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D and 3D elastic wavefield vector decomposition
n the wavenumber domain for VTI media

unshan Zhang1 and George A. McMechan1
s
�
t
i
l
g
t
a
v
S
P
c
e
m
t

ABSTRACT

A pragmatic decomposition of a vector wavefield into P- and
S-waves is based on the Helmholtz theory and the Christoffel
equation. It is applicable to VTI media when the plane-wave po-
larization is continuous in the vicinity of a given wavenumber
and is uniquely defined by that wavenumber, except for the kiss
singularities on the VTI symmetry axis. Unlike divergence and
curl, which separate the wavefield into a scalar and a vector field,
the decomposed P- and S-wavefields are both vector fields, with
correct amplitude, phase, and physical units. If the vector compo-
nents of decomposed wavefields are added, they reconstruct
those of the original input wavefield. Wavefield propagation in
any portions of a VTI medium that have the same polarization
distribution �i.e., the same eigenvector� in the wavenumber do-
main have the same decomposition operators and can be recon-
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tructed with a single 3D Fourier transform for each operator
e.g., one for P-waves and one for S-waves�.This applies to iso-
ropic wavefields and to VTI anisotropic wavefields, if the polar-
zation distribution is constant, regardless of changes in the ve-
ocity. Because the anisotropic phase polarization is local, not
lobal, the wavefield decomposition for inhomogeneous aniso-
ropic media needs to be done separately for each region that has
different polarization distribution. The complete decomposed
ector wavefield is constructed by combining the P-, SV-, and
H-wavefields in each region into the corresponding composite
-, SV-, and SH-wavefields that span the model. Potential practi-
al applications include extraction of separate images for differ-
nt wave types in prestack reverse time migration, inversion, or
igration velocity analysis, and calculation of wave-propaga-

ion directions for common-angle gathers.
INTRODUCTION

Elastic �including anisotropic� wave propagation has been widely
tudied. Three-dimensional, three-component �3-C� reverse time
xtrapolation from 3-C receiver arrays will reconstruct both the P-
nd S-waves. Without P- and S-wave separation, the P and S con-
erted waves will coincide in space and time at the image condition
n reverse time migration. This superposition corrupts the migrated
mage; the image amplitudes have no physical meaning. Thus, the P-
nd S-wavefields need to be decomposed to allow isolation of P and
images �e.g., Sun et al., 2007; Yan and Sava, 2007�.
Many authors have worked on P-S wavefield separation. The clas-

ical Helmholtz decomposition �Morse and Feshback, 1953� defines
ector decomposition via calculating potentials, but this is applica-
le only for isotropic media and is too expensive to be practical. De-
aney and Oristaglio �1986� separate the P- and S-waves by plane-
ave decomposition. Amundsen and Reitan �1995� and Amundsen

t al. �1998� separate the upgoing and downgoing P- and S-waves

Manuscript received by the Editor 12 May 2009; revised manuscript receiv
1University of Texas at Dallas, Center for Lithospheric Studies, Richardson
2010 Society of Exploration Geophysicists.All rights reserved.
rom the pressure and vector recorded data. Ma and Zhu �2003� ex-
rapolate P- and S-waves separately in an elastic wavefield by de-
omposing the wave equation into P- and S-wave components. Jian-
ei et al. �2007� implement the Ma and Zhu �2003� algorithm with 2D
taggered-grid finite differences.

Sun and McMechan �2001� and Sun et al. �2006� use 3D diver-
ence and curl to separate P- and S-waves for reverse time migra-
ion. A phase shift is introduced by curl or curllike separations and
ivergence or divergencelike separations �Sun et al., 2001� so that
he waveforms are changed. More important, the physical meanings
f the original variables are lost in these operations. Therefore, for
xample, we then cannot use the upgoing over downgoing amplitude
atio as the image condition to obtain images of the PP, SS, PS, and
P reflection coefficients by reverse time migration. Below, we pro-
ide a solution to this problem.

