b) < 2m
m! Vi, — det L = Vi

which hold for any basis (see [K94], Lemma 5). O

m 1/m
We define the constant k,, to denote the supremum of A\ (Zbi+---+Zb,,) / < I1F (bl)>
i=1

over all lattice bases by, ..., by, and all norms on span(by,...,by,). Here A\(L) denotes the

first successive minimum of the lattice L. For the Euclidean norm we have [[;~, F; (b;) =

det L. The Hermite constants ,, are defined as the supremum of A\?(L) det(L)~*/™ over all
m 1/m

lattices L of dimension m. Hence the inequality A\ (L) < /m <H F; (bl)) holds for
i=1

the ls-norm. For the ly-norm this inequality is sharper than the up})er bound of Theorem
1. Theorem 1 shows that

m
—_ < < < mit/m =
5o (14+0(1) < V7, < fm < m -

Definition 2. A lattice basis by,...,b, € R" s called Hermite reduced, if
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Fl(bz) = IniIl{FZ'(b)|b€ZbZ’—|—...+me—0}f0’l‘ 1=1,...,m .

Definition 3. A lattice basis by,...,b, € R" is called ($-block reduced with ¢, % <6<,
if for i=1,...,m

o OF;(b;)) < min{F;(b) |beZb+ ...+ mein(i+,671,m) -0} and

. Fj(bz) < F](bl ﬂ:bj) forall j <.

It is called [ block reduced if it is B block reduced with 6 = 1.

For § =1 the first condition is empty. A basis by,...,b, € R* is called size reduced
whenever the second condition is true. It is S-block reduced iff it is size reduced and all
blocks b;,...,b;1; of j+1 successive vectors are Hermite reduced with respect to the norm
F;forj < B, 1+j < m. For 8 =m every B-block reduced basis is Hermite reduced. For
B = 2 we call them Lovdsz reduced with § (such bases were introduced for the Euclidean
norm by Lenstra, Lenstra and Lovdsz [LLL82| and studied for arbitrary norms by Lovész
and Scarf [LS92]).

For the Euclidean norm, we know from Schnorr [S87, S94] that [-block reduced bases
bi,...,bym € R of a lattice L satisfy the inequalities

m—1
Forlly < agy’ M(L) (1)

for f—1|m—1 and

—

e =
R L YR e (2)

Here a9 is defined to be the supremum of || by ||/F}(by) over all Hermite reduced lattice

bases by,..., b, with respect to the Iy norm and oy is the supremum of the same expression

over all Hermite reduced lattice bases bq,...,b; and all norms. We always have o <

apy1 since the basis by, ..., b, € RFFT with by = Aegy1 is Hermite reduced with respect
m m

to the norm || > x;b; ||~ := max(|| X @ib; ||, |zo|\1) whenever the basis by,...,b; €
=0 i=1

1=
span{ey,..., e} is Hermite reduced with respect to the norm || - ||.

We first generalize Inequality 1 for arbitrary norms:

Theorem 4. FEvery B-block reduced basis by,...,b,, € R" of a lattice L satisfies

K=l
Forll < ag”" Ai(L) .



Proof. Let h; := Fj(b;) for i =1,...,m and choose p € {1,...,m} such that h, =
minh; . From minj—y _n, Fj(b;)) < A we get h, < Ay . The bases b;,...,biy; are
Hermite reduced with respect to the norm F; for 0 <j < 3, i +7 < m . Since the o4 are
monotonically increasing we have the inequalities

hi < aghitj
for 0 <j < f, 14+ 7 <m . This implies
15=1)

[ 5=
hi1 < a/th(ﬁ,l) < ... < ag h1+L%J(5*1) < g 1 hu_ O

aga< B2, ag < BE-DED 3)

Inequality 2 is much stronger than the combination of the bound for «j o with Inequality
1. This also holds for our generalization of Inequality 2 for arbitrary norms:

Theorem 5. Ewvery B block reduced basis by,...,b,, € R* of a lattice L satisfies

_g9 izl . g m=1
2§i§m:%n§ ol bl ) e 1<i<m
1<i<B: 3 TN T Hl o im-pB+1<i<m

Proof. We first prove two lemmata to get the right inequality for ¢ = 1:

