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Abstract

It is well known that a concept of point charge interacting with electromagnetic (EM)
field has a problem. To address that problem we introduce a concept of wave-corpuscle
to describe spinless elementary charges interacting with the classical EM field. Every
charge interacts only with the EM field and is described by a complex valued wave func-
tion over 4-dimensional space time continuum. A system of many charges interacting
with the EM field is defined by a local, gauge and Lorentz invariant Lagrangian with a
key ingredient - a nonlinear self-interaction term providing for a cohesive force assigned
to every charge. An ideal wave-corpuscle is an exact solution to the Euler-Lagrange
equations describing both free or accelerated motion. It carries explicitly features of a
point charge and the de Broglie wave. A system of well separated charges moving with
nonrelativistic velocities are represented accurately as wave-corpuscles governed by the
Newton motion equations for point charges interacting with the Lorentz forces. In this
regime the nonlinearities are "stealthy” and don’t show explicitly anywhere, but they
provide for binding forces that keep localized every individual charge.
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1 Introduction

We all know from textbooks that if there is a point charge ¢ of the mass m in an external
electromagnetic (EM) field its dynamics is governed by the equation

d

v (0] = |B(x (). + %v (1) x B (r(t).1) (1.0.1)

where r and v =1 —‘jlr are respectively charge time dependent position and velocity, E (¢,r)

and B (¢,r) are the electric field and the magnetic induction, and the right-hand side of the
equation (L.O.)) is the Lorentz force. We also know that if the charge time dependent position
and velocity are r and v then there is an associated with them EM field described by the
equations

1‘2;—13+V><1:7—0 V-B=0, (1.0.2)
10 VxB=- Ty x-r()v(), VB =dmgd (x (1), V() =£(), (103

where ¢ is the Dirac delta-function. But if naturally we would like to consider the equation
(LOJ) and (LO2)-(C0O3) as a closed system ”charge-EM field” there is a problem. The
origin of the problems is in the divergence of the EM field exactly at the position of the point
charge, as, for instance, for the electrostatic field E with the Coulomb potential |X—Er| with a

singularity at x = r. If (LO.J)) is replaced for a relativistic equation

d
dt

where v = 1/4/1 — v2(t) /c? is the Lorentz factor, the system constituted by (L0.4]) and
(L0.2)-(L03) becomes Lorentz invariant and has a Lagrangian that yields it via the varia-

tional principle [Barut, (4.21)], [Spohnl, (2.36)], but the problem still persists. If one wants
to stay within the classical theory of the electromagnetism a possible remedy is the intro-
duction of an extended charge which, though very small, is not a point. Recent studies by
A. Yaghjian in [Yaghjianl] show, in particular, that "a fully consistent classical equation of
motion for a point charge, unlike that of an extended charge, does not exist”. There are
two most well known models for such an extended charge: the Abraham rigid charge model
and the Lorentz relativistically covariant model. These models are considered, studied and
advanced in [Jackson| Sections 16|, [Pearlel], [Rohrlich, Sections 2, 6], [Schwinger], [Spohn],
[Yaghjian]. Importantly for what we do here, Poincaré suggested in 1905-1906, [Poincare| (see
also [Jackson| Sections 16.4-16.6], [Rohrlich, Sections 2.3, 6.1- 6.3], [Pauli RT), Section 63],
[Schwinger], [Yaghjian, Section 4.2] and references there in), to add to the Lorentz-Abraham
model non-electromagnetic cohesive forces which balance the charge internal repulsive elec-
tromagnetic forces and remarkably restore also the covariance of the entire model. W. Pauli
argues very convincingly based on the relativity principle in [Pauli RT) Section 63] a necessity
to introduce for the electron an energy of non-electromagnetic origin.

An alternative approach to deal with the above-mentioned divergences goes back to G.
Mie who proposed to modify the Maxwell equations making them nonlinear, [Pauli RT)
Section 64], [Weyl STM| Section 26] and a particular example of the Mie approach is the
Born-Infeld theory, [Born Infeld 1]. Recently M. Kiessling showed that, [Kiessling 1], "a
relativistic Hamilton—Jacobi type law of point charge motion can be consistently coupled

ymv ()] = q |E (x (£),8) + %v ) x B ). (1.0.4)
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with the nonlinear Maxwell-Born—Infeld field equations to obtain a well-defined relativistic
classical electrodynamics with point charges”.

A substantially different approach to elementary charges was pursued by E. Schrodinger
and L. de Broglie who tried to develop a concept of wavepacket as a model for spatially
localized charge. The Schrodinger wave theory, [Schrodinger ColPap|, was inspired by de
Broglie ideas on the material wave, [de Broglie 2], [Barut, Section II.1]. The theory was
very successful in describing quantum phenomena in the hydrogen atom, but it had great
difficulties in treating the elementary charge as the material wave as it moves and interacts
with other elementary charges. M. Born commented on this, [Bornll, Chapter IV.7]: "To
begin with, Schrodinger attempted to interpret corpuscles and particularly electrons, as wave
packets. Although his formulae are entirely correct, his interpretation cannot be maintained,
since on the one hand, as we have already explained above, the wave packets must in course
of time become dissipated, and on the other hand the description of the interaction of two
electrons as a collision of two wave packets in ordinary three-dimensional space lands us in
grave difficulties.”

We develop here a concept of wave-corpuscle, which is understood as a spatially localized
excitation in a dispersive medium, and which is to substitute for the point charge concept.
Our approach to a spatially distributed but localized elementary charge has some features
in common with the discussed above concepts of extended charge, but it differs from any
of them substantially. In particular, our approach provides for an electromagnetic theory in
which (i) a "bare” elementary charge and the EM field described by the Maxwell equations
form an inseparable entity; (ii) every elementary "bare” charge interacts directly only with
the EM field; (iii) the EM field is a single entity providing for interaction between ”bare”
elementary charges insuring the maximum speed of interaction not to ever exceed the speed
of light. To emphasize the inseparability of the "bare” elementary charge from the EM field
we refer to their entity as to dressed charge.

The best way to describe our concept of a spatially distributed but localized dressed
charge in one word is by the name wave-corpuscle since it is a stable localized excitation
of a dispersive medium propagating in the three-dimensional space. An instructive example
of a wave-corpuscle is furnished by our nonrelativistic charge model. In that model in the
simplest case an ideal wave-corpuscle is described by a complex-valued wave function 1) of
the form

i p()°

wzw(tX):exp{ﬁ [p(t)~x—/0 Wdt/”@(\x—r(t)\), (1.0.5)

where w (s), s > 0, is a non negative, monotonically decaying function which vanishes at the
infinity at a sufficient fast rate. Importantly, for the above wave function 1 to be an exact
solution of corresponding field equations, the parameters r (¢) and p (¢) must satisfy Newton
equation which in this simplest case has the form

d?r (1)
dt?

dr (¢)
dt

= qEe, p(t) =m (1.0.6)

m
where m and ¢ are respectively its mass and the charge and E. (¢) is an external homoge-
neous electric field. We underline that Newton equation is not postulated as in (LLO]) or
(L04) but rather is derived from the field equations. The ideal wave-corpuscle wave function
W (t,x) defined by (1.03), (1.0.4) forms together with the corresponding EM field an exact so-
lution to the relevant Euler-Lagrange field equations describing an accelerating dressed charge.
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The point charge momentum p (t) turns out to be exactly equal to the total momentum of
the charge as a wave-corpuscle and its electromagnetic field. Remarkably the point charge
features appear in the phase and amplitude of the ideal wave-corpuscle in a transparent and
direct way without any limit process. The wave-corpuscle is a material wave, the quantity
q v (t,%)|* corresponds to the charge density and the density | (t,x)|* is not given a prob-
abilistic interpretation. The wave-corpuscle provides we believe an alternative resolution to
the wave-particle duality problem.

2 Sketch of the wave-corpuscle mechanics

We describe a bare single elementary charge by a complex-valued scalar field ¢ = ¢ (x) =
¥ (t,x), where x = (t,x) € R* is the space-time variable. The charge is coupled at all times
with the classical EM field as described by its potentials A* = (¢, A) related to the EM field

by the standard formulas
1
E=-Vp-— E&A, B=VxA, (2.0.7)

where c is the speed of light. The dynamics of the system of a single charge and the EM field
is described via its Lagrangian

Lo (¢, A*) = X {

2m

- 2
d| [ —%W—GW%)} (2.08)

+1
8

(w + %&A)z —(V x A)2] ,

where §; and V are the covariant differentiation operators defined by

) igA - g0 = iy A
99 & _ V—?, a;:at—%,v — v 2 (2.0.9)

5t - at
m > 0 is the charge mass, x > 0 is a constant similar to the Planck constant h = % and it
might be dependent on the charge; ¢ is the total charge of the particle.
Let us take a closer look at the components of the Lagrangian (2.0.8). It involves constants
Ko, ¢, x and m and, acting similarly to the case of the Klein-Gordon equation for a relativistic
particle (see [Pauli PWM\ Sections 1, 18, 19] and Section [[0.10]), we introduce a fundamental
frequency wy relating it to the above constants by the following formulas

mc? wo mc

W= ——, kg = — = —. (2.0.10)
X c X

A key component of the Lagrangian in (2.0.8)) is a real-valued nonlinear function G (s), s > 0,
providing for the charge cohesive self-interaction. The second part of the expression (2.0.8)) is
the standard Lagrangian of the EM field coupled to the charge via the covariant derivatives.
Observe that the Lagrangian Ly defined by (20.8))-(2.0.9) is manifestly (i) local; (ii) Lorentz
and gauge invariant, and (iii) it has a local nonlinear term providing for a cohesive self-force
similar to the Poincaré force for the Lorentz-Poincaré model of an extended charge.

Since a single charge is coupled at all times to the EM field we always deal with the system
“charge-EM field”, {1,1", A*}, and call it for short dressed charge. The dressed charge
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motion is governed by the relevant Euler-Lagrange field equations (see (8.0.6), (3.0.7)), and
when the charge is at rest in the origin x = 0 it is described by the fields

W (t:x) = e (|x]), ¢ (1.x) = ¢ (1), A (%) =0, (2.0.11)

where 9" is the complex conjugate to 1 and the real valued functions ¢ and ¢ satisfy the
following system of equations

“Ap =4mph, p=gq < - %) b (2.0.12)
y mQOD /
A+ < - —) b+ G (10F) o = (2.0.13)

where A = V? is Laplace operator. We refer to the state of the dressed charge of the form
(Z0.11) as wo-static. The functions ¢ and ¢ in the above formulas are instrumental for our
constructions and we refer to them respectively as the charge form factor and form factor
potential. Using Green’s function to solve equation (2.0.12) we see that the charge form factor
¢ determines the Coulomb-like potential ¢ = ¢, by the formula

4 -t
;’o:%:zmq( A ”q ) b (2.0.14)

Consequently, plugging in the above expression into the equation (2.0.13]) we get the following
nonlinear equation

X%q ( q%> b+ G <|¢| ) (2.0.15)

The above equation (2.0.15]) signifies a complete balance of the three forces acting _upon
the resting charge: (i) internal elastic deformation force associated with the term A@b (ii)

charge’s electromagnetic self-interaction force associated with the term m;;@ (2 1 %> @D,

mc2
(iii) internal nonlinear self-interaction of the charge associated with the term G’ <|w|2> 0. In

what follows we refer to the equation (2.0.153)) as charge equilibrium equation. Importantly, the
static charge equilibrium equation (2.0.15]) establishes an explicit relation between the form
factor ¢ and the self-interaction nonlinearity G. Hence being given the form factor ¢ we can
find from the equilibrium equation (Z.0.13)) the self-interaction nonlinearity G which exactly
produces this factor under the assumption that w (r), r > 0 is a nonnegative, monotonically
decaying and sufficiently smooth function. The later is a key feature of our approach: it allows
to choose the form factor 1 and then to determine matching self-interaction nonlinearity G
rather than to deal with solving a nontrivial nonlinear partial differential equation.

Thus, to summarize an important point of our method: we pick the form factor 1) and then
the nonlinear self interaction function G is determined based on a physically sound ground:
the charge equilibrium equation (20.17). Needless to say that under this approach the non-
linearity G is not expected to be a simple polynomial function but rather a function with
properties that ought to be established. Then having fixed the nonlinear self-interaction G
based on the charge equilibrium equation (2.0.15]) the challenge is to figure out the dynamics
of the charge as it interacts with other charges or is acted upon by an external EM field and



hence accelerates. The nonlinear self-interaction G evidently brings into the charge model
non-electromagnetic forces, the necessity of which for a consistent relativistic electromagnetic
theory was argued convincingly by W. Pauli in [Pauli RT), Section 63]. It is worth to point out
that the nonlinearity G introduced via the charge equilibrium equation (2.0.15]) differs signif-
icantly from nonlinearities considered in similar problems in literature including attempts to
introduce nonlinearity in the quantum mechanics, [Bialynicki|, [Holland|, [Weinberg]. Impor-
tant features of our nonlinearity include: (i) the boundedness of its derivative G’ (s) for s > 0
with consequent boundedness from below of the wave energy; (ii) non analytic behavior for
small s that is for small wave amplitudes.

We would like to mention that an idea to use concept of a solitary wave in nonlinear
dispersive media for modelling wave-particles was quite popular. Luis de Broglie tried to use
it in his pursuit of the material wave mechanics. G. Lochak wrote in his preface to the de
Broglie’s monograph, [de Broglie 2, page XXXIX]: ”...The first idea concerns the solitons,
which we would call ondes a bosses (humped waves) at the Institut Henri Poincaré. This
idea of de Broglie’s used to be considered as obsolete and too classical, but it is now quite well
known, as I mentioned above, and is likely to be developed in the future, but only provided
we realize what the obstacle is and has been for twenty-five years: It resides in the lack of
a general principle in the name of which we would be able to choose one nonlinear wave
equation from among the infinity of possible equations. If we succeed one day in finding such
an equation, a new microphysics will arise.” G. Lochak raised an interesting point of the
necessity of a general principle that would allow to choose one nonlinearity among infinitely
many. We agree to G. Lochak to the extend that there has to be an important physical
principle that would allow to choose the nonlinearity but whether it has to be unique is
different matter. In our approach such a principle is the exact balance of all forces for the
resting dressed charge via the static charge equilibrium equation (2.0.15]). As to a possibility
of spatially localized excitations such as wave-packets to maintain their basic properties when
propagate in a dispersive medium with a nonlinearity we refer to our work [Babin Figoin 1]-
[Babin Figotin 3].

The gauge invariance of the Lagrangian Ly allows us to introduce in a standard fashion
the microcharge density p and the microcurrent density J by

o= —%i (5:w*w . ¢*5w) I = ;C—:li (@*@b*@b - w*@@b) . (2.0.16)

They satisfy the conservation (continuity) equation
Op+V-J=0, (2.0.17)

and, consequently, the total charge is conserved:
/ p (t,x) dx = const. (2.0.18)
R3

For the fundamental pair {w, go} the corresponding microcharge density defined by (2.0.16])

turns into 5 (1))
ap (XY 52
= = 1——7" . 2.0.19
p=rxh =g (1= 2250 ¥ x) (20.19)
Note that equation (Z.0.12) turns into the classical equation for the Coulomb potential if p is
replaced by ¢d (x) where delta function has standard property / d (x)dx = 1. Since we want
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¢ to behave as Coulomb electrostatic potential at large distances and ¢ to be the charge, we
introduce the following charge normalization condition imposed on the form factor

- PN 2 sy ax = 1. (2.0.20)
/RS< ¢ (| |)>

mc2

Notice that we introduced above terms microcharge and microcurrent densities to em-
phasize their relation to the internal structure of elementary charges and difference from
commonly used charge and the current densities as macroscopic quantities. It is worth notic-
ing though that if it comes to the interaction with the electromagnetic field the ”"micro”
charges and microcurrents densities behave exactly the same way as the macroscopic charges
and densities, but microcharges are also subjects to the internal elastic and nonlinear self-
interaction forces of non-electromagnetic nature.

2.1 Energy considerations

Let us denote by & (10, A*) the energy of the dressed charge {1, A*} derived from the La-
grangian Ly. We found that for the fundamental pair {w, go} the energy &, can be written

in the following form
& (zp @) — & (w) = mc? + &, (w) , (2.1.1)

0\ _ 2 X oot o (V9)
5'():—/ B v N v A Y
oY) =3 L, lam VY st |
where we use the relation ¢ = ¢, from (2.0.14) to emphasize an important fact that the
above energy & is a functional of w and the model constants only. We refer to the energy

& <w> defined in (2.1.7]) as the relative energy. The significance of the representation (2.1.7])
for the energy & is in the fact that it does not explicitly involve the nonlinear self-interaction

G.

Applying to the energy & the Einstein principle of equivalence of mass and energy, namely

E = mc?, [Pauli RT, Section 41|, we define the dressed charge mass m = m <w) by the

equality

& (¢) — W = (¢) =3 (2.1.2)
Combining the relation (2.1.2) with (2.1.1]) we readily obtain
- AR X ooor oo (VO
—m)c® = & == o V) — | da. 2.1.
(m—m)c” =& <w> 3 /RS [2mv¢ Vi S dz (2.1.3)

We also want the fundamental frequency wy to satisty the Einstein relation & = hwo, which
would determine wy as a function of v, constants ¢, m, ¢ and, importantly, x, namely

& <¢> — huwy (¢X> or (2.1.4)

. 1 2 2 L. . Vo)?
wozwo@,x):ﬁ{mcugfm [g—mvw -w—%l dx}.



Then to be consistent with the earlier relation (2.0.10) we have to set the value of x so that
XWo <sza X) = mc2, (215)

which, in view of the representation (2.1.4)) for wq <w, X), is equivalent to the requirement

for y = x (w) to be a positive solution to the following cubic equation

x{c2x®+ ¢} = h, where (2.1.6)
9 o \2
X Gx 2 (Vo)
27 3m2c /]R3 VY Vids, e =1 3mc? /R3 87 dz,

where @, in view of defining it equation (Z.0.12]), depends only on 1/1 and constants ¢, m,
q. Notice that cubic equation (2I.6) always has a positive solution, and if, in addition to
that, we know that ¢; > 0 then the left-hand side of the equation (Z1.6]) is a monotonically
increasing function for y > 0 implying that the solution is unique.

In the case of a generic form factor w the relative energy & <w> does not necessarily have

to vanish and, in view of the formula (2.1.3]), the mass 7 may be different from m. Then, as
it follows from the relation (2.1.2))-(2.1.6) x # k. The very same relations also readily imply
that

x = hif m=m. (2.1.7)

For a number of reasons, mainly for the perfect agreement between the relativistic energy-
momentum and its nonrelativistic approximation constructed below, it is attractive to have
m = m implying also, in view of (ZIT), x = A. The question though is if that is possible.
The answer is affirmative and the equality m = m of the two masses can be achieved as
follows. We introduce for the form factor its size representation involving size parameter a
and normalization constant C':

y y é y S 5 ° q. S
P =) = =50 (3), ) =t (=26 (3) a>0, 520, (218)
where the function v, (|x|) satisfies the normalization condition:

/RB e (Ix]) dx = 1. (2.1.9)

We consider then values of C' and a in the representation (Z18), ZLJ) that satisfy two
conditions: (i) the charge normalization condition (2.0.20), namely

62/RB (1 - M) do (|x]) dx =1, (2.1.10)

mc?
and the energy normalization condition
& <w0> ~0. (2.1.11)

We provide arguments in Subsection based on the smallness of the Sommerfeld fine
structure constant showing that there exist such C', a = ag for which the both normalization



conditions (Z.10) and (ZIII) can hold . In view of (21.1)) and (ZI7T) the above equality
implies
&o ({Dao) =mc® and m = m, x = A. (2.1.12)

In other words, the requirement m = m fixes the charge size a = ag as well as the constant
X = h, the magnitude of a( is of the same order as Bohr’s radius. One might ask if it is
necessary to require the exact equality m = m? For a good agreement between the relativistic
energy-momentum and its certain constructed below nonrelativistic approximation it would
be sufficient for m — m to be small enough rather than zero. For this reason and because of
the scope of this paper we decided not to impose here the exact mass equality m = m leaving
this decision for the future work. So from now on we assume that the value of the constant

X to be set by equations (2.1.53), (2.1.0).

2.2 Moving free charge

Using the Lorentz invariance of the system we can obtain as it is often done a representation
for the dressed charge moving with a constant velocity v simply by applying to the rest
solution (2.0.11)) the Lorentz transformation from the original "rest frame” to the frame in
which the "rest frame” moves with the constant velocity v as described by the formulas
(I016), (I0.412) (so ' and x correspond respectively to the "rest” and "moving” frames).
Namely, introducing

A vy 2\ 2
ﬁZE,ﬁZIﬂI,VZ(l—(E)) , (22.1)
we obtain the following representation for the dressed charge moving with the velocity v
W (t,x) = e R (K)o (%) = 9 (X)), A (tx) =18 (IX]) (2.2.2)
x' =x+ 7/6—_21 (B-x)B —yvt, or x| =7 (x) — vt), x| =%, (2.2.3)
w="ywy, k= fyﬁ%, (2.2.4)

where x| and x refer respectively to the components of x parallel and perpendicular to the
velocity v, with the fields

2
o Y o 0
E(t,x) = —aVo(xl) + —7 (B-Vo ()8, Bt,x) =18 x Vo (). (225)
The above formulas (which provide a solution to field equations ([B.0.6), (B.0.7)) indicate
that the fields of the dressed charge contract by the factor v as it moves with the velocity v
compare to their rest state. The first oscillatory exponential factor in (2221) is the de Broglie
plane wave of a frequency w = w (k) and a wave-vector k satisfying

w? — Ak = W, xwo = mc’. (2.2.6)

Based on the Lagrangian Ly we found the symmetric energy-momentum tensor which shows
that the dressed charge moving with a constant velocity v and described by (2.2.1))-(2:2.3)
has the energy £ and the momentum p which satisfy the Einstein-de Broglie relations

£ =hw, P=hk. (2.2.7)
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In addition to that, the charge velocity v and its de Broglie wave vector k satisfy the following

relation
v = Viw (k) (2.2.8)

signifying that the velocity v of the dressed charge is the group velocity of the linear medium
with the dispersion relation (2.2.0]). )

The second factor in the formula ([2.2.2) for ¢ involves the form factor ¢ (r), r > 0,
which is a monotonically decreasing decaying at infinity function of r. For such a form
factor the form factor potential ¢ (r) decays at infinity as the Coulomb potential as it follows
from Z0I4), i.e. ¢ (r) ~ qr~! for large r. Consequently, the dressed charge moving with
constant velocity v as described by equations (2.2.2)-(2.2.3]) remains well localized and does
not disperse in the space at all times justifying its characterization as a wave-corpuscle.

2.3 Nonrelativistic approximation for the charge in an external
EM field

Our nonrelativistic Lagrangian for a single charge in external EM field with potentials
Oox, Aex  has the form

Y2 (e x Vo|?
o(wv°) = §i 00 —iw] {V¢vw*+Gwmm}—L§¢, (231)
81‘, 81‘, + @ v - ﬂv 8: = at erS_O = <p _'_ gpex‘ (232)
X X¢

For simplicity, we consider at first the case where external magnetic field is absent, Ao, =0
. The field equations for this Lagrangian take the form

2

Xidhth = q (9 + Po) ¥ = =5 Ay — & (") Y] (2:3.3)
—Ap = drqpp*, where G’ (s) = 9,G, (2.3.4)

and we refer to the pair {1, ¢} as dressed charge. Recall that ¢* is complex conjugate to ).
Let us consider now the case of resting charge with no external EM field described by
a static time independent solution to the equations ([2.3.3)-(2.34). These equations under
assumption Eg () = 0 turn into the following rest charge equations for a static state as
described by time independent real-valued radial functions ¢ = 1 (|x|) and ¢ = ¢ (|x|):

.12
—Agoo = 4mq (2.3.5)

— A + g+ G <)¢) ) —0. (2.3.6)

The quantities @D and ¢ are fundamental for our theory and we refer to them respectively as
Jorm factor and form factor potential. In view of the equation [23.3) the charge form factor
1 determines the form factor potential ¢ by the formula

o 2
b (1x)) = &y (1x]) = dmq [ 23D 4y, (23.7)
R3 |y X|
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and if we plug in the above expression into the equation ([2.3.6) we get the following nonlinear
equation

~AY+ QZW%;b ae! <M ) —0. (2.3.8)

The equation (2.3.8) signifies a complete balance of the three forces acting upon the resting
charge: (i) internal elastic deformation force associated with the term —Aq); (ii) charge’s
electromagnetic self-interaction force associated with the term 2mq <p¢1b (iii) internal nonlinear

self-interaction of the charge associated with the term G’ (‘1/1‘ ) w. We refer to the equation

(238) establishing an explicit relation between the form factor ¢ and the self-interaction
nonlinearity G as the charge equilibrium equation. Hence being given the form factor ¢ we can
find from the equilibrium equation (2.3.8) the self-interaction nonlinearity GG which exactly
produces this factor under the assumption that @D (r), r > 0 is a nonnegative, monotonically
decaying and sufficiently smooth function. Thus, we pick the form factor ¢ and then the
nonlinear self interaction function G is determined based on the charge equilibrium equation
(2.3.8). One of the advantages of determining G in terms of ¢ is that we more often use
properties of ¢ in our analysis rather than properties of GG. Note that after the nonlinearity G
is determined, it is fixed forever and solutions of equations (2.3.3)-(2.3.4) may evolve in time,
they do not need to coincide with {@b, gp} . Details and examples of the construction of the

nonlinear self-interaction function G based on the form factor are provided in the following
sections. X
The 4-microcurrent density J* related to the Lagrangian Ly is

\V4
7= (ep.3), p=quit, T =gy vy = X1 ;%hm% (2.3.9)

and in the absence of external fields it satisfies the conservation/continuity equations
0, J" =0, Op+V-J=0, J"=(pc,J). (2.3.10)

For the fundamental pair {@b, gp} the corresponding microcharge density defined by (2.3.9)

turns into )

p=p(x) =a|w| (x)). (2.3.11)
The charge normalization condition (2.0.20) which ensures that ¢ (|x|) is close to Coulomb’s
potential with proper charge ¢ for large x| now takes simpler form

O (Ix)dx = 1. (2.3.12)

Interestingly the momentum and the current densities of the dressed charge derived from Lo
are identical up to a factor %, namely

P = %J = % [V * — p* V] = le% ]? . (2.3.13)

It turns out the field equations (2.3.3)-(2.3.4]) have a closed form solution in terms of (i)
the static dressed charge state {¢, @} satisfying (2.3.5)-(23.6) and (ii) the basic quantities

12



related to the point charge of the mass m moving in the external homogeneous electric field
Eex (t) with the electric potential ¢, (t,x) = ¢°, (t) — Eex (t)-x. Indeed, let r, v, p, L, (v, 1),
sp and H, (p, r,t) be respectively the point charge position, velocity, momentum, Lagrangian,
action and Hamiltonian satisfying the following familiar relations

mv? ds d p?
L,(v,r,t)= 5 + qE (t) - 1, d—tp =L,(v,r) = T (p-r)— o (2.3.14)
2
H,y (p.1,t) = 3= — o (t) -1, p = mv,
dr d d?
L qEcx (t) or equivalently met = qEcx. (2.3.15)

A’ dt dr?
We recognize in the expression ¢Eq (t) in (Z3.15) the Lorentz force due the external electric
field Eey (t). We refer to L, (v,r) and the equations ([2.3.15]) respectively as complimentary

point charge Lagrangian and motion equations.
Then the field equations (2.3.3))-([2.3.4) have the following closed form solution

G=p(tx)=exd(x—1), S=p-(x—1)+s5,— C.I/O Pex (') dt! (2.3.16)

w (t,x) = o (Ix =),

where ¢ in view of relations (2.3.14)) can be also represented as

< t 2 t
Y= (t,x) =X (x—x]), szp-x—/;’—df—q/ 2 (1) . (2:3.17)
o <M 0

A similar exact solution is given for a class of EM fields with non-zero, spatially constant
magnetic field Bex (¢) . Of course, in latter case the Lorentz force involves By as in (LOT]) (see
Section 5.5 for details). Looking at the exact solution (2:3.16]), (2.3.17) to the field equations
that describes the accelerating charge we would like to acknowledge the truly remarkable
simplicity and transparency of relations between two concepts of the charge: charge as a field

{0, o} in (2316), 2317) and charge as a point described by equations (2.3.14) and (2.3.15)).

Indeed, the wave amplitude ¢ (|x — r (¢)|) in (Z3I06) is a soliton-like field moving exactly as
the point charge described by its position r (t). The exponential factor ex is Just a plane
wave with the phase S that depends only on the point charge position r and momentum p and
a time dependent gauge term, and it does not depend on the nonlinear self-interaction. The
phase S has a term in which we readily recognize the de Broglie wave-vector k (t) described
exactly in terms of the point charge quantities, namely

k= PO ™oy (2.3.18)

X X
Notice that the dispersion relation w = w (k) of the linear kinetic part of the field equations

([23.3) for v is
k2

k
w (k) = é—m’ implying that the group velocity Vyw (k) = %

Combining the expression (2.3.19) for the group velocity Viw (k) with the expression (Z3.1I8)
for wave vector k (¢) we establish another exact relation

v (t) = Viw (k (1)), (2.3.20)

(2.3.19)
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signifying the equality between the point charge velocity v (t) and the group velocity Viw (k (¢))
at the de Broglie wave vector k (). Using the relations (2:3.9) and (Z3.I3) we readily ob-
tain the following representations for the micro-charge, the micro-current and momentum
densities

p(t.x) = g (x—r(t)]), T(t,x) = qv () (Ix—r (D)), (2.3.21)
P (t,x) = %J tx)=p®) ¢ (x—1)). (2.3.22)

We also found that the total dressed charge field momentum P (¢) and the total current J (¢)
for the solution (2.3.16]) are expressed exactly in terms of point charge quantities, namely

() ="y = / X, Y2 dx = p(8) = mv (1) (2.3.23)
q Rr3 M (0

To summarize the above analysis we may state that even when the charge accelerates
it perfectly combines the properties of a wave and a corpuscle, justifying the name wave-
corpuscle mechanics. Its wave nature shows, in particular, in the de Broglie exponential
factor and the equality ([2:3.20) indicatilgg the wave origin the charge motion. The corpuscle
properties are manifested in the factor ¢ (|x — r (¢)|) and soliton like propagation with r (¢)
satisfying the classical point charge evolution equation (2.3.15]). Importantly, the introduced
nonlinearities are stealthy in the sense that they don’t show in the dynamics and kinematics
of what appears to be soliton-like waves propagating as classical point charges.

2.4 Many interacting charges

A qualitatively new physical phenomenon in the theory of two or more charges compared
with the theory of a single charge is obviously interaction between them. In our approach any
individual "bare” charge interacts directly only with the EM field and consequently different
charges interact with each other only indirectly through the EM field. We develop the
theory for many interacting charges for the both relativistic and nonrelativistic cases and
in this section we provide key elements of the nonrelativistic theory. The primary focus
of our studies on many charges is correspondence between our wave theory and the point
charge mechanics in the regime of remote interaction when the charges are separated by large
distances compared to their sizes.

Studies of charge interactions at short distances are not in the scope of this paper though
our approach allows to study short distance interactions and we provide as an example the
Hydrogen atom model in Section [§. The main purpose of that exercise is to show a similarity
between our and Schrodinger’s Hydrogen atom models and to contrast it to any kind of
Kepler’s model. Another point we can make based on our Hydrogen atom model is that our
theory does provide a basis for a regime of close interaction between two charges which differs
significantly from the regime of remote interaction which is the primary focus of this paper.

Let us consider a system of N charges described by complex-valued fields ¢, £ = 1,..., N.
The system nonrelativistic Lagrangian L is constructed based on individual charge La-
grangians L of the form (Z31)-(232) and an assumption that every charge interacts directly
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only with the EM field, including the external one with potentials ¢, (f,x), Acx (¢, %), namely
. . Vol?
L= § L ‘—, h 2.4.1
Z + gy » Where ( )

A ~ ~ 2 ~ ~ %k

LZ — %1 [w@*afqﬁf_qﬁfgf*wﬁ*} . QX_m{vwﬁv QZJZ*—FGZ (w@*w@)}j
@:V_@

) Ye :

< iq" (o +
8f:8t—'— q (SO SOeX)

The nonlinear self-interaction terms G* in (Z.4.1]) are determined through the charge equilib-
rium equation (Z3.8) and they can be the same for different ¢ or there may be several types
of charges, for instance, protons and electrons. The field equations for this Lagrangian are

' 22 14 erX_v 1 zzAgX 4 ,
IXathZ_X ¢ _Xq w q + [Gﬁ] <},¢f‘2) wf’

0 ¢
5t - +q (04 Qo) V" + 52
(2.4.2)

N
—V3p = 4%2 ¢ }@bgf, and ¥ = complex conjugate of ¢, £ =1,...,N.
=1

Obviously, the equations with different ¢ are coupled only through the potential ¢ which is
responsible for the charge interaction. The Lagrangian Lis gauge invariant with respect to
the first and the second gauge transformations (I0.7.0]), (IN.7.7) and consequently every ¢-th
charge has a conserved current

X, VY quex) ISk (2.4.3)

2
J = (Cpéaﬂ% p’ :qwe} I = (W Imv T Tt

satisfying the conservation/continuity equations
V ¢ VA
0’ +V I =0o0r mo, [+ V- (lew—f o — LA, Wf) —0.  (244)
c

The differential form (2.4.4) of the charge conservation imply the conservation of every total
(-th charge and we require every total /-th conserved charge to be exactly ¢‘, rather than
just any constant, and that is reduced to the following charge normalization conditions

W) dx =1, t>0, £=1,..,N. (2.4.5)
R3

We attribute to every (-th charge its potential ¢* by the formula

[ (¢, )

dy. 2.4.6
rs |y — X| ( )

¢ (t,x) =¢"

Hence we can write equation for ¢ in (2.4.2)) in the form

N

o= ¢ (2.4.7)

(=1

V2Q0£ — —47Tq£ ‘w@
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An analysis of the system of charges energy-momentum and its partition between individual
charges shows another important property of the Lagrangian: the charge gauge invariant
momentum density P’ equals exactly the microcurrent density J¢ multiplied by the constant
mt/q*, namely:

- m?t iy ~ 05 gy ey V@Dé ¢ Aoy 2
pr=—J == |9V Yt gtV zpﬂ = (le—z — —) [, (2.4.8)
q 2 P c
that can be viewed as the momentum density kinematic representation:
p’ (t,x) = mv’ (t,x), where v’ (t,x) = J*(t,x) /¢" is the velocity density. (2.4.9)

To quantify the conditions of the remote interaction we make use of explicit dependence on
the size parameter a of the nonlinearity G* = G as in (£4.12) and take the size parameter
as a spatial scale characterizing sizes of the fields wﬁ and . The charges separation is
measured roughly by a minimal distance R, between any two charges. Another relevant
spatial scale R.x measures a typical scale of spatial inhomogeneity of external fields near
charges. Consequently, conditions of remote interaction are measured by the dimensionless
ratio a/ R where characteristic spatial scale R = min (R, Rex) with the condition a/R < 1
to define the regime of remote interaction.