Dellinger and Etgen �1990� generalize divergence and curl to an-
sotropic media by constructing the operators in the wavenumber
omain, independently solving the Christoffel equation at each

ovember 2009; published online 17 June 2010.
, U.S.A. E-mail: qxz035000@utdallas.edu; mcmec@utdallas.edu.
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D14 Zhang and McMechan
avenumber of the wave propagation. We call these curllike and di-
ergencelike separation operations. In anisotropic media, eigenval-
es of the Christoffel equation are used to define phase velocities. S1
nd S2 are the fast and slow S-waves, but these do not correspond to
onsistent �SV and SH� polarizations as a function of the propaga-
ion direction �or wavenumber� �Figures 1 and 2�. This is one reason
hy there are many statements in the literature about the impossibil-

ty of separating the two S-waves �Dellinger, 1991�. Crossover dis-
ontinuities occur only if the fast or slow phase velocities are fol-
owed, not if the polarizations are followed; kiss singularities occur
long the vertical �Kz� wavenumber �Crampin and Yedlin, 1981;
avryčuk, 2003�. The nomenclature of SV and SH applies only to TI
edia. The key concept of decomposition is based on polarization

ather than phase velocities �Crampin, 1981; Tsvankin, 1997�.
In this paper, we develop and implement a new wavefield decom-

osition to separate the elastic wavefield into curl-free �P-wave� and
ivergence-free �S-wave� parts while preserving the original physi-
al units, phase, amplitude, and vector characteristics of the data. We
eneralize wavefield decomposition in isotropic media to anisotrop-
c media by using the eigenvectors of the Christoffel equation �Del-
inger and Etgen, 1990� to replace P-wave polarization. In the wave-
umber domain, P, SV, and SH can be obtained by projecting the 3D
ourier-transformed input wavefield onto the vector components of

heir polarization directions. In addition, SV and SH can also be ob-
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igure 1. �a,b,c� The arrows show the S1 polarization directions at
ach K location. In �d,e,f,� they show the S2 polarization directions.
K��1.0 and defines the wave-propagation direction. The blue ar-
ows are SV; the red are SH. In �b and e�, the arrows are projected to
he horizontal �kx,ky� plane, and in �c and f� to the vertical �kx,kz�
lane. Because kz is a symmetry axis, the �ky,kz� plane is the same as
he �kx,kz� plane and thus is not shown. The S1 and S2 patterns are
omplementary. The corresponding decompositions into SV and SH
re shown in Figure 2.
ained by two sequential cross products of the corresponding polar-
zations with the S-wavefield.

In VTI media, the S-waves have two types of singularity: cross-
vers and kisses. We can handle crossovers by using continuity of
olarization, but we do not attempt to solve the kiss singularity prob-
em �which has no known solution�. We also extend this method to
nhomogeneous anisotropic wavefield decomposition using the fact
hat anisotropic phase polarization is local, not global �Nistala and

cMechan, 2005�. We use only VTI media as examples.
The strategy of this paper is to combine two previously existing

oncepts with a new, integrated framework. Together, they provide a
omplete new solution to the problem of decomposition of an elastic
avefield into P- and S-waves for isotropic media, and they also pro-
ide new insights into decomposition in anisotropic media. The first
xisting basis is the Helmholtz theory �Morse and Feshbach, 1953�,
hich relates P- and S-waves to their scalar and vector potentials for

sotropic media. The second basis is the work by Dellinger and Etgen
1989, 1990� and Dellinger �1991�, which opened the door for appli-
ation to anisotropic media via the Christoffel equation.