Lemma 6. Every 3 block reduced basis by,...,b,, € R" of a lattice L satisfies

o1 i=m—[F+1

g1 \TET ., 1
) B=-1 m—
|| b || < H fiz Iiﬁﬂ ! max Fl(bz)

Proof. Let h; = F;(b;). By definition the following inequalities hold:

hli < K hy---hy, fori=1,..,4—1 and

)

W) < Ky hihippoy, fori=1,..m—8.
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Multiplication of these inequalities yields

(Ghas! ~1 B(m—p 1 1
hy ? hg e hglfg < KiKj e "5271 “ﬂ(m ) hfhg e hﬁlfﬂhrﬁnfﬁ+1 RN =S
and this implies
h(g) < plg2 ... BL Bm=B) 4p-1 41
1 S Rpky kg_1fg m—B+1 m—1 5
(3)
< 1.2 .. B-1 ﬁ(mfﬂ) ( m—1 E-(b; ) . O
S Ky k) Kg_1kp izg@gﬂ i(bi)

Lemma 7. Every 8 block reduced basis by,...,b,, € R" of a lattice L satisfies

£—1 ) ﬁ g m=8
| b1 ] < Kj ke A(L) .
B

i=1

Proof. The lemma follows from Lemma 6 by induction over m. For m = 3 the lemma
holds by definition 3. Let now b = r1by +...+7,,b,, be a shortest lattice vector. For r,, =0
the claim holds by assumption. For r,, # 0 we have the inequalities

and the lemma follows with Lemma 6. O

Iteration of the inequality fcmﬂ > 2k [K94| yields the first inequality of the theorem by
Lemma 7:

ol < 5 g7 Mi(L). (4)

Proof of the right inequality of Theorem 5. For every j < m the basis bj,..., b, is
B block reduced with respect to the norm F;. Hence Fj(bj) = A\ 5, (Zbj + ...+ Zby,) for
m—0+1<7j<m and, by Inequality 4:

9 m—1

Fi(bj) < 565" Mg (Bbj+ ... + Lby).



for 1 <@ <m . In addition, we have A1 g (Zbj + ... + Zby,) < Aj(L) < Ni(L) for j <.
The upper bound is now a consequence of the inequality

1061 < Filb) + 5 Y Fi(hy) @

We show the correctness of Inequality 5 for any size reduced basis: Let F;(b; + &obj) =
minéeR Fy(bl + fb]) = Fj+1(bi) . The fact that Fj(bz) < Fy(bl + b]) for j <1 implies

Fj(bi) = min F;(bi + uby)

Fj(b; + [£0]b;)

Fj (bi +&b; + ([0l — o) b))
1

Fjaa(bi) + 5 Fj(by)

IN

IN

since Fj is a norm. Successive application of this inequality for j = 1,...,¢ —1 shows
inequality 5.

Proof of the left inequality of Theorem 5. By definition of the successive minima and

because of Inequality 5 we have

: it1
A < max [ b | < 1
mz 12

Theorem 5 is now a consequence of the inequalities F;(b;) < b; || for i— 41 < j <i and

PR
Fi(bj) < 555" " [ 0i || for 1 <j<i. (6)
The Inequalities 6 are obvious: every basis bj;,...,b; is 3 block reduced with respect to

the norm Fj. Hence Lemma 6 bounds the first heights for 1 <j <7 — 3+ 1 by the last
ones:

25k i
Fj(bj) < 3 Klﬂ h:I?7a§(+1 Fh(bh) .

By definition 3 the last heights for ¢ — 8+ 1 < j <7 we get the inequalities

Fj(bj) < Fj(bi) < [ bi] - 0



3 Algorithms for 5-Block Reduction

Algorithm B-Block Reduce
INPUT: by,... b € Z%, § with1/2<6<1, fwith2<g<m
1. size reduce by,..., by, j:=m—1,2:=0
2. WHILE z <m —1
ji=j+1, IF j=m THEN j=1
k:=min(j + 5 —1,m)
ENUM(j, k) (this finds the minimal place (uj, ..., uy) € ZF-I+1 — gk +1
and the minimal value F; = Fj(Zf:j u;b;)
and also b7 := Zf:j u;b;)
h := min(k 4+ 1,m)
IF Fj < (SFj(bj)
THEN extend by, ..., b1, b