Next we would like to take a look on how the point charge mechanics is manifested in our
wave mechanics governed by the Lagrangian L. There are two distinct ways to correspond
our field theory to the classical point charge mechanics in the case when all charges are well
separated satisfying the condition a/R < 1. The first way is via averaged quantities in spirit
of the well known in quantum mechanics Ehrenfest Theorem, [Schiffl Sections 7, 23], and the
second one via a construction of approximate solutions to the field equations (2.4.2]) when
every charge is represented as wave-corpuscle similar to one from (2:3.16]).

We construct the correspondence via averaged quantities beginning with defining ¢-th
charge location r’ (t) and its potential ¢! by the relations

Wt ¢t y)

dy. (2.4.10)
Rs |y —X]|

() =1t () = [ xful el dx pliex) =o'

We consider first a simpler case when the external magnetic field vanishes, i.e. Aex =0, and
introduce potential ¢f, , describing the interaction of /-th charge with all other charges:

Cexa = P + Pox = 0o = Pex + ) Fh- (2.4.11)
e

In this case based on the momentum balance equation for every ¢-th charge combined with the
momentum density kinematic representation (Z4.7), (Z4.8) and the representation (ZZ.I1])
we obtain the following exact motion equations

2.0
ydor

megE —/Sqé\wﬁ\zwﬁxva dx, (=1,... N, (2.4.12)
R

where we recognize in the integrand the Lorentz force density exerted on ¢-th charge by
other charges and the external field. Suppose now that fields wf; (t,x) are localized about
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point r’ () with the localization radius of the order a and observe that normalization (2.4.5])
combined with the localization imply that

Wi (t,x)‘2 — 6 (x—r1)(t)), a— 0, implying r{ (t) = limr}, (¢). (2.4.13)

a—0 @
The relations (2.4.10) and (2.4.13)) imply consequently

¢
as a — 0, and ¢!, (t,X) = @, (t,x) + Z . (24.14)
7 z'# — g (

Then combining relations (2.4.10), (2.4.13]) we can pass in (2.4.12)) to the limit a — 0 obtain-
ing Newton’s motion equations for the system of N point charges

P (t,%) = 0o = ——
}x—ro‘

m'——2(t) = ¢Vl , (r§ () 1), (=1,..,N, (2.4.15)

where in the right-hand side of equation (Z.4.15]) we see the Lorentz force acting on ¢-th point
charge interacting with other charges via point charges Coulomb potentials (2.4.14]).

In the case when the external magnetic field potential A (t,x) does not vanish we es-
tablish based on the exact motion equations similar to (2412) that in the limit as a — 0
the following point charges motion equation hold:

erZ qZ dré
l 0 ) 1214 0 ¢
QY o gt gt L0 gty 1 N 2.4.1
m 2 5 q c dt X ) ) ) ( 6)

with the Lorentz force f¢ involving electric and magnetic fields defined by classical formulas:
EZ v(:Dexo (rO) + af ex (ro) BZ V x Acx (t I'O) (2417)

Obviously, the above force f¢ coincides with the Lorentz force acting on a point charge
as in (LOJ). To summarize our first way of correspondence, we observe that the exact
motion equations (2.4.12) form a basis for relating the field and point mechanics under an
assumption that charge fields remain localized during time interval of interest. Notice the
motion equations ([2.4.19) do not involve the nonlinear interaction terms G* in an explicit
way justifying their characterization as “stealthy” in the regime of remote interactions. As
to the assumption that the charge fields remain localized, it has to be verified based on the
field equations (Z42) where the nonlinear interaction terms G* provide for cohesive forces
for individual charges. The fact that they can do just that is demonstrated for a single charge
represented as wave-corpuscle (2.3.16)-(2.3.17) as it accelerates in an external EM field.
The last point we made naturally brings us to the second way of correspondence between
the charges as fields and points when they interact. This way of correspondence is based on an
established by us fact that all charges fields 1", can be represented as wave-corpuscles (2.3.16)-
(2311) which though do not satisfy the field equations (2:4.2)) exactly but rather they satisfy
them with small discrepancies in the regime of remote interaction when a/Ry,;, < 1. More
detailed presentation of that idea is as follows. Consider for simplicity a simpler case when
A = 0 and introduce the following wave-corpuscle representation similar to (2.3.16)- (2.3.17)

Ul (t,x) —e'x 1/1(‘)(—1"0‘) (}X—r }), ©! ) =q'¢ ( —rf;), where (2.4.18)

d 0
Se(t,x):pé-x—/ po dt’ — q/gpx (¢'.rh) dt’, py= m¢ L0 (2.4.19)
0
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and the position functions rj (¢) satisfy the Newton motion equations ([2.4I6). Its turns
out that wave-corpuscles {1}, ot} defined by (2418), (Z419) and the complimentary point
charge Newton motion equations (ZZ.I6) solve the field equations (Z42) with a small
discrepancy which approaches zero as a/R approaches zero. The point charge mechanics
features are transparently integrated into the fields {wﬁ, @f;} in (2.4.18), (2.4.19) via the de
Broglie factor phases S* and spatial shifts r§. Comparing with motion of a single charge in
external field we observe that now the acceleration of the corpuscle center rf () is determined

not only by Lorentz force due to the external field but also by electric interaction with

remaining charges w (" # ( according to the Coulomb law (2.4.14)), (Z.4.16]).

We would like to point out that when analyzing the system of charges in the regime of
remote interaction we do not use any specific form of the nonlinearities, but the nonlinearity
is necessary to provide cohesion and to ensure small scale equilibrium of every corpuscle in
the dynamics. Note that solutions of field equations (Z4.2]) depend on the size parameter
which is proportional to the radius of the corpuscle and which enters through the nonlinearity
G*, but integral equations (Z.4.12)) do not involve explicit dependence on a. Equation (Z.4.15))
which describes the structure of the corpuscle involves a only through radial shape factors

;ﬁz = wi and through the electric potential ¢* = ¢‘. The dependence of ¢f; on a is explicitly
singular at zero as should be expected since in the singular limit a — 0 the wave-corpuscle
should turn into the point charge with the square of amplitude described by a delta function
as in (L0O3)). Nevertheless, for arbitrary small a > 0 the wave-corpuscle structure of every
charge is preserved including its principal wave-vector. The dependence of gpﬁ on small a
can be described as a regular convergence to the classical singular Coulomb potential, see
(469) for details. That allows to apply representation (2.4.18) to arbitrary small charges
with radius proportional to a without compromising the accuracy of the description and, in
fact, increasing the accuracy as a — 0.

2.5 Comparative summary with the Schrodinger wave mechanics

The nonrelativistic version of our wave mechanics has many features in common with the
Schrodinger wave mechanics. In particular, the charges wave functions are complex valued,
they satisfy equations resembling the Schrodinger equation, the charge normalization condi-
tion is the same as in the Schrodinger wave mechanics. Our theory provides for a Hydrogen
atom model which has a lot in common with that of Schrodinger but its detailed study is out-
side of the scope of this article. There are though features of our wave theory that distinguish
it significantly from the Schrodinger wave mechanics and they are listed below.

e Charges are always coupled with and inseparable from the EM field.

e Every charge has a nonlinear self-interaction term in its Lagrangian providing for a
cohesive force holding it together as it moves freely or accelerates.

e A single charge either free or in external EM field is described by a soliton-like wave
function parametrized by the position and the momentum related to the correspond-
ing point mechanics. It propagates in the space without dispersion even when accel-
erates, and that addresses one of the above mentioned "grave difficulties” with the
Schrodinger’s interpretation of the wave function expressed by M. Born.
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e When dressed charges are separated by distances considerably larger than their sizes
their wave functions and the corresponding EM fields maintain soliton-like representa-
tion.

e The correspondence between the wave mechanics and a point mechanics comes through
the closed form soliton-like representation of wave functions in which point mechanics
positions and momenta enter as parameters. In particular, the wave function repre-
sentation includes the de Broglie wave vector as an exact parameter, it equals up the
Planck constant to the point mechanics momentum. In addition to that, the corre-
sponding group velocity matches exactly the velocity of soliton-like solution and the
point mechanics velocity.

e In the case of many interacting charges every charge is described by its wave function
over the same three dimensional space in contrast to the Schrodinger wave mechanics
for many charges requiring multidimensional configuration space.

e Our theory has a relativistic version based on a local, gauge and Lorentz invariant
Lagrangian with most of listed above features.

3 Single free relativistic charge

A single free charge is described by a complex scalar field ¢ = 1 (¢,x) and it is coupled to the
EM field described by its 4-potential A* = (p, A). To emphasize the fact that our charge is
always coupled with the EM field we name the pair {1, A*} dressed charge. So whenever we
use the term dressed charge we mean the charge and the EM field as an inseparable entity.
The dressed charge is called free if there no any external forces acting upon it. The free
charge Lagrangian is defined by the following formula

. . FrE,,
Lo (1, A) = {w,w ROV — G ()} = = where (3.0.1)
2
ko = @ = wg = P =0 A (3.0.2)
¢ X X ' ‘
¢;u - é“¢7 w;“* = é*“w*7 5“ = 8“ + EA/J; é*“ == aﬂ - EA“ (303>
X¢ Xc

In the above relations m > 0 is the classical mass of the charge, and xy > 0 is a parameter
similar to the Planck constant A value of which will be set latter on to satisfy the Einstein
relation € = fwy. The term G (") corresponds to the nonlinear self-interaction and is
to be determined later, ¢* is complex conjugate to 1. The above Lagrangian involves the
so-called covariant differentiation operators O* and 9** with abbreviated notations ¥* and
Y for the corresponding covariant derivatives. In what follows we use also the following
abbreviations

oM =Pt O™ = . (3.0.4)
We remind also that
9= 2 — (1@ v) o= 9 _ (3@ —v) (3.0.5)
Oxk c ’ oz, c ’

1
AM:(S0>A)a AM:(S07_A)a E:_V@—EatA, B=VxA.
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Evidently the Lagrangian L, defined by the formulas (3.0.1))-(3.0.3)) is obtained from the
Klein-Gordon Lagrangian, [Griffiths, Section 7.1, 11.2], [Barut, II1.3], by adding to it the
nonlinear term G (1*1). The Lagrangian expression indicates that the charge is coupled
to the EM field through the covariant derivatives, and such a coupling is well known and
called minimal. The Klein-Gordon Lagrangian is a commonly used model for a relativistic
spinless charge, and the introduced nonlinearity G (¢*1¢) can provide for a binding self-force.
Nonlinear alterations of the Klein-Gordon Lagrangian were considered in the literature, see,
for instance, [Griffiths, Section 11.7, 11.8] and [Benci Fortunato|, for rigorous mathematical
studies, but our way to choose of the nonlinearity G (1)"¢) differs from those.

Observe that the Lagrangian Ly defined by (B.0.1)-(B8.0.3) is manifestly Lorentz and gauge
invariant, and it is a special case of a general one charge Lagrangian studied in Section
This allows us to apply to the Lagrangian Ly formulas from there to get the field equations,
the 4-microcurrent and the energy-momenta tensors. Consequently, the Euler-Lagrange field

equations (10.6.3)) take here the form
A7

o, F" = ——J” FH = gt AY — 9" A¥, (3.0.6)
[éuéﬂ FR2 4G (w*qp)] % =0, where §" = 8" + %AH. (3.0.7)
The formula (I0.6.5]) for the 4-microcurrent density J* turns into
n— X9 (e — i) = — (X4 8¢
== (a b — B ¢> (m tm = P2, (3.0.8)
or, in the time-space variables,
- __q Yk 1%l ok D) _ Xq 8tw
o= chl (8rvr0 — v aw) = (m t 22 ) Wl (3.09)
\Y 2A
3= 385 (90w -0 0) = (L T TR o
m (G

The above formulas for 4-microcurrent density J* are well known in the literature, see for
instance, [Wentzel, (11.3)], [Morse Feshbach 1 Section 3.3, (3.3.27), (3.3.34), (3.3.35)]. It
satisfies the conservation/continuity equations

0, J' =0, Op+V-J=0, J" = (pc,J). (3.0.10)

Consequently, the total charge [ p(x) dx of the elementary charge remains constant in the
course of evolution, and we impose charge normalization condition which extends (2.0.20),

namely
/Rg%dx: /Rs {_ <ni<c21 a% +—> ] ] (x) dx = 1. (3.0.11)

We would like to stress that the equation ([B.0.IT]) is perfectly consistent with the field equa-
tions and the conservation laws (B.0.10), and it constitutes an independent and physically
significant constraint for the total charge to be exactly q as in the Coulomb potential rather
than an arbitrary constant.

20



Applying general formulas ([0.6.8)-(10.6.9) to the Lagrangian L, defined by (B.0.1)-
(B:03) we obtain the following representations for the symmetric and gauge invariant energy-
momenta tensors 7" and ©* for respectively the charge and the EM field the following
formulas

2
T = S {00 0] - [ - Rt — G ()] g} (3.0.12)
= i (g*”ngFﬁ” + ig“”F»ysF%) CPM =AY AR (3.013)
s

Energy conservation equations which we derive later in (I0.5.29)-(10.5.30) turn here into
9, T" = fv, 9,0M = —f¥, (3.0.14)

where

1 1 1
fr=—-J,F" = (—J -E, pE + -J x B) is the Lorentz force density. (3.0.15)
c c c

3.1 Charge at rest

We say the dressed charge to be at rest at the origin x = 0 if it is a radial solution to the
field equations (B.0.6)-(3.0.7)) of the following special form

mc?

W (t,x) = e ([x]), (%) = 2 (x[), A(t,x) =0, wo = B (3.1.1)

and we refer to such a solution as wg-static. Observe that as it follows from (B.0.8]), (3.0.9)
the micro-density p, micro-current J and 4-microcurrent J¥ for the wy-static solution (B.1.1)
are

p:q(l——)w , J =0, and J” = (pc,0). (3.1.2)

The charge normalization condition (B.0.I1]) then turns then into (2.0.20).

For the charge at rest as described by relations (B.1.1]) the field equations (8.0.6)-(3.0.7)
turn into the following system of two equations for the real-valued functions 1/1 and ¢ which
we call rest charge equations:

o o o oa ° 2
—Ap =A4rmp, p=gq <1 - qwz) v, (3.1.3)
mc
map (o 4P\ 5 e (152) 5
- (2 mc2> b+ 6 (J0F) b =0, (3.1.4)

The radial functions @D and ¢ play instrumental role in our constructions and we name
them respectively charge form factor and form factor potential. As it follows from the
equation ([BI3]) the charge form factor w = ¢, determines the form factor potential ¢
by the formula (2.014]). Consequently, plugging in the above expression into the equation

(2.0.13) we get the nonlinear equation (Z.0.15]) as follows:
me; qe
— A+ 7 —¥ ( —¢)¢+G’ <\¢| ) (3.1.5)
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As it is shown in next section the equation (B.1.5) signifies a complete balance (equilibrium)
of the three forces acting upon the resting charge: (i) internal elastic deformation force asso-
ciated with the term —Aq; (ii) charge’s electromagnetic self-interaction force associated with

e - 25.\ o
the term Xﬁw (2q — ini;" ) t; (iii) internal nonlinear self-interaction of the charge associated

with the term G’ (W|2> . We refer to the equation (3L1) as charge equilibrium equation

or just the equilibrium equation. Importantly, the charge equilibrium equation ([BI.3]) es-
tablishes an explicit relation between the form factor w and the self-interaction nonlinearity
G.

Now we come to a key point of our construction: determination of the nonlinearity G from
the equilibrium equation (3.1.3). First we pick and fix a form factor 1 (r), r > 0, which is
assumed to be a nonnegative, monotonically decaying and sufficiently smooth function. Then
we determine consequently G' and G from the equilibrium equation (3.1.3). This gives us at

once the desired state of resting charge {¢,¢} without solving any nontrivial nonlinear partial

differential equation which is a stumbling block in most of theories involving nonlinearities. Of
course such a benefit of our approach comes at a cost of dealing with a nontrivial nonlinearity
G at all further steps, but it turns out that the definition of the nonlinearity via the equilibrium
equation M) s constructive enough for representing many important physical quantities
in terms of ¢, ¢ and G without explicit formulas for them. Curiously, for certain choices

of ¥ one can find explicit formulas for ¢, G and other important physical quantities as we
show in Section[{.5,

3.2 Energy-momentum tensor, forces and equilibrium

In any classical field theory over the four dimensional continuum of space and time the
energy-momentum tensor is of a fundamental importance. It provides for the density of the
energy, the momentum and the surface forces as well as for the conservations laws that govern
the energy and momentum transport in the space and time. It is worth to point out that it
is the differential form of the energy-momentum conservation rather than the original field
equations involve the densities of energy, momentum and forces and consequently they are
more directly related to corpuscular properties of the fields. In particular, for charge model we
study here the Lorentz force density arises in the differential form of the energy-momentum
conservation equations and not in the original field equations. For detailed considerations of
the structure and properties of the energy-momentum tensor including its symmetry, gauge
invariance and conservation laws we refer the reader to Section [0l Here using the results
of that section we compute and analyze the energy-momentum tensor for the Lagrangian L
defined by the formulas ([B.0.1])-(3.0.3)) and for the wq-static state defined by (B.1.T]).

Using the interpretation form (10.2.19)-(10.2.20) of the energy-momentum 7" and for-
mulas (3.0.12)-(3.0.13) we find that the energy-momentum tensor takes the following form

Uu CPh1 Cp2 CP3

-1
C "5 —011 —012 —013

T = (3.2.1)

S92 —091 —022 —023
32
§3 —031 —0O —033

where the energy density u, the momentum and the energy flux components p; and s; are as
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follows

u:% KW))ZG@Q)] +< 2 _ g4 q‘p )¢, (3.2.2)

P =0 s=0j=1,23, (3.2.3)

and the stress tensor components o;; are represented by the formulas

2

oy = [ 00 — = (vw) ] (3.2.4)

b L) X ()] 6 i =12
[q(so L) U G (07) | oy, i = 1,2,3

Notice the vanishing of the momentum p and the energy flux s in ([B.2.3)) is yet another
justification for the name wy-static solution. Observe also that for the wg-static state defined
by (B11) the EM field is

E=-V¢, B=0. (3.2.5)

Using the representation (I0.4.21)-(I0.4.22) for EM energy-momentum ©*” combined with
the formulas (8:2.5) for the EM field we obtain the following representation of ©* for the
wo-static solution (B.I.TI):

v _ |0 cg (V) :
er = , Where w = , 0;,=0,1=1,2,3, (3.2.6)
Cg —Tij 8
’ 1 V)
O = —1y = —— la@a@ - %5@»] i,j=1,2,3. (3.2.7)

Combining the conservation law (3.0.14]) with general representation (B.2.1]) of the charge
energy-momentum tensor 7" we obtain

Oipi = Z 0j0 i + {pE + = (J x B)} =0,i=1,2,3. (3.2.8)

J=123

Notice that for the wy-static solution (B.IT), in view of (3.2.3)), (3.2.6)), (8.2.1), the equation

(B:2.8) turns into the equilibrium equations

> 00— pOip =0, i=1,2,3. (3.2.9)

j=1,2,3

Observe now that the stress tensor (str.t.) o;; defined (8:2.4) can be naturally decomposed
in three components which we name as follows

oy = o+l 4o, z,j =1,2,3, where (3.2.10)
\2 N 2
o5 = —= {82-1/1@»1# ~3 (V;D) 52-]-] is elastic deformation str. t., (3.2.11)
m
92"\ ;2
ot = =p™oy, P =—q | P — ¢ is EM interaction str. t.,  (3.2.12)
J 2mc?
22
1 1 1 G <¢ ) ‘ ‘ ~ :
oy = —p"oy, pP" = ———-——> is nonlinear self-interaction str. t., (3.2.13)

2m
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and consequently the respective volume force densities are

2
N g0 = fl = AP0, i =1,2,3 (3.2.14)
j=12,3 m
em em ° em o C] ° ° °
Z Ot = fi"+poie, ;M =q (290 - —2902) Yo, (3.2.15)
j=1,2,3 mc
nl __ nl _ X2 NAXAN °
Z Ojoy; = [ = EG V) Yo (3.2.16)
j=1,2,3

Notice that the volume force density for the electromagnetic interaction stress in (8.2.15) has
two parts: f™, which we call internal electromagnetic force, and pd; which is the minus
Lorentz force. Observe that the stress tensor of; ! has the structure similar to the one for
compressional waves, see Section [[0.9 and (DIEED whereas the both stress tensors of}" and
oy have the structure typical for perfect fluids, [Moller, Section 6.6], with respective hydro-
static pressures p°™ and p™ defined by the relations B.2.12)-(3.2.13)). Notice that the formula
(3.2.13) provides an interpretation of the nonlinearity G (w2) st = 2@ (@/}2) /(2m) is the
hydrostatic pressure when the charge as at rest.

Based on the equalities (3.2.14)-(3:2.16]) we can recast the equilibrium equation (3.2.9) as

frefmp =0 i=1,2,3, or (3.2.17)
2 N
{_%ijtq@——so) o+ X G' (@D >¢] 9y = 0.

The equation (3.2.17) signifies the ultimate equilibrium for the wq-static charge. It is evident
from equation (BZIT) that the scalar expression in the brackets before le up to the factor
% is exactly the left-hand side of the equilibrium equation (B.1.5). In fact if V@/} # 0 then
the equilibrium equation (B.2.I7) is equivalent to the scalar equilibrium equation (B.1.5]).

Notice that since the ¢ (|x|) and ¢ (|x|) are radial and monotonically decaying functions
of |x| we readily have

Vi () = = | Ve[ %, Vo (xl) = - Vel %= n = (B 82,34). (3.2.18)
The relations (3.218) combined with (B.214))- (3:2.16)) imply that for the resting charge all the
forces £, f* and f™ and radial, i.e. they are functions of |x| and point toward or outward
the origin.
Notice that it follows from the relations (8.2.3)) and (B.2.6]) that the total momentum P
and the energy flux S of the resting dressed charge, i.e. the charge and the EM field together,
vanish, and hence we have

P=0,S=0, and P" = (u,0), (3.2.19)

where the energy density wu is represented by the formula ([3.22). We would like to point
out that the vanishing for the resting charge of the micro-current J in (B.1.2]) as well as the
momentum P and the energy flux S in ([B:2.19]) justifies the name wy-static solution.

Using the general formulas (I0.2Z.10]) for the angular momentum density M**? and com-
bining them with the relations (3:2.1])-(8:23)) for the energy-momentum tensor T we readily
obtain that the total angular momentum J"7 vanishes, namely

MOV’Y — O lmplylng JV’Y — MOV’Y (l’) dX = 0 (3220)
R3
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3.3 Frequency shifted Lagrangian and the reduced energy

Time harmonic factor e™*°! which appears in wy-static states as in (B.ILT]) plays a very
important role in this theory including the nonrelativistic case. To reflect that we introduce
a change of variables

Y (t,x) — e %) (t,x) (3.3.1)
and substitute it in the Lagrangian Ly defined by (B.0.I]) to obtain Lagrangian L,,, which
we call frequency shifted, namely

Ly (6, 4%) = i (0 — w30 ) + (3.3.2)
2 ~ ~ ~ ~
t{ Sode - T - e - T

A ' = igA ~ % igA
at:at+%>vzv_&> 8* at lqu V :V“‘&
X XC X xcC
If we use the relation (I0.Z16) we can rewrite it in the form
Lug (607, A7) = 5i (v — v;0° ) + (3.3.3)

2

X { DOy — VY G@bw}

2m

<w+ ~0,A )2 —(V x A)2]

The Lagrangian L, defined by the formula ([B:3.2]) is manifestly gauge and space-time trans-
lation invariant, it also invariant with respect to space rotations but it is not invariant with
respect to the entire group of Lorentz transformations. Notice also wg-static states for the
original Lagrangian defined by (B.0.1]) turns into regular static states for the Lagrangian L,
and that was one of the reasons to introduce it.

For a wy-static state {e_iw‘)t{b, eiwoty)y” go} satisfying the field equations (B.I1.3)-(B14) its

canonical density of energy ur, <w, cp) as defined by (I0.2.5) can be simply related to the

canonical energy ur,,, (w, gp) of the frequency shifted Lagrangian L,,,. Indeed applying the

arguments provided in Section [[0.8.1], particularly relations (I0.8.37)-(I0.8.40), and combined
with the representation (3.3.3) we find that

2

ing (9 8) =7 p = Lo (.97,8) = (3.34)

(©)" (2 ) ¥e () - G2

and that the total energy in this state can be represented in the form (ZI.T)) using results of
Section [I0.8] The energy representation (2.1.]) is important to us since it does not involve
explicitly the nonlinear self-interaction G.

mc? X
2

q

3.4 Moving charge

As it is often done in the literature we use the Lorentz invariance of the system to obtain
the state of the dressed charge moving with a constant velocity v. Namely, we apply to the

25



rest solution described by (B.I1))-(B.1.4)) the Lorentz transformation from the original "rest
frame” to the frame in which the "rest frame” moves with the constant velocity v as described
by the formulas (I0.L0), (I0.Z12) (so x’ and x correspond respectively to the ”rest” and
"moving” frames) yielding

U (t%) = RN () () =1 (X)), A(hx) =85 (x]),  (341)
2
E (t,x) = =V (Ix]) + P (B-Vo(x)B, B(t,x)=v8xVe(x]),  (34.2)
where
wo v vy 2\ 2
w:’yw(bk:7ﬂ?>ﬁzgaﬁ:|ﬂ|>’y:<1_(g>) ) (343)
X =x+ 1 ! (B-x) B —yvt, or x| =7 (x) —vt), x| =x4, (3.4.4)

7
where x| and x, refer respectively to the components of x parallel and perpendicular to the
velocity v, " is complex conjugate to 1. The above formulas provide a solution to field
equations (3.0.0), (3.0.7) and indicate that the fields of the dressed charge contract by the
factor v as it moves with the velocity v compare to their rest state. The first oscillatory
exponential factor in ([B.41]) is the de Broglie plane wave of the frequency w and the de
Broglie wave-vector k. Notice that the equalities (8.4.3)) readily imply the following relations
between w, k and v

50 QZ 2
w=w(k)=/wi+ ?k?, v =Vyw(k), where wy= Si ) = W;? , (3.4.5)

and we refer to Section 2 formulas (Z1.4)-(2.1.6)), for the values of the frequency wy and the
constant .

Notice that the above relations show, in particular, that for the freely moving dressed
charge defined by equalities ([B.4.1))-(3.4.4)) its velocity v equals exactly the group velocity
Viw (k) computed for the de Broglie wave vector k. This fact clearly points to the wave
origin of the charge kinematics as it moves in the three dimensional space continuum with the
dispersion relation w = /w3 + ¢?k2. Notice that this dispersion relation is identical to the
dispersion relation of the Klein-Gordon equation as a model for a free charge, [Pauli PWM]
Section 18].

Now we consider total 4-momentum P obtained from its density by integration over the
space R?. Since the dressed charge is a closed system its total 4-momentum P = (E, cP) is 4-

vector, see the end of Section[10.2l Using this vector property and the value P¥ = (50 <¢) , 0)

for the resting dressed charge we find, by applying the relevant Lorentz transformation, that
the dressed charge 4-momentum P” satisfies

PY = (E,cP), E = hw, P = Ik, (3.4.6)

showing that the Finstein-de Broglie relations hold for the moving charge. We would like
to point out that, though the above argument used to obtain the relations ([3.4.0]) is rather
standard, in our case relations (B.4.6]) are deduced rather than rationally imposed.

Observe that our relations (3.4.5) under the assumption that y = & are identical to those
of a free charge as described by the Klein-Gordon equation, [Pauli PWM), Sections 1, 18], (see
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also Section [[0.10) but there are several significant differences between the two models which
are as follows. First of all, our charge is a dressed charge described by the pair {1, A#}. From
the very outset it includes the EM field as its inseparable part whereas the Klein-Gordon
model describes a free charge by a complex-valued wave function 1 which is not coupled to
its own EM field (not to be confused to with an external EM field). Second of all, our free
dressed charge as it moves evidently preserves its shape up the natural Lorentz construction
whereas any wavepacket satisfying Klein-Gordon equation spreads out in the course of time.

3.5 Correspondence with the point charge mechanics

The free dressed charge as described by equalities (B:4.1])-(3:4.4) allows for a certain reduction
to the model of point charge (mass). Notice that combining the relations (8.4.6) with ([B.4.3])
we obtain the well known point mass kinematic representations (I0.1.13]) for the total energy
E and the momentum P of the dressed charge, namely

huw o\ —1/2
P =ik =820 — vivy = (1 . (9) ) , (3.5.1)
c c
E = hw = hywy = ymc? = cV/P? + m2c2, (3.5.2)

where m is the dressed charge mass defined by (Z1.2]). We can also reasonably assign to the
dressed charge described by equalities (3.4.1))-(B3.4.4]) a location r (¢) at any instant ¢ of time
which is obtained from the ([B:44]) by setting there x” and solving it for x, r (¢) = x (X', t) .
Not surprisingly, its solution is

r(t) = vt. (3.5.3)
An elementary examination confirms that (ct,vt) transforms as a 4-vector implying that
the definition (8.5.3)) is both natural and relativistically consistent. From (B.5.3) we readily
obtain another fundamental relation for the point charge

_dr(t)
odt

% (3.5.4)

4 Single nonrelativistic free and resting charge

The nonrelativistic case, i.e. the case when a charge moves with a velocity much smaller than
the velocity of light, is important for our studies for at least two reasons. First of all, we
need it to relate the wave-corpuscle mechanics to the Newtonian mechanics for point charges
in EM field. Second, in the nonrelativistic case we can carry out rather detailed analytical
studies of many of physical quantities in a closed form. With that in mind, we would like
to treat the nonrelativistic case not just as an approximation to the relativistic theory but
rather as a case on its own, and we do it by constructing a certain nonrelativistic Lagrangian
Lo intimately related to the relativistic Lagrangian defined in (30.1)-(30.3). This nonrela-
tivistic Lagrangian constitutes a fundamental basis for our nonrelativistic studies including
the construction of the nonlinear self-interaction. The relation between the relativistic and
nonrelativistic Lagrangians is considered in Section [7l

The nonrelativistic Lagrangian Ly is constructed as a certain nonrelativistic modification
of the frequency shifted Lagrangian L, (¢, A*) introduced in Section The first step in
this modification is the change of variables (B.3.1]), namely

Y (t,x) — e %) (t,x) (4.0.5)
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which was the initial step in the construction of the frequency shifted Lagrangian L, defined
by B32)-B33). Then a gauge invariant and nonrelativistic Lagrangian L is obtained from
from the Lagrangian L,, by omitting in (8.3.3) the term %&waﬁ 1" and setting A = 0,
namely

7 * Xl * 0 Nk % X2 * * |V90|2

Lo (¥, 9", ¢) = 5 ¥ oY — YO — o [VYVy* + G ()] + ——, (4.0.6)

- i ~ 1
b=0+L =9 -1
X X

8

where, we remind, the term G (¢") corresponds to the charge nonlinear self-interaction.
Observe that the assumption A = 0 in view of (I0.4.6) readily implies

1

Hence, the EM field tensor F* defined by (I0.4.F]) takes here a simpler form

0 —E, —LEy —Ij
E, O 0 0
Ey, O 0 0
Es 0O 0 0

o= (4.0.8)

The mentioned gauge invariance is understood with respect first to the gauge transformation

of the first kind (global) as in (I0.5.7) and of the second (local) types as in (I0.5.7)-(I0.5.8),

namely

P — eV, p* — e )", where v is any real constant, (4.0.9)
and with respect to a reduced version of the second type gauge transformation

_igA(®) igA(t)

Ypoe Y, YU — e U, o — o+ O (L), (4.0.10)

which is similar to (I0.5.8)) but the function A () may depend only on time.

Evidently the EM field of the charge is represented in the above Lagrangian Lo only
by its scalar potential ¢ and the corresponding electric field E = —V since A = 0. The
charge magnetic field is identically zero in view of the equalities (4.0.7)), and, consequently,
any radiation phenomena are excluded in this model. The Lagrangian Ly can be viewed as a
field version of point charges model (6.1.30) that neglects all retardation effects in the static
limit (zeroth order in ?) with the ”instantaneous” interaction Lagrangian —% between
two charges, [Jacksonl, Section 12.6]. More detailed discussion on the relations between
relativistic and nonrelativistic Lagrangians and the corresponding Euler-Lagrange equations
is provided in Section [7l

The Euler-Lagrange field equations for this Lagrangian are

2

X0 = S [ZAU + G () vl (4.0.11)
—Ap = drqp*, where G (s) = 9,G (s),0, = &, + % (4.0.12)
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and we refer to the pair {1, p} as dressed charge. Notice that we always take ¥* to be
complex conjugate to 1. Hence, taking into account the form of the covariant time derivative
from (A0.6) we can recast the field equations ([LO.IT))-(A0.I2) for the dressed charge as

. 2 2m ,
Xid = 2X—m A+ X—Qq@ + G (|91°) | ¥, —Ap = dmq ] (4.0.13)

which imply (2.3.3), (23.4)).

Applying the general formulas (I0.7.12)-([I0.7.15]) for the charge and current densities to
the Lagrangian Ly we obtain expressions [23.9) for the densities and since external fields are
absent, the current J# satisfies the conservation/continuity equations (23.10). Consequently,
the total charge remains constant in the course of evolution, and as always we set this constant
charge to be exactly ¢, namely we impose charge normalization condition (2.3.12)

/ plz)dx=¢q | Yp*"dx =qor / [ dx = 1. (4.0.14)
R3 R3 R3

As in the relativistic case the equation (Z3.0) follows from the field equations, therefore
({0.14)) is preserved for all times.

