
Block Reduction for Arbitrary NormsMichael Kaib� and Harald RitteryFachbereiche Mathematik / Informatik, Universit�at Frankfurt60054 Frankfurt am Main, GermanyAbstractWe generalize the concept of block reduction for lattice bases from the l2{norm toarbitrary norms. This extends the results of Schnorr [S87, S94]. We give algorithmsfor block reduction and apply the resulting enumeration concept to solve subset sumproblems. The deterministic algorithm solves all subset sum problems. For up to 66weights it needs in average less than two hours on a HP 715/50 under HU-UX 9.05.1 IntroductionSeveral NP{complete problems can e�ciently be reduced to the problem of �nding shortestlattice vectors with respect to the l1{norm (subset sum, 3{SAT, : : : ) or the l1{norm (inte-ger factorization). The known lattice basis reduction concepts and algorithms are based onthe Euclidean norm. The �rst concepts of Lagrange, Gau� and Dirichlet (1773-1850) weredeveloped for low dimensions. The concept of Hermite, Korkine and Zolotarev (1850/73)is strong and algorithmically motivated, but still impractical for higher dimensions. A suc-cessful e�cient but weak concept was introduced by Lenstra, Lenstra and Lov�asz [LLL82].Schnorr [S87] linked Lov�asz and Hermite's de�nitions to obtain a 
exible hierarchy of con-cepts, named block reduction. Recently some reduction concepts were generalized to arbi-trary norms, namely the Lov�asz{Hermitean by Lov�asz and Scarf [LS92] and the Gaussianby Kaib and Schnorr [KS94]. In this paper we generalize the strong and e�cient conceptof block reduction to arbitrary norms. We prove bounds for the quality of block reducedbases and give algorithms to construct them e�ciently.We show that a �-block reduced lattice basis b1; : : : ; bm satis�es the inequalites4i+3 ��2 i�1��1� � k bi k = �i � i+14 �2 m�1��1� for arbitrary norms, where the �i denote thesuccessive minima and �2� is a generalization of the Hermite constant 
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As practical result we can solve all subset sum problems. Up to dimension 66 the deter-ministic algorithm needs average time less than two hours on a 13.2 MFLOPS workstation.The previous algorithms like the Schnorr{Euchner{algorithm [SE91] only solve a substantialfraction of random subset sum problems.2 Block Reduced BasesGiven a lattice basis b1; : : : ; bm 2 Rn and an arbitrary norm k:k we de�ne the distancefunctions Fi(x) = min�1;:::;�i�12Rkx+Pi�1j=1 �jbjk for all x 2 Rn and i = 1; : : : ;m.Theorem 1. Every basis b1; : : : ; bm 2 Rn of a lattice L satis�esmini=1;:::;m Fi(bi) � �1(L) �  m! mYi=1Fi (bi)!1=m :Proof. The proof of the left{hand inequality follows the proof for the case of the Euclideannorm. For the right{hand inequality let Vm = volm fx 2 spanL j k x k � 1 g denote them-dimensional volume of a ball with radius 1. By Minkowski's �rst Theorem we have theinequality �m1 Vm � 2m detL . The Theorem now follows from the inequalities2mm! Vm � Qmi=1 Fi (bi)detL � 2mVm ;which hold for any basis (see [K94], Lemma 5). �We de�ne the constant �m to denote the supremum of �1(Zb1+� � �+Zbm) = � mQi=1Fi (bi)�1=mover all lattice bases b1; : : : ; bm and all norms on span(b1; : : : ; bm). Here �1(L) denotes the�rst successive minimum of the lattice L. For the Euclidean norm we have Qmi=1 Fi (bi) =detL. The Hermite constants 
