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Summary

A dual functional is constructed for the Dirichlet problem for plates with transverse shear de-
formation, which makes it possible to obtain bilateral error estimates for approximate solutions.
In the absence of an elastic foundation, the classical dual functional is maximized in spaces of
functions that satisfy certain differential restrictions. The non-classical dual functional proposed
here is maximized in spaces of functions with no such restrictions, regardless of whether or not
an elastic foundation is present. A numerical example is given to illustrate the efficiency of this
dual method.

1. Introduction

Elastic plates are important structural elements in modern engineering, finding application in a wide
variety of domains that range from building to electronics. The computation of stresses in plates re-
quires the development of approximate methods with sharp error estimates. In what follows we
propose such a method and illustrate its efficiency. The technique is based on the simultaneous so-
lution of two extremal problems, namely the direct (original) one and its dual. This type of approach
has been discussed extensively in the literature; see, for example, (1 to 6).

Kirchhoff’s original model for bending of plates (7) has subsequently been refined to take ac-
count of transverse shear deformation. A detailed mathematical analysis of the new theory can be
found in (8). The existence of weak solutions to this model was proved in (9, 10). In this paper we
construct and analyse dual variational problems, which generate bilateral estimates for the solutions
in the sense explained below. The classical approach to this task, presented in (11), is very suit-
able when the plate lies on an elastic foundation. In the absence of such a foundation, the classical
method fails and we need to maximize the intervening dual functionals in spaces of functions that
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satisfy a number of differential restrictions in their domain. This makes the numerical realization of
the corresponding algorithms very complicated. Here we indicate a new, non-classical, scheme for
obtaining dual functionals whose maxima are sought in function spaces with no restrictions. This
scheme is based on ideas developed in (6) for the stationary heat equation.

Dual methods are more difficult to formulate in the case of large (nonlinear) deformation models,
where the total potential of an elastic plate is generally non-convex. Advances in that direction can
be found, for example, in (12 to 14).

2. Prerequisites

Consider a thin elastic plate that occupies a domain Sx [—hg/2, ho/2] c R3, where Sis a bounded
domain in R? and hg, with 0 < hg = const « diam S, is called the thickness. The plate may, or
may not, lie on an elastic foundation that opposes its bending. Let vo(x’) = (v1(X), v2(X'), 1)3(x’))T
be the displacement vector at a point X’ = (X, x3), where x = (X1, X2) and the superscript T denotes
matrix transposition. In the transverse shear deformation model investigated in (8) it is assumed that

(X)) = XUy (X), a =12 03(X)=uzX).

In what follows, for a three-component vector-valued function p = (p1, p2, p3)' we write p =
(p1, p2)T. The vector field u = (G', uz)T satisfies the equilibrium equation

Au+ Ku=gq inS, (2.1)

where ¢ is a combination of the forces and moments acting on the plate and its faces, A is the
(3 x 3)-matrix differential operator

—2uA — W20+ )2 + p —h2( + u)o102 wér
A= —h?(2 + u)o162 —W2uA =2+ o3 +u  pudr |,
—uo1 —uo2 —nA

8 = 0/0%,, @ = 1,2, A and u are the Lamé constants of the material, and h? = h3/12.
The interaction of the plate with the elastic foundation is described by a (3 x 3)-matrix K of

the form
K 0
K= <O k33> ’

where ks3 > 0 and K is a symmetric, positive semi-definite (2 x 2)-matrix. If there is no elastic
foundation, then K = 0.

Below we assume that the boundary ¢S of Sis a simple, closed, piecewise smooth curve. For
simplicity, we restrict our attention to the Dirichlet problem (D), which, in its classical formulation,
consists in finding u € C2(S) N C(S) such that

Au+ Ku=q inS u=f ondS (2.2)

where g and f are given functions.