4.1 Symmetries and conservation laws

To carry out a systematic analysis of conservation laws associated with the Lagrangian Lo
defined by (L.0.0) via Noether theorem, see Section [[0.3] we need to find a Lie group of trans-
formations which preserve it. The Lagrangian Ly is not invariant with respect to either the
Lorentz or the Galilean groups of transformations. But a straightforward examination shows
that Lo is invariant with respect to the following Galilean-gauge group of transformations

' = t,x'=x—vtort="t, x=x"+vt, (4.1.1)
¥ = 2% ¥ =x— Yl or 2 = 2, x=x"+ X:)50’,
c c
¢ (t, X) _ ei%(v2t’+2v-x’)w/ (t/, X/) ’ w* (t, X) _ e—i%(v%’-l&v-x’)qﬁ*/ (t/, X/) or (412)

m m

¢/ (t/, X/) — eiﬂ(v2t—2v~x)w (t, X) 7 w*/ (t/, X/) — e—iﬂ(v2t—2v-x)w* (t, X) ’ and
p(t,x) =¢ (1", x).

One can also verify that the above transformations form an Abelian (commutative) group
of transformation parametrized by the velocity parameter v. It is curious to observe that
according to the Galilean-gauge transformations (AI1T]), (£1.2]) the charge wave function
does not transform as a scalar as in the relativistic case. These transformations were used in
studies of nonlinear Schrédinger equations, [Sulem!| Section 2.3].

The defined above Galilean-gauge group is naturally extended to the general inhomoge-
neous Galilean-gauge group by adding to it the group of spacial rotations O and space-time
translations a*, namely

t=t+7, X =0Ox—vt+aort=t -7, x=0""(x+vt'—a), (4.1.3)
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w/ (t/, X,) — ei% [vz(t+r)—2v-(0x+a)]w (t, X) ’ (414)
w*/ (t,, X,) _ e—i%[v2(t+7—)—2v»(0x+a)],¢* (t, X) ’ and S0/ (t,, X/) = (t, X) )

The infinitesimal form of the above group of transformations is as follows

t'=t+7, X =x+&xx—vt+a, a*=(cr,a), a’ =cr, 2° =ct, (4.1.5)
or, equivalently,
01 0 0 0
" =gt + e, +at, € = :ZE é% _053 _521 7 (4.1.6)
_% e &

where the real number 7 and the coordinates of the tree three-dimensional vectors v, £, a
provide for the total of ten real parameters as in the case of the infinitesimal inhomogeneous
Lorentz group defined by (I0.I.I0). The infinitesimal form of the transformations (£.1.4) is

0 = —i% < Z zl - 5vj> W, P = i% < Z 2l 5vj> »*, o =0. (4.1.7)

Jj=1,2,3 j=1,2,3

Coming back to the analysis of basic features of our model we acknowledge the use in this

section of the relativistic conventions for upper and lower indices and the summation as in

Section [[0.] including

0

= (:EO,X) , Ty = (xo, —x) , x° = ct. (4.1.8)

Carrying out the Noether currents analysis as in Section [10.3]for the Lagrangian Lg we obtain
10 conservation laws which, as it turns out, can be formulated in terms of the canonical
energy-momentum tensor 7#¥, which in turn is obtained from the general formula (I0.23):

T — g@f’iwvu + gii W, + %gpw — Log™. (4.1.9)
Namely, we get the total of ten conservation laws:
@ﬂo"“’ = 0 - energy-momentum conserv., (4.1.10)
T4 =77 i,j =1,2,3 - space angular momentum conserv., (4.1.11)
pP=T%= %Ji, 1 =1,2,3 - time-space angular momentum conserv. (4.1.12)

The the first four standard conservation laws (4I1.10) are associated with the Noether’s
currents with respect to space-time translations a”. The second three conservations laws in
(AI11]) are associated with space rotations parameters &, and they turn into the symmetry
of the energy-momentum tensor TH for the spatial indices similarly to relations ([0.216)-
(I0.2.17). The form of the last three conservation laws ({{.1.19) is special to the nonrelativistic
Lagrangian Ly, and it is due the Galilean-gauge invariance (#.1.3), [#1.4). These relations
indicate that the total momentum density P! is identically equal up to the factor % to the

microcurrent density J' defined by (2.3.10). This important identity is analogous to the
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kinematic representation p = mv of the momentum p of a point charge. It is related
to the velocity components v in the Galilean-gauge transformations (LI1.2), ([AI4), and
can be traced to the infinitesimal transformation (LIT) and the phases in (£I1.4]). The
proportionality of the momentum and the current is known to occur for systems governed by
the nonlinear Schrédinger equations, [Suleml, Section 2.3].

The issue of fundamental importance of studies of the energy-momentum tensor has been
already addressed in the beginning of Section 3.2 To find the energy-momentum tensor for
the Lagrangian Lo we apply to it the general formulas from Section [[0.6l The canonical
energy-momentum ©"” for the EM field is obtained by applying the general formula (10.2.53])
to the Lagrangian L yielding

w c§1 Cf]g Cf]g w 0 0 0
—1¢ o ° ° —1o¢ o ° o
éuu _ 1 ¢ "8 —Tnn —Tiz2 —Ti3 | _ | € 81 —Ti1 —Tiz2 —Ti3 41.13
- —1¢ o o o — —1o¢ o o o 5 ( -1 )
So —To1 —T22 —T23 C "Sa —To1 —T22 —T23
_1 o o o o _1 o o o o
§3 —T31 —T32 —T33 C "S3 —T31 —T32 —T33
Vol ;00
o Vol™ o i PO00P
w=— , 95 =0, §j =c——-, (4.1.14)
8 4
2 2 2
.G VeIt e . Oip0ip
Tjj = — = +w Tij = .

47 81 47 ’ 47

The gauge invariant energy-momentum of the EM field takes the form

w cg1  CGo  Cgs3 w 0 0 0
—1
o — | €9 TTu Tz T3 | 0 —Ti1 —Ti2 —Ti3 1115
| -0 SRCEBE)
C g —T21 —T22 —T23 —T21 —T22 —T23
-1
C "gs —T31 —T32 —T33 0 —7T31 —T32 —T33

with matrix entries

J- Vo J-E

Oow = PR g; =0, 5, =0, (4.1.16)
JJ A7 St ij 747_‘_ .

As we can see the relation (L.1.16]) involves the time derivative dyw for the energy density w
rather then density itself, and it follows from it that

w:w(t,X):wo(X)+/ J(t',x) - Vo(t',x)

o ¢

_— (x)+/t X BT gy

dr’ (4.1.17)

—00

where wy (x) is a time independent energy density. Notice also that combining the relations

([2339), (Z3.10), (£0.12) and (EII7) we obtain the following identity

J- -J 1
ao/ wdx:/ Ve dx:—/ PV o L opax = (4.1.18)
R3 r3 C RS ¢ dme Jps
1 1 ?
—— | o, Vipdx = — V- -0,Vedx = 0 (V) dx.
47c R3 4re R3 R3 m
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A consistent with the canonical energy-momentum choice for wq (x) in (EIIT) is wo (x) =
(Ve)?

8m
The canonical energy-momentum tensor 7" is not gauge invariant, but the following
decomposition holds for it

: 1
TH = TH 4 = JFAY A = (,0) (4.1.19)
C

where TH is a gauge invariant energy-momentum obtained by applying formula (I0.G.8) to
the Lagrangian L, namely

u cp1 Cp2  Cp3
Foe— | 5 O 0 =0 | (4.1.20)
C "8 —0921 —022 —0323
¢ '83 —03;1 —03 —0s3
~ X2 2 2
= [IVel”+ G (Jv])], (4.1.21)

. 2 - ~
B =5 WO — o), = -2 (Bwot + Gurow), G =123, (4122)

m

and the stress tensor components o;; are represented by the formulas

2 : ~ ~
i = 1= OO + 5 (V0" — v 0 (4.1.23)
2

Gy = 51 = — 2 (OO0 + 000" for i # j, i,j =1,2,3.

2m

One can verify using the field equations (L.0.11), (£.0.12) and the current conservation law
(2310) that the canonical and gauge invariant energy-momentum tensors satisfy the the
following relations

OM =@M TH =Tn j=1723andd, [(@MO + TMO) - (éﬂo + Tﬂo)] —0, (4.1.24)
and that the conservation laws in view of the representation (A0.8]) take the following form
T = f¥, 9,0 = —f = %JMF”“ = <%J : E,pE) : (4.1.25)

where we recognize in f” the Lorentz force density.

4.2 Resting charge
For resting charge the representations (LI1.I5)-(117) and (£I1.20)-#.1.23) for the energy-

momentum tensors ©#* and TH*" turns into

0 0 0

—T11 —T12 —Ti13

0 0 0

o = T = Ton T Tos (4.2.1)
—To1 —T22 —T23 —021 —022 —023

—T31 —T32 —T33

o o o &
OO O

—031 —032 —033
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showing, in particular, that the momentum and flux densities for the charge and for the EM
field are all identically zero. Consequently, the total momentum P and the energy flux S of
the resting dressed charge vanish and we have

P=0,5=0, and P" = (4,0), @ = % [(V{bf e, (wz)} . (4.2.2)

Observe now that the stress tensor (str. t.) o;; defined by relations ({.I.23)) in the case of
resting charge can be naturally decomposed into three components which we name as follows

o = o5 o+, i,5=1,2,3, where (4.2.3)
2 o o 1 N

g;?jl. - _X [&w&jqﬁ ~3 <V¢) 54 is elastic deformation str. t., (4.2.4)

m

ot = —p™Moy, P = —q(’mf is EM interaction str. t., (4.2.5)
02
6 (V)

O'?; = "oy, PN =— 5 is nonlinear self-interaction str. t, (4.2.6)

m

and consequently the respective volume force densities are

2
j=1,2,3 m
Y 9o = 4 p0ip, [ = 2qp00n), (4.2.8)
j=1,2,3
2
nl nl X 5 2 y y
’;?)ajaij - peta (¢ )waﬂp. (4.2.9)
J=1,4

Notice that the volume force density for the electromagnetic interaction stress in (A28
has two parts: f™, which we call internal electromagnetic force, and pd;p which is the
minus Lorentz force. Observe that the stress tensor Ufjl» has the structure similar to the one
for compressional waves, see Section and (10.9.6)), whereas the both stress tensors of}"
and of;" have the structure typical for perfect fluids, [Moller, Section 6.6], with respective
hydrostatic pressures p®® and p™ defined by the relations (E2ZH)-(@E26).

Based on the equalities (£27)-(£29) we can recast the equilibrium equation (3.20) as

g fem 4 fml—=0,4=1,2,3, or (4.2.10)
2 Lo 2 o2\ o o
~X A+ 200+ 26 (V) w] D) = 0.
m m
The equation ([4.2.10) signifies the ultimate equilibrium for the static charge. 1t is evident

from equation (LZI0) that the scalar expression in the brackets before Vi up to the factor
3 is exactly the left-hand side of the equilibrium equation Z34). In fact if Vi) # 0 then

the equilibrium equation (£.2.10) is equivalent to the scalar equilibrium equation (2.3.6]).
Notice that since the ¥ (|x|) and ¢ (|x|) are radial and monotonically decaying functions
of |x| we readily have

y A o1 A o a4 X A A oA
Vi (Ix]) =% = |VO| £, Vi (i) = - [Vl %, % = o = (e 89). (4.2.11)
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The relations (4.2.11)) combined with (#.2.7)-[#.2.9) imply that for the resting charge all the
forces fe!, f* and f™ and radial, i.e. they are functions of |x| and point toward or outward
the origin.

The total energy of the resting dressed charge £ <w> can be estimated based on either

canonical energy-momentum or the gauge invariant one. If we use the canonical energy-
momentum tensors defined by (A.I1.13), (41.14) and (4.1.19)-(4.1.21) we find the following
expressions for the respectively the charge energy density u, the EM field energy density w
and the total energy density of the dressed charge u + w:

2

O+ = (ﬂ%—{f{b) b= X l(V{ZJ)Q +G (¢2)] v e — @. (4.2.12)

2m 8

Using now the results of Section [[0.§ including the relation (I0.8.T5]) we obtain the following
representation for the total energy of the resting dressed charge

2 i\ i
5@) - /R (i) dx:g /R 3 * gjf) —(Vg‘;)z dx. (4.2.13)

If we wanted to use the gauge invariant energy-momentum tensors (LI1TI5)-(I1.23) for the
same evaluation, a consistent with the canonical energy-momentum choice for wq (x) in

2
(A.I.17) would be wy (x) = w = —%.

4.3 Freely moving charge

We can use the invariance of the Lagrangian Lo with respect to Galilean-gauge transforma-
tions (LILI)-(EI2) to obtain freely moving charge solution to the field equations (E0.ITI)-
(40.12) based on the resting charge solution (2:3.5)-(2.3.6]) similarly to what is done in the
relativistic case where we obtain freely moving charge solution applying Lorentz transforma-
tion to the resting one. Namely, the field equations (2.3.3))-(2.3.4) have the following closed
form solution

b=v(tx)=eNi(x—vil), S=" [Vi+2v-(x—vh)], ptx) = G (x— vi]).

2
(4.3.1)
where ¢ in view of relations (2.3.14) can be also represented as
is - p’t
wzw(t,X)zexw(IX—Vﬂ),Szp-x—%,pzmv (4.3.2)

Solutions of a similar form propagating with a constant speed are well-known in theory of
Nonlinear Schrodinger equations, see [Sulem] and references therein. In what follows we refer
to a wave function represented by the formulas ([L31]), (£3.2) as a wave-corpuscle. Looking
at the exact solution (4.3.1]), (4.3.2) to the field equations describing the freely moving charge
we observe that it harmoniously integrates the features of the point charge. Indeed, the
wave amplitude v (|x — vt|) in ([£31]) is a soliton-like field moving exactly as a free point

charge described by its position r = vt. The exponential factor ex s a plane wave with
the phase S that depends only on the point charge position vt and momentum p = mv, and
it does not depend on the nonlinear self-interaction. The phase S has a term in which we

34



readily recognize the de Broglie wave-vector k described exactly in terms of the point charge

quantities, namely
m

k=P2_-"y (4.3.3)
X X
Notice that the dispersion relation w = w (k) of the linear part of the field equations (E0.TT])
for v is

k? k
w (k) = é—, implying that the group velocity Vyw (k) = .

m m
Combining the expression (£3.4]) for the group velocity Vyw (k) with the expression (£3.3))

for wave vector k we establish another exact relation

v = Viw (k) (4.3.5)

(4.3.4)

signifying the equality between the point charge velocity v and the group velocity Viw (k) at
the de Broglie wave vector k. Using the relations (2.3.9) and (4.1.12) we readily obtain the
following representations for the micro-charge, the micro-current and momentum densities

p(tx) =qi (x = vil), I (t,%) = qvip (jx = vt]), (43.6)
P (t,x) = %J (t.x) = po” (|x — vi|). (4.3.7)

The above expressions and charge normalization condition ({.0.14) readily imply the following
representations for the total dressed charge field momentum P and the total current J for
the solution (2.3.16]) in terms of point charge quantities, namely

P:@J:/ﬁlmﬁ{fdx:p:mv. (4.3.8)
q r3 M ¢

4.4 Nonlinear self-interaction and its basic properties

As we have already explained in the beginning of Section [ the nonlinear self interaction
function G is determined from the charge equilibrium equation (2.3.8) based on the form
factor ¢ and the form factor potential ¢. It is worth to point out that such a nonlinearity
differs significantly from nonlinearities considered in similar problems in literature. Important
features of our nonlinearity include: (i) the boundedness of its derivative G’ (s) for s > 0
with consequent boundedness from below of the wave energy; (ii) non analytic behavior for
small s that is for small wave amplitudes.

In this section we consider the construction of the function G, study its properties and
provide examples for which the construction of G is carried out explicitly. Throughout this

section we have )
1,1 > 0 and hence |¢| = 1.

We introduce explicitly the size parameter a through the following representation of the
fundamental functions ¢ (r) and ¢ (r)

b (r) =, (r) = a=y, (a™'r), @(r) =@, (r)=a"'¢p, (a™'r), a>0, (4.4.1)

where ’1211 (r) and ¢, (r) are functions of the dimensionless parameter r, and, as a consequence
of (A.0.14)), the function ¢, (1) satisfies the charge normalization condition

/ @Dz (|x]) dx =1 for all a > 0. (4.4.2)
R3
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The size parameter a naturally has the dimension of the length, but yet we do not identify
it with the size. Indeed, any properly defined spatial size of {ﬁa, based, for instance, on the
variance or on an energy-based scale as in (@73), is proportional to a, with a coefficient
depending on ;. The charge equilibrium equation (Z3.8) can be written in the following
form

2 2

X— / o2 o . X— 2 ) _ . o
2mGCL <¢a) wa - 2mv wa qua@DQ, (4.4.3)
o |2
V3p, = —4nq |4, (4.4.4)

The function ’lZJa (r), r > 0 is assumed to be positive, monotonically decreasing function of
r, and to satisfy the charge normalization condition (£4.2). Recall that ¥, (|x|) and ¢, (|x]|)
are radial functions and consequently when solving the equation (4.4.4) for ¢, we obtain (see
Section .0l and (£.6.7) for details) the formula

o (r) =1 [1 _dn /oo (rl - 2) by (1) drl} . (4.4.5)

r a r/a

02
Obviously, if v, (r) decays sufficiently fast as r — oo and a sufficiently small then the
potential @, (r) is very close to the Coulomb potential ¢/r as we show in Section

Let us look first at the case a = 1, ¥, = 1y, ¢, = ¢y, for which the equation (4.4.3) yields

the following representation for G’ (@Di) from (A.4.3))

& (1 () = W - 2X—Tq:ol (r). (44.6)

02
Since v, (r) is a monotonic function we can find its inverse r = r (¢2) yielding

Vi, 2 : :
G (s) = ;fl - X—?q@] (r (), 0=1 (0) <5 < ¥ (0). (4.4.7)
1
We extend then G’ (s) for s > wi (0) to be a constant, namely
G (s) = G ({bf (oo)) if s > 9] (c0). (4.4.8)

Observe that the positivity and the monotonicity of the form factor 1Op1 was instrumental for
recovering the function G'(s) from the charge balance equation ({{.4.3).

Using the representation (4.4.7) for the function G’ (s) we decompose it naturally into
two components:

X2

! ! 2 !
G (S) = GV (8) — CL_XGSD (S), where CLX = m—q2 (449)
, 09 <V2QZI) , (22 gopl o
GV <'¢1> - T, ch <'¢1> - ? - ¢1. (4410)
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We refer to Gg (s) and G, (s) respectively as elastic and EM components. In the case of
arbitrary size parameter a we find first that

va(s)=a?Gy, (a’s), G, (s)=a "G, (a’s), a >0, (4.4.11)

and then combining (£4.11]) with (L49]) and ([A4T0) we obtain the following representation
for the function G/, (s)

G/ 3 QG/ 3 2
G (s) = 2 ga s)  2GL,(a s)’ 0 = X (44.12)

= .
a ady, mq

Let us take a look at general properties of G’ (s) and its components G§ (s) and G/, (s)
as they follow from defining them relations (L47)-(Z4I12). Starting with EM component
G, (s) we notice that ¢, (|x|) is a radial solution to the equation (£.4.4). Combining that
with 1> > 0 and using the Maximum principle we conclude that ¢, (|x|) /q is a positive
function without local minima, implying that it is a monotonically decreasing function of |x]|.
Consequently, G/, (s) defined by ([.4.10) is a monotonically increasing function of s, and
hence

/ / _
G, (s) >0 for all s > 0 and G, (0) = 0. (4.4.13)

Note that G, (s) is not differentiable at zero, and that can be seen by comparing the behavior

of ¢, (r) and v, (r) at infinity. Indeed, ¢, (r) /¢ ~ r~' as r — oo and since {Dz (Ix|) is

integrable, it has to decay faster than |x|~* as [x| — co. Consequently, G, (s)| for small s
has to be greater than s'/3 that prohibits its the differentiability at zero. One has to notice
though that the nonlinearity G’ (|w|2) ¥ as it enters field equation (£.0.13)) is differentiable for
all ¥ including zero, hence it satisfies Lipschitz condition required for uniqueness of solutions

of initial value problem for (Z.0.13).
Let us look at the elastic component G% (s) defined by the relations (£Z4.I0). Since
Y (]x|) > 0 the sign of Gy (|¢|2) coincides with the sign of Vi, (|x|). At the origin

x = 0 the function v, (|x|) has its maximum and consequently Gg (s) <0 for all s close to

s = 1)y (00), implying

Gy (s) <0 for s > 1. (4.4.14)

The Laplacian applied to radial functions {Dl takes the form %g—:z (le |x|> Consequently,

if 74, (r) is convex at r = |x| we have V2, (|x|) > 0. Since r2¢ (r) is integrable we can
naturally assume that |x| ¢, (|x|) — 0 as |x| — oo. Then if the second derivative of 7, (r)
has a constant sign near infinity, it must be non-negative. For an exponentially decaying
¥y () the second derivative of 71, (1) is positive implying

Gg (s) >0 for s < 1. (4.4.15)
Combining that with the equality G, (0) =0 from (L4.I3) we readily obtain
G'(s) >0 for s < 1. (4.4.16)

;From the relations (4.4.9), (4.4.13)), (4.4.14) we also obtain
G'(s) <0if s> 1. (4.4.17)

We remind that the sign of the G’ (s) according to the representation (£.2.9) for nonlinear
self-interaction force density f™ controls its direction.
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4.5 Examples of nonlinearities

In this section we provide two examples of the form factor ¢ for which the form factor
potential ¢, and the corresponding nonlinear self-interaction function G can be constructed
explicitly. The first example is for the form factor ¥ (r) decaying as a power law as r — oo.
In this the case the both ¢, and G are represented by rather simple, explicit formulas, but
some properties of these functions are not as appealing. Namely, the variance of the function
12 is infinite and the rate of approximation of the exact Coulomb potential by ¢, (x) for small
a is not as fast. The second example is for the form factor ¢ (r) decaying exponentially as
r — oo. In this case representations for ¢, and G are more involved compared with the
power law form factor but all the properties of ¢ and ¢ are satisfactory in any regard.

4.5.1 Nonlinearity for the form factor decaying as a power law

We introduce here a form factor 121 (r) decaying as a power law of the form
y Cpw 31/2 . . v
Wy (1) = g ™ = i implying 0 < 1y (r) < cpu. (4.5.1)

This function evidently is positive and monotonically decreasing as required. Let us find now
Gy (s) and G, based on the relations (L.4.10). An elementary computation shows that

0 15 3 o4/5\ o1+4/5 .
2 _
Vi, = m (1 - E% ) Uy , implying
W W
G (s) 155%/5 4554/ (s) 7557/5  255%/°
= - ) v = - )
v 45 4B 28c> 4]

To determine G, we find by a straightforward examination that function

for 0< s <, (4.5.2)

: : q q 2/ : 52
O, =qP, = i 7"2)1/2 = 02/5¢1 solves V2, = —4nqi)] (4.5.3)
pPW
that together with (£.4.10]) yields
1/5 5 6/5
G (s) = S% G, (s) = ﬁ for 0 < s < 2. (4.5.4)

Observe that both components G (s) and G7, (s) in ({5.2)), (5.4 of the total nonlinearity
GG (s) defined by (L4.9) are not differentiable at s = 0.
If we explicitly introduce size parameter a into the form factor, namely
P Aty
(1+72/a2)** (a2 4 r2)"*
then combining (A5.2), (£5.4) with (£ZI1) we obtain the following representation for the

nonlinearity components

U, (1) = (4.5.5)

, 155%/5 45q2/5 g4/5
Gv,a (S) = 4/5 - 8/5 ) (456)
4@4/5pr 4pr
7557/5 25a2/5g9/5

28at/5cily A8

Gv,a (S) =

2 -3
forogsgcpwa ,
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51/5 546/5

! -2 __ Y2
G%a (S) GSD (S) 6@2/5054\,5

— <s<cE ad. 5.
a2/5cl2)@5’ for 0 <s <cpa (4.5.7)

02
Notice that the variance of the form factor ¢, (|x|) decaying as a power law (A5.1)) is
infinite, i.e.

.9 00 Czw 00 1
/]R;3 |X‘2 wl (|XD dx = 47TA m# dr = 3/0 W’TA dr = oo. (458)

4.5.2 Nonlinearity for the form factor decaying exponentially

We introduce here an exponentially decaying form factor zZl of the form

—-1/2

1/2 o0 1/2
)" where ¢, = (47?/ r2e=2(r+1) dr) ~ 0.79195, (4.5.9)
0

1;1 (r) = Cce_(r2+1

which is evidently positive and monotonically decreasing as required. The dependence r (s)
defined by relation (£5.9) is as follows for the form factor ¢, (r) as in (£5.9)

r= [0 (co/v/5) — 1172 it /5 < b, (0) = cee™. (4.5.10)
An elementary computation shows that

2 1 1

Vz{ZJ = —W{D , Where W = T + +
! ! 241z (FP+1) 24

~1, (4.5.11)

(M3

implying
Go ()= Wr=1-—2> L 1 _ (4.5.12)
r2+ 1)z (FP+1) (r241)2
Combining ([A5.10) with (L5.12)) we readily obtain the following function
4 4 8
! = 1= — _
va (8) n(2/s) W (2/s) In®(c2/s)

, for /s <ce”t ~0.29134  (4.5.13)

which is evidently a monotonically decreasing one. We extend for larger s as follows:
Gy (s) =G, (cZe™) ==3if Vs>ce . (4.5.14)

The relations (4.3.13)) and (L.5.14)) imply G, (s) takes values in the interval [1,—3]. It also
follows from (£5.13) that

!

4
vi(s) =1~ /s as s — 0, (4.5.15)

implying that the function Gvg ; (s) is not differentiable at s = 0 and consequently is not
analytic.
To determine the second component G, we need to solve (L4.1I0). Using the fact that

o1, @Obl are radial functions we obtain the following equation for ¢, ()
1

— M@f (rg,) = qcle™2Vr7H1L (4.5.16)
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We seck such a solution of equation (A5.16) that is regular at zero and behaves as the
Coulomb potential Z for large . Taking that into account we obtain after the first integration

of (A5.10)

1/2
0, (rip,) = mqc? [1 +2(r2+1)" 2] e 2(r 1) (4.5.17)
and integrating ({517 yields the ultimate formula for the form factor potential
2 T 1/2
o (r) = Wice / [1 +2(rf + 1)1/2] e 2(rit1) dry = (4.5.18)
0
2 [ee) 1/2
_ 9 WQCC/ [1 ) (rf n 1)1/2} o= 2(ri+1) dry.
r r o J,

The above formula shows that the form factor potential ¢, () is exponentially close to the

Coulomb potential q/r for large r. But if we use the substitution (r? + 1)1/2 = u in the
second integral in (L5.18) we can recast ¢, (r) in even more convenient form for estimations
of its proximity Coulomb potential ¢/r, namely

mqc? [1 +2(r* + 1)1/2}

o q —o(y2 1/2
bi(r) ="~ R e 2 1) (4.5.19)
2 00 2 1
% / 7( vt )1 5 —2u e~ 2 du.
r Sy | (1 —u2)Y
Then based on the relation (4.4.10) and (£.5.18)) we find consequently
L, 1/2 _
G:p,l (¢2) = ?01 [(1n2 (ce/tp) — 1) / } , for ¢ < ce™!, (4.5.20)
2 pr() ”
G;J (wz) = —:(32) / [1 + 2 (7’% + 1)1/2] e_Q(’"%H) dry, where (4.5.21)
0

r(y) = [ln2 (ce/) — 1]1/2 for 1 < coe™ !,

extending G, (¢2) for larger values of ¢ as a constant:

o (¢7) = lim PU)  gr2e? ~ 0.79998, for 4 > coe. (4.5.22)
, Jin =

Using the representation (£.5.19) we obtain the following formula for G, ,

, 1 71+ 21n (co /)] ¥?
G, (¥?) = ; . [ 5 (c/ >]1/2 — (4.5.23)
[In? (co/v) — 1] 2 [In* (ce/1) — 1]
wc? o0 2u+1 o
- 1/2/ [7( ; )1/2 —2u] e 2 du.
[In? (ce /1)) — 1]7 Jintees) | (1 —u=2)
To find G/, (s) for arbitrary a we use its representation (L4.12), i.e.
/ 3 / 3 2
' v1(a’s) 2G¢1(a s) X
— ’ — 2 = — 4 24
Ga (S) ag ClCLX ) a’X mqg ’ ( i) )
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and combine with the formulas (£5.13)) and (4.5.23). We don’t write the final formula since
it is quite long but it is clear that from formulas (L5.13)) and (£5.23) that G/, (s) does not
depend analytically on s at s = 0, and that the following asymptotic formula holds

1 1 1 4
! =—=—|= fi — 0. 4.5.2
G (s) e <a2 + aax> I (2] (a%5)) ors—0 (4.5.25)

The variance of the exponential form factor ¥, (r) is

o o0 1/2
/ [ 0 (|x]) dx = 47rc§/ rte 207H1) 7 dp ~ 3.8268. (4.5.26)
R3 0

4.6 Form factor potential proximity to the Coulomb potential

In this subsection we study the proximity of the potential form factor ¢, (|x|) to the Coulomb
potential ¢/ |x| for small a. This is an important issue since it is a well known experimental
fact that the Coulomb potential ¢/ |x| represents the electrostatic field of the charge very
accurately even for very small values of |x].

~ According to the rest charge equation ([2.3.8) and the equation (23.7) the potential
o, (|x]) = ¢, (|x]) /q satisfies the following relations

e (lyl)
X — Y]

where, as always, A = V2. In view of the relations (£4.I) the dependence of the potential
¢, (r) on the size parameter a is of the form

0o (1) =a ¢y (a7'7), (4.6.2)

A, (|x]) = —4mi), (|x|) and hence ¢, (|x|) =

dy > 0. (4.6.1)

R |

and consequently its behavior for small a is determined by the behavior of ¢, (r) for large 7.
To find the latter consider the radial solution z (r) to the Poisson equation

L ( d ) S(F) = —Am (1), 2 () = 1oy (1), 7> 0. (4.6.3)

s\
We seek such a solution z (r) to the above equation that is close to the Coulomb potential
1/r and hence satisfies the following condition

z2(r)=r¢, (r) — Lasr— oc. (4.6.4)
Taking into account (£.6.4]) when integrating two times of equation (£.6.3]) yields

z(r)=1- 47T/ / rlfbi (r1) drydry =1 — 47T/ (r1 =) rlfpf (ry) dry, (4.6.5)

where the second equality in (A.6.5]) is obtained by rewriting the preceding repeated integral
as as a double integral and changing the order of integration, namely

o0 oo 09 o0 r1 09 00 .9
/ / r1¢; (r1) dridry = / / r11y (r1) drodry = / (r1 — r)ry (r1) dr.
r 9 r r r
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In view of the charge normalization condition (£.4.2]) we readily obtain from (£.6.5)

2(0)=1—4n /OOO P27 () dr =1 — /R W (|x]) dx = 0. (4.6.6)

The representation (A.6.0) for z (r) = r¢, (r) readily implies the following representation that
the potential ¢, (7):

6 (r) = & [1 e / iy — 1) 2 () drl} . (4.6.7)

r

Combining (£.6.17) with (£6.6) we conclude ¢, (r) is regular for small » > 0. Using (£.6.7)
once more we obtain the following expression for the difference D¢ between ¢, (r) and 1/r

De(é)= by ()~ + == [ fry =) (1) dm. (168

r r

The relation (£6.8) together with (£6.2) imply

Do () = 60 (1) — = =2 [ (0 = %) i (1) dr, (4.6.9)

r T a—1r

02
showing in particular that the difference D¢ becomes small for small a. More exactly, if 1,
decays exponentially as in (£5.9) then

1 4 ° 1/2
|De (¢g) (1) = |dg (1) — =| < —W/ (r1 —a™'r) ric2e 2 ) g < (4.6.10)
T T a—1r
4 2, .—2a"1r 00 2 -1 1 .
< ST / (7’1 + a_lr) re 2 dr = Teld 7 2) (e r+ >e_2“ "

For instance, for r > 10a the difference Dc between the potential ¢, (r) and the Coulomb
potential 1/r is extremely small:

1D (6,) ()] = e (a7 'r +1) e727 " < 4.4674 x 107° for r > 10a. (4.6.11)

e

52
Similar estimate for the power low decaying 1, as in (£5.1]) yields

oo —1
1De (6) ()] = | (r) — 2| < = / 3 - T gy, (4.6.12)
r T Ja-1p 1
IR T T DS U C T T W
o /al,« <7’:{’ re ) Ty (27’2 57“3) » HHPLIS
0.009

|Dc (¢,)| < — for r > 10a.

Notice if we would take 121 (r) = 0 for all > rq, as it is the case in the Abraham-Lorentz
model, the formula (L.6.7) would imply that ¢, (r) would be exactly the Coulomb potential
for r > arp. But for such a v, (r) we would not be able to construct the nonlinear self-

02
interaction component G, which would satisfy (£.4.10) since it requires ¢, () to be strictly
positive for all » > 0.
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4.7 Energy related spacial scale

An attractive choice for the spacial scale can be obtained based on the requirement of the
total energy &£ <¢) of the resting dressed charge defined by the expression ([AL2I3]) to be
exactly 0, which readily reduces to the requirement

&1 (@D) =& (¢), where (4.7.1)
e (i) = [ [vif ax &= o [ (e ax

(this condition is similar to (ZLII). Plugging ¢» = ¢, and ¢ = ¢, defined by [@ZI) into
the equalities (A.7.1]) we obtain

& <¢a) =a7%& (¢1) , Ea(p,) = a™tE, (¢1) = a”'q*& (¢1) ) <?>1 = q_19001- (4.7.2)

Hence, the requirement &; <¢) = & (¢) in view of the relations (£.7.2) is equivalent to the
following choice a = a,; of size parameter a with
° o ]2 o |2
& <¢1) dr? s wl‘ dx Az [, wl) dx .2
YEEG) T m e T T N T g (7Y
rs (V1 S (wl) dx

Since functions v, ¢, in the above relations are radial the Dirichlet integrals in (Z7.3) can
be recast as

J.