m are de�ned as the supremum of �21(L) det(L)�2=m over alllattices L of dimension m. Hence the inequality �1(L) � p
m � mQi=1Fi (bi)�1=m holds forthe l2-norm. For the l2-norm this inequality is sharper than the upper bound of Theorem1. Theorem 1 shows thatr m2�e (1 + o(1)) � p
m � �m � m!1=m = me (1 + o(1)) :De�nition 2. A lattice basis b1; : : : ; bm 2 Rn is called Hermite reduced, if2



Fi(bi) = minfFi(b) j b 2 Zbi+ : : : + Zbm � 0 g for i = 1; : : : ;m .De�nition 3. A lattice basis b1; : : : ; bm 2 Rn is called �{block reduced with �, 12 � � � 1,if for i = 1; : : : ;m� �Fi(bi) � minfFi(b) j b 2 Zbi+ : : :+ Zbmin(i+��1;m) � 0 g and� Fj(bi) � Fj(bi � bj) for all j < i .It is called �{block reduced if it is �{block reduced with � = 1.For � = 1 the �rst condition is empty. A basis b1; : : : ; bm 2 Rn is called size reducedwhenever the second condition is true. It is �{block reduced i� it is size reduced and allblocks bi; : : : ; bi+j of j+1 successive vectors are Hermite reduced with respect to the normFi for j < �; i+ j � m. For � = m every �{block reduced basis is Hermite reduced. For� = 2 we call them Lov�asz reduced with � (such bases were introduced for the Euclideannorm by Lenstra, Lenstra and Lov�asz [LLL82] and studied for arbitrary norms by Lov�aszand Scarf [LS92]).For the Euclidean norm, we know from Schnorr [S87, S94] that �{block reduced basesb1; : : : ; bm 2 Rn of a lattice L satisfy the inequalitiesk b1 k2 � �m�1��1�;2 �1(L) (1)for � � 1 jm� 1 and2pi+ 3 
� i�1��1� � k bi k2 = �i � pi+ 32 
m�1��1� (2)Here �k;2 is de�ned to be the supremum of k b1 k=Fk(bk) over all Hermite reduced latticebases b1; : : : ; bk with respect to the l2{norm and �k is the supremum of the same expressionover all Hermite reduced lattice bases b1; : : : ; bk and all norms. We always have �k ��k+1 since the basis b0; : : : ; bk 2 Rk+1 with b0 = �1ek+1 is Hermite reduced with respectto the norm k mPi=0 xibi k� := max(k mPi=1 xibi k; jx0j�1) whenever the basis b1; : : : ; bk 2spanfe1; : : : ; ekg is Hermite reduced with respect to the norm k � k.We �rst generalize Inequality 1 for arbitrary norms:Theorem 4. Every �{block reduced basis b1; : : : ; bm 2 Rn of a lattice L satis�esk b1 k � �dm�1��1 e� �1(L) : 3