to a basis by, ..., bj—1,b7", ... b of L(by,..., bp)

size reduce by, ..., bj_1, b5, .. BT, 2:=10
ELSE size reduce by, ..., by

z:=z+1

END while
OUTPUT: by, ..., bn

COMMENTS. 1. Throughout the algorithm the integer j is cyclically shifted through
the integers 1,2,...,m — 1. The variable z counts the number of positions j that satisfy the
inequality 0F;(b;) < F‘j. If this inequality does not hold for j then we insert b;“” into the
basis, we size reduce and we reset z to 0. The integer j = m is skipped since the inequality
always holds for 7 = m. Obviously a basis by,...,b,, is S—block reduced with ¢ if it is size
reduced and z = m — 1. Therefore the algorithm produces, up to floating point errors, a
basis that is f—block reduced with 6.

2. We can extend by,...,0j-1,b5°" to a basis by,...,bj_1, 05", ..., bp"" of the lattice
L(by,...,by) using the coefficients u; in the representation b;‘ew = ;Z:j u;b;. For this we
compute T € GLpj11(2) with [uj, ..., up|T = [1,0,...,0] and we set [0, ... bp"] :=
[b]‘, e ,bh]Til.

ENUM_(j,k) )
1. (Uj, e ,Uk) = (1, 0, e ,0), (ﬂj, ce ,ﬂk) = (1, 0, e ,0), s:=1:= j, b]npw = bj,Fj = Fj(b])
2. WHILE t < k
S _
IF Ft(Z 1~le2) < Fj
i=t

1=
THENIF ¢ > j
THEN ¢ :=¢ — 1



s
find z € R with Ft(zbt + > ﬂzbl) = Ft+1( > ﬂlbz)
i=t+4+1 i=t+1
lt = LZJ,Tt = lt +1
s s
IF Fy(Libe + 3 ibi) < Fy(riby+ 32 ib;)
i=t+1 i=t+1
THEN ’l~Lt = lt, lt = lt —1
ELSE ﬂt =TTy =T =+ 1

S _
ELSE (Uj, o ,uk) = (ﬂj, ce ,ﬂk),b?ew = Z ﬂibi,Fj = Fj(b?ew)
=7

ELSEt:=t+1
IF ¢t > s
THEN u; := us + 1
s:=1
ELSE
S S
IF Fy(lby + 32 uibi) < Fy(rebg + 32 wib;)

i=t+1 i=t+1
THEN 1~Lt = lt,lt = lt —1
ELSE ﬂt =TTy =T =+ 1

END while
Output: (uj, ..., ug), Fj, b5
The minimum of F; is searched in the sublattices L(b;,...,b,) with increasing s. In every

stage of the algorithm we have i, > 0, i.e. the vector by is used positively for the search. This
prevents redundancies during the enumeration. At every step ¢ of algorithm ENUM(j,k)
we have already fixed the integers w41, ...,%s. We enumerate the integers 4; in order of
ascending values Fy(>°7_, u;b;). For this purpose we calculate a real number z for which
Fy(2by 4+ 37411 @;b;) is minimal. An integral minimal place @, is one of the integers I; =
lz] or ry = [z] because of convexity. If Fy(ljb; > ;7 ;1 @;b;) > Fj(Zf:j u;b;), then this
inequality holds for all u; < [;, i.e. we can stop the enumeration to the left. Similiarly
we can stop the enumeration to the right whenever Fy(riby 4+ 37, | ;b;) > Fj(Zf:j w;b;).
When enumeration of I; (r;) is finished we look at I; — 1 (r; + 1) instead. The complexity
of computing F; and the corresponding coefficient z as well as the number of computations
of F; is crucial for the complexity of the whole algorithm.

4 Enumeration with Respect to [, Norms

With respect to the Euclidean norm we can efficiently calculate z € R and F;. For this we

bzl; . N “ A R
define Wi = jbj,ﬁji’ Wi(bj) = bj — Z;:% ,Ui,tbta bj = Wj(bj>7 c; =< bz,bl >= ||blH% and
G = (S k)3 for 1 < i,j < m. We obtain z = — Y8,y dipig, FP(OE, aiby) =
& = g1 + (U + 2)%cy.