Our analysis makes use only of real vector-valued functions. For convenience, we use the same
notation for spaces, inner products, and norms of such functions as for scalar functions. The inner
product and norm in L2(S) are denoted by (-, Jo;s and ||-lo;s; if S= [R2, then we write (-, -)o and
II-llo, respectively.
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Let Hn(R?), m e R, be the standard Sobolev space (7) of three-component distributions u e
S’(R?) with norm

Iuly = [ @+ 1P maer e,

where G(¢) is the Fourier transform of u(x). In what follows, equivalent norms are denoted by the
same symbol. For example, the norm of u € Hy (R?) can also be defined by

3
2 2 2
lul? = ulg + 3" 1vui 3.
i=1

For any m € R, the spaces Hm(R?) and H_n(IR?) are dual with respect to the duality generated
by the inner product in L2(R?) (7).

For m € R, Hm(S) is the subspace of Hm(R?), of all u with suppu c S. For any m € R, Hm(S)
is the space of the restrictions to Sof all u € Hy(R?), and is equipped with the norm

lullm;s = inf llollm.
veHm(R2):0|s=u

The norms of u e I-°|1(S) and u € Hi(S) are equivalent to

3 1/2
{||u||%;s+ Z/S|Vui(x)|2dx} :
i=1

Forany m € R, I—°|m(S) and H_n(S) are dual with respect to the duality generated by (-, -)o.s.

Let Hn(6S), m € R, be the standard Sobolev space of three-component distributions on 0 S (7).
Forany m € R, Hn(0S) and H_m(0S) are dual with respect to the duality generated by the inner
product (-, -)o:ssin L2(6S). The norm on Hm(6S) is denoted by |- Im;as. Let y be the trace operator
that maps H1(S) continuously onto Hy,2(6S).

In the sequel we use the bilinear forms

a(u,v) = 2/ E(u,v)dx, ak(u,v)=a(u,v)+ (Ku,)o;s,
S

where

2E(u, v) = h?Eg(u, v) + h? (U1 + 01Up) (D201 + d102)
+ u[(u1 + 01U3) (01 + 0103) + (U2 + B2U3) (V2 + B203)],
Eo(u, 0) = (4 + 2u)[(81u1)(8101) + (82u2)(8202)| + A[(81U1)(B202) + (B2U2)(d101)].

It is not difficult to see (8) that if u € C2(S) N CL(S) and v € C1(S) N C(S), then
(Au,v)o = a(u,v) — (Tu, v)o;ss,

where T is the differential operator of the boundary moments and shear force; see (8).
The last equality suggests that the variational problem (D) should consist in finding u € H1(S)
such that

ak(U,0) = (q,0)0s Vo e Hi(S), yu=f. (2.3)
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THEOREM 2.1. For any g € H_1(S) and any f € Hy/2(8S), problem (2.3) has a unique solution
u € Hy(S), which satisfies the estimate

ull;s < clall—1;s+ Il fFll1/2;09)-

The proof of this assertion can be found in (9) for a positive definite matrix K, and in (10) for
K =0.

Throughout the paper, we denote by the generic symbol ¢ (with or without subscripts) any positive
constant occurring in various estimates, which is independent of the functions in these estimates.

Below we intend to develop a technique for constructing a posteriori error estimates for approxi-
mate solutions to (2.3). Problem (2.3) with f = 0 can also be formulated in an abstract variational
form. Let H be a real separable Hilbert space, b(u, ») a bilinear form on H, and L(v) a linear
functional on H. We want to find u € H such that

b(u,v) =L@®) VoveH. (2.4)
If b(u, v) satisfies the inequalities

Ib(u, v)| < cflulllloll Yu,v € H,
b(u,u) > cllul®> VueH,

that is, if b(u, ») is continuous and coercive on H, then, by the Lax—Milgram lemma (1), equation
(2.4) has a unique solution ug € H, which minimizes in H the energy functional

1

3%(w) = Zb(u, u) = L(W);

in other words,
J%ug) = inf 3%u).
ueH

It is easily verified that the energy functional can also be written in the form

1

3%(u) = 3 [b(u = uo, u = uo) — b(Uo, o)),

which implies that 3°(u) — J%(ug) = 2b(u — uo, u — ug). The coerciveness of b(u, v) now yields
llu— uoll* < ¢ *b(u — ug, U — tg) = 2¢;* [I%(u) — I°(up)].