Proof. Let hi := Fi(bi) for i = 1; : : : ;m and choose � 2 f1; : : : ;mg such that h� =minhi . From mini=1;:::;m Fi(bi) � �i we get h� � �1 . The bases bi; : : : ; bi+j areHermite reduced with respect to the norm Fi for 0 � j < �; i+ j � m . Since the �k aremonotonically increasing we have the inequalitieshi � �� hi+jfor 0 � j < �; i+ j � m . This impliesh1 � �� h1+(��1) � : : : � �b��1��1 c� h1+b��1��1c(��1) � �d��1��1e� h� : �For the constants �� it is known that �2 = 2 [K94]. For � � 2 Schnorr [S87, S94p] proved��;2 � � 1+log �2 ; �� � �(� � 1)log (��1) : (3)Inequality 2 is much stronger than the combination of the bound for �k;2 with Inequality1. This also holds for our generalization of Inequality 2 for arbitrary norms:Theorem 5. Every �{block reduced basis b1; : : : ; bm 2 Rn of a lattice L satis�es2 � i � m : 4i+1 ��2 i�1��1�1 � i � � : 2i+1 9=; � k bi k�i � 8<: i+14 �2 m�1��1� : 1 � i � mi+12 : m� � + 1 � i � m :Proof. We �rst prove two lemmata to get the right inequality for i = 1:Lemma 6. Every �{block reduced basis b1; : : : ; bm 2 Rn of a lattice L satis�esk b1 k � 0@��1Yi=1 �ii1A 2�(��1) �2 m����1� m�1maxi=m��+1Fi(bi) :Proof. Let hi = Fi(bi). By de�nition the following inequalities hold:hi1 � �ii h1 � � � hi ; for i = 1; :::; � � 1 andh�i � ��� hi � � � hi+��1 ; for i = 1; :::;m � � :4



Multiplication of these inequalities yieldsh(�+12 )1 h�2 � � � h�m�� � �11 �22 � � � ���1��1 ��(m��)� h�1h�2 � � � h�m��h��1m��+1 � � � h1m�1 ;and this impliesh(�2 )1 � �11 �22 � � � ���1��1 ��(m��)� h��1m��+1 � � � h1m�1� �11 �22 � � � ���1��1 ��(m��)� � m�1maxi=m��+1Fi(bi)�(�2 ) : �Lemma 7. Every �{block reduced basis b1; : : : ; bm 2 Rn of a lattice L satis�esk b1 k � 0@��1Yi=1 �ii1A 2�(��1) �2 m����1� �1(L) :Proof. The lemma follows from Lemma 6 by induction over m. For m = � the lemmaholds by de�nition 3. Let now b = r1b1+ : : :+rmbm be a shortest lattice vector. For rm = 0the claim holds by assumption. For rm 6= 0 we have the inequalities�1(L) = k b k � Fi(b) � Fi(bi) for m� � + 1 � i � m;and the lemma follows with Lemma 6. �Iteration of the inequality �m+1m+1 � 2�mm [K94] yields the �rst inequality of the theorem byLemma 7:k b1 k � 12 �2 m�1��1� �1(L) : (4)Proof of the right inequality of Theorem 5. For every j �m the basis bj; : : : ; bm is�{block reduced with respect to the norm Fj . Hence Fj(bj) = �1;Fj (Zbj + : : :+ Zbm) form� � + 1 � j � m and, by Inequality 4:Fj(bj) � 12 �2 m�1��1� �1;Fj (Zbj+ : : : + Zbm) :5



for 1 � i � m . In addition, we have �1;Fj (Zbj + : : : + Zbm) � �j(L) � �i(L) for j � i .The upper bound is now a consequence of the inequalityk bi k � Fi(bi) + 12 i�1Xj=1Fj(bj) : (5)We show the correctness of Inequality 5 for any size reduced basis: Let Fj(bi + �0bj) =min�2R Fj(bi + �bj) = Fj+1(bi) . The fact that Fj(bi) � Fj(bi � bj) for j < i impliesFj(bi) = min�2Z Fj(bi + �bj)� Fj(bi + b�0ebj)= Fj (bi + �0bj + (b�0e � �0) bj)� Fj+1(bi) + 12 Fj(bj) ;since Fj is a norm. Successive application of this inequality for j = 1; : : : ; i � 1 showsinequality 5.Proof of the left inequality of Theorem 5. By de�nition of the successive minima andbecause of Inequality 5 we have�i � imaxj=1 k bj k � i+ 12 imaxj=1 Fj(bj) :Theorem 5 is now a consequence of the inequalities Fj(bj) � k bi k for i��+1 � j � i andFj(bj) � 12 �2 i�j��1� k bi k for 1 � j < i : (6)The Inequalities 6 are obvious: every basis bj; : : : ; bi is �{block reduced with respect tothe norm Fj . Hence Lemma 6 bounds the �rst heights for 1 � j � i � � + 1 by the lastones: Fj(bj) � 12 �2 i�j��1� i�1maxh=i��+1 Fh(bh) :By de�nition 3 the last heights for i� � + 1 � j � i we get the inequalitiesFj(bj) � Fj(bi) � k bi k : �6



