
The Leave-one-out Kernel

Koji Tsuda1 and Motoaki Kawanabe2

1 AIST CBRC, 2-41-6, Aomi, Koto-ku, Tokyo, 1350064 , Japan
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Abstract. Recently, several attempts have been made for deriving data-

dependent kernels from distribution estimates with parametric models
(e.g. the Fisher kernel). In this paper, we propose a new kernel derived
from any distribution estimators, parametric or nonparametric. This ker-
nel is called the Leave-one-out kernel (i.e. LOO kernel), because the
leave-one-out process plays an important role to compute this kernel.
We will show that, when applied to a parametric model, the LOO kernel
converges to the Fisher kernel asymptotically as the number of samples
goes to infinity.

1 Introduction

In kernel-based learning algorithms[6], a kernel function has to be de-
fined a priori. Most algorithms require the kernel function to be positive
semidefinite, and such kernels are often called “Mercer kernels”[9]. The
design of Mercer kernels is an important topic in the study of kernel-
based learning algorithms[6]. Here, one major direction is to derive a
kernel function based on the estimated input distribution (e.g. [4, 8, 7]).
The Fisher kernel[4] is constructed by a distribution estimate with a
parametric model, and is applied to many tasks successfully, e.g. protein
classification[4]. One important contribution of the Fisher kernel is that
it enables to apply the kernel machines to discrete data such as sequences
of different lengths or graphs, which used to be hard to deal with.
When the parametric model is not known for given data, nonparamet-
ric distribution estimators are often used[2]. Typical methods are e.g.
kernel density estimators, k-nearest neighbor methods, orthogonal series
estimators and so on. However, in principle, the Fisher kernel method
cannot be applied for nonparametric estimators.
In this paper, we propose a general method to derive a Mercer kernel from
any distribution estimates, parametric or nonparametric. The leave-one-
out process plays an important role for obtaining this kernel. In order to
compute the kernel function between xi and xj , we consider the leave-
one-out density estimates p̂(i) and p̂(j), where xi and xj are left out,
respectively. Then, the Hellinger inner product between p̂(i) and p̂(j) in
the space of probability distributions[1] is taken as the kernel function,
which is called the Leave-one-out kernel (LOO kernel). By constructing
the correspondence between xi and the leave-one-out estimate p̂(i), the
inner product in the space of probability distributions is imported as a
kernel function in the input space X . Intuitively, the LOO kernel reflects



the similarity of the influences on the density estimate when samples are
left out.
When a parametric estimator is used, we will show that the LOO kernel
converges to the Fisher kernel in probability as n goes to infinity. This
fact shows that the Fisher kernel can be understood in terms of the influ-
ences when samples are left out. This view provides us a clear intuition
about what the Fisher kernel actually measures.

2 The Leave-one-out kernel

To begin with, let us describe notations. Let X be a set of all possible
inputs. X may be a finite set or an infinite set like R

d. Also, let P be a
space of all probability distributions defined on X .

P = {p|p(x) > 0, ∀x ∈ X ;

Z

p(x)dx = 1}.

We introduce the Hellinger inner product between the probability distri-
butions:

〈p, q〉 =

Z

(
p

p(x) −
p

p0(x))(
p

q(x) −
p

p0(x))dx, (1)

where p0 ∈ P is the origin determined arbitrarily. The norm induced in
this space is the Hellinger distance[1]. Let us define {x1, · · · , xn} ∈ Xn

as the set of training samples. A distribution estimator, parametric or
nonparametric, is described as a mapping Xn → P .
Let p̂ ∈ P be a density estimate from the training samples. Also, let p̂(k)

be a leave-one-out density estimate where xk is left out. Now, the LOO
kernel, which we propose, is defined as the inner product between p̂(i)

and p̂(j) where the origin is placed on p̂:

Kℓ(xi, xj) = 4(n−1)2
Z

(
q

p̂(i)(x)−
p

p̂(x))(
q

p̂(j)(x)−
p

p̂(x))dx. (2)

The normalizing factor 4(n − 1)2 is necessary for the consistency with
the Fisher kernel, which will be shown in the next section. Here, the
inner product in P is imported to X through the distribution estimation
operator. The value of a LOO kernel is related to the influence to the
estimated distribution p̂ when a sample is left out. The value becomes
large when the LOO distributions p̂(i) and p̂(j) move a lot in the same
direction. When no influence is induced by removing xi or xj , the LOO
kernel becomes zero, and the two samples are regarded as orthogonal in
the feature space.