If {un}2 4 is a sequence of approximate solutions to (2.4) constructed by the Galerkin method, then
this last inequality leads to the global error estimates

llun — uoll? < 2¢;1[3%un) — 3%(uo)], 5
b(u — o, U — Ug) < 2[I%(un) — I°(uo)]. '

However, estimates (2.5) are not used very often since the value of J%(ug) is normally unknown.
But if we are able to find a number Jy such that Jy < J%(ug), then (2.5) can be replaced by the
much more convenient pair

lun — Uoll < [2¢52(30(un) — J0)] 2,

2.6)
b(u — ug, u — Ug) < 2[I%(un) — Jo].
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How useful estimates (2.6) are depends on the magnitude of J°(ug)— Jo; to minimize this number,
we aim to produce a scheme for computing a numerical sequence {Jn}>° ; such that J, < J%uo)
and limn o0 Jn = J%uo). In problem (D) we then define a dual functional for J%(u), whose
maximum on the appropriate function space coincides with J%(ug). If such a functional has been
obtained, we can easily construct the desired sequence {Jn};2 ;.

3. Thedual functional problem

First, we consider the simpler problem where f = 0. In this case, (D) reduces to problem (Do) of
finding u € H1(S) such that

ak (U, 0) = (9, v)o;s Vo € Hi(S). (3.1)

We introduce the matrix differential operators

o1u1
Divu = (2131 _+|_ 2233> , Defa= OoU2
2m2 e d2U1 + 81Uy

and the matrix

A4 2u ! 0
R = h? ! i+2u 0
0 0 u

The classical version of (Dg) can now be written in the equivalent form

— Div(R Defd) + u(G+ Vug) + Ki=q§ inS,
—udiv(l+ Vuz) + Kkssuz =q3 inS,
u=0 onadS,

whereu e C2(S)NC(S)andq = (G",q3)", § = (g, g2) . In this new setting, a(u, ») becomes
a(u,v) = (R Defu, Defo)g,s + u (0 + Vus, o + Voa)o;s.

As is well known (2), the weak solution u* of (3.1) minimizes in I—°|1(S) the energy functional

1
3°(u) = Jak (U, u) - (@, Wos.

We denote by H (Div, S) the space of all five-component vector-valued functions & = (7, "),
¢ =(1.02.03) " n= (1, m2)7,in Ssuchthat ¢, , Div¢, divy € L2(S). For 6, 6’ € H(Dv, ),
we define the inner product and norm

©.0)5w.s = (¢ Nos+ (1, n)o;s + (Dive, Divoss + (div g, divy)o;s,

2

It is clear that H (Div, S) is a Hilbert space.
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Consider the set
U={o=@",y")": ¢, y, Divp +4, divy + g € L*(S)}.
Ifu* e I-°|1(S) is the weak solution of (Dg), we write
o* = RDefl*, y*=u@ +VUu), o =@,y (3.2)
It is obvious that ¢*, w* € L%(S) and that
Divg* 4 G = Div(R Defd*) + § = x(0* + Vu3) + Ki* € L%(9),
div y* + g3 = kaauz € L%(S),

which implies that v* € U. Forv = (¢, wT)T e U, we define the five-component vector-valued
functiond = (¢7, n")T,whered =v—0*, =p—¢p*,and 5 = y —y*. We see that ¢, 5 € L%(S)
and that

Div¢ = Divg — Divg* = (Dive + §) — (Dive* + @) € L2(S),
divy = divy —divy* = (divy + ) — (div y* + g3) € L%(S),
from which we conclude that & € H(Div, S). Conversely, if 9 € H(Div, S), then v* +6 € U, so
U= {v* +0:0 e HDW, 9)).