3 Algorithms for �{Block ReductionAlgorithm �{Block ReduceINPUT: b1; : : : ; bm 2 Zn; � with 1=2 � � � 1; � with 2 � � � m1. size reduce b1; : : : ; bm; j := m� 1; z := 02. WHILE z < m� 1j := j + 1; IF j = m THEN j = 1k := min(j + � � 1;m)ENUM(j; k) (this �nds the minimal place (uj ; : : : ; uk) 2 Zk�j+1� 0k�j+1and the minimal value �Fj = Fj(Pki=j uibi)and also bnewj :=Pki=j uibi)h := min(k + 1;m)IF �Fj < �Fj(bj)THEN extend b1; : : : ; bj�1; bnewjto a basis b1; : : : ; bj�1; bnewj ; : : : ; bnewh of L(b1; : : : ; bh)size reduce b1; : : : ; bj�1; bnewj ; : : : ; bnewh ; z := 0ELSE size reduce b1; : : : ; bhz := z + 1END whileOUTPUT: b1; : : : ; bmCOMMENTS. 1. Throughout the algorithm the integer j is cyclically shifted throughthe integers 1; 2; : : : ;m�1. The variable z counts the number of positions j that satisfy theinequality �Fj(bj) � �Fj . If this inequality does not hold for j then we insert bnewj into thebasis, we size reduce and we reset z to 0. The integer j = m is skipped since the inequalityalways holds for j = m. Obviously a basis b1; : : : ; bm is �{block reduced with � if it is sizereduced and z = m � 1. Therefore the algorithm produces, up to 
oating point errors, abasis that is �{block reduced with �.2. We can extend b1; : : : ; bj�1; bnewj to a basis b1; : : : ; bj�1; bnewj ; : : : ; bnewh of the latticeL(b1; : : : ; bh) using the coe�cients ui in the representation bnewj = Phi=j uibi. For this wecompute T 2 GLh�j+1(Z) with [uj ; : : : ; uh]T = [1; 0; : : : ; 0] and we set [bnewj ; : : : ; bnewh ] :=[bj ; : : : ; bh]T�1.ENUM(j,k)1. (uj ; : : : ; uk) := (1; 0; : : : ; 0); (~uj ; : : : ; ~uk) := (1; 0; : : : ; 0); s := t := j; bnewj := bj ; �Fj := Fj(bj)2. WHILE t � kIF Ft( sPi=t ~uibi) < �FjTHEN IF t > jTHEN t := t� 1 7



�nd z 2 R with Ft(zbt + sPi=t+1 ~uibi) = Ft+1( sPi=t+1 ~uibi)lt := bzc; rt := lt + 1IF Ft(ltbt + sPi=t+1 ~uibi) < Ft(rtbt + sPi=t+1 ~uibi)THEN ~ut := lt; lt := lt � 1ELSE ~ut := rt; rt := rt + 1ELSE (uj ; : : : ; uk) := (~uj ; : : : ; ~uk); bnewj := sPi=j ~uibi; �Fj := Fj(bnewj )ELSE t := t+ 1IF t � sTHEN ~ut := ~ut + 1s := tELSE IF Ft(ltbt + sPi=t+1 ~uibi) < Ft(rtbt + sPi=t+1 ~uibi)THEN ~ut := lt; lt := lt � 1ELSE ~ut := rt; rt := rt + 1END whileOutput: (uj ; : : : ; uk); �Fj ; bnewjThe minimum of Fj is searched in the sublattices L(bj ; : : : ; bs) with increasing s. In everystage of the algorithm we have ~us > 0, i.e. the vector bs is used positively for the search. Thisprevents redundancies during the enumeration. At every step t of algorithm ENUM(j,k)we have already �xed the integers ~ut+1; : : : ; ~us. We enumerate the integers ~ut in order ofascending