We refer the space scale ay in (£.7.3) obtained based on the equality & (@b) = & (p) as

energy-based spacial scale.
The energy-based spatial scale a, defined by (£.7.3]) for power law form factor (£.5.1))

o |2 o0 ° 2 °
le‘ dx = 47T/0 <8,, <rw1 (7“))) dr with the similar formula for ¢,. (4.7.4)

o 2
ar [y (Vi) dx
» (V) ) (4.7.5)

fRS <Vq?>1>2 dx n

ay = Opay, Oy =

For exponentially decaying form factor
Qyy = HUJCL)O Hw ~ 1.2473

Note that energy based spatial scales for power law form factor and exponential form factor
are of the same order, though their variances are absolutely different (infinite variance for

the power law as in (4.5.1])).
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5 Accelerated motion of a single nonrelativistic charge
in an external EM field

The key objective of this section is an extension of the wave-corpuscle representation defined
by formulas (£3.1]), ([£3.2]) to the case of a single nonrelativistic charge accelerating in an
external EM field. Recall that as in ([L0.6) we neglect charge’s own magnetic field and set
A = 0 taking into account only external magnetic field. In the case of a general external EM
field no exact closed form solution to the field equations seems to be available, but there is
an approximate wave-corpuscle solution and its accuracy is a subject of our studies in this
case; this solution is exact for special external fields.
The external and the total EM fields are described by their potentials

P =+, A=Ay (5.0.6)

as it is done in Section M7l The nonrelativistic Lagrangian Lo for the charge in external
field is obtained from the one for the free charge in (L0.0) by modifying there the covariant
derivative to include the external potential, namely

2 (e = Vo2
Lo (6, 0", @) = Xi w*atw Y } - {vw I G(¢*¢)} - |8—i|, (5.0.7)
D=+ 98 oy e g WP g 1A
t — Ut X 5 + — Ut — X = Xc

This modified Lagrangian remains to be gauge invariant with respect to the transforma-
tions ({.0.9) and the general formulas (I0.7.12)-(I0.7.T5)) for the charge and current densities
applied to the Lagrangian L yield

Tt = (cp,d), p:qu* J— iX—q vyt —y vy = (5.0.8)
2A
i (Ve — v VY) - e"w W= (qu Ve 4 ) W2,
m @D mc

and this current satisfies the conservation/continuity equations
0, J' =0, Op+V-J=0, J" = (pc,J). (5.0.9)

The Euler-Lagrange field equations for this Lagrangian are

2

xidp = = |-V AV + G (0 ¥ (5.0.10)
—Ap = drqp™, where G’ (s) = 0,G, (5.0.11)

and as always 1" is complex conjugate to ¥». Then the field equations (5.0.10)-(E.0.11]) can
be recast as the following field equations

X2V2¢ _ Xqux : Vw
2m mci

ixon) = —

A2 2G/
bt + Tlex )y o X v (5.0.12)
2mc? 2m

Vip = —dmq [¥)*. (5.0.13)
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As in the case of a free charge we set the total conserved charge to be exactly ¢ and, hence,
we have the following charge normalization condition

/paxwk:q/|m%k:qog/|w%k:1. (5.0.14)
R3 R3 R3

The presence of the external EM field turns the dressed charge into an open system with
consequent subtleties in the treatment of the energy-momentum. All elements of the proper
treatment of the energy and momentum densities in such a situation are provided in Section
[[07 and we apply them to the Lagrangian Lo defined by (G.0.7). An instrumental element
in the analysis of the energy-momentum tensor is its partition between the charge and the
EM field. In carrying out such a partition we are guided by two principles: (i) the both
energy-momenta tensors and the forces have to be gauge invariant; (i) the forces must be of

the Lorentz form. The second principal is evidently special to the EM system consisting of
the charge and the EM field.

5.1 Wave-corpuscle concept for an accelerating charge

In Section we introduced a wave-corpuscle by the relations (A3.1]), (4£3.2) for a free
moving dressed charge. In this section we extend that definition for a dressed charge in
an external EM field as follows. Recall that the wave-corpuscle (43.1]), (£3.2)) for a free
moving dressed charge is an exact solution to the fields equations (23.3]), (23.4]), and when
constructing the wave-corpuscle for a dressed charge in external EM field we also want it to
be an exact solutions to the field equation (L.0.12)-(E0.13). It turns out that if the external
EM field is a homogeneous electric field that it is possible, but no closed form solution seems
to be available for a general external EM field as defined by its potentials ¢,,, Ae. Taking
that into consideration we want the wave-corpuscle to be if not the exact solution to the
field equations but at least an accurate approximation. Our way to accomplish that is as
follows. We construct a wave-corpuscle so that it exactly solves properly defined auxiliary
field equations which differ from the original ones (5.0.12)-(50.13) by an explicitly defined
discrepancy D, based on which we judge the accuracy of the approrimation. For certain
classes of external EM fields the solutions of the auxiliary field equations are solutions of the
original equations. Executing this plan we introduce the following system of auziliary field
equations

2y2 A, -V 5 2
LA & Yo+ po) v+ XY

Vi =—4 Z, 5.1.1
5 o, 5 VP 7q || (5.1.1)

ixo = —

where the auxiliary linear in x potentials @, (¢,%), Aex (t,x) may differ from the original
potentials ¢, Ac. Evidently, in addition to the alteration of potentials (.., Ae, the
auxiliary field equations differ from the original ones (5.0.12)), (5.0.13)) only by a single term
XGP AL/ (2me?).

We define the wave-corpuscle ¥, ¢ by the formula similar to (43.1]), (4.3.2), namely

i{mv(®)-x—r@®l+sp®} ~ A

¥ (t,x) =e x U, v =9(x—r@)), v =a(Ix—r®)), (5.1.2)

where (i) 1/1 and ¢ are respectively the form factor and the form factor potential satisfying
([233), (Z3.6); (ii) the three functions r (¢), v () and s, () are consequently determined by
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the following complimentary point charge equations

i A
m% = qBe (t,1) + %% X Bex, where Eox = =V, — 9y X B =V xAy (513)
r (0) =ro, % (0) = tg is initial data,
_dr ds,  mv2(t)

V() =3 () + LA (1), = T~ apa (1), (5.1.4)

based on the EM potentials of the original equations (5.0.12))-(5.0.13)). We readily recognize
in the equation (5.1.3) the point charge motion in the external EM field equation. Notice
that the function v (t) defined by the first equation in (5.1.4) if Aex # 0 is not the charge
velocity T (t), but it is simply related to canonical momentum p (see (INLIR)-(I0.I.22)) by
the formula

p (¢ d
v(t) = %, p=p+ %ACX, where p = md_:; is the kinetic momentum. (5.1.5)

We refer to the function r (t) as wave-corpuscle center or wave-corpuscle position.
Now we define the auxiliary linear in x potentials @, (f,%), Ae (t,x) by the following
formulas

Pox = Po.ex (1) + Poox (1) - (x =1 (t)), where (5.1.6)
Po.0x () = Pox (1T (1)) 5 0 (1) = Vipee (t,7 (1)),

Aoy = Ao (t) + %BO (t) x [x —r(t)], where (5.1.7)
Aex,O (t> = on (tv r (t)> ) BO (t) = [v X Aex] (t7 r (t)> )

Verification of the fact that the wave-corpuscle defined by the relations (5.1.3)-(5.1.5) is either
exact or an approximate solution to the field field equations (5.0.12))-(5.0.13) with estimated
accuracy is provided in the following sections.

5.2 Energy-momentum tensor

The canonical energy-momentum @f“’ for the EM field is obtained by applying the general
formula (I0.2.5)) to the Lagrangian L yielding

W Cf]l ng ng w 0 0 0
_1 o o o o o _1 o o o o
v _ | € 7St =T —Ti2 —TO013 | _ [ € St —Tu —Ti2 —Ti3
oM = 1 o o o o = 1 o o o , (5.2.1)
C "Sg —To1 —T22 —T0O23 C "Sg —To1 —T22 —T23
C_léo’g —70'31 —70'32 —70'(5'33 C_léo’g —70'31 —70'32 —70'33
Vol ;0 02 Vol? 900
: Vel® . 0o Fo o |Vel” i0;p
wWw=——— gj = 0, Sj =C s Tjj = —-— — s g = (522)
8w 47 47 8 47
The gauge invariant energy-momentum of the EM field take the form
w cg1  Cg2  Cg3 w 0 0 0
-1
w _ | €781t =T —Ti2 —Ti13 | _ 0 =71 —Ti2 —Ti3
oM = -1 = , (5.2.3)
C "8 —Ta1 —T22 —T23 0 —7To1 —Top —To23
clsy —Tg -7 —Tgs 0 —73 —7°% —Ty
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J- Vo J-E 8J2»<P_|Vg0|2

D00 LI, x) Ve l(t,
ry = P ) —un o+ [ HEHTEC X gy, (5.2.5)

The canonical energy-momentum tensor TH is not gauge invariant, but the following decom-

position holds for it

. N 1. -
T =TH + —JFAY, A = (P, + ¢, Aex) (5.2.6)
C

where T is a gauge invariant energy-momentum obtained from formula (I0.720) applied
to the Lagrangian L yielding

u cp1 Cp2 cp3
oo — | OSSO =0 =0 | (5.2.7)
C "S2 —021 —022 —023
¢ 183 —031 —0s30 —033
~ X2 - =* % *
= o [w VY G (W w)} , (5.2.8)

~ 1 Nk (% * 0 ~ 2i A R Nk 1% D) .
b= 5 (080 =00, 5= (Qude + Gvaw) . =123, (529)

and the stress tensor components o;; are represented by the formulas

~ ~ X2 3 % Xl a % * D
G = 1= 200w + 5 (W — ). (5.2.10)

X2

6y = 0ji= 5 (&wé;w* + éjwéjw*) forij, ij=1,23

It follows from (5.0.8) and (5.2.9)) that the charge gauge invariant momentum p equals exactly
the microcurrent density J multiplied by the constant m/q, namely the following identity holds

S omo IX e Vi ¢A
P =0 =2 oV Ty — V| = (xIm =2 = L2 jup?, (5.2.11)
q 2 (0 c
that can be viewed as the momentum density kinematic representation
p=mv, v=1J/q. (5.2.12)

So we refer to the identities (5.2.11))-(5.2.12) as momentum density kinematic representation.
Using the field equations we can also verify that following conservations laws for the
charge and its EM field hold

0MT“V = fY 4[4, 9,0M = —f", 8,T" =0, (TW’ + @‘“’) = f¥ . where (5.2.13)

1 1
[ = = (EJ : E,pE) : (5.2.14)

1 1 1
(?X = _JMFOI;(“ = (_J : onvaCX + —J X BCX) )
C C c

We readily recognize in f* and fZ in the equations (5.2.13)) respectively the Lorentz force
densities for the charge in its own and the external EM fields. We also see to our satisfaction
from the first two equations in (5.2.13]) that the Newton principle ”action equals reaction”
does manifestly hold for all involved densities at every point of the space-time.
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5.3 Point charge mechanics via averaged quantities

Combining now the conservations laws (.2.13)) with energy-momentum tensors representa-

tions (5.2.3)-(E2.0) and (B.2.7)-([6.2.29) we obtain the following equations for total dressed
charge momentum density P = (P!, P?, P3) and the energy density U

0,P = 0, (ﬁi _'_gi) _ Z ) (51’2' + Tij) + (pECX + %J X BCX) ,1=1,2,3, (5.3.1)

j=1,2,3
U =0, (i+w)=— Y 0;(51+s1)+ T Eex. (5.3.2)
j=1,2,3

Integrating over the entire space R? the above conservation laws we obtain the following
equations for the total momentum P and the total energy E

— = E - B _ E . 3
dt /R?) |f7 ex T CJ X ex:| (t,X) dX> dt /R?, J ex (t,X) dx (5 3 3)

Let us introduce charge average position r (t) and average velocity v (t) by the following
relations

q
Then using the charge conservation law (5.0.9) we find

dr(t)_ 2 o 1
a Rsxat‘¢‘ = 5/11@

v (1) :/R3x\1p(t,x)|2 dx, v (t) = lfRaJ(t,x) dx. (5.3.4)

1
XV~de:—/ Jdx =v(t). (5.3.5)
3 q Jrs
Utilizing the momentum density kinematic representation (5.2.11))-(5.2.12) and the fact the
momentum density of the charge EM field is identically zero according to (5.2.4]) we obtain the
following kinematic representation for charge and hence the dressed charge total momentum
m
P(t)=— [ J(t,x)dx=mv(t). (5.3.6)
q Jgrs
Notice now that for the spatially homogeneous EM fields Eq (1) and Bey () the equations
(5.3.3)) take a simpler form
dpP qv (t) dE
— = qEa () + T X By, (1), — =qu(t) - Eu (1). 5.3.7
=B (1) + ™ (1), T = v (0) Buc () (537)
In addition to that in this case combining the first equality in (5.3.7) with the momentum
kinematic representation (5.3.6) we get
dmv - v dmv
— V- =qv-Eq (1), 5.3.8
s =V g = Ee() (5.3.8)
and that combined with the second equality in (5.3.7) implies the following energy kinematic
representation

E= % + constant . (5.3.9)

Combining the relations (5.3.5)-(5.3.1) we also obtain

d?r (t) qdr (t)
e~ B )+ g

X Bex (1), (5.3.10)
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in which we recognize the point charge in homogeneous EM field dynamic equation with the
familiar expression for the Lorentz force. Notice the found above correspondence between
field quantities and point mechanics quantities via the charge position and velocity defined as
average values (0.3.4)) is similar to the well known in quantum mechanics Ehrenfest Theorem,
[Schiff, Sections 7, 23]. This is, of course, not accidental as one can see from the Lagrangian
representation of the Schrodinger wave mechanics briefly discussed in Section [I0.11l The
key argument for the Ehrenfest theorem as in our case is the momentum density kinematic

representation (5.2.11)-([5212).

5.4 Accelerated motion in an external electric field

In this subsection we consider purely electric external EM field, i.e. when A, = 0, for which

the field equations (5.0.12)), (5.0.13)) take the form

XV
2m

2
O = 25 4 q(p+ e ¥+ o= (UF) U, Vo= —dnquf.  (541)

In this case the wave-corpuscle is defined by the formula (5.13) with the complimentary
point charge equations (5.1.4)), (5.1.35)) taking the form

d?r (¢ dr
dtg ) _ GBex (17), Eox (£,1) = =V (t,1), 1 (0) =19, — (

v(y= S0 Al O o e, (5.43)

m 0) = fo, (5.4.2)

where ry and 1 is initial data. In the case when the external electric field is homogeneous
we show that the wave-corpuscle is an exact solution to the field equations (5.4.1]), and if
the external electric field is inhomogeneous we show that the wave-corpuscle is an accurate
approximation following to the strategy outlined in Section Bl Since the electric field
homogeneity plays a role in the wave-corpuscle representation, it is convenient to extract from
the external electric field potential ¢, (¢,x) its linear in x part @, (t,x) about trajectory
r (), namely we represent @, (¢,x) in the form

Pox (1:X) = Py (1,%) + 91 (1, %), Where Py (£,X) = Pgex (1) + e () - (x = 1), (5.4.4)
(po,ex (t> = Pex (t7 I') ’ 806,0)( (t> = vX(lpex (t7 I') , T=7T (t> )

with the remainder oY (t,x) = oY (x) satisfying the following relations

SD&(?)I() (t7 X) = Pex (t7 X) — Pex (t7 I') - v(pex (t7 I') (X - I') ) (545)
P (tr) =0, Vol (tr) =0, r=r(1).
5.4.1 Accelerated motion in an external homogeneous electric field

If the external field is purely electric and homogeneous field E., (¢) then its potential ¢, (¢, x)
is linear in x and the representation (5.4.4]) turns into

Pex (1,%X) = Pox (£,X) = Ppex (1) + Poex (1) - (x =1 (), Where (5.4.6)
Spé],ex (t) = vX(pex (I‘ (t) >t) = _Eex (t) :
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The main result of this section is that the wave-corpuscle as defined by formula is an exact
solution to the field equation (54.1)) that can be verified by straightforward examination. One
can alternatively establish that by considering the expression for ¢ in (B.1.2]) and assuming
that real valued functions r(¢), v (¢) and s, () are unknown and to be found, if possible,
from the field equations (5.4.1]). Indeed, observe that the representation (5.1.2]) implies

8tw:exp{i%v-(x—r)+i%p} X (5.4.7)
m . ] 15, |~ . N Sel X—r
{[?(V-(x—r)—vm)—l-?]w—r~V1p},Vq/J—q/J(x r>7|x—r\’

and by the Leibnitz formula we have

~

. . . 2 .
V2w:exp{ﬂv~(x—r)+ls—p} [(@) 1/1—|—2ﬂv~V121+V2121
X X X X

. (5.4.8)

To find if the expression (5.1.2) for ¢ can solve the field equations (L.4.1]) we substitute the
expression into the field equations (5.4.1]) obtaining the following equation for functions v,
T, Sp:

[~mV - (x —1) = v — §,] P — ixt - Vo (5.4.9)

m 97 . A~ X2 9 ~ ~ X2 ,
——Vv +ixv -V + ==V — ¢ (P + ©) b — =—G'Y = 0.
2 2m 2m

Then using the charge equilibrium equation (Z3.8) we eliminate the nonlinearity G in the
above equation (£.4.9) and obtain the following equivalent to it equation

—{m 1) = v TV Sy 0B~ i (- V) V=0, (5.4.10)

Now to determine if there is a triple of functions {r (¢),v (t), s, (t)} for which the equation
(54.10) holds we equate to zero the coefficients before Vi) and 1 in that equation resulting
in two equations:

V:i',m[\'/-(x—r)—V-i“]+%vz—l—ép—l—ngexzo, (5.4.11)

where, in view of the representation (5.4.0)), the second equation in (5.4.11]) can be recast as

2

mV-(x—1)—=v i +5+ % +q [Poex + Phex - (x—1)] = 0. (5.4.12)

To find out if there is a triple of functions {r (¢),v (¢), s, (t)} solving the equation (5.2.12)
we equate to zero the coefficient before (x — r) and the remaining coefficient and obtain the
following pair of equations

V2
2

Thus, based on the first equation (5.4.11]) and the equations (5.4.13) we conclude that the
wave-corpuscle defined by the formula (5.1.3]) with the complimentary point charge equations
(B42), (543) is indeed an exact solution to the field equations (B.4.1)).

MV = =) e (1), $p —mv - I+ + qppex (t) = 0. (5.4.13)
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In conclusion, we compare our construction of exact solutions (5.1.2]) with quasi-classical
approach which uses a similar ansatz (WKB ansatz). The trajectories of the charges centers
as described by our model coincide with trajectories that can be found by applying well-known
quasiclassical asymptotics if one neglects the nonlinearity. Note though two important effects
of the nonlinearity not presented in the formal quasiclassical approach. First of all, due to
the nonlinearity the charge preserves its shape in the course of evolution whereas in the
linear model any wavepacket disperses over time. Second of all, the quasiclassical asymptotic
expansions produce infinite asymptotic series which provide for a formal solution, whereas
the properly introduced nonlinearity as in (2.3.5), (2.3.6]) allows to obtain an exact solution.

5.4.2 Accelerated motion in an external inhomogeneous electric field

In this section we consider a general external electric field Eqy (£, r) which can be inhomoge-
neous with the corresponding electric potential ¢, (f,x) as described by relations (5.4.4),
(54.5) with nonzero remainder o8 (t,x). For an inhomogeneous external electric field
Ecx (t,r) no closed form solution to the field equations (5.4.1]) seems to be available but
the wave-corpuscle defined by the relations (B.1.2]) with complimentary point charge equa-
tions (0.4.2)), (5.4.3)) turns to be a good approximation with the accuracy dependent on (i)
size parameter a defined by relations (4.4.1]) and (ii) the degree of spatial inhomogeneity of
the electric field measured by the electric field inhomogeneity length R, introduced below.
The parameter R is similar to the radius of curvature of the graph of ¢, (t,x), and large
or small values R correspond respectively to almost homogeneous or highly inhomogeneous
electric field. It turns out that the wave-corpuscle solves the field equations (5.4.1) with the
discrepancy D = O ((a/ReX)z) for a < Rex as we show below. We fix now for the rest of this
section the initial data ro and vy in (5.4.9) and consequently the function r (t). We assume

here that the factor
constant ()

. 2
(N (|XD’ decays exponentially as |x| — oo, and, in particular, for some

Lo ] i < o [ fin bl ax < o (5.4.14)
R3 R3

To assess the accuracy of the wave-corpuscle solution defined by relations (5.1.2), (5.4.2]),
(5:4.3) we follow to an approach discussed in Section 5.1l Namely, we introduce auziliary
field equation

X*G'Y
2m
where @, (t,x) is defined by (5.4.4). In view of the relations (5.4.6) the corresponding
external field Ee (t) = —Vx@o (r(t),t) is homogeneous. A straightforward examination
shows that the results of Section £ 4.1 apply and the wave-corpuscle defined by (B.1.2) with
complimentary point charge equations (5.4.2)), (5.4.3]) is an exact solution to the auxiliary
field equations (5.4.15]). Now notice that the auxiliary field equations differ from the original
ones (5.4.]) only by replacement of ¢, (t,x) with ¢, (f,x) with the consequent discrepancy

XAV
2m

1X8t¢ - +4q (QO + Cpex (t> X)) w - = 07 V290 = _47Tq |¢|2 ) (5415)

Do (t,%) = ¢ [y (£, %) = 0o (£:X)] 0 (1,%) = =g (t,%) ¥ (£, %) . (5.4.16)
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Based on the above discrepancy and taking into account dependence on size parameter a for
¥ =1, as in ([L4T]) we introduce integral discrepancy

DOZ DO (t,X)Q/J*dX: /

R3 R

° 2
= [ oo (a7 )|l ) ax
R3

—qp™ (£, %) " dx (5.4.17)

Notice that the relations ((5.4.4) for ¢., (t,x) and the charge normalization condition (5.0.14])
imply that similar integral involving ¢, equals

[ 050 (63 O = g (0 (1), (54.18)

which coincides with the potential energy of a point charge ¢ in electric field ¢, (t,x),
therefore it is natural to compare D, with variation of this energy in the dynamics. To assess
typical scales of inhomogeneity of the external field we introduce the potential variation
quantity

Por = max [q (1,1 (£)) — e (0,1 (0))]. (5.4.19)

0<t<T

Note that |q| @y equals point charge potential energy variation on time interval [0,7]. We
also introduce a parameter o, which plays a role similar to 30 for Gaussian probability but

with respect to the function ¢, (|z|)* in (@Z.1), namely
by (r) ~ 0if 7> oy (5.4.20)

The above approximate vanishing means that the discrepancy created by replacing 121 (r) by
zero for large r is smaller than the discrepancies we write below. Then we introduce the
following characteristic lengths R, (¢,r) and R, similar to the radius of the curvature:

——— = sup — , — = max ——————, 4.
R?D (t,r) 0<|z|<ac, 72 | o) R?D 0<t<T R?D (t,r(t))
where |p| = max max |p(t,r(t)+2z)— ¢ (0,r(0))]. (5.4.22)

0<t<T 0<|z|<acy

The quantity R, represents typical spatial scale at which spatially curvilinear component
o (t,x) of the external field ¢, (t,x) changes significantly around r (¢). For small a the
quantity R, is essentially determined by the maximal eigenvalue |A\yax| of the matrix of the
second spatial derivatives of ¢, (¢,x) at x = r (¢). In addition to that, R, (t,r) — 1/ |Amax]|
as a — 0 where 1/|Apax| is the minimal curvature radius of the graph of the normalized
potential o (t,x) /|@| at the point r (t). It follows from (B.435) and (BA2I) that 1/R7 is
bounded as long as the curve r (¢) is not close to singularities of the external field ¢, (¢, %)
if any. Then we estimate the integral discrepancy as follows:

_ o 2
Daf =l [ a7 i o b= o)l tr -t ax (5.4.23)
R3

— R 2 2 —
< lq] | 2] a3 ‘¢1 (a—l Ix — r|)‘ (x — r)2 dx < COCL 4| |<P|
RZ Jgs
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Combing inequality (5.4.23) with relations (.418), (5.419), (5.4.22) we can judge the quality
of approximation by requiring the relative dimensionless discrepancy ‘DO‘ / (|q\ @QT) to be
small, namely

_ -
| Do < 27l
lq| Yo, Ri%,T

< 1 is a requirement for an accurate approximation. (5.4.24)

For further applications we briefly consider an effect on the discrepancy of a perturbation
of the external potential o, (t,x) when it is substituted with slightly different potential
oy (t,x,€) with € being a small perturbation parameter and the approximate solution is
determined based on ¢, (f,X) = ¢, (t,%,0). Supposing the initial data ry, ¥y and hence the
position function (trajectory) r (¢) solving the motion equation (5.4.2) being fixed we assume
that there exists fixed positive constants C', C7, T and €; such that for any small € we have

“pex (tv X) - Qbox (tv X, €>| < Cie, ‘v@ex (tv X) - vQbex (tv X, €>| < Cie (5425)
for any ¢ and x such that |x —r(¢)| <€, 0 <t <T.
The above condition simply requires the external perturbed field potential to stay close to
original one for a small vicinity of the trajectory r (¢). Substitution of the original (corre-
sponding to € = 0 ) wave-corpuscle solution {1, ¢} defined by (5.1.2) and original compli-
mentary point charge motion equations (5.4.2) for r (¢) into the equation (B.4.1]) with the
external potential ¢, (t,%,€) produces the total discrepancy

DO (t’ X) = Dy (t’ X) + Dl (t’ X) ) bl (t7 X) = [Qpex (t7 X) - ()/Oex (ta X, 6)] ,lvb (5426)
Note that if a is small aoy, < € and using (5.4.25) we get

(5.4.27)

lA)l (ta X) w* dX
R3

, 2
SU’ e (1:3) = Gon (13, )] [ dx
[r—r(t)|<es

S sup |()0ex (t’ I‘) - Sbex (t’ r, €)| S 0167

[r—r(t)|<ex

where C/ |p| is a dimensionless constant. Combining (5.4.23)), (5.4.20)), (5.4.27) we get the

following rough estimate

‘DO (tv X)‘

l(t,X)‘ _ (C @ Cle)| ] (5.4.28)

~Y ‘—|

It is instructive to look at the trajectory r(¢) determined from (5.4.2]) for previously
constructed exact and approximate wave-corpuscle solutions from another point of view.
Namely, we introduce a moving frame y = x — r (t), where r = r (¢), s, = sp (t), v = v ()
solve (5.42), (543]). Notice that the origin of the new frame is at the center r (¢) of the
wave-corpuscle. Let change variable in equations (5.4.1]):

|l

imv-y s,

+;}w@w,mm=¢w» (5.4.20)

wmhwﬂ

where ¢ (t,y) is a new unknown function. We can repeat the above calculations (without
using (Z3.8))) to obtain an equivalent equation of the same form as (5.4.1]), namely

~ 2 ~ ~
n@¢=—§;ﬁ¢+ﬂ@+@gw+—4iﬂﬂ)w Vip=—amqld| . (5.430)
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with an external potential ¢, (¢,y) which satisfies an additional condition ¢, (0) = 0,
V@e (0) = 0. If the original potential ¢, (¢,%) is linear in x, the external potential ¢, (t,y)
in the moving frame vanishes, i.e. ¢, (t,y) = 0 for all ¢,y. In this case (5.4.30) coincides
with the equilibrium condition (2.3.8]), hence ¥ = 1 and the wave-corpuscle rests at the
origin of the moving frame.

5.5 Accelerated motion in a general external EM field

In this subsection we consider a single charge in an a general external EM field which can
have nonzero magnetic component. The primary goal of this section is to show that wave-
corpuscle defined by relations (5.1.2]) and the complimentary point charge equations (5.1.3)),
(5.I4) is an approximate solution to the field equations (5.0.12), (5.0.13). We accomplish
that by following to the method of Section [5.1]) and showing first that the wave-corpuscle is
an exact solution to the auxiliary field equations (5.1.1]) and then provide estimations of the
discrepancy between the auxiliary and the original field equations (5.0.12), (5.0.13)).

5.5.1 Wave-corpuscle as an exact solution

In this section we show that the wave-corpuscle defined by relations (5.1.2) and the com-
plimentary point charge equations (B.1.3]), (514) is an exact solution to the auxiliary field
equations (5.I1). One way to do that is to plug in 1, ¢ defined by the formulas (5.1.2)
into the auxiliary field equations (5.1.1]) and using the complimentary point charge equations
(GEI13), (BI4) verify that the equality does hold. An alternative and more instructive, we
believe, way to accomplish the same goal is (i) to assume for the sake of the argument that
the point charge functions r (t), v (t), s, (t) are unknown; (ii) to find out if there is way
to choose those functions so that the wave-corpuscle fields 1, ¢ solves exactly the auxiliary
field equations (B.I.1)); (iii) verify that the chosen r (¢), v (t), s, (t) satisfy the complimentary
point charge equations. Following to this way we substitute (5.1.2]) into (5.1.1]) and obtain
the following equation for r, v, s

~

_ 2 ~ _ 2%72,)
i [V (=) = v f] i b — i 0 L = Y tind'y- R X;ﬂ
(5.5.1)
~ ~/ ~
v X—T By x (x—r . D 2G’
+ qw“'xqw ' AeX,O M —Q(900x+§0)¢—x ¢:0
c mei |x —r| 2 2m
Taking into account an obvious identity (x —r) - [Bg X (x —r)] = 0 we recast the above
equation as follows:
o (¥ (1) = v £) = &y — iy 0
mvip - X—r 2v%y ) (x — 1
_mvTY + 1x¢/v : 4 X L4 + qu' ( ) Ao (5.5.2)
2 |x — 1 2m mei |x —r|
Byx(x—1r)]| ~ S 2 .
+gv' Aex,O_‘_M w_Q(Cpex_‘_SO)@D_X—G/w:O
¢ 2 2m

o4



Using the charge equilibrium equation (2.3.8) we can eliminate G’ in equation (5.5.2]) obtain-
ing the following equivalent to it equation:

~

T 2 . —
—[m(\'r~(x—r)+v~1")+$p]1/1—ixi'-ﬁw/—yj%xd/v-ﬁ (5.5.3)
~
Box(x—r)| » X—T .
+1v. ACX,O+M 1/}+qu-7'on,0_q§bcxd}:0’
c 2 mei |x —r|

For equation (55.3) to hold we may require the coefficient before 121 and {D/ in it to be zero.
~ ~l

Executing that by collecting terms with 1) and ¢ and using @, = Qg ex + Ppey - (X —T) We

obtain the following equations:

P=v— LA, (5.5.4)
me
) L. mvE v 1
—m[v-(x—r)—Vv-T] —SP—T—I—?- Aex,0—|—§Bo X (x —r) (5.5.5)

—q ((pO,ox + wg,ex ’ (X - I')) = 0.

To solve (B.5.5]) we require coefficient (x — r) and the remaining one to be zero, and that with
the help of an elementary identity v- (B X (x —r)) = (x — r) - (v X By) yields the following
pair of equations:

1
mv = —q [%BO (t) x v+ %ﬁx (t)] , (5.5.6)
2
mv T —§, + %V c Ao — % — qPpex = 0. (5.5.7)

Now being given v(0) we readily find v (¢) from the linear equation (5.5.0). Then using v ()
and being given r(0) we immediately find r (¢) from equation (5.5.4]). Combining equations
(5.5.4) and (5.5.7) we obtain the following equations for s, ()

mv?

. . g m o
Sp:mv'r+EV'Aex,0__V _qSOO,ox:—

; S — 4P (5.5.8)

It remains to verify that the triple {r (¢),v(t),s, (t)} satisfies the complimentary point

charge equations (B.13), (5.1.4). Indeed, combining the relations (5.5.0) and (5.5.4) we

obtain

mi = —q {iBO x (-f - iAexo> 4 0 A| . (5.5.9)
2c mec ’ c ’

A straightforward comparison taking into account (5.1.6) shows that the above equation

(5.5.9) coincides with the point charge motion equation (5.1.3]), and the equations (5.5.4]) and

(55.8) provide for the point charge equations (0.1.4]). With that we completed the desired

verification of the fact the wave-corpuscle does solve exactly the auxiliary field equations

(5.1.1).

As to the exact solvability issue let us compare the coefficients of auxiliary equations (B.1.T])
and the original field equations (5.0.12)), (5.0.13). Taking into account the relation (5.1.6)-
(EI7) we find that the EM potentials ¢, (t,%X), Ae (£,%) in the field equations (5.0.12)),
(5.0.13)) are compatible with the auxiliary system (B.1.1]) for the wave-corpuscle defined by
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(5.I2) and the complimentary point charge equations (B.1.3)), (5.14) if the following ezact
solvability condition holds

2
_ rxer)- _L 1 _
Pex (tv X) - SOO,ex + SOO,CX (X I') 2m02 <ACX,0 + 2B0 (t) X (X r (t>>) ’ (5510)

A (t,x) = Ax (1,X) = Aexo + %Bo (t) x (x—r(t)).

Note that if By # 0 the electrical field potential ¢, involves a quadratic term which vanishes
at the center of the wave-corpuscle. One can naturally ask how broad is the class of external
EM fields as in (5.5.10) for which there are exact solutions as the wave-corpuscles? The
class of such EM field is sufficiently broad in the sense that for any accelerated motion of a
point charge in an arbitrary EM field there is wave-corpuscle as an exact solution to the field
equations with an external field from the class. To see that let us consider a point charge
in arbitrary external EM field and find its trajectory r (¢). Then we introduce a special EM
field defined by (E.L6), (5.I7) with By = B (¢) and ¢y, (t) defined by (5.5.11)) and for this
external field the wave-corpuscle (5I.2) is an exact solution to the field equations(5.0.12),
(5.0.13)) its center moves exactly according to the trajectory r (¢). More than that, an arbi-
trary vector-function r (¢) can be obtained as a solution of (5.1.3]) with appropriate choice
of E(t,r), B(t,r). Indeed, let E(¢t,r) = mi (t) /¢ and such r(¢) is a solution of (EI.3).
Note that for the given E (¢) along the trajectory we can take Ao (t) to be arbitrary and
determine ¢y ., (t) by the following formula

8tAex,0 (t) . BO (t) X T (t)
c 2c

+E(t)+# LBy () x Auco (t)”. (5.5.11)

hee ()=~ { :

Thus, we can conclude that the wave-corpuscle (5.1.2) as an exact solution to the field
equations(5.0.12), (5.0.13) with an appropriate choice of the external EM field can model
any motion of a point charge.