For a positive definite matrix K, in (11) we defined on ¢/ the functional

Lo _ el o -
B) = =5[(R70,0)os + 1M wliGs+ (K@ +Dive = y), G+ Dive — )y
+ (ka3 (3 + div y), Gz + div y ) o 4]

and proved the following assertion.
THEOREM 3.1.

inf J%u) = 3%U*) = J(*) = sup J(v).
ueH1(S) veld

We intend to generalize Theorem 3.1 to the case where K is only positive semi-definite, as we
have assumed in our problem, and, therefore, K =1 may not exist.

Let
R-L— (ﬁ_l (_)1> . Rl= (r:ll r:12> ’
0 rg; 21 22

and let a = (ag, a2) and = (1, f2) be functions in C1(S) such that the matrix

—01p1 + T} 12152 a1
Kap =K = Fa1512 —02f2 + T223% az
a1 17 —diva +,u_l(af—|—a§)

is positive definite, uniformly in S (see Remark 3.5 below). Forany v = (¢, w )T, we write
. ﬁ]_ O 5—1 =
Divp — v — R
v—y (0 5) R0

(e, ) (D) =q+ .
divy — a1y + azyo)
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We also write
* % * % T * _ * * * _ *T T T
Plap) =@+ (BUL, fu3.0) ',y =y tauz, v = @0 Vap) » B3)
with ¢* and w* given by (3.2). Finally, we define the dual functional Jy of J° which acts on
v=1(p",y")T eU according to the formula
J®) = == {(R79, o).+ 1w lss + (K20 ©): Gupy @) )
0lv) = —3 ®,9)o;s+ 1 vl s (a,)%@.p) (), Ula.p) 0:SS"
THEOREM 3.2.

inf %) = J°(u") = Jo(0{, 5)) = sup Jo(). (3.4)
ueH: (9 ’ veld

Proof. 1t was mentioned above that the first equality in (3.4) holds. Also, it is evident that &/ =
{o@p +0:0 € H (Div, S)}. We now claim that the maximum of Jy(v) = JO(DFa,ﬂ) +6),as o
ranges over U (or as @ ranges over H (Div, S)), occurs when & = 0. A straightforward calculation
shows that

* -1 *
u* = K ) d@.p 0@, p)- (3.5)
Letd = (T, 7")T; then
) 08 p) +0) = Uiy (0. p) + Ul ) ©)
where
. i o) _
Divg —n — R
@ p@ =" (o p)
divy — u~ (aam + a2n2)
We have

Wl p +0) = D0, p) + 0O — {(R70 5. Oos+ 1 (W py Moss
* ~0
+ (U7, A,y @) ;s

Given that u* e I-°|1(S) and C3°(S) is dense in I-°|1(S) (7), we approximate u* by functions in
Cg°(9), integrate by parts, and arrive at

(DEfu*s C)O;S = _(u*s DIV {)O;S’ (VU;, ’7)0;3 = —(U;, le ’7)0;8;
hence
(R_l(o?a,ﬂ)a ()O;S + iu_l(l//(*a,ﬂ)a 77)0;5 + (U*a q?(l,ﬁ) (9))0;8
= (Def* + R7H(B1U, B2u3, 0)7, (). g + (0 + VU3 + 1~ U3et, n)o;s

. 0\ 5_1: . _
- (u ,Dive — 5 — <ﬁ01 ﬁ2> R lc) + (U3, divy — 1™ oam + azn2)) 4 g =0
0;S

and
Yoy g +0) < (v z) VO € HDIV,S),
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with equality holding if and only if & = 0. Direct calculation now shows that JO(UE;,/;)) = J%u"),
which completes the proof.