For general /,-norms we use the fact that all norms on R" are equivalent. There exist
constants 7, R, > 0 such that for all z € R" rp||z|, < ||z]l2 < Rpllz]p.

With wy = wy(ty, ..., a5) := Wt(Zf:t wib;), Qp1:=1and Q,; := R,/r, for j > 1 we get
wy = wip1 + (U + ye)be and [[m(z)|lp < Qp i Fj(m;(2)).

Lemma 8. If, for fized (iiy,... i) € Z¥ "1, there is some (iij,...,i4—1) € Z'" with
Fj(Zf:j w;b;) < Fj(bj), then the following inequality holds for all Ay, ..., Ay, € R:

m m
> Nid] < QuiFi(by)Il Y- Avwillg (7)

i=t i=t
Proof. For fixed (uy,...,ux) we enumerate vectors w; on stages 1,...,] — 1 which are all

in the hyperplane orthogonal to w;. We have w; —w; — w; for i <, i.e.
<wi,wyp > — < wp,w >=< w; — wy,w; >= 0. (8)

If we can complete (i, ..., ux) to (ij,...,4;) with 0 < Fj(w;) = Fj(Zf:j u;b;) < Fj(bj),
then ||w;||3 < Qp;Fj(w;)||will, for i = t,...,m because of | < wj,w; > | < |Jwjl|plwll,
(Hélder’s inequality, 1/p 4+ 1/¢ = 1) and |lwj||, < Qp jFj(w;). We obtain

k k k k
|Z)\zéz‘ = \Z)\i<wi,wi>\:|2)\i<wi,wj >‘=‘< Z)\Z’w,‘,w]‘ >‘
i=t i=t i=t =t
k m
< gyl 2 Ml < Qg F ()] 35 Aol =
1= 1=
The main goal is an optimal selection of vectors (A, ..., Ag) for which we test Inequality 7.

Some special vectors:

o (A,..., ) = (1,0,...,0): Compare ¢ and @, ;F;(b;)|lwi]lq. This linear test will
result in a search tree which is (for p = 1 and p = c0) exponentially smaller than the
full enumeration tree (no pruning) without any additional test.

o (Mg, Ap) = (A1 —=X,0,...,0) with XA €]0,1[: For the whole line Adw; + (1 — A w41
we need Aé + (1 — N)é1 < Qp i Fj(bj)[[Awy + (1 — XN)wyp1||q, especially for all points
wy between wyy1 and w;. These points were enumerated before wy.

Because of ||[Aw; + (1 — N)wyy1]|3 < A& + (1 — A)é41 we can stop the enumeration in
direction w; — wy11 as soon as the test with (1,0,...,0) causes a break.



Algorithm ENUM,,
INPUT j,k,n,p,q, Ry, Qpj, ci, b, b fori= Jy--oskand piy for j <t <i<k
1.s:=t:=yj, 4j:=uj:=1, yj:=A0;:=0, 5;:=6;:=1, w;:=(0,...,0)
FORi=j+1,...,k+1
Cii= g =y =y = A= 0,m =06, : =1, w;:=(0,...,0)
F = Fj(b]‘), F = R?)FQ
2. WHILE t < k
& 1= Cry1 + (Y + W) e
IF ¢ < F
THEN w; := w1 + (y; + @) by
IFt>j
THEN IF PRUNE(t, s,n, F,wt, ..., ws, Gty ..., Cs, ¢, Qp j)=1
THEN IF n, =1 THEN GOTO 3.
n =1, Api=—Ay
IF Atét Z 0 THEN At = At + (St
Uy = v + Ay
ELSE ¢t .=t — 1, ne ‘= At = 0, Yt = ZS: ’l~LZ'/.Li7t
i=t+1
Uy 2= vy = [~y
IF 7~Lt > — Yt THEN (St =1
ELSE 6; :=1
ELSE IF Fj(wj) < F
THEN w; :==u; fori=7,...,s
F = Fj(wj),ﬁ = R;FQ
3. ELSE t:=t+1
s := max(t, s)
IFn =0
THEN At = *At
IF A¢by > 0 THEN Ay := Ay + 6
ELSE Ay := Ay + 6
Uy := vy + Oy
END while
OUTPUT (uy, ..., up), F, b2 = S0 ub;

Algorithm PRUNE(t,s,n, F,w¢,...,Ws, C,...,Cs,q, Qp )

S S _ S
Test for several (g, ..., As) with Ay # 0 and - A;é&; > 0, whether Y- \;ié; < Qp i F| X2 Aiwillq-

i=t i=t i=t
If the inequality doesn’t hold for any (A¢,..., As) then return 1, else return 0.