5.5.2 de Broglie factor for accelerating charge

In this subsection we would like to take a look at the de Broglie exponential factor in the
wave-corpuscle defined by (5.1.2) the complimentary point charge equations (5.1.3), (B.1.4).
Let ¢ (k) = [F] (k) be the Fourier transform of the wave function 1 (x)

¥ (k) = [Fy] (k) = / e % (x) dx. (5.5.12)

R3

Then in view of the charge normalization condition (5.0.I4)) and by the Parseval theorem
¥ (k) satisfies similar condition, namely

em? [ P& dk=1, (5.5.13)
R3
and we can introduce the center k, (1) for ¢ (k) as follows:

k. (1) = k, = (27)° /R k|9 ()| dk. (5.5.14)
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Note that the following identity holds
y 2 . < x Ly~ < x - . x
k[ (<) = i (k) 9 (1) = o { ik (k) 0" () = 1) [ikd (K)] "}
implying together with (5.5.14]) the following representation
1 vV (x)
k,=— Vi (x)¢* (x) — VY™ (x) ¢ (x dx:/lm
55 L, 1706007 () = Vo (0 () dxe = [ tm 2
Observe that the Fourier transform (B.5.12]) of the wave-corpuscle defined by (B.1.2)) is

b (t,k) = exp {ir )k — %} (f M) (k— m‘;(t)) , (5.5.16)

W (x)|*dx.  (5.5.15)

and since ¢ = v (x]) is a radial function its Fourier transform F [14 (k) is a radial function
as well. Let us consider k, defined by the formula (5.5.14) that corresponds to the wave-
corpuscle (B.5.16). Using the fact F [14 (k) is a radial function and the relations (B.1.4)),

(B.L5) we readily find that
K — mV(t)7 v (1) :I"(t)+ion,o _pP
X mc m

The dispersion relation w (k) for the linear part of equation (5.IT]) and the corresponding
group velocity Viw (k) are respectively

(5.5.17)

wk) =2k - LA, ok Viwk) =2k - LA, (5.5.18)
2m me m me
Combining relations (5.5.18) and (G.5.17)
Xy 1 — _ 4 — i
ka (k*) = mk* chex’O \% (t) chex’O r (t) 5 (5519)

we find that the charge velocity v () is identical with the group velocity Vyw (k,) indicating
the wave origin of the charge motion.

5.5.3 General external EM field

The subject of this section and the treatment are similar to ones in Section[5.4.2] but estimates
in the presence of external magnetic field are more involved. Below we provide the most
essential estimates related to this case omitting tedious details. The main result of this
section is that the wave-corpuscle defined by (5.1.2)) and the complimentary point charge
equations (5.1.3), (5.1.4) is an approximate solution to the field equations (5.0.12)), (5.0.13))
with a discrepancy of the order O ((a/ Rex)z) for a < Rex where a is the size parameter
defined by relations (L4J]) and R is a typical length for inhomogeneity of the external

. 2
field. We assume here that the function ‘1/11 (s)‘ decays exponentially as s — oo, and

(5414 holds.
We define the coefficients (B.L0)- (5.I.7) of auxiliary field equations in (B.I1]) as follows

Po.ex (1) = Pex (T (1) 1) +

q
/ —
SOO,ex (t) - vl‘gpex (I‘ (t) ’t) + 2mc2

q 2
52 AL (r(t),1), (5.5.20)

[Acxo X Bg (t)], implying
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Pex (1:X) = g ex (B) + Poex - (X =T (1), Ppex = Poex () 5 (5.5.21)
By (t) =B (I‘ (t) >t) s Aex,O (t) = Aex (I‘ (t) at) .

Note that the wave-corpuscle defined by (5.1.2)) and the complimentary point charge equations
(G13), (5.1.4) generally speaking is not an exact solution of (5.0.12]) since the potentials of

(5.0.12)) satisfy more general relations than (5.5.10):

o (85) = P 0+ e (x = (0) = 5 (Ao 5Bl x (k=1 @)+ (.3,
(5.5.22)

B (t> X) = BO (t) + Bl (t’ X) ) Aex (t> X) = Aex,O (t) + %BO (t) X (X - T (t)) + Aex,l (t> X) )

with non-zero terms o (t,x), By (t,%x), Aex1(t,x). These extra terms are small in the

vicinity of r (¢) where v is localized since
el (2, (1) = 0, Vol (2,0 (1) =0, By (r(t) 1) =0, Aer (r(t),8) =0.  (5.5.23)
To estimate discrepancy resulting from magnetic field we introduce quantities

‘B} = max B(r(¢),t), }A} = max max |A(r(t)+zt)—A(r(0),0)], (5.5.24)

0<t<T 0<t<T 0<|z|<aoy,
1 B t t
L Biewan)
Rp (tv I') 0<|z|<aoy, |Z| ‘B‘
N Sy )T < 1 1 )
Ra (t> I‘) 0<|z[<aoy ‘Z‘ ‘A‘ ’ Ry 0<t<T \ Rp (t’ I‘)’ Ra (ta I‘) .

The quantity R4 (t,r) is a spatial distance at which the local variation of A is of the same
order as the global variation }A} of A itself, and consequently it represents a spatial scale at
which the local variation of A is not negligible. By (5.5.23]) the quantity 1/R,, is bounded.
We substitute (5.1.2)) in (5.0.12) and observe that according Subsection 5.5 1, ¢ exactly
satisfy (E012) if o8 (¢,%), By (¢, x), A 1 (t,x) are identically zero. If they are not zero,
we obtain discrepancy D = Dy + Dy with Dy as in Section and

Dy = % At + By (%) x (x— 1 (1))] - V. (5.5.25)
Similarly to (5.4.17) we introduce integral discrepancy D :
Dy = Re /R 3 % (At + By (£,%) X (x — (1)) - Voo dx (5.5.26)
= [ (a4 B (1) ¢ (o= x @) (S ) ol ax

Note that for solutions of the form (5.1.2) we have

VO _ M k) s ) =
Im(w)—ImV<Xv (x r)—l—Xsp) Xv,
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implying when combined with (5.5.26))

Dl = g /RS [Aex,l + B, (t,X) X (X - I'(t))] "V |¢|2 an

C

which, in turn, yields the following estimate

54 5 / ’A“CURA(’))"W x+%q\ﬁ\43m|x—r<t>|2\wa|2 dx (5.5.27)

<™ (A 1 qalB)). 0<t<T
C RM

Combining relation (5.4.23)) and (5.5.27) we get

— — 2 — —
Do+ D1 § oL ML ()& + ga B)). (5.5.28)
©

yielding the following conditions for the discrepancy to be relatively small

2

|Z‘ ao <L % <1 (5.5.29)

5.6 Stability issues

A comprehensive analysis of the stability is complex, involved and beyond of the scope of
this paper. Nevertheless, we would like to give a concise consideration to some three aspects
of stability for well separated charges in the nonrelativistic regime : (i) no ”blow-up” or
”collapse”; (ii) preservation with high accuracy of the form of a wave-corpuscle solution for
a limited time; (iii) preservation of spatial localization for certain solutions on long time
intervals.

Here is an argument why there can not a "blow-up” in finite time. A ”blow-up” is an
issue since the nonlinearity G’ (s) provides for focusing properties with consequent soliton-like

solutions {LZ, ¢, In our model the possibility of ”blow up” is excluded when we define [G* '
¥ y a

o 0\ 2
to be a constant for large amplitudes of the fields, namely for s > (@Dé) (0) as in (£4.3).

This factor combined with the charge normalization condition (5.0.14]) imply that the energy
is bounded from below. Indeed, according to (6.1.8),([6.1.10) and (4.1.18]) the energy of a free
charge can be written in the form

5(¢,¢)=/R3 (w + @) dx:/ Vel® | Uw\ L6 (W] dx (5.6.1)

R3 8

where ¢ = ¢, is determined from (ZZ46). In view of relations (£4.8) the nonlinearity

derivative G’ (s) is bounded implying G (|1p|2) > —C'|¢p| for a constant C. That combined
with the charge normalization condition (5.0.I4)) implies boundedness of the energy from
below, namely

E(V,p) > —C for all ¥, ¢, ||¢|]* = /Rg [oh|* dx = 1. (5.6.2)

A similar argument in the case of many interacting charges also shows that the energy is
bounded from below. Since energy is a conserved quantity, using the boundedness of the
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energy from below one can prove along lines of [Kato89] the global existence of a unique
solution ¥* (t,x), ¢ (t,x) to (ZZ2), ZZT) for all times 0 < t < oo for given initial data
Y (0,x%).

The second aspect of stability is about a preservation of the wave-corpuscle with high
accuracy for limited times. A basis for it is provided in Section Since discrepancies in
the equations (5.4.15]) are of the order |q| |p|a®?/R? the charge in an external EM field the
fields 1, ¢ have to be close to the wave-corpuscle of the form (E.I.2)) on time intervals of order
lq| |p| a?/ (xR?) where R is a spatial scale of inhomogeneity of the external field, and |q] ||
is a global variation of external field potential energy near the trajectory of wave-corpuscle.

The third aspect is a stability on very long time intervals which is understood in a broader
sense, namely when a charge maintains its spatial localization without necessarily preserving
the exact form of a wave-corpuscle It is shown in Section such a broad localization
assumption is sufficient to identify the corresponding point charge trajectory. Now let us
consider the following argument for the charge stability based on properties of the energy.
For simplicity let us consider a single free charge with energy (5.6.1]). The energy conservation
law implies

E@W (1), (t) =E@W(0),¢(0), forall 0 <t < 0. (5.6.3)

Note that the rest solution ¢ as in (Z33), (Z3.0) is a critical point of £ defined by (5.6.1).
Let us assume that the rest solution v is the global minimum under the charge normalization
constraint, namely

£ (0p) = min € (. 0,) = Eo (5.6.4)

Consider then the initial data 1, for (LOII)-({012) at ¢t = 0 that (i) satisfies the charge
normalization condition (5.0.I4)); (ii) is close to ¢ and has almost the same energy, i.e.

1€ (¥ (0),¢(0)) — Eo| < 1. Note that since every spatial shift ¢ (x —r), p;, (x — 1) of ¥ (x) , i, (X)
produces fields satisfying the charge normalization condition (5.0.14]) and of the the same en-
ergy, the minimum in (5.6.4)) has to be degenerate. But if we assume that all the degeneracy

is due to to spatial translations, rotations and the multiplication by e then the condition
€W (), ¢ (1)) — Eo| < 1 though allows for spatial translation of ¢ (x), ¢, (x) to large dis-
tances and times still implies that form of |¢ (t,x —r (¢))|, ¢ (t,x — r(¢)) has to be almost

the same as the form of 1 (x) , ¢ (x) .

6 Many interacting charges

A qualitatively new physical component in the theory of two or more charges compare to
the theory of a single charge is obviously interaction between them. In our approach any
individual “bare” interacts directly only with the EM field and consequently different charges
interact with each other only indirectly trough the EM field. In this section we develop the
Lagrangian theory for many interacting charges for the both relativistic and nonrelativistic
cases based on Lagrangians for single charges studies in Sections [ [, B The primary
focus of our studies on many charges is ways of integration into our wave theory the point
charge mechanics in the regime of remote interaction when the charges are separated by large
distances compare to their sizes. A system of many charges can have charges of the same
type, for instance electrons and protons. In that case we naturally assume that individual
Lagrangians for charges of the same type to have identical Lagrangians with the same mass
m, charge ¢, form factor w and consequently the same nonlinear self-interaction G. We
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use here general results of the Lagrangian field theory for many interacting charges including
symmetries, conservation laws and the construction of gauge-invariant and symmetric energy-
momentum tensors described in Section

Let us introduce a system of N charges interacting directly only with the EM field de-
scribed by its 4-vector potential A* = (p, A). The charges are described by their wave
functions ¥* with the superscript index £ = 1, ..., N labeling them. In this section we study
the dynamics of the system of charges in the regime of remote interaction, that is when any
two different charges of the system are well separated so that the distance between them is
much larger compare to their typical sizes. We show here that under the assumption of remote
interaction the charges interact which is other by Lorentz forces and that in non-relativistic
case their dynamics is perfect correspondence with the dynamics of the corresponding sys-
tem of point charges. In the relativistic case the correspondence with the point mechanics is
more subtle because of fundamental limitations. In turns out that in the regime of remote
interaction the nonlinear self-interaction terms associated with charges do not manifest them-
selves in any way but making charges to behave as wave-corpuscles similar to ones studied
in Sections 3], 4, Bl

In non-relativistic case provide a big picture of interaction and dynamics via a single

charge in an external field and charges interacting instantaneously via their individual electric
fields.

6.1 Non-relativistic theory of interacting charges

The purpose of this section is to develop a non-relativistic theory of many interacting charges
that would be sufficient for establishing its intimate relation to the point charges mechanics.
Developed here non-relativistic theory for many interacting charges naturally integrates the
theory of single non-relativistic charge developed in Sections ] and [Bl, including the set up for
the interaction between the bare charge and the EM field as described by its electric potential
. Our nonrelativistic Lagrangian L for many charges is constructed based on (i) individual
charges nonrelativistic Lagrangians L of the form (Z0.6) and (ii) the assumption that every
charge interacts directly only with the EM field as defined by its electric potential ¢ , namely

A A * * V 2 T *
L= L5, 0" W, Ve, o) = el Y L (60, 0), (6.1.1)
¢

8

2o Xo [ exe 0 EAek ) b _X_2 = O* 0k (0 bx
whereL_21[¢ 84 w&tzp] W{wvw + G (¢ ¢)},

B 4 5 it A
af _ at + 1q ((p + ()OOX>’ VZ vV — 1q ex
X X€
2Ll 2l
A + — Aex
T W U st VR R
X X¢

Y

Y

where (¢, Aex) is the potential of the external EM field. Evidently according to this La-
grangian every charge is coupled to the EM field exactly as it would a single charge but since
there is just one EM field all charge are coupled. The Euler-Lagrange field equations for this
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Lagrangian are

vid = S [ v 6 (J0T) ] (6.1.2)
—A(p:47r2q ‘1/1} , where [Gg] (5) = 0,G* (), (6.1.3)

and as in the case of a single charge ¢** is complex conjugate to 1* for all £. The nonlinear
self-interaction terms G* in (GI1]) are determined based on the corresponding form factors
17/ from ¢-th charge equilibrium equation (2.3.8]).

The Lagrangian £ defined by (611) is gauge invariant with respect to the first and
the second gauge transformations (I0.7.0), (I0.7.7) and consequently every ¢-th charge has
a conserved current J% = (cp,J*) which can be found from relations (I0.7.12), (I0.7.13)
yielding the following formulas similar to (5.0.8))

T = (cp!, 3%, o =q v, I = M [@N“@b"* - wf*?%"] - (6.1.4)
’ Acx Vil q2A
%i (VQ/’Z*@Z)Z — eyt ) ¢ W] } (Xq 1/}_15 _ qmzc ) ‘wz}z’

Every current J% satisfies the conservation/continuity equations
0,J% =0, 0p* +V-J'=0o0r (6.1.5)
2 vyt 2 ¢ 2
m‘o; [ + V- (lev [V = A ] ) =

The equations ([6.1.5]) imply the conservation of the total /-th conserved charge. Similarly to
the case of a single charge we require every total /-th conserved charge to be exactly ¢* and,
hence, to satisfy the following charge normalization condition of the form (2.4.5])

|0|” dx = 1 for all ¢, (6.1.6)

Next based on the equation (6.1.3) it is natural to introduce for every ¢-th charge the corre-
sponding potential ¢ using the Green function (ILO.IT)), namely

s@f(t,X)ZqZ/RSW‘ UY) 4y = Zs@ (6.1.7)

ly — x|

Taking into account the expression for the covariant derivatives from (G.I.1]) we can recast
the field equations (6.1.2)), (6.1.3]) as (2.4.2). The charge conservation equations (6.1.5]) can
be alternatively derived directly from the field equations (2.4.2]) by multiplying them and
their complex conjugate respectively by 1™, ¥¢ and subtracting from one another.

One can see in the integral expression (6.1.7) instantaneous action-at-a-distance, a feature
which occurs in the nonrelativistic point Lagrangian mechanics.

Many technical aspects needed for the treatment of many charges in the regime of remote
interaction are already developed in our studies of a single non-relativistic charge in an exter-
nal EM field in Section [5, and to avoid repetition whenever the case we use relevant results
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from there. In fact, an accurate guiding principle for the treatment of distant interaction
of non-relativistic charges is to view every charge as essentially a single one in the slowly
varying in the space and time external EM field created by other charges.

To study the motion of the energy and momentum for involved charges and the EM field
we introduce for every (-th charge its gauge invariant energy-momentum tensor T%* based
on the formulas (5.2.7)-(5.2.10) substituting there ¢, ¢¥** in place of v, 1/* and the covariant
derivatives with the index ¢ from (61]) in place of the covariant derivatives for ¢, )*. That
yields the following formulas for energy and momentum densities for individual charges

2
= 2X_m [@sz ) @Z*d)ﬁ* + Gt (@Z)é*’l/fe)} : (618)
3= S (vt i) =128 (6.1.9)

The gauge invariant energy-momentum tensor O*” for the EM field is defined by (G23)-
(EZ3) and, in particular, its energy, momentum and energy flux densities are
J- Vo J-E

_ _ R — 1.1
Jyw . i 0, s;=0 (6.1.10)

Using the field equations (6.1.2), (6.1.3) and the representation (L0.8) for F** we can also
verify that following conservations laws for the individual charges and the EM field

1

1
AN (V v o v v L vp l A
0,T™" = f 0,0" = E f, where [ = EJMF B = (EJ - E, E), (6.1.11)

¢

1 1
J"F”“ <_Jf By, p'Eex + =J* x BCX) .
C C

ex pooex

ex’

The energy-momentum conservation equations (6.1.11) can be viewed as equations of mo-
tion in elastic continuum, [Moller], Section 6.4, (6.56), (6.57)], similar to the case of kinetic
energy-momentum tensor for a single relativistic particle, [Pauli RT), Section 37, (3.24)]. It is
important to remember though that in contrast to the point mechanics the motion equations
(6111) must always be complemented with the field equations (6.1.3), (6.1.3) or (2.4.3)
without which they do not have to hold and are not alone sufficient to determine the motion.
We also recognize in f% and f% in the motion equations (G.I.I1]) respectively the Lorentz
force densities for the charge in the EM field (of charges) and the same for the external EM
field. Observe that equations (G.IIT]) satisfy manifestly the Newton principle ”action equals
reaction” for all involved densities at every point of the space-time.

In the regime of remote interactions it makes sense to introduce dressed charges and
attribute to every charge its EM field via the potential ©° as defined by relations (2.4.2)) and
(6.I7). Based on the potentials ¢ we define the corresponding energy-momentum tensor
O by formulas (5.2.3)-(5.25) where we substitute ¢’ and J¢ defined by equalities (6.1.7),
([EI4) in place of ¢ and J. One can verify then that the conservation law (5.213) for ©%

takes here the form )
9,0 = —EJf;F"”“. (6.1.12)

Now for every ¢-th dressed charge we define its energy-momentum tensor T by the formula

T = T @t (6.1.13)
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o and F.V* of

It is also natural and useful to introduce for every /-th charge the EM field E
all other charges ¢’ # ( by

B =D B Ry =3 F" B = -V, (6.1.14)
£ £
Then combining relations (6.L11]), (6.L.12) with (£0.8) we obtain the following motion equa-
tions for dressed charges

1 , 1
0T = 4 flv v — EJf; DA (EJZ EL,, pr§X> : (6.1.15)
e
describing the motion of energies and momenta of the dressed charges in the space-time con-
tinuum. Importantly, the Lorentz force f% in the right-hand of (6.1.13) excludes manifestly
the self-interaction in contrast to the Lorentz force acting upon bare charge as in (6111
which explicitly includes the self-interaction term %inF i Thus, we can conclude that when
the charge and its EM field are treated as a single entity, namely dressed charge, there is no
self-interaction as signified by the exact equations (6.2.26]).
It follows from (6.I.4) and (6.1.9) that the charge gauge invariant momentum density
P’ equals exactly the microcurrent density J° multiplied by the constant m*/q’, namely the
following identity holds
~ mt i ~ 0k gy el
e:?ﬂ:%( Ak —WVW} _ (le___
that can be viewed as the momentum density kinematic representation. We can also recast
the above equality as

P’ (t,x) = mv (t,x), where v’ (t,x) = J*(t,x) /¢" is the velocity density. (6.1.17)

, (6.1.16)

Up to this point we introduced the basic elements of theory of interacting charges de-
scribed as fields via the Lagrangian (G.1.1)). A natural question then is in what ways the
point charge mechanics is integrated into this Lagrangian classical field theory? There are
two distinct ways to correspond our field theory to the point charge mechanics: (i) via aver-
aged quantities in spirit of the well known in quantum mechanics Fhrenfest Theorem, [Schiff]
Sections 7, 23]; (ii) via a construction of approximate solutions to the field equations (6.1.2),
©13), 242) in terms of radial wave-corpuscles similar to (B.1.2)). We consider these two
ways in the next subsections.

6.1.1 Point mechanics via averaged quantities

Introducing the total individual momenta P’ and energies E* for /-th dressed charge

Pf:/ p’ dx, Ef:/ at dx, (6.1.18)
R3 R3

and using arguments similar to (B.3.1))-(5.3.3) combined with relations (6.1.14), (6.1.15) we
obtain the following equations
dP!

e 4 02 1 ¢
—=q /R3 {(ZME + Eox) [0 v xBCX] dx, where (6.1.19)

/R3 Zel# E’

y =) [0] (t.3) [0 (60
ly —x/”

dydx, (6.1.20)

(
212 _ o
o ae=-T [,
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dE* Y ‘ ¢ v
4 /R3J ‘Ef (t,x) dx = ¢ /RBV . (Z@#E +ECX> dx. (6.1.21)

Let us introduce the ¢-th charge position r¢ (¢) and velocity v¢ (t) as the following averages

1
r’ (1) :/ x ‘we (t,x)}2 dx, v (t) = —/ J'(t,x) dx. (6.1.22)
R3 q Jrs
Then using the charge conservation law (6.1.5) we the following identities
dr’ (1) :/ X0y [ dx = —1/ XV - Jldx = l/ Jdx = ! (¢) (6.1.23)
dt R3 ' ¢ Jrs ¢" Jrs ’ .

showing the positions and velocities defined by formulas ([€.1.22]) are related exactly as in
the point charge mechanics. Then utilizing the momentum density kinematic representation
(6.1.16)- (6.I.17) and the fact the momentum density of the ¢-th charge EM field is identically
zero according to (5.2.4]) we obtain the following kinematic representation for charge and
hence the dressed charge total momentum

14
P! (t) = % I (t,x) dx = miE (1), (6.1.24)
RS

which also exactly the same as in point charges mechanics. Combining relations (6.1.19)),
([6I23) and (6.I.24]) we obtain the following system of motion equations for N charges:

d*rf(t) dP* / 2 1
¢ _ _ ¢ ¢ Lot
m e el q /3 {(E e E" + E)CX) W ‘ + Cv X Bex| dx, (6.1.25)

where Ef (t,x) = —V¢' (t,x), Eox = —Vio, (t,X).

The above system is analogous to the well known in quantum mechanics Ehrenfest Theorem,
[Schiffl, Sections 7, 23]. Notice that the system of the motion equations (6.1.25]) departs from
the corresponding system for point charges by having the averaged Lorentz density force
instead of the Lorentz force at exact position r‘ (t). Observe, also that the system of motion
equations ([6.1.27]) is consistent with the Newton third law of motion ”action equals reaction”
as it follows from the relations (6.1.20]).

Let us suppose now that charges and current densities W’f and ¢‘v’ are localized near
a point r°(¢), and have localization scales a‘ which are small compared with the typical
variation scale Rgy of the EM field. Then for a bounded Rgy and a‘ converging to 0 we
have

‘W}Q (t,x) — 0 (x — r! 1)), vi(t,x) = Vi (t)6 (x — rt (t)) as at =0, (6.1.26)

where coefficients at the delta-functions are determined from the charge normalization con-

ditions (6.1.6) and relations (6.1.22)). Using potential representations (6.1.7) we infer from

(6.1.26) the convergence of the potentials (¢ to the corresponding Coulomb potentials, namely
¢ ¢

o (t,x) — of (t,x) = )] as a” — 0. (6.1.27)
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Hence, we can recast the motion equations (6.1.25) as the system

d’r®  dP*
mzd—; = = f* + €pe, where (6.1.28)
/ 1
fe = quEé + qéEeX (rf) _l_ _Vé X Bex (rf) 3 g - ]., ceey N,
c

o0

with small discrepancies epe — 0 as a’/Rgy — 0. Notice that terms qZEg in equations
(6.1.28) coincide with the Lorentz forces for the Coulomb potentials

¢ qz’ (r” _ re)

¢'ES = —¢'V (t,x) = — . (6.1.29)

v —rf|

In the case when there is no external EM field the point charges motion equations (G.1.28])
in the limit a* — 0 are associated with the following Lagrangian (”static limit, zeroth order
in (v/c)”, |Jackson, Section 12.6])

=" 5 11 |r£, (6.1.30)

¢ o£0

@r

and the motion equations (6.1.28) take the form

d2 / £ 0 ré’ . re
S % (=1,...,N. (6.1.31)
dt i g
Using similar arguments we obtain from (6.1.21))
dEe Y4 Y4 o . . YA
=V - f* + €ge, with small discrepancies ege — 0 as a”/Rpy — 0. (6.1.32)
Combining equalities (6.1.24) (G.128) (6.1.32)) we get
dmfvt . vt dmv*
EECYTE =vt. & =vi P viep = (6.1.33)
B dEé N . i d E€ mﬁvf . VZ B '
= ar V €ge, 1IMPLYINEG a 5 = €g¢ V' - €pe,

which, up to small errors, are well known kinematic representation for the energies of indi-
vidual charges from the point charge mechanics. Note that to obtain point charges motion
equations (G.1.28) it is sufficient to assume localization only for ¢*.

6.1.2 Point mechanics via wave-corpuscles

In this section we construct approximate solution of the field equations (6.1.2]), (61.3) (or,
equivalently, ([2.4.2)) for N interacting charges in which every charge is a wave-corpuscle
defined by (B.1.2) with properly chosen complimentary point charges motion equations. The
proposed here construction is valid for any external EM field but to avoid involved expressions
we consider the case when the external EM field is purely electric with Ae, = 0. The general
case when A, # 0 is treated similarly based on the results of using results of Section
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o f 2
(.5l We assume here that the shape factor ’1/11 (|XD‘ decays exponentially as |x| — oo for

every (-th charge and (5.4.14)) holds. The wave-corpuscle approximation (2.4.18)) is based
on trajectories rj for the wave-corpuscle centers determined from equations ([Z4I5]) which
involve the exact Coulomb potentials <°pf; corresponding to the size parameter a = 0. To
show that the approximation is accurate for small a > 0 we use the results obtained for
a single charge motion in an external field. As the first step for an estimate we introduce
an auxiliary system of equations to determine all center trajectories. This system has the
following property. If /-th charge is singled out and the potentials <°p£, (x —rl (t)) of remaining
charges are replaced by the linear approximation of g°0€/ (x —rf (t)) based on the position of
the /-th charge, then the exact wave-corpuscle solution for ¢-th charge is available in so
modified field. In addition to that, the motion of the center r’ of the exact solution to the
auxiliary equation has the same trajectories rj. Replacing g‘bf;, by the exact Coulomb potential
g‘bg produces a contribution to the discrepancy, and the second source of the discrepancy is
the field linearization at rj. To estimate these discrepancies we use results of Section
First, we find trajectories rj () from the auxiliary equations

d2rt drt
mf_(] = _qszﬁx,o (I'g) ) I'é (0) = féu d—to

de2 (0) =vg, £=1,.. N. (6.1.34)

The electrostatic potential % o in ([EI34) is the Coulomb potential as in (Z4I4) and for
a > 0 we introduce an intermediate external potential for /-th charge as follows:

ol o °€, Vi
Pex,a (t>X) = Pex (t,X) + Zgl?ég Pa (X - ro) . (6135)

We define then an approximate solution wﬁp to be of the form of wave-corpuscles (Z.4.18)),

(Z419), namely:

B4, (6x) = €5 (Jx— b)), oy (0, x) = '8, (x— 2) , where (6.1.36)
pgzmed—r[é Se(tx):pg-x—/tp—mdt'—q/tgp (t',xf) dt’
dt ’ ’ 0 2m 0 ex,0 o ’

and r§ is solution of (6.1.34). Recall that the dependence on the size parameter a of the

Y . ol . . .
form factor ¢ = 1, and corresponding potential @t = goﬁ is given by (4.4.1]). Notice that
according to relations (£6.7) the interaction force term in (6.1.34]) approaches the Lorentz
forces based on the Coulomb potential, namely

ol |2

OZ() Z/ ,lvba (t’Y)d OZ() qz 0 (6137)

v, (x)=gq ———dy — ¢y (x) = — asa — 0. 1.
r |y —X| ° x|

Let us introduce an auxiliary spatially linear potential @ﬁx,o (t,x) for ¢-th charge by for-
mula (5.4.4]) with ¢, replaced by gpﬁx,o. Observe that for every ¢ the pair {wﬁp,gpﬁp} is
an exact solution to the auxiliary equation (5.415) with the external potential @f , (t,x)
obtained by the linearization of ¢f,  at r{(t) according to (5.Z4). It remains to examine
if so defined {wﬁp, @ﬁp} yield an approximation to the field equations (ZZ.2]). Indeed, the
(-th wave-corpuscles {¢§p, gpﬁp} is an exact solution to equations (5.4.15)). To obtain from
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(5AI5) the (-th equation (ZZ2) we have to replace L, o (¢, %) by ¢4, , (¢, %) resulting in a
discrepancy

(@ﬁx,(] (tv X) - Sooﬁx,a (tv X)) Soocl; (X)
= (@ﬁx,o (tv X) - @ﬁxp (tv X)) Soofc (X) + (‘Opﬁx,o (tv X) - (lopﬁx,a (tv X)) Soofc (X) :

The first term of the above discrepancy is the same as in (.4.16]) and corresponding integral
discrepancy is estimated as in (5.4.23)). The second term has the form

(Pl (t,%) = Pl q (£,%)) @ (x) (6.1.38)
V4 ot Vi d o f )
_Zg/;éz < a< —I'O)—QO()( rO))exwa(}X_r(]‘)-
Taking into account that w (|x|) decays exponentially as |x| — oo we find that every term

in (6.1.38) is small if r§ is separated from rf, for ¢’ # £. To take into account point charges
separation we introduce a quantity

Ruin = min )rg (t) —rt (t)‘ (6.1.39)

(A0, 0<t<T

and assume it to be positive, i.e. Ry, > 0. Under this condition using (£4.5) we obtain

(1002, ( - I'g) - Soog <X - I'0> ‘ < Ce (a/len) ) (6140)
if }x — ré’ < aoy where € (a/Ryin) — 0 as a/Ryin — 0,

where constant C, oy = 0, are the same as in (5.4.20) (note that € (a/Rmuin) — 0 exponen-

.
tially fast if ¢» (r) decays exponentially). Hence, we can take g‘bﬁw (t,x) as g, (t,r,€) and
G0 (1,X) as @ (t,x) in (BZZF) with € = € (a/Rypin). Then we use the integral discrepancy
estimate (0.4.28) which implies

. A C’

Do(l’,t)—FDl(I,t)‘g(CO |_‘ ( a4 ))Il’l?x
where the potential curvature radius R2 is based on ¢, , (x,t) as in (6I35), ¢ is based on
gpfix’o and r§. The factors }qé‘ ‘Cpé‘ are bounded uniformly in a. Consequently, we conclude that

(6.1.41)

the integral discrepancy resulting from the substitution of @Dﬁp (t,x) into (2.4.2) and given by
(6.TZT) tends to zero as a/R — 0 where R = min (R, R,). Note that for exponentially

ot
decaying ¢ the function € (a/Rpy;,) decays exponentially as a/ Ry, — 0 and hence

Dy (2,t) + Dy xt’NO( )U U = max |q'[ ]

R2
Interestingly, an additional analysis of the exact motion equations (2:4.12)) shows that though

the mtegral discrepancy decays as a?/ R2 the positions r’ () given by (6.1.22)) are approxi-
mated by r§ (t) with accuracy of the order a® /R
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6.2 Relativistic theory of interacting charges

Relativistic theory of many interacting point particles is known to have fundamental dif-
ficulties. ”The invariant formulation of the motion of two or more interacting particles is
complicated by the fact that each particle will have a different proper time. ... No exact gen-
eral theory seems to be available”, [Barutl, Section II.1, System of colliding particles]. Some of
these difficulties are analyzed by H. Goldstein in his classical monograph, [Goldsteinl, Section
7.10]: ”The great stumbling block however is the treatment of the type of interaction that is
so natural and common in nonrelativistic mechanics - direct interaction between particles. ...
To say that the force on a particle depends upon the positions or velocities of other particles
at the same time implies propagation of effects with infinite velocity from one particle to
another - ”action at a distance.” In special relativity, where signals cannot travel faster than
the speed of light, action-at-a-distance seems outlawed. And in a certain sense this seems to
be the correct picture. It has been proven that if we require certain properties of the system
to behave in the normal way (such as conservation of total linear momentum), then there can
be no covariant direct interaction between particles except through contact forces.” Another
argument, due von Laue, [von Laue|, on the incompatibility of the relativity with any finite
dimensional mechanical system was articulated by W. Pauli, [Pauli RT, Section 45]: ”...This
in itself raised strong doubts as to the possibility of introducing the concept of a rigid body
into relativistic mechanics?*". The final clarification was brought about in a paper by Laue®*®,
who showed by quite elementary arguments that the number of kinematic degrees of freedom
of a body cannot be limited, according to the theory of relativity. For, since no action can
be propagated with a velocity greater than that of light, an impulse which is given to the
body simultaneously at n different places, will, to start off with, produce a motion to which
at least n degrees of freedom must be ascribed.”

Now we ask ourselves what features of point charges mechanics can be integrated into a
relativistic mechanics of fields? It seems that the above arguments by Goldstein, von Laue
and Pauli completely rule out any Lagrangian mechanics with finitely many degrees of freedom
even as an approrimation because of its incompatibility with a basic relativity requirement for
the signal speed not to exceed the speed of light. On the constructive side, these arguments
suggest that (i) the EM field has to be an integral part of charges mechanics, (ii) every
charge of the system has to be some kind of elastic continuum coupled to the EM field. We
anticipate though that point mechanics features that can be integrated into a relativistic field
mechanics to be limited and to have subtler manifestation compared to the nonrelativistic
theory. We expect point mechanics features to manifest themselves in (i) identification of
the energy-momentum tensor for every individual bare charge; (ii) certain partition of the
EM field into a sum of EM fields attributed to individual charges with consequent formation
of dressed charges, that is bare charges with attached to them EM fields. That energy-
momentum partition between individual charges must comply with the Newton "action equals
to reaction” law, the interaction forces densities have to be of the Lorentzian form and every
dressed charge has not to interact with itself.