A key distinction must be made between the concepts of wave
eparation �or transformation� and wave decomposition. Wave sepa-
ation refers to isolation of P- and S-waves, usually in the form of di-
ergencelike and curllike operations. The separated waves do not
ave the same waveform or magnitude as the input wavefield �there
s a 90° phase shift �Dellinger, 1991; Sun et al., 2004��. More impor-
ant, divergence is a scalar and curl is a vector with a different �or-
hogonal� direction from that of the input vector wavefield. The out-
uts of the proposed wavefield decomposition have the advantage
hat they are vector components that have the same amplitude,
hase, waveform, direction, and physical units as the input wave-
eld. The sum of the decomposed vector components of the P- and
-waves reconstructs the original three-component wavefield
which is not true for previous separations�. Separation of wave-
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igure 2. In �a� and �b�, the arrows show the �predominantly longitu-
inal� SV polarization directions in the �kx,ky� and �kx,kz� projec-
ions, respectively; �c� and �d� are the same projections for the �trans-
erse� SH polarization directions. The axes, symmetry, and color
cheme are the same as in Figure 1, which shows the corresponding
1 and S2 representations. The use of SV and SH defined by polar-

zation gives continuous polarization surfaces �except at the kiss sin-
ularities at K ��1�.
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Vector wavefield decomposition D15
elds allows their use in image conditions for migration and reduces
rtifacts associated with P-S cross talk �Yan and Sava, 2007�.

The main differences between the previous work and the current
esults are:

Our derivation is mathematically rather than geometrically
based. Thus, a side benefit is that the new derivation provides the-
oretical support for the work of Dellinger and Etgen �1990�, Del-
linger �1991�, and Sun et al. �2004�.
Our outputs are the full 3-C vector wavefield decompositions
�not transformations of the input wavefield�.
Our implementation and examples include 3D heterogeneous
models, not just homogeneous models.
We provide a physical interpretation of the full vector decompo-
sition.

e provide a pragmatic approach to wavefield decomposition. Be-
ause the output consists of the vector components of each wave
ype, wave-incident directions are obtained very easily �and are nec-
ssary for AVA analysis�. Thus, common-image gathers can be ob-
ained directly in the angle domain without the need for space shift-
ng in the crosscorrelation image condition. Space shifting is de-
ailed by Sava and Fomel �2005�.

THEORY

In this section, we consider the proposed formulation first in the
sotropic context and then in the anisotropic context. Numerical ex-
mples are shown in the following section.

avefield decomposition in isotropic media

A3D vector wavefield U can be expressed as

U�Uxi�Uyj�Uzk, �1�

here i, j, and k are the unit basis vectors in a Cartesian-
x, y, z�-coordinate system, and Ux, Uy, and Uz are the wavefield
omponents in the x-, y-, and z-directions, respectively. From the
elmholtz decomposition theory, a vector wavefield U can be de-

omposed into a curl-free part, UP �the P-wavefield�, and a diver-
ence-free part, US �the S-wavefield� �Aki and Richards, 1980�:

U�UP�US, �2�

ith

� �UP�0, �3�

nd

� ·US�0, �4�

here

� �
�

�x
i�

�

�y
j�

�

�z
k .

The component forms of the curl-free �P-wave� part and the diver-
ence-free �S-wave� part are

UP�Ux
Pi�Uy

Pj�Uz
Pk, �5�

nd
US�Ux
Si�Uy

Sj�Uz
Sk . �6�

n the wavenumber domain, equation 1 is transformed to

Ũ� Ũxi� Ũyj� Ũzk . �7�

he kernel of the Fourier transform is ei�K�·R�, where R� �x,y,z� and
�� �Kx�,Ky�,Kz�� is the wavenumber vector that defines the wave-

ropagation �or P-wave-polarization� direction, and Ka��� /Va,
here Va is the phase velocity in direction a, � is angular frequency,

nd i���1.
The Helmholtz equations are transformed into

Ũ� ŨP� ŨS �8�

n the wavenumber domain, with

K�� ŨP�0 �9�

nd

K� · ŨS�0, �10�

here the tilde on the wavefield variable indicates its 3D Fourier
ransform. Equations 8–10 correspond to equations 2–4, respective-
y. In addition, for a P-wave, we have