Remark 9. 7, indicates the number of directions in which the enumeration is already
stopped at stage t. Whenever 7, = 1 and PRUNE(#,...) = 1 we can increase t by 1.
We avoid redundancies by choosing @, > 0 and initialize , = 1. We shrink the choice
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of (A,...,As) to the case Ay # 0, > 7, X\i¢; > 0 to simplify the algorithm. If we allow
arbitrary (As,...,As) we have to decide in which direction we can stop the enumeration.

In the case of p = 2 PRUNE(t,...) is always 0. Hence we can simplify the algorithm. We
don’t need the vectors w; and 7.

5 Solving Subset Sum Problems

Given positive integers ai,...,an,s we wish to solve the equation Y ;' , z;a; = s with
Z1,...,2y € {0,1}. As in [SE91] we assume the existence of a solution and the knowledge
of g := Y"1, z;. We consider the following lattice basis:

1 1 1 1 25 2
0 2 0 2a; 2
B=(by,....bpy)' =0 0 2 0 2a9 2
0 2 2a, 2

Without knowledge of ¢ we have to remove the last column of the basis. In this case the
running time is moderately higher (in average we lose a factor 2). Every lattice vector
b = Y b, with ||bl| = 1 yields a solution of the subset sum problem. The follow-
ing deterministic lattice basis reduction algorithm is designed to solve ewvery subset sum
problem:

1. L3 reduce B with § = 0.99 and 5 deep insertions. Test for a solution after every
reduction step. For details, see [SE91].

2. Transform the basis to get only two vectors with nonzero entries in the last two
columns. Delete these vectors and the last two columns (the deleted vectors cannot
yield any solution).

3. B block reduce B with § = 0.99 and 5 deep insertions. Test for a solution after every
reduction step. For details, see [SE91].

4. Call algorithm ENUM,, with j =1, k =n — 1, p = oo, ¢ = 1; initialize F with 1 +¢
and stop the enumeration as soon as a vector with [oc—norm 1 was found. (We have
Ry =+/n, 700 =1 and Qo1 =1.)

Steps 1 and 3 are done with respect to the Euclidean norm. For general subset sum problems
up to dimension 66 we can restrict the test PRUNE(t,...) to (A,..., Ax) = (1,0,...,0).
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Practical Results. We compare the new results with the results of Schnorr—-Euchner
[SE91]. For every dimension n and every bitlength b (of the weights a;) we generated 20
random problems with ¢ = n/2 as follows: Pick random numbers ay, ..., a, in the interval
[1,2%], pick a random subset I C {1,...n} of size g, set s = 3_,c; a;. The probabilistic algo-
rithm of Schnorr—Euchner permutes the basis before f—block reducing it (partially pruned)
with respect to the Euclidean norm. This will be done at most 16 times. The running times
give the average CPU-time per problem on a HP Apollo 715/50 (13.2 MFLOPS). The times
of the Schnorr Euchner statistic are converted to this computer type.

Schnorr Euchner new
block size 50, pruned block zize 30, no pruning
n b succ. succ. rounds time succ. succ. succ. time
‘ ‘ ‘ round 1 total h:mm:ss BKZ ‘ Enum total h:mm:ss
66 34 20 20 20 0:01:34 20 0 20 0:00:29
66 42 20 20 20 0:06:22 17 3 20 0:13:39
66 50 10 19 78 0:36:08 11 9 20 1:50:54
66 58 9 14 119 1:28:10 13 7 20 1:11:45
66 66 10 19 70 1:14:17 12 8 20 1:06:17
66 72 18 20 26 0:31:21 17 3 20 0:18:42
66 80 20 20 20 0:15:16 19 1 20 0:04:05
66 88 20 20 20 0:14:28 20 0 20 0:02:20
[ > Il 127 [ 152 ] 373 | [ 129 J 31 [ 160 ] |
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