In proposed here theory we address the above challenges by (i) principle departure from
the concept of point charge, which is substituted by a concept of wave-corpuscle described
by a complex valued function in the space-time; (ii) requirement for every charge to interact
directly to only the EM field implying that different charges interact only via the EM field.
With all that in mind we introduce the system Lagrangian £ to be of the general form as in
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Section [10.5]
C({wful ) {w ol an) = ST (0 0, o ) —
¢

Fr = 9P A — P AP,

FrE,,
Tﬁ“, (6.2.1)

with every ¢-th charge Lagrangian L* to be of the form of single relativistic charge (B.0.1))-

3.0.2)

2
LE (0 05 0 05) = 5 {0 = w2000 = GF (60} (6.2:2)
ol e me
c X Y X Y

where 1/1;[” and WZ are the covariant derivatives defined by the following formulas

~ ~ - 3 EA;,L - . (AM
Yl = 0ty gl = it 9 = o 4 “17 glns = o — quC , (6.2.3)

and 9% and 0 are called the covariant differentiation operators. We also assume that for
every £: (i) m’ > 0 is the charge mass; (ii) ¢* is a real valued (positive or negative) charge; (iii)
k' > 0; (iv) G* is a nonlinear self-interaction function. Notice that charges interaction with
the EM field enters the Lagrangian £ via the covariant derivatives (0.2.3]). The Lagrangian
L defined by (6.2.1)-(6.2.4) is manifestly local, Lorentz invariant, and gauge invariant with
respect to the second-kind (local) gauge transformation

_ig’A@) iq*

V4 < V4 Y2 AC(Z) V2% m m n
P —e xe Y, —e x P AP — AP 4+ OM N (x), (6.2.4)

as well as with respect to the group of global (the first-kind) gauge transformations
Pt — e_iql’\eﬁbg, v — e_iqe)‘lwe*, A" — A" for any real numbers \°. (6.2.5)

The Euler-Lagrange field equations (I0.5.12))- (I0.5.13) for the Lagrangian £ defined by (6.2.1))-
([6.2.4)) take the form

- 0
[éﬁém + K2+ GY (Wf)] P=0, O =" + qufu, (6.2.6)
s 0
w6 ()] =0, o —e -2 gy
v o 4_7T v v o fv v __ v qu
Ol = —J", ] —;J , PR = GRAY — Y AM (6.2.8)

where the (-th charge 4-vector EM micro-current J% defined by (I0.5.14) takes here the form

Al ] e e

tw — =
J i — - J (6.2.9)
R e T o Ll M N L
= —1 — = — Im —+ .
2m? mlc mt ¢ Xc
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Observe that the equations (6.2.8)) are the Maxwell equations (I0.4.7) with currents J%. As
in the case of the more general Lagrangian (I0.5.1) the gauge invariance (6.2.5]) implies that
every individual /-th charge 4-vector micro-current J% satisfies the continuity equation

ayjzy = 07 81&/)6 + V- JZ = 07 JZV = (pécv JZ) ) (6210)

under the assumption that the fields {QZJZ,F ’“’} satisfy the Euler-Lagrange field equations

([6.2.6)-[6.2.8). Notice that in view of (6.2.9)
O o 0 B A Ul < %ﬁfé Z ) . (6211)

2mtc? me? mtc?

3¢ = iX

* * E3 2
¢ (VO™ —g"VY)  PAtet g T Vet A
2mt mtc mt \ X Yt c )
As a consequence of the continuity equations (G.2I0) the space integral of every p'(z) is

a conserved quantity which we assign to be exactly ¢', i.e. we assume the following charge
normalization

14
Agpf(éx)dxz_ 1 /R< ‘92/; +q%> W) dx=1, £=1,...N. (6.2.12)

q mtc?

To summarize, the equations (6.2.6)-(6.2.8)) together with the normalization (6.2.12]) con-
stitute a complete set of equations describing the state of the all fields {W,FW} in the
space-time. Notice that (6.2.6]) and the Maxwell equations can be recast as

202 = VP k2467 (J0]) | 0 = 0, where (6.2.13)
~ 1 g
0 alleqgo Ve:v_lqA’
X Xce
Lot
V4
1 47 xg' . V¢t gPA 02
A)+ = A = Ay | . 2.1
VX (V x A)+ -0, (A + Vy) C;<mg m |v] (6.2.15)

In order to see point charge features in the charges described as fields over the continuum of
the space-time we have to identify the energy-momentum tensor T for every ¢-th charge and
the EM field energy-momentum ©*”. Notice that the system Lagrangian £ defined by (G.2.1])-
(6.:2.4)) satisfies the symmetry condition (I0.5.9]) and consequently the general construction of
the symmetric energy-momenta from Section applies here. Namely, using the formulas
(I0.5.24)- (10.5.25) we get the following representation for the energy-momenta

2
T = S {0 ) — [l — Pt - G ()] 9} (62.16)
o - - (ng%ng + ig“”nygF“’ﬁ) L= 0n A — 0 A (6.2.17)

71



The defined above energy-momentum tensors satisfy the equations (I0.5.29)-(I0.5.30), namely
1

O T™ = f¥, where f% = = J F"* (6.2.18)
c

0,0M

1
—f¥, where f" = Z v = EJ”FW’ Jy, = Z Jﬁ. (6.2.19)
¢ ¢

The energy-momentum conservation equations (6.2.18)-(6.2.13) can be viewed as equations of
motion in elastic continuum, [Mollerl, Section 6.4, (6.56), (6.57)], similar to the case of kinetic
energy-momentum tensor for a single relativistic particle, [Pauli RT) Section 37, (3.24)]. We
recognize in the 4-vectors f% in right-hand side of conservation equations (6.2.18)) the density
of the Lorentz force acting upon ¢-th charge, and we also see the density of the Lorentz force
with the minus sign in the right-hand side of EM energy-momentum conservation equation
(6:218)). We remind that equations (6.2.18)-(6.2.19) hold only under the assumption that
the involved fields satisfy the field equations (6.2.0)-(6.2.9)). Consequently, in contrast to the
case of the point mechanics the conservation/motion equations (6.2.18)-([6.2.19)) in the elastic
continuum alone can not substitute for the field equations and determine the motion.

Now we would like to identify the EM field attributed to every individual bare charge.
That can be naturally accomplished by partitioning the total EM F* defined as a causal
solution to the linear Maxwell equation (6.2.8) (see Section [[0.41]) with a source 4Z.J# accord-

ing to the partition of the current J* = Zz J% . Namely we introduce the EM potentials A%
and the corresponding EM field F%* for every individual /-th charge as the causal solution
of the form (I0.4.39) to the following Maxwell equation

A
c

O FH = —J", (6.2.20)

In view of the linearity of the Maxwell equation (6.2.8)) we evidently always have

=" (6.2.21)
l

Being given individual EM fields F'** we introduce the corresponding EM energy-momentum
tensor O via the general formula (I0.4.20), namely

1 1
O = — <g“”F»st“” + 19" EF M) : (6.2.22)

Then combining (6.2.20), (6.2.22)) with (10.4.27) we obtain
1

0,0 = —EJﬁFW (6.2.23)
Notice also that from (E.2.21]) and ([€2.19) we have
1 1 /
luy { 170y 0 v
QI = TP =iy FO. (6.2.24)

0L

If we introduce now the energy-momentum T%* of the dressed charge, i.e. the charge with
its EM field, by the formula
T = T @, (6.2.25)
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then the sum of two equalities (6.2.23))-(6.2.24)) readily yields the following motion equations
for dressed charges

9, T = %JﬁZFf’W, (=1,...,N. (6.2.26)

e

describing the motion of energies and momenta of the dressed charges in the space-time
continuum. Importantly, the Lorentz force in the right-hand of (6.2.28) excludes manifestly
the self-interaction in contrast to the Lorentz force acting upon bare charge as in (6.2.29])
which explicitly includes the self-interaction term %JﬁF vi, Thus, we can conclude that when
the charge and its EM field are treated as a single entity, namely dressed charge, there is no
self-interaction as signified by the exact equations (6.2.26]).

We would like to point out though to certain subtleties related to the individual EM fields
F®r_ Namely, the individual currents Jﬁ constructed via solutions to the Euler-Lagrange
field equations (6.2.0)-(6.2.8)) are implicitly related to each other. Those implicit relations
manifest themselves in particular in the fact the sum of the energy-momentum tensors of the
individual EM fields does not exactly equal to the energy-momentum tensor of the total EM
field, i.e.

e £y e, (6.2.27)
4

since O defined by (E2I8) is a quadratic, and hence nonlinear, function of the EM F*”.
Nevertheless, the approximate equality holds

CEED NI (6.2.28)
l

when the supports of charges wave functions ¢* are well separated in the space for the time

period of interest and, hence,
FLFY 0 for 0 # ¢ (6.2.29)

implying (6.2.28)). In other words, for well separated charges the above mentioned subtle
correlations between individual currents become insignificant for their EM energy-momenta.

We can ask now how far one can go in extracting from the equations of motion (G.2.20])
equations of point charges similarly to the non-relativistic theory in previous subsection. We
can argue that in the relativistic theory in the regime of remote interaction we study ev-
ery charge can behave similarly to a wave-corpuscle but their motion can not be reduced
to a system of differential equations obtained from a conventional finite-dimensional La-
grangian since it is prohibited by presented above arguments by Goldstein, von Laue and
Pauli. The next in simplicity option can be the motion governed by a system of integro-
differential equations which can account for retardation effects similar to the Sommerfeld
integro-differential-difference motion equation for the nonrelativistically rigid electron and
its relativistic generalizations, [Pearlell Sections 8-10], but we are not going to pursue this
problem any further in this paper.

7 Equations in dimensionless form

We introduce here changes of variables allowing to recast the original field equations into a
dimensionless form. These equations in dimensionless form allow to clarify three aspects
of the theory for a single charge: (i) out of all the constants involved there is only one
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parameter of significance denoted by «, and it coincides with the Sommerfeld fine structure
constant avg ~ 1/137 if x = h and ¢, m are the electron charge and mass respectively; (ii) the
non-relativistic Lagrangian (L.0.0]) can be obtained from the relativistic one via the frequency-
shifted Lagrangian (3.3.3]) by setting there v = 0; (iii) the fulfillment of charge and energy
normalization conditions in relativistic case follows from smallness of «.

Recall that the single charge nonrelativistic Lagrangian Lo defined by (40.6) is con-
structed in Section [] based on the relativistic one via the the frequency shifted Lagrangian
L, defined by [B31))-B33)) (see also Sections 3.3 I0.81]). The corresponding to L, Euler-
Lagrange field equations are

d? im

C_ <2atw + 2“1%) — Ve +G (0P ¢ =0, (7.0.30)
C X X

1 O Xq t¢
2V (2249 - <m21 g )w—u

(e A (%) - 4_w<_ﬁ1mv_¢_@)w,

¢ m WY mc
where
5=+ 9% 5o A=A+ A, (7.0.31)
X
Let us introduce the following constants and new variables:
2 2 2
CLX:—X2, a:q—7 WOIE:L, (7032)
mq X¢ X Qay,
QCwot =T, X = ayy, (7.0.33)

= don(2) o= 20 (2). w20 (2)

In those new variables the field equations (Z.0.30) turn into the following dimensionless form:

a? (8, +i®)* W — 2i (8, +i®) ¥ — (V, — iaA)* U + G (|W]*) ¥ =0, (7.0.34)
1

0, U
1= Vy - (a0-A+ V,®) = (a2 fm = + a2<1>) U|* — |0|?,

U _
—(Vy x (Vy X A) + a0, (a0.A+V,P)) = —4dra ( v&'] +aA) o,

We would like to show that the dimensionless form of the non-relativistic equations field
equations (5.0.12)), (5.0.13) can be obtained from the field equations (7.0.34]) in the limit
a — 0. To have a nonvanishing external magnetic field in the limit o — 0 we set

Aex = a AL (7.0.35)

Plugging in the expression (.0.35)) into the equations (Z.0.34)) we obtain in the limit o — 0
the following dimensionless version of the field equations (IBIEQD G0I3):

i(‘)T\If:—% (Vy —iA%)* U + (& + Bu) U + = G’( ) w, (7.0.36)
~V2.® =47 |0, (V, x (V, ><A)) 0.
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To get an insight in the nonrelativistic case as an approximation to the relativistic one
we would like to make a few comments on the relative magnitude of terms that have to be
omitted in equation (.0.34) in order to obtain equation (Z.0.36). The nonrelativistic case is
defined as one when the charge velocity v is much smaller than the speed of light ¢, and a
careful look at those omitted terms in (Z.0.34)) that have factors a and o shows that they
can be small not only because of «, but also because of the smallness of typical values of
velocities compared to the speed of light. Indeed, every term that has factor « involves time
derivatives with only one exception: the term o? (15)2 U. An estimation of the magnitude
of the omitted terms for solutions of the form of wave-corpuscles (5.1.2)) indicated that every
such a term is of order a|v| /c where v is the wave-corpuscle velocity. The only omitted term
in (Z.0.34) which does not involve time derivatives is a?®?¥ and, in fact, it can be preserved
in the nonrelativistic system which would be similar to (Z.036]) with properties analogous
to (B.0.12). Analysis of that system is more involved and the treatment is similar to the
one for the rest solution of the relativistic equation involving that term considered in next
Subsection [Tl

7.1 Single relativistic charge at rest

In this section we a consider a single relativistic charge. Using the new constants and variables
(.0.32), ([7.0.33) we get the following dimensionless version of the resting charge equations
(20.12), (2.0.13) and the charge normalization condition (2.0.20])

1_, a2 P2 G ()
—S Vv + ((I)— 5 )\If+ 5V =0, (7.1.1)
~V2P =47 (1 — a?®) |¥|* =0, (7.1.2)

/RS [(1—a2®) [V)°] dx = 1. (7.1.3)

Setting in the above equations o = 0 we obtain the dimensionless form nonrelativistic equi-
librium equations ([2.3.5), (23.6]) and the charge normalization condition (2.3.12]), namely

1 . .
—§v§\p+<b\p+G’0 ()T =0, -V =47 |T|?, (7.1.4)
5 U dx = 1. (7.1.5)

Now using perturbations analysis we argue that for small o the solution ¥, ®, to the
equations (ZI.2) is close to the solution Wy, @ of the equations (ZL4). Indeed, for zero

approximation ® (x)
U 2
(I)O (X) — / | 0 (y)| dy,
g [X =y

and the first order approximation ®; is a solution to
—V2<I>1 =4m (]_ - CM2(I)0> |\I/0|2 .
Using the Maximum principle we get

0<®(x)<P(x)<Py(x)=(x) for all x. (7.1.6)
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Obviously,

Dy (x) = Oy (x) + 2Py (x), where VZDg, = 4nd, [Ty, (7.1.7)
and hence )
) 1
Doy (x) = _/ 0 (¥) [%o (v)] dy.
R3 x -y

Consequently, inequalities (Z.6]) imply explicit estimate

gy (x) < P (x) — Do (x) < 0 for all x € R (7.1.8)

7.2 Charge and energy simultaneous normalization

We consider here some technical details related to the size representation (2.1.8)), (2.1.9]) and
the problem of simultaneous normalization of the charge and the energy by equations (2.1.10)
and (ZLTT)). Let function Wy (y) be the dimensionless version of the function v, in (21.8]),

(ZI9), namely

93/2 93/2}( 4/
Vo (x) = 5701 | —57 | = Voly) = Cud 2wy (0y), (7.2.1)
Ay Ay

where 0 = a—x, and / |04 dy = 1.
a R3
Then the charge and the energy normalization conditions (ZI.I0) and (ZI.I1) take the form
N= [ (1-a®)|T|* dy = 1. (7.2.2)

RS

Using the relation (I0.830) and (I0.8.40) we obtain the following representation for the
energy & (1,, ¢,), which is a version of the Pohozhaev-Derrik formula (see Section [[0.8.1]),

o g , _ g/ IV, Vel
80 (¢a7 Soa) = mc” + 80 (¢a7 Soa) ) 50 (wav (pa) - 3 RS m {7 dx. (723)

Then the energy normalization condition (2.1.1T]), namely &) = 0, turns into the dimensionless
variables into the condition

, 2 V|
& (o) = - [ (Ww _ V2 ) dy = 0. (7.2.4)
R

3ay 47

First, let us consider a simple case o = 0 using for it the notation &y = Pyl ,—o Uy =
Wy|,_o- In this case the charge normalization condition (Z.2Z2), in view of the normalization
condition in (T.2.1)), is satisfied for Cy =1 and

Ty (y) = 0320, (0y), &y (y) = 60d, (fy) for o = 0. (7.2.5)

It follows then from (7.2.4]) that

E (Vg, g) = ;’—2 /R (92 Vi, |* - @9> dy. (7.2.6)
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implying that &] (‘ifg, (i)g) is a quadratic function of the parameter . Since V is fixed we set
in (T21) Cy =1 and 0 = 6y, where 0, is defined by

0y = Z—q), bp = %/ ‘Vél‘z dy, by Z/ ‘V\Plf dy, (7.2.7)
% T JR3 R3

and obtain the desired energy normalization condition (7.2.4]), namely
&y (Wg, &) =0, / W] dx = 1. (7.2.8)
R3

Note that 6, as in (T.27) coincides with 0y, as in (L7.3).
Let us consider now the case a > 0. We would like to show that for a given form factor
U and small a > 0 there exist constants C'y and 6 such that the following two equation hold

E (Vg, @p, ) =0, N (Cy,0,0) —1 =0, (7.2.9)

where &) and N are defined respectively by relations ([.24) and (Z.2.2)). In other words he
need to find two parameters Cy and 6 from a system of two nonlinear equations (7.2.9)).
We have already established that for v = 0 : the solution is Cy = 1, 8 = 6, as in (T.2.7).
A geometrical argument shows that for sufficiently small a equations ([29]) have a solution
{C, 6} which is close for small « to the solution Cy = 1, § = 6. The complete argument is
based on the inequality (7.1.8]) but its details are rather technical and we omit them here.

8 Hydrogen atom model

The purpose of this section is to introduce a Hydrogen atom model within the framework of
our theory for two interacting charges: an electron and a proton. We have no intend though
to study this model in detail here. Our modest effort on the subject in this paper is, first, to
indicate a similarity between our and Schrodinger’s Hydrogen atom models and to contrast it
to any kind of Kepler model. Another point we can make based on our Hydrogen atom model
is that our theory does provide a basis for a regime of close interaction between two charges
which differs significantly from the regime of remote interaction which is the primary focus
of this paper. We cannot apply the results on interaction of many charges as in Section
since now the charges are not separated in space and the potentials can vary significantly,
and other methods have be developed.

To model interaction of two charges at a short distance we must consider the original
system (2.4.2) for two charges with —¢; = ¢ = ¢ > 0, that is

: 2v? 3G (Ia)?) v
ixO, = _><2 Y1 b g oy + o) s + 1§ 1l L, —Vi, = —dmq |y [*,  (8.0.10)
my my
' 2v2 X2G/ w 2 w
X0y = _w - Q(% + ‘P2)¢2 + 2 (| d ) 27 V2<P2 = —4dnq |¢2|2-

2me 2my

Note that the model describes proton-electron interaction if ¢ = e is electron charge, y = h
is Planck’s constant, m; and ms are electron and proton masses respectively. Let us look
now at time-harmonic solutions to the system (8.0.10) in the form

Uy (t,x) = e My (x), Py =e “uy (x), 01 = ¢y /q, Po=—¢,/q (8.0.11)
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The system (8.0.10) for such solutions turns into the following nonlinear eigenvalue problem:

2

ay ay 2 X
_?Vzul + (@1 — @2) U + EG& (|U1| ) UL = ?wlul, ap = q2m1’ (8012)
2
as as 2 X X
—EV2U2 —+ ((I)Q — (I)l) U2 -+ EG; (‘UQ| )UQ = ?WQUQ’ a9 = q2m2.

Here a; coincides with Bohr radius. We seek solutions of (80.12))) satisfying the charge
normalization conditions

/ luq|* dx = 1, / |ug|? dx = 1. (8.0.13)
R3 R3

The potentials ®; are presented using (8.0.10) as follows:

) |ui]” (¥)

®, = 4r (=V2) |y = 4 (1
m(=VE) fual” = dm rs [y — x|

dy, i=1,2. (8.0.14)

Let us introduce now the following energy functional

a [[Vur > + G1 (Jua]? as [[Vua|® + a2Gs (|us]?
g(ul,UQ) _ q2/ 1 [| 1| 1 (| 1| )] + 2 |:| 2| 272 (| 2| )] + (8015)
s 2 2
2 oy [VEI[P[VE,f
‘l‘(@g ‘l‘q)l) (|U1| + |UQ| ) 3 3 dX,

where ®1, @, are determined in terms of uy, us by (80.14). Notice that the equations (8.0.12))
describe stationary points of the functional £ and can be obtained by its variation under
constraints (8.0.13) with the frequencies w1, ws being the Lagrange multipliers. Observe that
the energy functional and the constraints are invariant with respect to multiplication by —1,
and that allows to apply the Lusternik-Schnirelman theory which guarantees the existence
of an infinite set of critical points under appropriate conditions. The critical points are
the eigenfunctions of the corresponding Schrodinger operators (see, for example, [Heid]). Our
preliminary analysis shows that properties of solutions are reminiscent of those in the spectral
theory of the Hydrogen atom described by the linear Schrodinger equation. The smallness of
the ratio my/msy = 1/1836 of electron to proton masses plays an important role in the analysis.
For the critical points with low energies the potential ®, of the proton is close to the Coulomb
potential 1/ |x| at spatial scales of order a;. For a properly chosen nonlinearity the quadratic
part of the energy functional and the corresponding linear Schrédinger equation can be used
to find discrete low levels of energy. Rough estimates of the energy levels of approximate
solutions of the nonlinear problem based on eigenfunctions of the linear Schrédinger operator
show qualitative agreement with well-known lower energy levels for the Hydrogen atom with
several percent accuracy.

9 Comparison with the Schrodinger wave theory

We already made some points on common features and differences between our theory and
the Schrodinger wave mechanics in Section [2.5] and here we discuss in more detail a few

78



significant differences between the two theories. Recall that the Schrodinger wave mechanics
is constructed based on the point particle Hamiltonian

£=H(p,x) = ;’—m V() (9.0.16)

by substituting there, [Pauli WM| Section 2, 11|, [Pauli PWM], Sections 3, 4],
0

p — —ihV, £ — iha, (9.0.17)
that yields the celebrated Schrodinger equation
oY R2V 2
ih T o +V (x)vy (9.0.18)

The substitution (Q.0.17) is essentially the quantization procedure allowing to correspond the
classical point Hamiltonian (0.0.I6) to the quantum mechanical wave equation (Q.0.I8). If
we introduce the polar representation

W =e"R R>0 (9.0.19)

then the Schrodinger equation (LOI8) can be recast as following system of two coupled
equations for the real valued phase function S and the amplitude R, [Hollandl Section 3.2.1],

2 2 2v72
08  h*(VS) v VR

5N + B — + R , (9.0.20)
OR? R?*V S
— + V- v =0. (9.0.21)
ot
If we expand the phase S into power series with respect to A i.e.
S =Sy+hS +hrS+...., (9.0.22)

we obtain from the equation ([@0.20) so called WKB approximation, [Pauli PWM]| Section
12]. In particular, the function Sj satisfy the Hamilton-Jacobi equation

9, N h2 (VS,)?

_ 0.2
o otV =0, (9.0.23)

that shows, in particular, that the Schrodinger wave equation (Q.0.18) does ”remember” how
it was constructed by "returning back” the original Hamiltonian A via the Hamilton-Jacobi
equation (Q.0.23)) for S.

Our approach works other way around. We introduce the Lagrangian (3.0.1])-(3.0.3)) and
the corresponding field equations as a fundamental basis and deduce from them the classical
Newtonian mechanics as a certain approximation (see Sections [l [6.1). To appreciate the
difference let us look at a system of N charges. The introduced here wave-corpuscle mechanics
would have N wave functions and the EM fields defined over the same 3 dimensional space,
whereas the same system of NV charges in the Schrodinger wave mechanics has a single wave
function defined over a 3/N-dimensional ”configuration space”.
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It is quite instructive to compare the polar representation (2.3.16]) for wave-corpuscle 1)
with the same for the Schrodinger wave function ¢ for the potential V' (x) = —¢E¢ - x cor-
responding to a homogeneous external electric field (the eigenfunctions of the corresponding
Schrodinger equations can be expressed in terms of the Airy functions, [Pauli WM] Section
26]). The amplitude 9 (|x — r (t)|) of the wave-corpuscle in the expression ([2.3.16]) for v is
a soliton-like field moving exactly as the point charge described by its position r (¢) in con-
trast to the amplitude R of the Schrodinger wave function which describes the location of the
charge rather implicitly via the coupled equations (@.0.21]). The difference between the phases

is equally significant. Indeed, the exponential factor e for the accelerating wave-corpuscle
is just a plane wave with the phase S that depends only on the point charge position r» and
momentum p whereas the same for the Schrodinger equations captures the features of the
point charge only via WKB approximation and the Hamilton-Jacobi equation (0.0.23)) which
holds for the phase S only in the limit A — 0.

Let us now take a look now at uncertainty relations which constitutes a very important
consequence of the Schrodinger wave mechanics as a linear wave theory. Detailed studies of
this subject is not in the scope of this paper but we can already see significant alterations
of the uncertainty relations brought by the nonlinearity. W. Pauli writes in section ”The
uncertainty principle”, [Pauli WM Section 3]): ”The kinematics of waves does not allow the
simultaneous specification of the location and the exact wavelength of a wave. Indeed, one
can only speak of the location of a wave in the case of a spatially localized wave packet.
The number of different wavelengths contained in the Fourier spectrum increases as the wave
packet becomes more localized. A relation of the form Ak;Ax; > constant seems reasonable,
and we now want to derive this relation quantitatively”. Then in the same section he derives
the well known Heisenberg uncertainty principle for a wavepacket in the form

AkAx > %, ApAx > i—;, (9.0.24)

where Ax, Ak and Ap = hAk are respectively the spacial range, the wave number range and
the momentum range for the wavepacket v (x) defined by

A= [ =% el e x =[xl (9 ax (9.0.25)
Ak@:/ﬂ@ (k—E)Q‘{ﬂ(k) "k, k = [ v (—i%)w(x) dx:/Rak

/ 1 e*q) (x) dx
B0 = [ e ax

Importantly, in the classical quantum wave mechanics, which is a linear theory, if ¥ (x) is
the wave function [ (x)|2 is interpreted as the probability density for a point particle to be
at a location x. Hence, in this theory the uncertainty is already in the very interpretation
of the wave function, and Az as in (0.0.25) is an uncertainty in the location of the point
particle with a similar interpretation holding for Ap. Thus the exact form of the Heisenberg
uncertainty relation (9.0.24)) is a direct consequence of the fundamental definition (9.0.17) of
the momentum and the definition of the uncertainty as in (0.20) based on the probabilistic
interpretation of the wave function.

An important feature of the uncertainty relations in the linear theory is that any freely
propagating wavepacket spreads out as a quadratic function of the time ¢ and such a spread
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out takes particularly simple form for a Gaussian wavepacket, [Pauli WM|, Section 3],

(Ao = B (Ak)”
~ 4(Ak)? m?2

We would like to point out that the very concept of wavepacket is based on the medium
linearity and the same is true for of the uncertainty relations (0.0.24)), (Q.0.26) as general
wave phenomena.

Let us consider now the proposed here wave-corpuscle mechanics from the uncertainty
relations point of view. In wave-corpuscle mechanics we denote uncertainties in the position
2 and the momentum p by respectively by Az and Ap using a different symbol A to empha-
size the difference in their definition since the wave-function does not carry a probabilistic
interpretation. We also limit our considerations of the uncertainties Az and Ap to special
cases when a wave-corpuscle is an exact solution to either relativistic or nonrelativistic field
equations since in these cases we can argue more convincingly what constitutes uncertainty
without giving its definition in a general case.

Notice that a common feature of the dressed charge (wave-corpuscle) and a wavepacket
is wave origin of their kinematics as manifested by the equality of the velocity to the group
velocity of the underlying linear medium. But, in contrast to a wavepacket in a linear medium,
the free relativistic dressed charge described by the relations (B.4.1])-(3.4.4]) does not disperse
as it moves and preserves its shape up the Lorentz contraction. The de Broglie vector k and
the frequency w can be determined from the factor e “*=%*) in (3Z1]), and consequently the
same applies to the total momentum P = hk. In the case of a nonrelativistic wave-corpuscle
as defined by relations (4.3.1]), (£.3.2) similarly its total momentum is P = mv = hk. More
than that as we show in Section [l the wave-corpuscle as defined by relations (5.1.2) is an
exact solution to the field equations and it propagates in the space without dispersion even
when accelerates.

To further clarify differences with the uncertainties in Schrodinger wave mechanics and the
wave-corpuscle mechanics introduced here notice the following. The dressed charge described
by the relations ([B.4.1])-(3.4.4)) is a material wave for which we can reasonably assign size D
in relativistic and nonrelativistic cases respectively by the formula

(9.0.26)

2 . _—2p(t>x) T — p(t,X)
D= (t) = /11@3 (x — X) Y dx, where X /11@3 Xiq dx and (9.0.27)
p(t,X) =q (1 . QQO(X;Vt)) 122 (X—Vt) or p(t,X) _ 122 (X—Vt).
q me q

In the case of a relativistic or nonrelativistic wave-corpuscle we define "safely” the uncertainty
Az = D (t) and notice that it follows from the definition (9-0.24) and charge normalization
conditions (3011), {{.0.14) that in fact Az = D (t) = D does not depend on t. Hence, the
uncertainty Az = D unlike the uncertainty Az from (@020 does not grow without bound
for large times. As to the charges momentum P = mv = hk we can argue that Ap = 0 for the
exact wave-corpuscle solutions. Indeed, for a wave-corpuscle as defined by relations (3.4.1])-
(3.4.4) or (4.3.1), (4.3.2)) respectively in the relativistic and nonrelativistic cases the motion of
dressed charge is obtained by application of space translations (or Lorentz transformations)
to a fixed rest charge, therefore ”every point” of the dressed charge moves with exactly
the same velocity v similarly to a rigid body, which allows naturally define its velocity and
momentum without uncertainty. Summarizing, we can conclude that in the wave-corpuslce
mechanics the Heisenberg uncertainty principle can not be a universal principle.
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10 Classical field theory

In this section we discuss important elements of the classical field theory including the vari-
ational principles and the Lagrangian formalism, gauge invariance and conservation laws.
When writing this section we started first with just a few formulas, but then, under the
pressure of having complete and self-contained arguments we extended it to its current form.

There are many classical references on the classical field theory: [Barut], [Goldstein],
[LandauLif F], [Morse Feshbach 1l Section 3.4], [Pauli RETh| and more. So we picked and
chose different parts of theory from different sources to emphasize concepts and constructions
important for our own arguments. Often we gave multiple references to provide different and
complementary points of view of the same subject. We also extended some parts of the
theory as needed. In particularly, we did that for an important for us subject of many
charges interacting with the EM.

10.1 Relativistic Kinematics

Here where provide very basic facts and notations related to the relativistic kinematics
following to [Barutl, Section 1], [LandauLif F| Sections 1.1-1.4, 2|, [Jacksonl Section 11.3],
[Goldstein, Section 7).

The time-space four vector in its contravariant z* and covariant x, forms are represented
as follows

x =zl = (xo,xl,x2,x3) = (ct,x), pn=0,1,2,3; (10.1.1)

Ty = g’ = (:co, e —:cs) s Qs (10.1.2)
with the common convention on the summation of the same indices, and where g, or g"”,
called metric tensor, 4 x 4 matrix, are defined by

1 0 0 O
0 -1 0 0
_ [
low}={9"Y=10 o -1 o (10.1.3)
0 0 0 -1
Notice also that, [Jacksonl Section 11.6], [Schwabl, Section 6.1],
1000
. . . 0100
", = ¢" 9o, = 8", where 6", is the Dirac symbol, {§* } = 00 10| (10.1.4)
0001
and o (1 o (1
d,=—=1|-0 oM =—=1|-0,— . 10.1.5
“w 8:17“ (C tav)> axu <C ty v) ( )
The elementary Lorentz transformation to a moving with a velocity v frame is
—1
¥ =7 ("-8-x), x’zx+77(ﬁ~x)ﬁ—fyﬁx0, (10.1.6)
1

B==.8=18, 7= —F—
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If for a space vector x we introduce x| and x; so that they are respectively its components
parallel and perpendicular to the velocity v, i.e. x = x|+ x, then (I0.IG) can be recast as

¥ =~ (2" -B-x), X| =" (x — B, x| =xy, (10.1.7)
which in the case when v is parallel to the axis z! turns into
Y =~ (zo - ﬁxl) , ot =~ (:171 - ﬁxo) c 2 =2 ¥ =1 (10.1.8)
The Lorentz invariance then of a 4-vector x under the above transformation reduces to
(27) = |¥'|” = (2°)° — |x|*. (10.1.9)

The general infinitesimal form of the inhomogeneous Lorentz transformation is, [Moller], Sec-
tion 6.1],
gt =g 4 g, +at, Y = —¢V, (10.1.10)

where w*” and a* are its ten parameters.
The Lagrangian L, of the moving point mass is

Ly = —mc*y /1 — (%)2 (10.1.11)

implying the following nonrelativistic approximation

2
mv
L, = —mc® + 5 for

X‘ <1 (10.1.12)
C

The momentum (the ordinary kinetic momentum) and the energy of the point mass for the
relativistic Lagrangian L, defined by (I0.I.I1)) are, [LandauLif F| Section 2.9],

mv

b= 5ZPOC=P'V—L=L2ZC\/p2+m202. (10.1.13)
- (2) - (2)
The relativistic Lagrangian L,, of a point charge ¢ with a mass m in an external EM field

as described by electric potential ¢ and vector potential A is defined by, [Jacksonl, Section
12.1]

L _ 2 v 2 q
p=—mcy[1— - —q<p+EV-A. (10.1.14)

For this Lagrangian the ordinary kinetic momentum p, the canonical (conjugate) momentum
p, and the Hamiltonian H,, are defined by the following relations

P = LQ p=p+ LA, (10.1.15)
1= (3) ‘
Hy=p-v—-L= \/(Cp—qA)2+m2c4+qg0, (10.1.16)
and the Euler-Lagrange equations are
d d& 0A
d_It) =F :qE—l—%va, and u =qv-E, where E = —V(p—a, B=VxA, (10.1.17)
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where F is the Lorentz force, and E and B are respectively the electric field and the magnetic
induction.