values Ft(Psi=t ~uibi). For this purpose we calculate a real number z for whichFt(zbt +Psi=t+1 ~uibi) is minimal. An integral minimal place ~ut is one of the integers lt =bzc or rt = dze because of convexity. If Ft(ltbtPsi=t+1 ~uibi) � Fj(Pki=j uibi), then thisinequality holds for all ~ut < lt, i.e. we can stop the enumeration to the left. Similiarlywe can stop the enumeration to the right whenever Ft(rtbt +Psi=t+1 ~uibi) � Fj(Pki=j uibi).When enumeration of lt (rt) is �nished we look at lt � 1 (rt + 1) instead. The complexityof computing Ft and the corresponding coe�cient z as well as the number of computationsof Ft is crucial for the complexity of the whole algorithm.4 Enumeration with Respect to lp{NormsWith respect to the Euclidean norm we can e�ciently calculate z 2 R and Ft. For this wede�ne �i;j := <bi ;̂bj><b̂j ;b̂j> ; �i(bj) := bj �Pi�1t=1 �i;tb̂t; b̂j := �j(bj); ci :=< b̂i; b̂i >= kb̂ik22 and~ct := k�t(Pki=t ~uibi)k22 for 1 � i; j � m. We obtain z = �Pki=t+1 ~ui�i;t; F 2t (Pki=t ~uibi) =~ct = ~ct+1 + (~ut + z)2ct. 8



For general lp{norms we use the fact that all norms on Rn are equivalent. There existconstants rp; Rp > 0 such that for all x 2 Rn rpkxkp � kxk2 � Rpkxkp.With wt = wt(~ut; : : : ; ~uk) := �t(Pki=t ~uibi); Qp;1 := 1 and Qp;j := Rp=rp for j > 1 we getwt = wt+1 + (~ut + yt)b̂t and k�j(x)kp � Qp;jFj(�j(x)).Lemma 8. If, for �xed (~ut; : : : ; ~uk) 2 Zk�t+1, there is some (~uj ; : : : ; ~ut�1) 2 Zt�1 withFj(Pki=j ~uibi) < Fj(bj), then the following inequality holds for all �t; : : : ; �m 2 R:j mXi=t �i~cij < Qp;jFj(bj)k mXi=t �iwikq (7)Proof. For �xed (~ul; : : : ; ~uk) we enumerate vectors wi on stages 1; : : : ; l � 1 which are allin the hyperplane orthogonal to wl. We have wi �wl ? wl for i < l, i.e.< wi; wl > � < wl; wl >=< wi � wl; wl >= 0: (8)If we can complete (~ut; : : : ; ~uk) to (~uj ; : : : ; ~uk) with 0 < Fj(wj) = Fj(Pki=j ~uibi) < Fj(bj),then kwik22 < Qp;jFj(wj)kwikq for i = t; : : : ;m because of j < wj ; wl > j � kwjkpkwlkq(H�older's inequality, 1=p+ 1=q = 1) and kwjkp � Qp;jFj(wj). We obtainj kPi=t �i~cij = j kPi=t �i < wi; wi > j = j kPi=t �i < wi; wj > j = j < kPi=t �iwi; wj > j� kwjkpk kPi=t�iwikq < Qp;jFj(bj)k mPi=t�iwikq: �The main goal is an optimal selection of vectors (�t; : : : ; �k) for which we test Inequality 7.Some special vectors:� (�t; : : : ; �k) = (1; 0; : : : ; 0): Compare ~ct and Qp;jFj(bj)kwtkq. This linear test willresult in a search tree which is (for p = 1 and p =1) exponentially smaller than thefull enumeration tree (no pruning) without any additional test.� (�t; : : : ; �k) = (�; 1� �; 0; : : : ; 0) with � 2]0; 1[: For the whole line �wt + (1� �)wt+1we need �~ct + (1� �)~ct+1 < Qp;jFj(bj)k�wt + (1 � �)wt+1kq, especially for all pointsw0t between wt+1 and wt. These points were enumerated before wt.Because of k�wt + (1� �)wt+1k22 � �~ct + (1� �)~ct+1 we can stop the enumeration indirection wt � wt+1 as soon as the test with (1; 0; : : : ; 0) causes a break.