Let {un}pe, C I—°|1(S) be a minimizing sequence for J%(u) and {on}p2, C U a maximizing one
for Jp(v); then

lun — u*[l1 < c[3%un) — o (@n)]¥? - 0 asn— co. (3.6)

Now consider the general problem (D) with f € Hy,»2(6S) prescribed on the boundary. We select
F e Hi(S) so that y F = f and seek the solution u € Hi(S) of (2.3) as u = F + w; therefore,
w € Hi(S) satisfies the variational equation

ak (w,0) = (. 0)o.;s — ak (F,v) Vo € Hy(S). (3.7)
By (2.6), for an approximate solution wy, of (3.7) and v € U,
llwn = w*ll1 < e[3%wn) = o @)]'?,

where w* is the exact solution of (3.7). Since up = F + wp and u* = F 4 w™ are, respectively, an
approximate solution and the exact solution of (D), we have the error estimate

lun — U*[l1 = [l — w*|l1 < c[I%(wn) — Jo()]*/2.

If 9 € L%(S), then we do not need to construct an extension F of f from #Sto Sto realize
this scheme. The exact solution u* € Hy(S) of (D) minimizes J°(u) on the space Us = {u €
H1(S): yu = f}. Foro € U, we define the functional Jy by

1 _ _ _
B) = =3[R, 0os+u vl s + (Kl dan @) Gep ©))gg] + @, Doos

1
-5 (B2, vD)0:0s + (B2 £5,v2)0:08 + (f5, aav1 + azv2)0:08)

where v = (v1, v2) " is the outward unit normal to 8Sand

vi 0 v 0 O
w=|0 v, vy 0 O
0 0 0 vy v

To show that (z,v, f)o.ss is well defined, we need to check that z,v € H_1,2(8S). Since
q e L2(9), it follows that for any o = (p7, ¥ ")T e U, we have ¢, v, Divp, divy e L2(S),
which implies that » € H(Div, S). The question concerning z,» is now settled by the next
assertion.

LEMMA 3.3. The mapping v — 7,0 from C(S) to C(#S) can be extended to a linear and contin-
uous mapping z,: H(Div, S) —» H_1,2(89).

Proof. As in (7), letv = (7, y")T e CY(S) and f € Hy2(8S), and let F € Hi(S) be such that
y F = f. Consider the linear functional = defined for f € Hy/»2(8S) by

z(f) = (Dive, F)o;s + (¢, Def F)o.s + (div y, F3)o;s + (v, VF3)o:s.
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Integrating by parts, we see that if F e I-°|1(S), then the right-hand side in the above equality is zero,
so the definition of z () is consistent. Integration by parts also shows that

z () = (no, Hoes. (3.8)

The proof is completed by observing that the obvious inequalities

I (F)I < cllvligy sl flls;s < clivligy sl Fllz2ies

imply that 7 is continuous on Hy2(8S) and that ||z,0(—1/2;65 < clvligy. s
THEOREM 3.4. If u* € Hy(S) isthesolution of (2.3), q € L2(S), and vé‘a,ﬁ) is defined by (3.3), then
inf 3%u) = 3°U*) = B}, 4) = sup ().
ot (u) (u®) 0 (V(e, ) neZF/)I b(v)
The proof of this assertion is based on (3.8) and is similar to that of Theorem 3.2.

REMARK 3.5. If K is positive definite, then the function parameters o and f can be set equal to
zero. In the general case (when K is merely positive semi-definite), a simple way to construct « and
/ is to choose them in the form o = o%x and = o x; then

1 0 0 fl]_X]Z_ f12X1X2 X1
K(a,ﬂ) =K+os|(0 1 0] - o’ 21 X1 X2 f22X22 X2 ,
0 0 2 X1 o u e +x3)

and it is clear that, for sufficiently small ¢ > 0, the matrix K, z) is positive definite, uniformly in
S. This, however, may lead to some ill-conditioning in the numerical implementation of the scheme.

REMARK 3.6. Dual functionals can also be constructed in certain mixed problems, in particular, in
problems where the boundary includes segments of the coordinate axes, on which Neumann-type
conditions are prescribed, with Dirichlet data on the rest of the boundary.