The nonrelativistic version of the above Lagrangian in view of (I0.TI2) is, [Goldstein|
Section 1.5] ,

Lp:%—qgo(r)—i—%A(r)T, f:%. (10.1.18)
The corresponding ordinary kinetic momentum p, the canonical (conjugate) momentum p,
and the Hamiltonian H,, are defined by the following relations
)

p=m, p=p+ LA, Hp:f’)-i'—L:%qugo. (10.1.19)
C

The canonical Euler-Lagrange equations for the nonrelativistic Lagrangian (I0.1.I8)) take the
form

dp q . 0 \
a _ _ TDAIF DAl = 2 A i=129 10.1.2
P e+ DA (DA) = A, =123 (10.1.20)
or, if use p = p + ZA and the identity
dA 0A
= " 4 [DA]T 10.1.21
5 = o DAL ( )
we can recast (I0.1.20) as
dp  d*r gdr
P my =F =B+ 1 X B, (10.1.22)

where the right-hand side of the equation (I0.1.22]) is the Lorentz force. Importantly for
what we study in this paper the canonical Euler-Lagrange equation (I0.1.20) involves the
canonical momentum P and the canonical force —qVp + % [DA]t which manifestly depend
on the EM potentials ¢ and A rather than EM fields E and B. Consequently, the equation
(I0.1.20) involves quantities which are not directly measurable in contrast to the equivalent
to it equation (I0.1.22)) which is gauge invariant and involves measurable quantities, namely
the kinematic momentum p and the Lorentz force ¢E + i x B.

10.2 Lagrangians, field equations and conserved quantities

In this section we collect basic well known facts on the Lagrangian formalism for classical
fields following to [Barutl Section II1.3], [Morse Feshbach 1 Section 3.4], [Pauli RFTh| and
other classical sources. Let us assume that physical systems of interest are described by fields
real-valued ¢f (z), £ =1,..., N, with the Lagrangian density

ﬁ({qé (37)} ; {C_I,ZM (37)} ,T), qi (r) = 0Mqé (), p=0,1,2,3, (10.2.1)

According to the Lagrangian formalism the field equation are derived from the variational
principle

5/£dx —0 (10.2.2)
R

where R is four-dimensional space-like region with a three-dimensional boundary OR. Impor-
tantly, the variation ¢ is such that d¢° vanish on the boundary OR. Then the corresponding
Euler-Lagrange field equations take the form

oL oL

A = — — — =
7 gt " g,

0. (10.2.3)
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The equation (I0.2.3)) can be recast in a Hamiltonian form as

or oL oL S~ oL
Lo F, =, Fy = i ;au— zo = ct (10.2.4)

94 oq’,’ ’

where 7, is interpreted as the canonical momentum density of the field ¢¢ and F, is the
canonical force density acting upon the field. The term 2 g 9L of the canonical force density Fy

has to do with external forces acting on the field ¢°. In the view of the last remark, if the

Lagrangian L involves a nonlinear terms Gy (qe) its derivative g—qGL, can be interpreted as a

self-force.

In our considerations the fields ¢ (x) describe elementary charges (and in fact they are
complex-valued) and the potential 4-vector field A, describes the classical EM field. The
extension of the Lagrangian formalism to complex-valued in considered in a following section.

The canonical energy-momentum tensor (also called stress-energy tensor or stress-tensor)
is defined by the following formula, [Barutl, (3.63)], [LandauLif F|, Section 32, (32.5)], [Goldstein,
Section 13.3, (13.30)], [Schwabl, Section 12.4, (12.4.1)]

Z o q v gL, (10.2.5)

with the energy conservation laws in the form, [Barut, (3.94)], [Goldstein| (13.28)]

oL
ox,’

81" = — (10.2.6)
Notice that in [Morse Feshbach 1, (3.4.2)], [Goldstein, Section 13.3] the canonical energy-
momentum tensor is defined as matrlx—transposed to T defined by (I0.2.5), namely T —
Tv". The conservation laws for the energy-momentum are examples of conservation laws
obtained from the Noether’s theorem considered below in Section [T0.3

In the case of the Lagrangian £ does not depend explicitly on z,, in other words invariant
under translations z, — x, + a,, a = 0 and the conservation laws (I0.2.6) turn into the

following continuity equations, .
0,T" = 0. (10.2.7)

A typical situation when the general conservation laws (10.2.6) apply rather than (I0.2.7)
is the presence of external forces which can ”drive” our field. For instance, an external EM
field driving a charge or an external ”"imposed” current which becomes a source for the EM
field.

We would like to remind the reader that the canonical tensor of energy-momentum defined

by (I0.2.5)) is not the only one that satisfies the conservation laws (I0.2.6) or (I0.2.7). For
instance, any tensor of the form, [Barut, (3,73)], [Landaulif F| (32.7)], [Pauli RETh, (14)]

TH = TW — 9, f"" where f" = — 1, (10.2.8)

would satisfy ([027) as long as 7" does. In view of the (I0Z8) the energy-momentum
tensor T satisfy the same conservation laws (I0.2.6) or (I0.2.7) as 7", namely

oL
ox,’

0T+ = — (10.2.9)
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or, if the Lagrangian L does not depend explicitly on x, and, hence, invariant under time
and space translations, the above conservation laws turn into

8,1+ = 0. (10.2.10)

In fact, this flexibility in choosing the energy-momentum can be used to define f"* and
construct a symmetric energy-momentum tensor TH, ie. TH = T"" which is a necessary
and sufficient condition for the field angular momentum density to be represented by the usual
formula in terms of the field momentum density, |[Landaulif Fl Section 32], [Barut, Section
[11.4]. The symmetry of the energy-momentum tensor for matter fields is also fundamentally
important since it is a source for the gravitational field, [Nair, Section 3.8], [Misner] Section
5.7]. As to the uniqueness of the energy-momentum we can quote [Misnerl, Section 21.3]: ”
the theory of gravity in the variational formulation gives a unique prescription for fixing the
stress-energy tensor, a prescription that, besides being symmetric, also automatically satis-
fies the laws of conservation of momentum and energy”. This unique form of the symmetric
energy-momentum can be derived based on a variational principle involving charge of bound-
ary, with varied boundary, [Barutl Section II1.3(B)], and under the following assumptions:
(i) the Lagrangian does not depend explicitly on z; (ii) the fields ¢° (z) satisfy the fields
equations (I0.2.3); (iii) the fields vanish at the spacial infinity sufficiently fast. The result
is a symmetric Belinfante-Rosenfeld energy-momentum tensor T [Barut, (3.73)-(3.75)],
[Pauli RETh, (13a), (13b), (13c), (14)], [Belinfantel], [Belinfante2], [Rosenfeld], namely

TH = TH — O, fH7" = Z g—gqé’” —g"L—0,f"7, where (10.2.11)
q
Y4 M

v = % [Z ( L shw 4 L glvme _ LY S&w) ] L= 9L

Z Y
e 4,

where the tensor Sf,“ ” describes the infinitesimal transformation of the involved fields ¢* (z) —
¢" (z') along with the infinitesimal inhomogeneous Lorentz transformation of the space time
vector x — 2’ as described by (I0.LI0), namely,

P = gt P, +at, Y = — (10.2.12)
where " and a* are the ten parameters, and

¢ () = +§WZSZW “(x), S = s (10.2.13)

In particular, [Barutl I111.4(A)],

St = 0 if g is a scalar field, (10.2.14)
S = g™g5— g™gj if ¢ is a vector field. (10.2.15)

The conserved quantities are, [Barutl (3.76)-(3.77)], [Pauli RETh! (6)]

P = / T dg,, J = / M"Y dg,, M"7 =T g7 — TH ", (10.2.16)
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where ¢ is any space-like surface, for instance xq = const. P" is four-vector of the total
energy-momentum and J*7 = —J" is the total angular momentum tensor. The differential
form of the conservation laws is

9,T" =0, 9,M"" =T" —T" = . (10.2.17)

Observe that the conservation of the angular momentum M#*7 in (I0.2.17) implies the sym-
metry of the energy-momentum tensor and, in view of (I0.ZTIT]), the following identities,
[Barutl, (3.81")],

=Ty %q&” — o, =3%" %qm — O, f. (10.2.18)
¢ y 7 v

For an alternative insightful derivation of the symmetric energy-momentum tensor based
on kinosthenic (ignorable) variables and the Noether’s method as a way to generate such
variables we refer to [Lanczos VPl Section 3.5, 3.6, 3.10]. Interestingly under this approach
the conservations laws take the form of the Euler-Lagrange equations for those kinosthenic
variables. We would like to point out that the symmetry of the energy-momentum tensor and
the corresponding identities (10.2.18) are nontrivial relations which hold provided that the
involved fields satisfy the field equations (I0.2.3).

Since the symmetric energy-momentum tensor TH is the one used in most of the cases
we often refer to it just as the energy-momentum tensor, while the tensor T defined by
(I02.5)) is referred to as the canonical energy-momentum tensor.

The interpretation of the symmetric energy-momentum tensor 7" entries is as follows,
[Landaulif F| Section 32], [Goldstein, Sections 13.2, 13.3], [Morse Feshbach 1, Chapter 3.4]

u Cp1 CP2 Cp3
T ¢clsy —ou —01 —ou3 (10.2.19)
Clsy —oy —02 —023 |’ o
C_183 —031 —g32 —033
where
u field energy density,
pj, 7 =1,2,3, field momentum density, (10.2.20)
s; = c*p;, 7 =1,2,3, | field energy flux density, o
0ij =05, 7 =1,2,3, | field symmetric stress tensor.
If we introduce the 4-momentum and 4-flux densities by the formulas
1 1
p=-T" = <—u,p) , 8" =cT" = (cu,s).
c c
then the energy-momentum conservation law (I0.29) can be recast as follows
: oL
op” 0; T = — 10.2.21
tp _I_ Z J aIV? ( )
j=1,2,3
or, in other words,
oL 1 o N
_ P Ry (O RS, VLI R
op; = Z 0;0ji Ek where p; = CT , 050 =—T7"4,j7=1,2,3, (10.2.22)

Jj=123
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oL :
du+ Y Ojs; = ——,» Where u = TP, s = cT™ = c2p;, i =1,2,3. (10.2.23)

If the Lagrangian £ does not depend explicitly on z, the above energy-momentum conserva-
tion laws turn into

1 . ..
Opi= Y 0,05, where p; = ET(“, oji=—T" i,j=1,23, (10.2.24)
§j=1,2,3
Ou+ Y 9s; =0, where u =T, s; =T = ’p;, i =1,2,3. (10.2.25)
7=1,2,3

Consequently, the total conserved energy momentum 4-vector takes the form

1
P’ = —/ T (1) dx, (10.2.26)
CJRrs3

and its components, the total energy and momentum are respectively
H=cP’ = / T (z) dx, P/ = / TV (7) dx, j =1,2,3. (10.2.27)
R3 R3

Evidently, the formulas (I0.2.26), (I0.2.27) are particular cases of the formulas (I0.2.16)) for
the special important choice of 0 = {x = (7, x) : x € R3}.

Importantly, for closed systems the conserved total energy-momentum P” and J*7 angular
momentum as defined by formulas (10.2.10) and (10.2.20) transform respectively as 4-vector
and 4-tensor under Lorentz transformation and that directly related to the conservations laws
(I0.2.17), [Moller, Section 6.2], |[Jacksonl, Section 12.10 A]. But for open (not closed) systems
generally the total energy-momentum PY and J"7 angular momentum do not transform as
respectively 4-vector and 4-tensor, [Moller, Section 7.1, 7.2], [Jackson| Section 12.10 A, 16.4].

10.3 Noether’s theorem

In this section following to [Goldstein, Section 13.7] we provide basic information on the

Noether’s theorem which relates symmetries to conservation laws based on the Lagrangian

formalism. Suppose that the Lagrangian £ as defined (I0.2.1]) does not depend explicitly on

the field variable ¢*. Then the Euler-Lagrange equations (I0.2.3)) for that variable turns into

oL

o Ji =0, J' = —, 10.3.1

(g l 8(]’@# ( )

which is a conservation law (continuity equation) for the four-"current” J;'. Noether the-

ory interprets the above situation as certain invariance (symmetry) of the Lagrangian and

provides its far reaching generalization allowing to obtain conservation laws based on the

Lagrangian invariance (symmetry) with respect to a general Lie group of transformation.

Symmetry under coordinate transformation refers to the effects of infinitesimal transforma-
tion of the form

ot — ot =zt + dat, (10.3.2)

where the infinitesimal change dz* may depend on other x”. The field transformations are
assumed to be of the form

¢ (x) = ¢" (2') = ¢ (2) + d¢" (), (10.3.3)
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where §¢° (z) measures to total change of ¢ due to both = and ¢’ and it can depend on other
field variables ¢*. We also consider a local change d¢* (x) of ¢* (x) at a point x

¢ () = ¢ (x) + 0¢ (z) (10.3.4)

We assume the following three conditions to hold for the transformations (10.3.2))-(10.3.3):
(i) the 4-space (time and the space) is flat; (ii) the Lagrangian density £ displays the same
functional form in terms of the transformed quantities as it does of the original quantities,

that is,
L{¢ (@)} {d, (@)} )= L{q" @)}, {d} (")} o) (10.3.5)

(iii) The magnitude of the action integral is invariant under the transformation, that is
[t @) A @} ae = [ e @) fdh@h s (039

where £ is 4-dimensional region bounded by two space-like 3-dimensional surfaces and da =

\/ |det g|dx0dx1dx2dx3.

If the three above conditions are satisfied the following conservation law holds

o, J' =0, J'= Ze %5& () + Lox*. (10.3.7)
H

The above conservation law can be made more specific if we introduce infinitesimal parameters
€, related to Lie group of transformations and represent dz# and dq’ in their terms, namely

dat = XIE, 0¢" =) QU (10.3.8)

where the functions X* and Q% may depend upon the other coordinates and field variables,
respectively. Then we for r the following conservation law holds for the respective Noether’s
current J*:

O Jt =0, JH = {Zé %qﬁ, — 555} XV — Zz %in. (10.3.9)
For instance, in the case of the group of inhomogeneous Lorentz transformations defined by
(I0I.I0) there are ten parameters a* and £*” and consequently there are ten corresponding
conserved quantities P”and J¥? = —J7 defined by (I0.2Z16). Another important example is
the group of gauge transformation of the first kind defined by (I0.5.7)) below. For this group
there is a conserved current J% for every ¢ defined by (I0.5.14).

10.4 Electromagnetic fields and the Maxwell equations
We consider the Maxwell equations
V-E=4ro, V-B=0 (10.4.1)

1 1 4
VxE--9B=0, VxB--0E=J. (10.4.2)
C C C

for the EM fields and their covariant form following to [Jacksonl, Section 11.9], [Landaulif EM]
Sections 23, 30], [Griffiths, Sections 7.4, 11.2], in CGS units. To represent Maxwell equations
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in a manifestly Lorentz invariant form it is common to introduce a four-vector potential A*
and a four-vector current density J”
0 1 0
= (_atav) ) M= ——=

AM:(S0>A)aJM:(CQ>J)>au:@ c (9:17
w

(%@d—v), (10.4.3)

and, then, an antisymmetric second-rank tensor, the "field strength tensor,

W = ot AY — 9 A¥, (10.4.4)
so that
0 —FE, —Fy —FE; 0 E, Ey, —Fj;
E1 0 —Bg Bg —E1 0 —Bg Bg
1224 — o
F B, B 0 B | F. B, B 0 B | (10.4.5)
Es —By B 0 —-F; —By, By 0
and ]
E=-Vyp—--0A, B=V xA. (10.4.6)
c

Then the two inhomogeneous equations and the two homogeneous equations from the four
Maxwell equations (I0.4.]) take respectively the form

4
OB = %J”, (10.4.7)
aaFIB'Y_'_aﬁF’Ya_'_a“/Fa,B = 07 047677 = 0717273- (1048)

It follows from the asymmetry of F**, the Maxwell equation (I0.A7T) and (T0.4.3))-(I0.4.4)
that the four-vector current J* must satisfy the continuity equation

Oy J" =0o0r 0o+V-A=0. (10.4.9)

The Maxwell equations (I0.4.7) turn into the following equations for the four-vector potential
An

OA” — 6”0, A" = %ﬁj", (10.4.10)

where ]
O0=0,0"= —283 — V? (d’Alembertian operator). (10.4.11)

c

According to [Jackson| Section 11.10] the electric and magnetic fields are transformed from
one frame to another one moving relatively with the velocity v by the following formulas

2

E =~ (E+8xB)—
v(E+B )%L1

B=2,8=18], y = ————
¢ 1—(2)

which also can be recast as, [Grainer EM|, Section 22,

E| =y(E.+8xB), E =E|, Bl =7(B. - 8xE), B| =By,
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~_(3-E)B8, B =v(B-B8xE) -

,y2

v+1

5

(8-B)B

(10.4.12)

(10.4.13)



where subindices | and || stand for vector components respectively parallel and perpen-
dicular to v. Observe that for § < 1 the formulas (I0.412), (I0.ZTI3)) yield the following
approximations with an error proportional to 3* where J,, is an external four-vector current.

E/J_ =E, + 8 x B, Eh = E”, B/J_ =B, -8 xE, Bh = B||. (10.4.14)
The EM field Maxwell Lagrangian is, [Jackson, Section 12.7], [Barutl, Section IV.1]

1 1
Lem (A") = =g B 17 = < Ju A", (10.4.15)

where J,, is an external (impressed) current. Using (I0.45]), (I0.4.6) and (I0.43) we can
recast (I0.4.15) as

1 1
Lem (AM) = = (E* = B?%) — pp + oA (10.4.16)

1

1 2 1
= — [(V<p+—0tA) —(VXA)2] —pp+-J-A.
8 C C

In particular, if there are no sources the above Lagrangians turn into

1 1 1 1 2
Lew (A") = ~Tom R = = (E* - B?%) = o [(Vg@ + E&A) — (V x A)2] . (10.4.17)

The canonical stress (power-momentum) tensor O for the EM field is as follows, [Jacksonl,
(12.104)], [Barut, Section I1I.4.D]

. Frov A FOF,
po 2 Y Ty pw T8 10.4.1
© w9 TTon (104.18)
or, in particular,
5 E? — B? 1 QDA -E -, A - E
0 _ _ _ZJ A2 0 - 2 10.4.1
© 81 e c 47 © 4 (10.4.19)
&0 _ _Eﬁo‘ﬂ I (B x 80A)i’ i=1,2,3,
47 47
o E.0, B x d;A). E?-B? 1
(’—‘)7’]:— ]So—i—( x J )Z —pSO+_J'A7 i7j:172737
47 47 8T c

whereas the symmetric one © for the EM field is, [Jacksonl Section 12.10, (12.113)], [Barut],
Section II1.3]

1 1
0 = e (ga“Fqu”ﬁ + ZgaﬁFuuFW) ) (10.4.20)
us

implying the following formulas for the field energy density w, the momentum cg and the
Maxwell stress tensor 7;;:

E? + B2 .  ExB
w=00 = 2B gt X2 93 (10.4.21)
8 T
Ol = 1 E,E; + B;B 15 E? + B? 5 =1,2,3 10.4.22
i ity + ij_ﬁij( + )7%7— y 4y Oy (10.4.22)
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08 _ {w 8 } , Oup = { v _Cg_] , (10.4.23)

Cg —Tij
o0, — |V —cg of_| W cg
7 g —Tiy] ¢ —Ccg —Tij|

Note that in the special case when the vector potential A vanishes and the scalar potential
¢ does not depend on time using the expressions (I0.4.0]) we get the following representation
for the canonical energy density defined by (I0.4.19)

QW — _ (V<P)2

(Ve)?
8T ’

+ pyp for A = 0 and 9y = 0, whereas % = g
s

(10.4.24)

It is instructive to observe a substantial difference between the above expressions (1)00’ which
is the Hamiltonian density of the EM field, and the energy density ©% defined by (I0.4.21)).
If there no external currents the with differential conservation law takes the form

0,0 =0, (10.4.25)
and, in particular, the energy conservation law

1
0=0,0% = - (% +V- S) , where u is the energy density, and (10.4.26)

S =c’g = 4iE x B is the Poynting vector.
T

In the presence of external currents the conservation laws take the form, [Jacksonl Section
12.10]

1
0,0 = — B 8 = EFﬁ”Jy, (10.4.27)

and the time and space components of the equations (I0.4.27) are the conservation of energy
u and momentum which can be recast as

1 [ow 1
—| = -S)=—J-E 10.4.2
. (81& +V ) . : (10.4.28)

dgi 9 1
j=1

The 4-vector f? in the conservation law (I0.427) is known as the Lorentz force density
s 1 1 1
fo=<F"J,= (<3 EpE+_JxB). (10.4.30)

10.4.1 Green functions for the Maxwell equations

This section in an excerpt from [Jacksonl Section 12.11]. The EM fields F'* arising from an
external source J¥ satisfy the inhomogeneous Maxwell equations

4
0, = _WJV’ FH = grAY — 9 AP, (10.4.31)
c
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which take the following form for the potentials A”
4
OA” — 80, A" = %J”. (10.4.32)

If the potentials satisfy the Lorentz condition, 9,A" = 0, they are then solutions of the
four-dimensional wave equation,

4
04 = L v (10.4.33)

c
The solution of (10.4.33) is accomplished by finding a Green function D (x, 2") for the equation
0D (z) =6W(2), D(z,2') =D (z — '), (10.4.34)

where 6 (2) = 0 (2) 0 (z) is a four-dimensional delta function. One can introduce then the

so-called retarded or causal Green function solving the above equation (10.4.34]), namely

0 (vg — () 6 (xg — 2, — R)
AT R

where 6 (xq) is the Heaviside step function. The name causal or retarded is justified by

the fact that the source-point time z, is always earlier then the observation-point time .

Similarly one can introduce the advanced Green function

0— (zo — 2()] 0 (xg — zy + R)
AR

These Green functions can be written in the following covariant form

D, (x —2') = , R=|x—x], (10.4.35)

D,(x—2) = , R=|x—x]. (10.4.36)

Di(x—a) = %e (20— 5) 8 (= — )] (10.4.37)

Dufe—a) = 300 —a0) (o —a')"].

where (z — 2/)% = (2o — 2)* — |x —x/|” and
1
5 [(1’ - z'ﬂ = 5= 16 (x0 — 2 — B) + 8 (20— + R)). (10.4.38)
The solution to the wave equation (I0.4.33) can be written in terms of the Green functions
4
A” (z) = AY (z) + %T/Dr (x—2')J" (2) dz (10.4.39)
or A
A (2) = AV (2) + 2T / Dy (z — ') J* (2/) da (10.4.40)
c

where A (x) and AY, (x) are solutions to the homogeneous wave equation. In (I0.4.39)
the retarded Green function is used. In the limit zy — —oo, the integral over the sources
vanishes, assuming the sources are localized in space and time, because of the retarded
nature of the Green function, and A (x) can be interpreted as "incident” or ”incoming”
potential, specified at o — —oo. Similarly, in (I0.440) with the advanced Green function,
the homogeneous solution A%, (x) is the asymptotic ” outgoing” potential, specified at zo —
~+00. The radiation fields are defined as the difference between the ”outgoing” and ”incoming”

fields, and their 4-vector potential is

rad

v (2) = AV (2) — AV () = 4% / D (x— ) J¥ (&) de, where (10.4.41)

D(xz—2)=Dy(x—2")— D, (x—2').
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10.5 Many charges interacting with the electromagnetic field

In this section we consider the Lagrange formalism for complex-valued fields ¢/, ¢ =1,..., N
that describe charges following to [Pauli RETh, Part I] and [Wentzel, Section 1.3]. For every
complex-valued ¥¢ we always assume the presence of its conjugates ¥, so the product ‘)%
is real. The Lagrangian is assumed to be real valued and its general form is

£= £ ({0t v 0, Ve Ve o), (105

where {V9} are real-valued quantities. In the Lagrangian (I05.1)) the fields ¢ and their con-
jugates ¥** are treated as independent and the corresponding Euler-Lagrange field equations
are, [Morse Feshbach 1|, Section 3.3|, [Wentzel, Section I1.3, (3.3)],

v-a () -0 a2 -0 sha(gh) -0 s
(8 (Gl (8 [l i
The canonical energy-momentum tensor for the Lagrangian (I0.5.]) is similar to the general

formula (I0.2.5]), namely

: oL oL oL
T =% "+ oY 4 VIV — gh L. 10.5.3
2o Tt 1029

In the case when the Lagrangian £ depends on only complex-valued fields ¢¢ and ¢ the
canonical stress tensor is symmetric and is of the form, [Morse Feshbach 1| (3.3.23)], [Wentzell

(3.8)]; or or
TH — zj',uz/ _ Z wé,u + .
o, o

An important for us special case of the Lagrangian (I0.5.0]) is when there are several
charges described by complex valued fields 1 and ¢** interacting with the EM field described
by the real-valued four-potential A*. For this case we introduce the Lagrangian of the form

Y — g L. (10.5.4)

F¥E,,
‘C ({wga TP;Z,H w£*7¢f;7 } ’AH) = Z LZ (¢Zv¢;€u7 wg*ﬂﬁf;) - Tﬂ_‘uv (1055)
¢

Fr = 9P A — P A

where we have introduced the so-called covariant derivatives wfu and WZ by the following
formulas

gt = Gt e = gt e =gy L e — g e (10 5)
X¢ Xc¢

In the above formula for every ¢ the real number ¢’ is the charge of the /-th elementary
charge and 9™ and 9" are called the covariant differentiation operators. The particular
forms (I0.5.5)-([{0.5.6]) of the multiparticle Lagrangian £ and its ¢-the charge components
L* originates from the condition of gauge invariance. More precisely, one introduces the
gauge transformation of the first or the second kind (known also as respectively global and
local gauge transformation) for the fields 1* and ¢™*. These transformations are described
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respectively by the following formulas namely, [Pauli RETh, (17), (23a), (23b)], [Wentzel,
Section 11, (11.4)],

Pt — e”lwe P — e_”e@/)g*, where ~* is any real constant, (10.5.7)
) _ ig A(:c) 0% igq A( x) O
Y= e xe f T e xe ot AP — AR 4 OR), (10.5.8)

and the Lagrangian is assumed to be invariant with respect to the all gauge transformations

(I057), (I05R). Notice that for the multi-charge Lagrangian £ as defined by (I0.5.5)-
(I0.5.6) the following is true: (i) every charge interacts with the EM field described by the

four-potential A*; (ii) different charges don’t interact directly with each other, but they
interact only indirectly through the EM field.
We also introduce the following symmetry condition on charges Lagrangians L*:

oL o 0L . oL
: Q/JZ’V _ - djf 7
oy, 3¢, p 1P 3¢ v

As we show below the symmetry condition (10.5.9) implies that energy-momentum assigned
to every individual charge is symmetric and gauge invariant energy-momentum. A simple
sufficient condition for the symmetry condition (I0.5.9) is a requirement for the Lagrangians
L to depend on the field covariant derivatives only through the combination 1//”‘1/1?;, in other

words if there exist such functions K* (@Z)g, Y, b) that

—— . (10.5.9)

LE (4 0, ™, 0l) = K (o, 0% g5hal) (10.5.10)
Indeed, in this case
oL* oLt ,.. OK' .. ., 0 b
GtV gt = T e, (105.11)
S

readily implying that the symmetry condition (I0.5.9]) does hold.
The field equations for the Lagrangian £ defined by (I0.5.5)-(T10.5.6) are

Lt - Lt Lt -, | oLt
a—z—aﬁ*lael 0, 8£*—8ﬁ[8£*] =0, (10.5.12)
a¢ a¢;y, 8'¢1 8w§/»‘
vV 47T v 14 v 14 v 1%
QI = —J", P = 9" AY — 0", T = > g, (10.5.13)

¢
where J% is the four-vector current related to the ¢-th charge is defined as follows. Under
the gauge invariance conditions (I0.5.7)), (I0.5.8)) for the Lagrangian £ using the Noether’s
theorem and the formula (I0.3.9)) one can introduce for every charge ¢* the following 4-vector
current, [Pauli RETHL (19)], [Wentzel, (3.11)-(3.13)]

OL! oL’
Jv = — <€W Yt — &wgw*f) , (10.5.14)

or, since J¥ = (cp,J),

¢ ¢ ¢ ¢
‘ .q" [ OL oLt Z oL oL .
_ 7 _ _ ,j=1,2,3, (10.5.15
P X <0¢€ v &D*Zw ) X ( ?ﬂg vi- &ﬂﬁw ’ ( )
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which satisfy for every ¢ the charge conservation/continuity equations
9, J% =0, or Op' +V-J =0, J¥ = (cp, T9). (10.5.16)

Notice that in view of the relations (L0.5.5)-(I0.5.6]) the following alternative representation
holds for the four-current J% defined by (IIL5.14)

¢ ¢ ¢
gv = L (aLg - oL ) L (10.5.17)

o ol ‘04,

We would like to emphasize here the physical significance of identity (10.5.17) equating two
complimentary views on the electric current: (i) as a source current in the Mazwell equa-
tions (10.5.13); (ii) as the gauge electric current satisfying the continuity equation
(10.5.1d). Notice that the equality (I0.5.17) originates from a particular form of the coupling
between the EM field and charges in the Lagrangian (I0.5.1), namely the coupling through
the covariant derivatives (I0.5.6)). One may also view the electric currents identity (I0.5.17)
as a physical rational for introducing the coupling exactly as it is done in the expressions

(10.5.5)-(10.5.6]).
10.5.1 Gauge invariant and symmetric energy-momentum tensors

In this subsection we consider a Lagrangian defined by formulas (I0.5.5)-(10.5.6) and assume
it to be gauge invariant with respect to transformations if the first and the second type.
To obtain an expression for the total symmetric energy-momentum tensor 7+ for such a
Lagrangian we use the theory described in Section [0.2] formulas (I0.2.11)) and (I0.5.4),

namely

TH =T — o, fr", T = oM + 3 T, (10.5.18)

where the canonical energy-momentum of EM field O and the energy-momentum tensor
T of (-th charge are represented as follows (see [Jackson, (12.104)], [Barutl, Section IT1.4.D]
for ©# and (I0.5.4) for T")

. OLt aLf
T = w( (’W* v — g™ ILE, (10.5.19)
g
s vV 1 124 I/Fé_PYF
O = — —F0As +g" T;”’. (10.5.20)

The above canonical energy-momenta tensors are neither gauge invariant nor symmetric. To
find a representation for f#7 we use the formulas ([0.2.11]) noticing that for the scalar fields
Y" and ¢** we apply the formula (I0.2.14), whereas for the vector field A* we apply the

formula (I0:2.T5]). This yields

1
pw — T FHY AV 10.5.21
/ 4dr ’ ( )
and, consequently
o Lo = Lo peyarp Lpmg av = Lpar p Lpmg ar o 105.22)
T4q A7 47 7 ¢ 4 R
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where we used the Maxwell equations (I0.5.13) producing a term with the current J* =
Zé J*. We introduce now the following energy-momentum tensors

o 1 o 1
T = T — —JUAY, M = O - M0, A", (10.5.23)
s

and find that they have the following representations

1 1
o = — (g‘”F»yst" ¥ gg*‘”FwFﬁ) P gAY — A, (10.5.24)
oLt , oLt ,
TZNI/ — 8wz wéﬂj + 8wé* 1/}&”* _ glu‘VLZ. (10525)
" i

The the formula (I0.5.24]) is a well known representation (I0.4.20) for the symmetric and
gauge invariant energy-momentum tensor of the EM field (see [Jackson, Section 12.10],
[Barutl, I11.3]). Notice also that each tensors T%" defined by (IIL5.25) is manifestly gauge
invariant. In the case when symmetry condition (I0.5.9) is satisfied T is also symmetric.
Using (I0.5:24) and (I0.5.25]) we define now the total energy-momentum tensor by

T =M 4y T, (10.5.26)
l

and that it is an admissible since it differs from the canonical one by the divergence 0, f*7”.
In the case of the Lagrangian of the form (I0.5.10) in view of (I0.5II) the energy-
momentum expression (I0.5.25)) turns into

ox*
0b

Consequently, as expected the energy conservation low for the total system takes the familiar
form

Tt _ (wf;u*q/}&r/ + wf;uwfﬂ/*> _ gWKZ, (10.5.27)

0T =0, 1" + 0,0 = 0. (10.5.28)
)4

10.5.2 Equations for the energy-momentum tensors

Notice that using the field equations (10.5.12))-(10.5.13) and the expression ([0.5.24]) for the
energy-momentum O of the EM field we get (see details of the derivation in [Jackson

Section 12.10C]) the following equation

1
0,01 = ——J,F"", where J, = > L (10.5.29)
l

We show below that the above equation for the energy-momentum O#” is complemented
by the following equations for the energy-momenta T defined by (I0.5.25)) of individual
charges

174 ]' 1%
0,T™" = EJﬁF ", (10.5.30)

Observe now that in view of the representation (I0.4.30) for the Lorentz force the following is
true: (i) the right-hand side of the equation (I0.5.30) is the Lorentz force exerted by the EM
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field on the ¢-th charge; (ii) the right-hand side of the equation (I0.5.29) is the force exerted
by all the charges on the EM field and, as one can expect based on the Third Newton Law,
"every action has an equal and opposite reaction”, this force it is exactly the negative sum
of all the Lorentz forces for involved charges. In fact, based on general consideration of the
equations for energy-momenta as in relations (10.2.19)-(10.2.23)) we can view the equations
(I0.5.29)-(10.5.30) with involved Lorentz forces as a continuum version of classical equations
of motion. An important difference though of the equation (I0.5.29)-(I0.5.30) unlike the
equations of motion for point particles do not by themselves determine the dynamics of all
involved fields, and, in fact, they hold only under an assumption that the field equations
(I0.5.12)- (10.5.13)) are satisfied.