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Algorithm ENUMpINPUT j; k; n; p; q; Rp; Qp;j; ci; bi; b̂i for i = j; : : : ; k and �i;t for j � t < i � k1. s := t := j; ~uj := uj := 1; yj := �j := 0; �j := �j := 1; wj := (0; : : : ; 0)FOR i = j + 1; : : : ; k + 1~ci := ui := ~ui := yi := �i := 0; �i := �i := 1; wi := (0; : : : ; 0)�F := Fj(bj); F̂ := R2p �F 22. WHILE t � k~ct := ~ct+1 + (yt + ~ut)2ctIF ~ct < F̂THEN wt := wt+1 + (yt + ~ut)b̂tIF t > jTHEN IF PRUNE(t; s; n; �F ;wt; : : : ; ws; ~ct; : : : ; ~cs; q;Qp;j)=1THEN IF �t = 1 THEN GOTO 3.�t := 1; �t := ��tIF �t�t � 0 THEN �t := �t + �t~ut := vt +�tELSE t := t� 1; �t := �t := 0; yt := sPi=t+1 ~ui�i;t~ut := vt := d�ytcIF ~ut > �yt THEN �t := �1ELSE �t := 1ELSE IF Fj(wj) < �FTHEN ui := ~ui for i = j; : : : ; s�F := Fj(wj); F̂ := R2p �F 23. ELSE t := t+ 1s := max(t; s)IF �t = 0THEN �t := ��tIF �t�t � 0 THEN �t := �t + �tELSE �t := �t + �t~ut := vt +�tEND whileOUTPUT (uj ; : : : ; uk); �F ; bnewj =Pki=j uibiAlgorithm PRUNE(t; s;n; �F;wt; : : : ;ws;~ct; : : : ;~cs; q;Qp;j):Test for several (�t; : : : ; �s) with �t 6= 0 and sPi=t �i~ci > 0, whether sPi=t �i~ci < Qp;j �F k sPi=t �iwikq:If the inequality doesn't hold for any (�t; : : : ; �s) then return 1, else return 0.Remark 9. �t indicates the number of directions in which the enumeration is alreadystopped at stage t. Whenever �t = 1 and PRUNE(t; : : :) = 1 we can increase t by 1.We avoid redundancies by choosing ~us > 0 and initialize �s = 1. We shrink the choice10



of (�t; : : : ; �s) to the case �t 6= 0; Psi=t �i~ci > 0 to simplify the algorithm. If we allowarbitrary (�t; : : : ; �s) we have to decide in which direction we can stop the enumeration.In the case of p = 2 PRUNE(t; : : :) is always 0. Hence we can simplify the algorithm. Wedon't need the vectors wt and �.5 Solving Subset Sum ProblemsGiven positive integers a1; : : : ; an; s we wish to solve the equation Pni=1 xiai = s withx1; : : : ; xn 2 f0; 1g. As in [SE91] we assume the existence of a solution and the knowledgeof g :=Pni=1 xi. We consider the following lattice basis:
B = (b1; : : : ; bn+1)T = 0BBBBB@ 1 1 1 � � � 1 2s 2g0 2 0 � � � 0 2a1 20 0 2 0 2a2 2... . . . . . . ... ... ...0 � � � 2 2an 2

1CCCCCAWithout knowledge of g we have to remove the last column of the basis. In this case therunning time is moderately higher (in average we lose a factor 2). Every lattice vectorb = Pn+1i=1 tibi with kbk1 = 1 yields a solution of the subset sum problem. The follow-ing deterministic lattice basis reduction algorithm is designed to solve every subset sumproblem:1. L3{reduce B with � = 0:99 and 5 deep insertions. Test for a solution after everyreduction step. For details, see [SE91].2. Transform the basis to get only two vectors with nonzero entries in the last twocolumns. Delete these vectors and the last two columns (the deleted vectors cannotyield any solution).3. �{block reduce