� ·U� � ·UP �11�

n the space domain and

K� · Ũ�K� · ŨP �12�

n the wavenumber domain. Similarly, for an S-wave, we have

� �U� � �US �13�

n the space domain and

K�� Ũ�K�� ŨS �14�

n the wavenumber domain.
Consider solving for the Fourier vector components Ũx

P, Ũy
P, and

˜
z
P of the P-wavefield using equations 9 and 12. The inputs are the
D Fourier transform of the original wavefield Ũ� �Ũx,Ũy,Ũz� and
avenumber K�. The vector equation 9 contains three linear equa-

ions �one for each component� and equation 12 is one linear equa-
ion, so there are four equations and three unknown variables. Only
wo of the three equations in vector equation 9 are independent.
hus, any two of the equations in 9, along with equation 12, form a
ystem of three independent linear equations, and the three unknown
ariables �Ũx

P,Ũy
P,Ũz

P� can be solved, for example, by Gaussian sub-
titution. The solution for the three Fourier components of the
-wavefield is

Ũx
P�Kx

2Ũx�KxKyŨy �KxKzŨz, �15a�

Ũy
P�Ky

2Ũy �KyKxŨx�KyKzŨz, �15b�

nd

Ũz
P�Kz

2Ũz�KzKxŨx�KzKyŨy, �15c�
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D16 Zhang and McMechan
here Kx, Ky, and Kz are Kx�, Ky�, and Kz� normalized by �K�� and thus
re dimensionless, and K� �Kx,Ky,Kz�. For example, Kx�Kx��Kx�

2

Ky�
2�Kz�

2��1/2. The short form is

ŨP�K�K · Ũ� . �16�

imilarly, using equations 10 and 14, the S-wavefield decomposi-
ion can be solved in the wavenumber domain as

Ũx
s � �Ky

2�Kz
2�Ũx�KxKyŨy �KxKzŨz, �17a�

Ũy
s � �Kx

2�Kz
2�Ũy �KyKxŨx�KyKzŨz, �17b�

nd

Ũz
s� �Kx

2�Ky
2�Ũz�KzKxŨx�KzKyŨy . �17c�

he short form is

ŨS��K� �K� Ũ� . �18�

In two dimensions, the expanded form of the decomposed
-wavefield in the �Kx,Kz� wavenumber domain is

Ũx
P�Kx

2Ũx�KxKzŨz �19a�

nd

Ũz
P�Kz

2Ũz�KzKxŨx. �19b�

imilarly, the expanded form of the decomposed S-wavefield in the
Kx,Kz� wavenumber domain is

Ũx
S�Kz

2Ũx�KxKzŨz �20a�

nd

Ũz
S�Kx

2Ũz�KzKxŨx. �20b�

Inverse Fourier transforms of Ũx
P, Ũy

P, and Ũz
P in equation 15a–15c

ive the 3D vector components of the P-waves in �x,y,z�. Inverse
ourier transforms of Ũx

S, Ũy
S, and Ũz

S in equation 17a–17c give the
D vector components of S-waves in �x,y,z�. Inverse Fourier trans-
orms of Ũx

P and Ũz
P in equation 19a and 19b give the 2D vector com-

onents of the P-waves in �x,z�. Inverse Fourier transforms of Ũx
S and

˜
z
S in equation 20a and 20b give the 2D vector components of the
-wave in �x,z�.

avefield decomposition in anisotropic media

In isotropic media, the wavenumber K is not only the wave-prop-
gation direction but also the P-wave-polarization direction. The
-wave and S-wave polarizations are perpendicular to each other, so
olarization can be used as the basis of P- and S-wavefield decompo-
ition. Using AP to represent the P-wave-polarization vector, equa-
ion 16 becomes