4. Numerical example

We illustrate the usefulness of the dual methods by means of numerical results in the case of a square
steel floor clamped around its edge. Specifically, the values of the various physical parameters are,
in kg, cm and sec,

A=1141x10%, 4 =8262x10°, K=0, hy=7,
and S=[-100, 100] x [—100, 100].
The direct and dual problems are solved by means of the Galerkin method. In the direct problem,
the basis functions are

(xRj,0,00", (0, xR;,007, (0,0, xP)T, i,j=0,1,2,...,

where y (x1, X2) = (10* — x?)(10* — x2) vanishes on S and R} = xilxzj. The basis functions in
the dual problem are constructed from those in the direct problem by means of formulae (3.2) and
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(3.3) with
a(X1, X2) = 135 (X1, X2), (X1, X2) = 470(x1, Xo),

for which the matrix K ,_p) is positive definite. The terms up and op, of the approximating sequences
are computed by means of the basis functions derived as above by taking all polynomials Pj; of de-
greesi+j =0, ..., n. The computations, performed with MATHEMATICA, involve some symbolic
manipulation and the use of infinite numerical precision in certain parts.

To test the accuracy of the method, first we consider the (physically realistic) problem with the
exact solution

ul=—10"0%y, uy=-10"0xy, uj=—-10"%,3 (4.1)

This solution is used to compute ¢, which is then used as data in the dual method to recover the
function u*.

Table 1 shows the approximate values of the direct and dual functionals for various degrees
n of the polynomials Pjj. The value of the energy functional at the exact solution is W) =
—1-28567 x 10°. Table 2 lists the differences between the corresponding values of J° and Jo, and
the Hi-norm and C-norm of the error term, the latter being defined as

[Uh —Uulc = max [uni(X)—Uu(X)|.
xeS, i=1,2,3

The figures in Table 2 suggest an upper bound for the constant on the right-hand side in estimate
(3.6) of

c= 16756 x 1073, (4.2)

Tablel Approximate values of the direct and dual functionals for the first problem, (4.1)

n J%up) Jo(vn)

—1.28544 x 10° —3-04160 x 10%°
—1.28563 x 109 —4.13613 x 10°
—1.28567 x 109 —1.32390 x 10°
—1.28567 x 10° —1.28573 x 10°

~N 01 W

Table2 Errors for the first problem

n JO(Un) —Jo(wn) llun—U*ll1  |un —U*|c

2.91306 x 1010 92.7466 1.24614
2.85050 x 10° 40-0509 0-64980
3.82278 x 107 2.68976  0-03602
5.46616 x 10* 0-39176  0-00419

~N oW
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Table3 Results for the second problem

n J%un) Jo(vn) J%un) — Jo(vn) lun — u*|l1

1 —1.22360 x 10° —2.60676 x 10° 2.48440 x 108  2.64110

3 —1.22634 x 10° —1.25099 x 10° 2.46538 x 103 8.31989 x 1072
5 —1.22635 x 10° —1.22638 x 10° 2.57174 2.68713 x 1073
7 —1.22635x 10° —1.22635 x 10° 1.07600 x 10~3  5.49643 x 107>

e
e
COCTES

s
oS
e e

10060

Fig. 1 Graph of u7 ;

2% 107

1x 107

—1x107

2% 107

100_100

Fig. 2 Graphof uz >
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-100

Fig. 3 Graph of u7 3

Next, we consider a load that, after averaging across thickness (8), yields
(X1, X2) = 10° sin xq ) cos( —— x
Q1 1,X2) = — 2001 200 2 )
(X1, X2) = 10° cos X1 | sin X
R, = 200 2007 )

T
= -100 — — .
O3 (X1, X2) cos(200 x1> cos<200 xz>

Table 3 shows the approximate values of the direct and dual functionals computed for this new
problem with the same parameters as in the first example. The table also lists the difference between

JO

and Jp and the estimates of the Hj-norm of the error, obtained by means of (3.6) and (4.2). The

graphs of the three components of the approximate solution u7 are shown in Figs 1 to 3.

The above numerical results clearly illustrate that the simultaneous use of both the direct and
dual functionals produces a high degree of computational accuracy even when the matrix K is not
positive definite.
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