To verify the identities (10.5.30) we, following to [Pauli RE'Th, Part I, Section 2], introduce
a useful computational tool for dealing with the covariant differentiation operators 0* and
9" as defined in (I05.6). Namely, let us consider a function f (w,zﬁ; o Wﬂ/’;) where

b =y, = e, = r ¢ Lan g — g M qn (10.5.31)
S M XC XC

which is invariant with respect to the gauge transformations of the first kind (global) as in

(I05.7):

P — eV, p* — e ", where v is any real constant. (10.5.32)

The invariance of f readily implies the following identity

(1 (0 e ) L (10.5.33)
_of  of of  Of - .
=96t o T p g O =

Observe also that from the definition (I0L5.6) of the covariant differentiation operators o
and 0" we have

iy — g = M (grar —grargr) = Lpw (10.5.34)
Xc¢ Xc¢
5#*511* _ 51/*5#* _ _E (auAu _ auA,uau) _ _EF;W
X¢ XC

Now for a gauge invariant f we have

’f o= 9”0 * —0" O = 10.5.35
F= 9%V oy, R T 053
8f f 3 8f AU | * af Aus A% /%
90 aw;uﬁﬁ 8w*8 8¢*8 b
iq of of of f )
+—ﬁv<——— = + +
et a0t gt gy
which together with (I0.5.33)) implies the following identity
_0f 5 O z5 Of e s af
Ff=—=0" + 9’0 ~OV* 8"*8* 10.5.36
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With an argument similar to the above on can verify that if f and g* are functions of 1,
V", O, 05" which transform under the gauge transformations (I0.5.32) as € f and e~ g*
then the following identity holds

0 (fg) = (97) g+ 1 (8"9"). (10.5.37)

One can verify that the function T%" defined by (I0.5.2H) is an expression for which the
identities (I0.5.36) and (I0.5.37) can be applied. Now applying these identities to 9, T and
using the field equations (I0.5.12) together with identities (I0.5.34) and the representation
(I0.5.17) for the current .J° we obtain

2 [
a“TZpV _ 8;L 8L[ aLg* 8*6”1#@* — 8”[/ = (10538)
o, o,
OL* ~ OL* oL ~ oL*
[85* <8¢ )] aéuwé + awz aZ a&/d} + <8¢g*>] afy*wé* + 81#[4( aﬁ*a@y*djf*

¢ e
8L a&/d} aL 8éuafw Lg 8&’*1//* a - 8ZV*8Z*1/JZ* —
o’ oL, o™ .,

l 4 :
2

which is the desired equation (I0.5.30).
Observe that the equation (I0.5.29)-(I0.5.30) for the energy-momenta are evidently con-
sistent with the total energy conservation (T0.5.28)).

10.5.3 Gauge invariant and partially symmetric energy-momentum tensors

In our studies, in particular of non relativistic approximations, we have Lagrangians which
are gauge invariant and invariant with respect space and time translations but they might
not be invariant with respect to the entire Lorentz group of transformations. This subsection
is devoted to this kind of Lagrangians with the main point that essentially all important
results of the subsections [10.5.1] and apply to them with the only difference that the
energy-momentum tensor is not fully symmetric but commonly its space part, the stress
tensor, is symmetric.

As in the previous subsection we assume the Lagrangian to be of the form described by
formulas (I0.5.0)-(I0.5.6) and assume it to be gauge invariant with respect to transformations
if the first and the second type and invariant with respect space and time translations.
A careful analysis of the arguments in subsections [[0.5.1] and which produced the
expressions ([0.5.24]) and (I0.5.25]) for respectively energy-momentum O of the EM field
and energy-momenta T of charges show the same expressions hold for gauge and translation
invariant Lagrangian even if it is not invariant with respect to the entire Lorentz group of
transformation.

We notice first the field equations and expressions for conserved currents are provided by

([[0.5.12), ([0.5.13), (10.5.14), O.5.15), (IO.5.17), namely

¢ ¢ ¢ ~ ¢
oL - [aLg ] =0, aig* — 9, laLg*] =0, (10.5.39)
' o, o oLy
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4
auF;u/ _ %JV’ FH— gt AY — aVAN7 JV = Z JZV’ (10540)
l

where J% is the four-vector current related to the /-th charge is defined by

oL* oL* oL*
v . — e
JV = (82% s 8¢*€ ) C@AV’ (10.5.41)
or, since J¥ = (cp,J),
8L" oL'
f:—— - )L, =— - “1, =123 (10.5.42

Then we assign to the energy-momenta of the EM field ©#* and the ¢-th charge T respec-
tively expressions (10.5.24)) and (10.5.25), namely

1 1
W — E (gﬂ“/nygFﬁV + Zgul/nysF“/ﬁ) 7 (10543)
L* Lt
i _ ng 881%* W g, (10.5.44)
i

The above expressions for the energy-momenta are manifestly gauge invariant.

Looking at the arguments in subsections [[0.5.1] and [[0.5.2] we compare the above ex-
pressions of the energy-momenta of the EM field ©* and the (-th charge T%" with their
canonical expression and observe that

o 1 0 1
T =T _ ZJH AT QM = QM 4 4—F‘”87A”. (10.5.45)
c T

It remains to verify that the difference between the total energy-momentum and its canonical
value is a 4-divergence. Indeed it follows from (I0.5.45]) that

o . 1 1
bpuv  pluy W QM — Y v = 7lu pv
3 <T T ) n (@ 6 ) PO, =Y A (10.5.46)
l l
1 1 1
= —F"9,A" — J“A” = —0,— """, where f'" = ——F! A",
Am 4dr Am

Using the arguments of the subsections [[0.5.21 we also find that the relations (I0.5.29) and
(I0.5.30) hold here, namely

1
0,0" = _EJ“FW’ where J, = Z Jﬁ, (10.5.47)
¢

v 1 1%
0, T = EJf;F " (10.5.48)

where once again we recognize in the right-hand sides of equalities (I0.5.47)-(I0.5.48)) the
relevant Lorentz force densities. Consequently, as expected the energy conservation low for
the total system takes the familiar form

0,T" =Y _0,T" + 0,0 =0, (10.5.49)
l
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The equations (10.5.77)-(10.5.79) reconfirm that our assignment (10.5.73)-(10.5.77) of energy-
momenta to the EM field and individual charges is physically sound.

We would like to notice now that even if a Lagrangian of the form ([0.5.5)-(I0.5.6) is not
invariant with respect the entire Lorentz group of transformations it often satisfies a reduced
version of the symmetry condition (I0.5.9) which holds for the space indices only, namely

oLt
o5

oL or' . oL’ .
aW ST = ey

O 0, =1,2,3. (10.5.50)
8w,z 8¢7]

Under the reduced symmetry condition (I0.5.50) the space part of the energy-momenta T,
known as the stress tensor, is symmetric, namely

T =T 4 5=1,2, 3. (10.5.51)

We remind that the symmetry of the stress tensor is a very important property equivalent
to the space angular momentum conservation, see Section [[0.2] and, for instance, [Moller]
Section 6.1, 6.2].

10.6 A single free charge

A single free charge interacting with the EM field is evidently a particular case of considered
above system of many charges in Section [[0.5 and the Lagrangian (I0.5.5) takes the form

FrE,,

Ly = Ly (@/), ¢;u’w*’ ¢*ﬂ> 167

PP = R AT — Y AN, (10.6.1)

where ., and @Z);*M are the covariant derivatives with respect to the covariant differential
operators 0" and 0"* defined by

WY, TR, TS TR T YV, T . Y (10.6.2)
’ ’ XC XC

The Lagrangian is assumed to be Lorentz and gauge invariant with respect to the gauge
transformations of the first and the second type (I0.5.7)-(10.5.8)). The field equations are

8L 8L0 0Lo X aLO
7y O [w ] T [fw;] . 1063)
A
O " = ?J”, FHr = ot AY — o" AM, (10.6.4)
where J# is the four-vector micro-current related to the charge is defined by
. q 8L0 8[/0 8L0
JY = —i= — )l =- : 10.6.5
IX <8¢;V 81#?(1/,& ) CaAV ( )
or, since JV = (cp,J),
0Ly 0Ly *) (8L0 0Ly *) 4
_ ;4 E L Ji=— — ) — — , 1 =1,2,3, 10.6.6
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which satisfy the charge conservation/continuity equations
0y J"' =0, 00 Op+V-J=0, J" = (cp,J). (10.6.7)

The energy-momentum of the charge and the EM field according to the formulas (I0.5.24)-
(I0.527) are respectively as follows

0Ly . 0Ly .

T/J/V — ¢7V + m ¢7V* — guVL R (1068)
by U, ’
1 1

= (g’”Fngf” + zg“”FysF%) CF = QRAT - AR, (10.6.9)

and the energy conservation equations (I0.5.29)-(I0.5.30) turn here into

1 1
9,T" = =J,F"", 0,0" = —= ] F"" (10.6.10)
C C

10.7 A single charge in an external electromagnetic field

Here we consider a single dressed charge in an external EM field. The very presence of
external forces turns the dressed charge into an open system and that brings up subtleties
in the set up of gauge invariant expressions for the energy-momentum tensor. One can find
signs of those subtleties already in a simple case of a point charge in an external EM. Indeed
for the point charge model the canonical momentum and force are not gauge invariant as
discussed briefly in Section [I0.Il. The principle source of the problems lies is the openness of
the system with consequent uncertainty of the energy and the momentum as system changes
under action of external forces. That can be seen, in particular, based on the relativity
grounds, [Mollerl Section 7.1, 7.2], when seemingly well defined 4-momenta for a number
of open systems do not transform as 4-vectors, that, in general, can be taken as a proof of
openness of a system.

Coming back to our case we want, first of all, to define a Lagrangian for a dressed charge
in EM field based on (i) our studies in Section of a closed system of many dressed
charges and (ii) the Lagrangian of a singe free charge considered in Section [[0.6. We do that
by altering the EM potential A* in the expressions (I0.2.1)-(I0.2.3)) for the Lagrangian of
the free single dressed charge with A* = A* + A’ where A" is the 4-potential of an the
external EM field. Namely, we set
FE

W = GRAY — Y AR (10.7.1)

LO = LO (¢>w;u’ ¢*’ ¢TM) o 167

where 1., and ¢, are the covariant derivatives with respect to the covariant differential
operators 0" and 0"* defined by

by, = 0", P, = O, (10.7.2)

T VR, T TR T T TRy
X¢ X¢

To justify the expressions (I0.7T))-(T0.7.2) for the Lagrangian let us look at a closed system
of many charges studied in Section [[0.5] We find there, in particular, that every individual
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charge with an index ¢ has a conserved current J% and the total current is Jy = Ze Jw.

Hence, based on the linearity of Maxwell equation (I0.5.13)) we can introduce individual EM
potentials A and the corresponding EM fields F** as the causal solutions to the following

Maxwell equations

47

O, F = ?JZ”, (10.7.3)

implying

A=Y Al e =N P (10.7.4)

¢ ¢

Notice that every individual charge satisfies its field equation (I0.5.12)) with the EM field
entering it via the potential A* in the covariant derivatives (I0.5.31]), and we can always
represent it as

A= A AL Al =S A (10.7.5)

7
This representation indicates that we can account for the interaction of the /-th charge with
remaining charges via an external field as in (I0.7.5) justifying the expressions (I0.7.0])-
(IO7.2) for the Lagrangian Ly.
The Lagrangian (I0.7.1)-(10.7.2]) is assumed to be invariant with respect to the first and

the second type gauge transformations (I0.5.7), (I0.5.8)), which in this case take the form

Y — Mt — e Y* where « is any real constant, (10.7.6)

_ieA(x)

Y—e xe h, AP — AP+ M. (10.7.7)

Similarly to the case of many charges we also assume the charge Lagrangian Lg to satisfy the
following symmetry condition

8L0 . 8L0 . 8L0 . aLO
02 + . wE 0 + -
o0, Tou" Taw, o

As in already considered case of many charges there is a simple sufficient condition for the
symmetry condition (I0.7.8)) to hold. It is when the Lagrangians L depends on the field
covariant derivatives only through the combination @Z)g”‘@bi’j, in other words if there exist such
functions K (¢, ", b) that

i, (10.7.8)

Lo (.40, 0" 40) = K (1, 0", 97, . (10.7.9)
The field equations for the Lagrangian Ly defined by (I0.7.1)-({I0.7.2) are
OLy ~, [0Ly OLy = [0Ly
o ol L ol e o710
A
O™ = L, P = AT — 5 A, (10.7.11)

where J* is the four-vector current related to the charge is defined by manifestly gauge

invariant expression
. q 8L0 8L0 *)
== — - —¢" ), 10.7.12
X <3¢;V oy, ( )
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or, since J¥ = (cp, J), the

4 (PGP0 g 4 (P G0 i q93 (10.7.13
P X <8w;0 87/’;0 w ’ X a¢y] a,l?bi] w ’ ( )

which satisfy the charge conservation/continuity equations

0y J" =0, 00 Op+V-J=0, J" = (cp,J). (10.7.14)

Notice as in the case of many charges the relations (I0.7.1I)-(I0.7.2) imply the following
alternative representation for the four-current J* defined by (I0.7.12)

s g (0L 9Ly \ = 9Ly 0L, 0L
JO=-i (wudz aw;d’)_ (10.7.15)

—c = —Cc— = —C .
X 0A, 04, OAcxy
Now we would like to construct gauge invariant energy-momentum tensors for the single
charge and its EM field. For that we start with their canonical expressions (10.5.4))-(10.4.18))
obtained via Noether’s theorem

o 0Ly OLg .
THY — wa + . wvy* — gMVL , 10.7.16
o, o, : HoH0)
. FHYHY A FSF,
gu — IOA, g PR = gAY — Y AP, (10.7.17)
47 167

The conservation law for the total energy-momentum tensor TH + O in view of the general

conservation law (I0.Z.6) and the current representation (I0.7.IH) take the form
o oL, oL, 1

O (1 + 0 ) = =20 = = T Ay = — 1D Ay 10.7.18

H 81’1/ (9 Aexu H c I ( )

Observe now that the both canonical expressions (I0.7.16), (I0.7.17) as well as the density

of the generalized force 1J*0” A, ex in (I0TIR) are evidently not gauge invariant, and this

is very similar to what we already observed for the point charge model in Section I0.Il We

recall that there is a general way to alter the canonical energy-momentum tensor as in the

relation (I0.2.8), namely
TH 1 O = T 4 O — 9, 17, frv = — fIm, (10.7.19)

But any such alteration alone can not be satisfactory since by its very construction it would
keep unchanged the not gauge invariant density of generalized force %J HO” Ajex in the right-
hand side of (I0.7.I8). Therefore, a more profound alteration of the energy-momenta is
required that would change the expression for the force density in the right-hand side of
(I0718) so that it becomes be gauge invariant. More than that we expect it to produce
exactly the density of the Lorentz force associated with the external EM potential A~ .

The results of Section [I0.5.1] suggest a satisfactory choice for gauge invariant energy-
momentum tensors and it is as in formulas (I0.5.19)-(I0.5.20), namely we set
0L 0Ly

—’"* — g" Ly, 10.7.20
&%L &pwiﬂ g 0 ( )

1 1
= (9“’*F75F§” + ZQHVFVEF%) FM =AY A, (10.7.21)
m

THY w;u +
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Observe that the EM energy-momentum ©*” is also manifestly symmetric and the charge
energy-momentum T+ is symmetric if the the symmetry condition (I0.7.8) is satisfied. The
energy-momenta conservation laws here take the form

1 1 1
0,0" = 0 (Q“VnygFf” + 19" FoeF ”’5) = (10.7.22)

1 _ _ _ _
8HT“” — EJHFWL’ FVHE = 9 AY — QY AP (10723)

Indeed as in the case of derivation of the similar formula (I0.5.30) we observe that the 7"
defined by (I0.7.20) has an expression for which the identities (I0.5.36]) and (I0.5.37) can be
applied. Now we literally repeat the calculation (I0.5.38)). Namely applying the mentioned
identities to 9,7 and using the field equations (I0ZI0) together with identities (I0.5.34))
and the representation (I0.5.17) for the current J, we obtain

8, T" = d, @fo & ;fo o ) — &Ly = (10.7.24)
v e o (25 B
OLg = 0Ly = 0Ly ,,. 0Ly x50 14
(éw 5%, T i ) -
- (5 sﬁ%w)

implying the desired relation (I0.7.23)).
Now adding up the equalities (I0.7.22)) and (I0.7.23) we get the conservation law for the
total energy-momentum 7" = TH + O i.e.

0, T =0, (T)" + M) = _J Fut, Filt=0rAL — 0V AL (10.7.25)

ex

Notice as we expected we have the density of the Lorentz force %JI,FC’;“ in the right-hand side

of the conservation laws (I0.7.25) and (I0.7.23)).

10.8 Energy partition for static and time harmonic fields
Let us consider the Lagrangian of the form
L=L ({50, 0" w5 Vo Ve, (10.8.1)

where {V9} are real-valued quantities. The corresponding Euler-Lagrange field equations are

¢ ¢,y, ¢ w,H M

Static regime is characterized as one when the fields {wg}, {W*} and {V9} are time indepen-
dent and hence depend only on the space variable, and we will use the following abbreviated

notation for it
stat = 9’ =0, O™ =0, 9,V = 0. (10.8.3)
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Then using the canonical energy-momentum 7 as defined by ([0.5.3) we readily obtain the
following formulas for the total energy & of static field

Estat =/ Udz, where U = T ({y*, 4", ", %, VI, V) (10.8.4)
R3

stat
The energy Egae in a static regime can be identified with a potential energy. Notice that
in view of the formula (I0.53) for the canonical energy-momentum 7 the corresponding

is represented by
stat

energy density 7%

= 7

L ({0l v, v - (10.8.5)

stat

Consequently, we have the following representation for the potential energy Egat

Estat :/ — L ({v" 00 Ve v de (10.8.6)

which we use to establish the following variational principle. Based (I0.8.3]) we can conclude
that a static solution {@Dg, Y, V4} to the Euler-Lagrange field equations (I0.8.2) evidently
transforms into a solution to the equation

M _ S o, (8_7/0 _o, M _ 3 o, ( az/z*> —0, (10.8.7)
o j=12,3 5 oy j=1.2,3 o'

ou ou

o O, | =5 | =0,

e T o ()

and, hence, in view of the representation (I0.8.6) it is a stationary point of the static energy
functional &, in the complete agreement with the principle of virtual work for the state of
equilibrium, [Lanczos VPM| Section I11.1], [Sommerfeld M| Section I1.8].

Let us expand now the potential energy density U defined by (I0.8.5) into the series with
respect to the derivatives Vi, Voo, V9, namely

1 — Zi[(n)’ where (10.8.8)
=0
U = 30 Uy (00 v [To5 e vr ol ve.

L,g

Yo ngtni+ng=n

3

This expansion via the representation (I0.8.0) for the potential energy &g readily implies
the the corresponding expansion for Ega:

Estat = ng(fa)t, where £ = /}R3 U™ dz. (10.8.9)
n=0

Now being given a static solution {wé, Y VI } we use its established above property to be a
stationary point of the functional £y as defined by formula (I0.8.6) and (10.8.9). Namely,
we introduce the following family of fields

¢5( z) =" (&), wzé (z) = ™ (€x), ng (x) = V9 (£x) where € is real, (10.8.10)
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and observe that since {W, o, Vg} is a stationary point of the functional E.x we have

d

p (10.8.11)

Euar ({UE 0L VI, VUL Ve, VVEY) '5—1 =Y el

¢=1

=" (n—3) €l ({w, v, Ve, vyt vy, vVel) = 0

n=0

In other words, for a static solution its energy components el tat always satisfy the identity

> (n-3)el) =0. (10.8.12)

n=0
Very often the density U of the potential energy depends on the field derivatives so that

U ({40, Vo,V vy VVe)) = (10.8.13)
2 (o, 0", Ve, vt Vot YV L)+ U© ({4f 0 VL)

where U® satisfies the following identity for any real

2) ({1#[,1#6*,Vg,9V¢Z,9V1p£*,9VVg}) _ 921/"{(2) ({wg,wg*,Vg,ng,Viﬂz*,VVg})
(10.8.14)
In this case the identity (I]Im turns into the following important identity for the two
constituting components e ot and 55(323,; of the total potential energy Egas:

Estat = 85(1:2531: + 5s(t0;3t> 85(1?231: = __5 star 1Plying Egar = 55(1;2321;- (10-8-15)

The &gmﬁcance of the above identity for our goals is that in the cases of interest the energy
component Sstat accounts for the energy of nonlinear self-interactions and the formula oy =
28tat shows the total energy has a representation that does not depend explicitly on the
nonlinear self-interactions. This is one among other properties allowing us to characterize
the introduced nonlinear self-interactions as stealthy.

The identity (I0.8.15) for a single field is known as the Pokhozhaev-Derrick identity,
[Pokhozhaev]|, [Derrick] (see also [Kapitanskii] and [Coleman 1l Section 2.4]). It was often
used to prove the nonexistence of nonzero solutlons to the correspondlng field equations in
situations when a priory the both energies g star and Sstat are nonnegative and vanish for the
zero field. Indeed if the nonnegatlwty of the energy components is combined with the identity
(I0.8.150) the both energies 5stat and 5stat must vanish implying that the field must vanish as
well.

10.8.1 Time-harmonic fields

The above statements for static fields can be generalized for the case when complex valued
fields ¢* are time harmonic, namely when

0%

djf — e_iWZtFLLg, w@* — eiwltlﬁb ’ (10816)
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~ 4 ~ %
where ¢y and 1) are static, i.e. time independent. We provide such a generalization for the
Lagrangian of the form (I0.5.5])-(10.5.6) describing many charges coupled with the EM field
Fr e

FrE
£ l e 0 Ox g O nv
L ({v' 00, v uli}, AY) ;L (", 0 0™ ) — =2 (10.8.17)
with an additional assumption on the charge Lagrangians L to be of the form
LY (9t 0%, ) = K (phl, gl (10.8.18)

where K*(a,b) is a function of real variables a and b. In the case of interest represented by

the Lagrangian (I0.8.17)-(I0.818) we add to the assumption ([0.8IG) an assumption that
the EM field is static namely

O =0, A=0. (10.8.19)

Treating the equalities (I0.8.16]) as variables change let us recast the charges Lagrangians
~/ ~ O*
in the new variable v and ¢y . Notice first that

Wt = 7 (10.8.20)
Then using (I0.L1]), (I0.12) and (I0.LH) and (I0.4.3) we obtain

. T A AN o\
e Gyt = ot (_t +iY M) B = et <80 i ﬂ) 3 (10.8.21)
c

C C XC XC
I N ) Lt ~
1/} 8Zuw —1w £ (% o lw— + 1q Sp) wé — e—lwet <80 o lw— + 1q QO) 1//7
C C XC C XC
~ , - AN -
wﬁk — af*djf* — elwzt (8] _ 1qXA ) 1/} wfj yuwé — e—lw (8] 1qxfj) 1//.

Observe that in the case when there is just a single charge the expressions (I0.8.2T]) show
that the time derivatives ¢fg and 1%° are modified so as the potential ¢ is added a constant,

namely
w
o —p— X (10.8.22)
q

Substituting (I0.820) and ([0.8.21)) into the Lagrangian L’ we get the Lagrangian which

~0 ~ Ux
denote L“* as a function of the variables ¢ and ¢ and we obtain

= K" (@Z)Z*wz W*W?“) , where ylipH = (10.8.23)
0, i’ i¢’ ~ox (O i AN - ‘AN -~
:(_WE_MW (81 W) g (g HAY g (gAY
C C XC C C XcC Xc XC
(10.8.24)

~0 ~0x
We can apply now to the Lagrangian (I0.817), (I0.824) as a function of the fields ¢, v
and A* the obtained above results for the static fields taking into account also the assumption
(I0.8.19) for the EM field to static. In this case the static regime is characterized by the time
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~0  ~ 0%
independence of the charge fields 1), ¢ and the assumption (I0.8T9) on the potential A*
and these conditions which are abbreviated by the symbol stat:

stat = 9,0 =0, ) =0, dp=0, A =0, A= (p,A). (10.8.25)

Hence the Lagrangian of interest now is

FrE,,

10.8.26
167 ( )

‘Cw ({¢éa ,lvbf;p @D(*ﬂ%;} >AM) = Z Lf.; (we>wfua ¢Z*>wij> -
14

Now applying the formula (I0.8.5]) to the Lagrangian L, as defined by (10.8.26]), (I0.8.18)),
(10.8.23)-(10.8.24)), and the formula (10.4.17) for the Lagrangian of EM field we obtain the
following expression for the energy density U, st of the system of charges and EM field:

Uyt = T° (10.8.27)
stat
Vo) ts~0 (W CoN? ~ -t b~
:_(880) _ZKL](d’ ¢,<——%) AR VAR v
7r - c  Xxc
Let us take now the function K* (a,b) to be of a more special form

K*(a,b) = k& (a) b+ k§ (a), implying (10.8.28)

L = KO (450 i) = K (0500 it 4 kG (). (10.8.29)

Notice that the term k§ (a) in the cases of interest contains the nonlinear self-interaction. In
the special case (I0.8.28)) the expression (I0.8.27) for the total energy density of the charges
and the EM field takes the form

Uy soae = U + U where (10.8.30)

U = -T2 S (570 Vi Vi
)4

=32 [ (7Y (£ - L) 05 (55
1

XcC

The corresponding expression for the total energy is

gw stat — gw stat T gf;ostat, where (10831)
(Vo) L A P
gcgzs)tat = /]RB [_V + Z ké’ <1/1 WY ) Vi -V (10.8.32)
¢
£ _Z/ K wzw)z W' Q&Z*w <¢z*wz) " (10.8.33)
wstat T R c XCSO . 0.
Applying now the formula (I0.8.15) we get
1
gogos)tat = _ggo?s)tat (10.8.34)
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implying the following representation for the total system energy

2 2
Eustar = 2E S kat = —/ kS (00t V-V 10.8.35
tat 3 w stat 3 R _'_Z 1/} w w ( )
In the case of a single charge the above formula turns into
2 2 Vo) e -
Eustat = —SU(JQS)tat = —/ —ﬂ + ko (YY) Vo - V| da. (10.8.36)
3 3 Jrs 8T

We want to emphasize once more the importance of the representation (I0.8.35]) in comparison
with the original formula (I0.831)-([I0.833), which shows that the total energy of the system
of charges interacting with EM field does not explicitly depend on the terms k§ (wg*w’f) which
include the nonlinear self-interactions.

We would like to point out now that so far we carried computation for the energy compu-
tation for the Lagrangian L, as defined by (10.8.26]), (10.8.18)), (10.8.23)-(10.8.24). But, in
fact, what we really need is the energy for fields of the form (I0.816]) under static conditions
(I08:29) for the initial Lagrangian £ as defined (I0.8I7)-(I0.818). In turns out, as one may

expect, the difference between the two is just the sum of the rest energies. Indeed, using once
more the formula (I0.5.3) for the canonical energy 7% under static conditions (I0.8.25]), the

formulas (I0.87]), (I0.827) together with the formulas (I0.5.14]), (B.0.I0) for microcharge
density p’ we obtain

U (5“’“’%‘7, eiwet{pf*,go) — (10.8.37)
oL wt~e oL ~ 0 b e, ~ bk
— - 1 + i _ £ —iw*t ’ iwt ’
;afo(lcw) awf*<l w) (e, 1)

—Z—— 8£~£ acw Lo
wvu
£.2

o Z e X Z +Z/°{wstat = Z ch pf +Z/O{wStat

¢

stat

Now integrating the above density over the entire space and using the micro-charge normal-
ization condition (Z.0.I8) obtain

£ <e—iw‘t@7)‘f’ eiw‘ft{pf*’ 90> _ mec2 + &, stat- (10.8.38)
¢

For the special case (I0.8.28)) combining the last formula with formulas (I0.837), (10.8:30])

we obtain the following important formulas for respectively many charges and a single charge

5<e—wft{pf’ eiwf%@*’w) :;mechrg/ﬂ@ (V<p +Zkf (v ") Vw Vw] dzx
(10.8.39)
ey 2 \Y%
£ (erd ) =me 4 2 [ ! 8@ ks (0°0) VO w] (10.8.40)

The formulas (I0.8.39) and (I0.8.40) give important representation for the energy of time
harmonic fields which does not explicitly involve the nonlinear self-interactions.
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10.9 Compressional waves in nonviscous compressible fluid

In this section following to [Morse Feshbach 1, Section 3.3] and [Morse Ingard, Section 6.2] we
consider here compressional waves in nonviscous and compressible fluid which are described
by the pressure field p and velocity field v and governed by the following system of equations
1
pOv = —=Vp, kOp=—-V-v, ¢ = — (10.9.1)
PR

where p and & are respectively uniform constant mass density and compressibility (adiabatic)
of the fluid at equilibrium and c is the velocity of wave propagation. We also have

1 1
PV Y is the kinetic energy and §/<ap2 is the potential energy (10.9.2)

Then we if introduce the velocity potential ¢ so that
p = poutb, v =~V (10.9.3)

it immediately follows from (I0.9.3]) that ¢ satisfies the classical wave equation
1
C—Qafz/; — V%) =0. (10.9.4)

The compressional waves have the following Lagrangian density

S S SR Y L
L=5pvev =g’ = 5p| 5 (0) = (V) (10.9.5)

and the following canonical energy-momentum tensor

T Paoiﬁl?w pOopOaty pOop D31
| POV T —pO1pOyy —pd1Ozy 1
= POty —pdarp 1) T — pDy D51 ’ao_cat> (10.9.6)
pIspdoth  —pdshorh  —pdshdar) T

7% = S [@0)" + (Vo) T = G (Vo) = 2(0)" ~ (00)"].

10.10 Klein-Gordon equation and Yukawa potential

Klein-Gordon equation is well known model for a free charge, [Pauli PWM| Section 18]. In
particular, its certain modification describes a charge interacting with an external EM field,
[Schwabll, Section 8.1]. Here we follow to [Martin, Section 1.5.2]. If the spin is neglected a
freely propagating particle X of the rest mass myx is described by a complex-valued wave
function ¢ (r) satisfying the Klein-Gordon equation

1 mxcC\ 2
- 5% = {—A +( > ) }(p. (10.10.1)
This equation is obtained from the fundamental relativistic mass-energy relation
E2
— =p® +mxc? (10.10.2)

c2
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where E is the particle energy, p is the three-dimensional space momentum, by the substi-
tution £ = hd; and p = —hV,. A static solution V' to the Klein-Gordon equation (T0.10.1])
with a d-function source, i.e.

{-A+p°}V =—¢% (x), (10.10.3)
is called the Yukawa potential
Vi) =~ L Ay e (), = T (10.10.4)

The quantity p~! = % is called the range of the potential V', is and it is also known as the

Compton wavelength of the relativistic particle of the mass myx. The constant g is a so-called
coupling constant representing the basic strength of the interaction.

There is an interpretation of Klein-Gordon equation as a flexible string with additional
stiffness forces provided by the medium surrounding it. Namely, if the string is embedded in
a thin sheet of rubber or if it is along the axis of a cylinder of rubber whose outside surface
kept fixed, [Morse Feshbach 1l, Section 2.1].

10.11 Schrodinger Equation
The Schrodinger equation with the potential V' is

2
ROy = —h—v%/; + V. (10.11.1)
2m

It is the Euler-Lagrange field equation (together with its conjugate) for the following La-
grangian, [Morse Feshbach 1l (3.3.20)]

L= 15 (Y O — Opp™ ) — %Vw -V =™V, (10.11.2)

The stress-tensor here oL oL
T — R 10.11.3
3 %w 3 %w ( )

implying the following formula for the energy density

2
H=T%= —;—mvw* -V + V. (10.11.4)

The energy flow vector S, the momentum density vector P and the current density vector J
for the Schrodinger equation (I0I1.]) are respectively, [Morse Feshbach 1l (3.3.25), (3.3.26)],

h2

S -
2m

0" - VY + 0 - VY], P = igL [W* -V — - V], J = —%P, (10.11.5)

with the equation of continuity 0;H + V- S = 0.
Quantum mechanical charged particle in an external EM field with the 4-potential A* =
(p, A) is described by the following Schrédinger equation, [Morse Feshbach 1l (2.6.47)]

hid = — <hv . %A) : <hv . %A) b+ g (10.11.6)

2m \ 1 1
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or
h2
2m

i+ i A vy
2me

2
¢’ |A|
2mc?

hiop) = — +qo| v, (10.11.7)

with the charge density p = qi¢™ and the current J as follows, [Morse Feshbach 1I, (2.6.46)]

* . qh * *
p= Ui’ I =i (V= V). (10.11.8)
The quantities p and J satisfy the continuity equation

Op+V-J=0. (10.11.9)

11 Appendix: Fourier transforms and Green functions

The polar coordinates representation of the Laplace operator, [Taylor 1, (4.56)], is

2
Ao in, -4 24

1
2o T W+;dr+ﬁASa x € R’ 7= x|, (11.0.10)

where A, is the Laplace operator on the unit sphere S?2. We also have n = 3, [Taylor 1]
(5753)_(5759)]7

1 e_’{'x‘

0 (x) >

(k* = A) K > 0. (11.0.11)

- 47 x|’

Notice that the action of the operator A on radial functions g (r), i.e. functions depending
on r = |z|, is reduced to the action of A, only for smooth functions, i.e.

Ag(r) = A.g(r) if g (r) is continuos and smooth for r > 0. (11.0.12)
Indeed, in view of (IL.O.I])
1 1
Ar; = 0, whereas A; = —476 (x) . (11.0.13)

Let us consider the Fourier transform of radial functions following to [Taylor 1|, Section 3.6]:

1
(27

f o) =7 (lk|) = /Ooof(r)@bd(rlkl)rn_ldn @Dd(lkl):/ e *¥ds.  (11.0.14)

|x|=1

Then the following identity holds

k) = <3)é m/()oof(r) sin (r [K[) dr. (11.0.15)

T
Let w (x), x € R? be a real function satisfying
0 < w(x) < we < 0. (11.0.16)

Then the Green function G (x,y) = (=A +w) ™" (x,y) defined as a fundamental solution to
the equation
(A +w)G(x,y)=0(x—Y), (11.0.17)
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satisfies the following inequalities

o Vislx—y]|

Ty S A wso) ' (x,y) < (A +w) ' (x,y) < (11.0.18)
< (A) (y) = e

which follow from the Feynman-Kac formula for the heat kernel, [Oksendal, Section 8.2] |
applied to the operator —A + w.
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