The LOO kernel from k-nearest neighbor As a example, the LOO
kernel is derived from the k-nearest neighbor density estimate[2]. Assume
X = ℜd. Let Dk(x) denote the Euclidean distance from x to its k-nearest
neighbor and cd is the volume of unit sphere in d-dimensional space. The
k-nn density estimate is obtained as

p̂(x) =
k/n

volk(x)
(3)



where volk(x) = cd(Dk(x))d. The LOO kernel for the k-nn density esti-
mate is straightforwardly obtained by subsuituting (3) to (2). However,
since the numerical calculation of the integral in (2) is difficult, p̂(x) is
approximated by the empirical distribution as

Kℓ(xi, xj) ≈
4(n − 1)2

n

n
X

i=1

(
p

p̂(i)(xi) −
p

p̂(xi))(
p

p̂(j)(xi) −
p

p̂(xi))

p̂(xi)
.

3 The LOO kernel for parametric methods

In this section, we will show that, when the parametric model is available
and the parameters are obtained from the maximum likelihood method,
the Fisher kernel is an asymptotic approximation of the LOO kernel.

The Fisher kernel In order to define the Fisher kernel, one needs to
have a parametric model p(x|θ), θ ∈ R

p defined on X [4]. Also, one
needs a parameter estimate θ̂ obtained from training data by some
method, e.g. the maximum likelihood method. Then the Fisher ker-
nel is denoted as Kf (x, x′) = u(x, θ̂)⊤G(θ̂)−1

u(x, θ̂) where u and G
are the score function and the Fisher information matrix, respectively:
u(x, θ) = ∇θ log p(x|θ), G(θ) = Eθ [u(x, θ)u(x, θ)⊤], where ∇θ denote
the gradient vector. The Fisher kernel is successfully applied to many
application areas such as protein classification[3].

Connection to the Fisher kernel Here we derive the LOO kernel from
a parametric model p(x|θ). Let θ̂ be the maximum likelihood solution

from n training samples, and θ̂
(i)

be the maximum likelihood solution
where the i-th sample xi is left out. Then, the LOO kernel is described
as follows: Kℓ(xi, xj) = 4(n − 1)2KH(xi, xj), where

KH(xi, xj) =

Z

(p1/2(x|θ̂
(i)

) − p1/2(x|θ̂))(p1/2(x|θ̂
(j)

) − p1/2(x|θ̂))dx.

Theorem 1. In the limit n → ∞, Kℓ(xi, xj) converges to Kf (xi, xj)
in probability.

(Proof) Because θ̂ and θ̂
(k)

are maximum likelihood estimators, we have

the following equations:
Pn

i=1 u(xi, θ̂) = 0,
P

i6=k u(xi, θ̂
(k)

) = 0. By
the Taylor expansion of the latter equation, we have

0 =
X

i6=k

u(x, θ̂) + (n − 1)H(θ̂)(θ̂
(k)

− θ̂) + op(1), (4)

where Hab(θ̂) = 1
n−1

P

i6=k ∂θa
∂θb

log p(xi|θ̂). For notational conve-
nience, ∂θa

:= ∂/∂θa. It is verified that

Hab(θ̂) = −Gab(θ̂) + op(1), (5)



because we have Hab(θ̂) =
R

∂θa
∂θb

log p(x|θ̂)p(x|θ̂)dx + op(1) from the
law of large numbers and its first term is rewritten as follows:

Z

∂θa
∂θb

log p(x|θ̂)p(x|θ̂)dx =

Z

∂θa
∂θb

p(x|θ̂)dx −

Z

∂θa
p(x|θ̂)∂θb

p(x|θ̂)

p(x|θ̂)
dx

= −

Z

∂θa
log p(x|θ̂)∂θb

log p(x|θ̂)p(x|θ̂)dx

= −Gab(θ̂).