B with � = 0:99 and 5 deep insertions. Test for a solution after everyreduction step. For details, see [SE91].4. Call algorithm ENUMp with j = 1; k = n� 1; p =1; q = 1; initialize �F with 1 + �and stop the enumeration as soon as a vector with l1{norm 1 was found. (We haveR1 = pn; r1 = 1 and Q1;1 = 1.)Steps 1 and 3 are done with respect to the Euclidean norm. For general subset sum problemsup to dimension 66 we can restrict the test PRUNE(t,: : : ) to (�t; : : : ; �k) = (1; 0; : : : ; 0).11



Practical Results. We compare the new results with the results of Schnorr{Euchner[SE91]. For every dimension n and every bitlength b (of the weights ai) we generated 20random problems with g = n=2 as follows: Pick random numbers a1; : : : ; an in the interval[1; 2b], pick a random subset I � f1; : : : ng of size g, set s =Pi2I ai. The probabilistic algo-rithm of Schnorr{Euchner permutes the basis before �{block reducing it (partially pruned)with respect to the Euclidean norm. This will be done at most 16 times. The running timesgive the average CPU-time per problem on a HP Apollo 715/50 (13:2 MFLOPS). The timesof the Schnorr{Euchner statistic are converted to this computer type.Schnorr{Euchner newblock size 50, pruned block zize 30, no pruningn b succ. succ. rounds time succ. succ. succ. timeround 1 total h:mm:ss BKZ Enum total h:mm:ss66 34 20 20 20 0:01:34 20 0 20 0:00:2966 42 20 20 20 0:06:22 17 3 20 0:13:3966 50 10 19 78 0:36:08 11 9 20 1:50:5466 58 9 14 119 1:28:10 13 7 20 1:11:4566 66 10 19 70 1:14:17 12 8 20 1:06:1766 72 18 20 26 0:31:21 17 3 20 0:18:4266 80 20 20 20 0:15:16 19 1 20 0:04:0566 88 20 20 20 0:14:28 20 0 20 0:02:20� 127 152 373 129 31 160Acknowledgment. We are grateful to Claus Schnorr for stimulating successful teamworkand motivating helpful discussions.References[KS94] M. Kaib, C.P. Schnorr: The Generalized Gauss Reduction Algorithm. (1993),13 pages. To appear in Journal of Algorithms.[K94] M. Kaib: Gitterbasenreduktion f�ur beliebige Normen. Ph.D. thesis, Universit�atFrankfurt, 1994.[LLL82] A.K. Lenstra, H.W. Lenstra, Jr., L. Lov�asz: Factoring polynomials withrational coe�cients. Math. Annalen 261 (1982), pp. 515-534.[LS92] L. Lov�asz, H. Scarf: The Generalized Basis Reduction Algorithm. Mathema-tics of Operations Research, vol. 17, No. 3 (1992), pp. 754-764.[S87] C.P. Schnorr: A Hierarchy of Polynomial Time Lattice Basis Reduction Algo-rithms. Theoretical Computer Science 53 (1987), pp. 201-224.[S94] C.P. Schnorr: Block reduced lattice bases and successive minima. TechnicalReport, ICSI Berkeley (1992), 18 pages. To appear in Combinatorics, Probabilityand Computing.[S94p] C.P. Schnorr: Private correspondence. (1994), 2 pages.[SE91] C.P. Schnorr, M. Euchner: Lattice basis reduction: improved algorithms andsolving subset sum problems. Proceedings of the FCT'91, SLNCS 529 (1991), pp.68-85. To appear in Mathematical Programming Studies.12