The first term of (4) is described as

X

i6=k

u(x, θ̂) = −u(xk, θ̂). (6)

By substituting (5) and (6) into (4), we have

θ̂
(k)

− θ̂ =
−1

n − 1
G(θ̂)−1

u(xk|θ̂) + op(n−1). (7)

By the Taylor expansion of p1/2(x|θ̂
(k)

) around θ̂, we have the following:

p1/2(x|θ̂
(k)

) − p1/2(x|θ̂) =
∇θp(x|θ̂)

2p1/2(x|θ̂)
(θ̂

(k)
− θ̂) + op(n

−1). (8)

By substituting (8) into KH ,

KH(xi, xj) =
1

4
(θ̂

(i)
− θ̂)⊤[

Z

(
∇θp(x|θ̂)

p(x|θ̂)
)(
∇θp(x|θ̂)

p(x|θ̂)
)⊤p(x|θ̂)dx](θ̂

(j)
− θ̂)

=
1

4
(θ̂

(i)
− θ̂)⊤G(θ̂)(θ̂

(j)
− θ̂) + op(n−2). (9)

By substituting (7) into (9), we have

KH(xi, xj) =
1

4(n − 1)2
u(xi, θ̂)⊤G−1(θ̂)u(xj , θ̂) + op(n

−2).

4 Simulations

First of all, we will show the simulation result with the one-dimensional

Gaussian p(x|µ, η) = η√
2π

exp(− η2(x−µ)2

2
), where µ and η are the mean

and the inverse of standard deviation. Fig.1 shows an example of the
kernel matrices of two methods between 30 samples drawn from the
Gaussian. The difference is so small that they look almost the same. It
shows that, in such a low dimensional problem, 30 samples are enough
for asympotic approximation.
Secondly, we perform a clustering experiment. In most conventional par-
titional clustering methods[5] utilize the Euclidean or Mahalanobis dis-
tances, thus a cluster is assumed as spherical or ellipsoidal shaped. How-
ever, when the cluster shape is not actually spherical (e.g. Fig.2), these
methods will fail. So, a proper distance measure is needed for success-
ful clustering. In [8, 7], the distance was derived from parametric den-
sity models, mostly the Gaussian mixtures, and excellent results were
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Fig. 1. The comparison between the two kernel matrices

obtained. Here, we will show a similar result by using a nonparamet-
ric density estimate, namely the k-nearest neighbor method. The two-
dimensional artificial dataset is shown in Fig.2. We performed the k-NN
density estimate (k=15), and the result is shown in the lower left of
Fig.2. Then, the LOO kernel matrix is derived from this estimate. The
lower right of Fig.2 shows the kernel matrix, where the clear separa-
tion of two clusters is already visible. When the k-means clustering is
applied in the feature space, the two non-spherical clusters are nicely
separated (Fig. 2 upper left), whereas the k-means in the input space
cannot separate (Fig. 2 upper right). The advantage of this method over
Gaussian mixture based methods[8, 7] is that the iterative EM learning
is not necessary for computing kernels. Unlike the approaches based on
the Gaussian mixture, our kernel does not have a local minima problem.

5 Conclusion
In this paper, we proposed the leave-one-out kernel, which is derived from
parametric and nonparametric distribution estimates. Since the LOO
kernel is approximated by the Fisher kernel in parametric cases, it can
be considered as an extension of the Fisher kernel. The leave-one out
process is commonly used for estimating generalization error (i.e. LOO
cross validation). In future works, it would be interesting to explore the
connections between the LOO kernel and the LOO cross validation. No-
tice that the LOO kernel is defined only among existing examples, not
for unseen examples. So in supervised learning, we have to know the
input vectors of test set in advance (i.e. the transductive setting). The
generalization to unseen examples would be an interesting future topic
as well.
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