ŨP�AP�AP · Ũ� �21�

nd equation 18 becomes

ŨS��AP� �AP� Ũ�, �22�

here �AP��1. Wavenumber K is valid only for wavefield decom-
osition in isotropic media, and polarization AP can be used in iso-
ropic media and for anisotropic media of any symmetry �Dellinger,
991�. Dellinger �1991� was the first to present equation 21, but be-
ause his approach was different from that used here �he isolated the
-waves by subtracting the P-waves from the total wavefield�, he did
ot find equation 22. In fact, neither Dellinger’s wavefield subtrac-
ion nor equation 22 explicitly extracts the S-waves, but rather, they
xtract the non-P portion of the wavefield. More important, equa-
ions 21 and 22 form a pair that is an extension of the corresponding
elmholtz equations. Equations 21 and 22 are both necessary for

ompleteness; equation 22 is the basis of our decomposition of
-waves into SV and SH in anisotropic media.
Like wavefield decomposition in isotropic media by equations 21

nd 22, we also can decompose the anisotropic quasi-P and quasi-S
aves �qP and qS� based on their polarizations �see Appendix A,
hich gives a physical interpretation of why wavefields can be de-

omposed�. From this point on, we drop the redundant q in qPand qS
henever referring to anisotropic propagation; it should be under-

tood to be present. In anisotropic media, the wavefield is also a lin-
ar superposition of P, SH, and SV. In the wavenumber domain,

Ũ� ŨP� ŨSH� ŨSV, �23�

here ŨP� �Ux
P,Uy

P,Uz
P�, ŨSV� �Ux

SV,Uy
SV,Uz

SV�, and ŨSH

�Ux
SH,Uy

SH,Uz
SH�. ŨP, ŨSV, and ŨSH are perpendicular to one anoth-

r. The two conditions of linearity and perpendicularity allow the
avefield to be decomposed in VTI media.
What remains is to define the wave-polarization direction which,

n an isotropic medium, is the unit wavenumber vector K. In aniso-
ropic media, wave-propagation direction is neither parallel nor per-
endicular to the P-, SV-, or SH-wave polarizations, so K cannot be
sed directly. Fortunately, the Christoffel equation relates the wave-
olarization direction and the wave-propagation direction K in an-
sotropic media.

The Christoffel equation is

����V2I�A�0. �24�

n equation 24, I is the unit diagonal matrix; � ik�CijklKjKl, where
ijkl is the elastic stiffness tensor; Kj and Kl are components of the
ormalized and dimensionless plane-wave-propagation direction K
nd i,j,k,l�1,2,3 �consistent with Carcione, 2007�; �V2 is an eigen-
alue of matrix �; and A� �Ax,Ay,Az�T is the corresponding eigen-
ector. Usually, there are three �unequal� eigenvalues of the 3�3
atrix, so they have three corresponding eigenvectors. Each

Ax,Ay,Az�T is defined in the �Kx,Ky,Kz� wavenumber domain and is
qual to �Kx,Ky,Kz�T for P-waves in isotropic media; � is density, and
is phase velocity. Equation 24 explicitly relates phase velocity to

he wave-propagation direction.
In anisotropic media, there are three different eigenvalues of the

hristoffel equation, so there are three perpendicular eigenvectors:
P� �Ax

P,Ay
P,Az

P� corresponds to the P-wave’s eigenvector, ASV

�Ax
SV,Ay

SV,Az
SV� corresponds to the SV-wave’s eigenvector, and

SH� �Ax
SH,Ay

SH,Az
SH� corresponds to the SH-wave’s eigenvector.

hese are the polarization directions of the P-, SV-, and SH-waves,
espectively.All three are unit vectors.

Therefore, the anisotropic equivalent of equation 21 is

ŨP�AP�AP · Ũ�, �25�

hich decomposes the P-wave by replacing the P-wave’s polariza-
ion �in the isotropic solution� with the P-wave’s eigenvectors �for
he anisotropic solution�. Similarly,
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Vector wavefield decomposition D17
ŨSV�ASV�ASV· Ũ� �26�

ecomposes the SV-wave using the SV-wave’s polarization, and

ŨSH�ASH�ASH· Ũ� �27�

ecomposes the SH-wave using the SH-wave’s polarization.
Alternatively, starting from equation 22, we have

ŨS��AP� �AP� Ũ� �28�

o decompose the S-wave, which includes both SH and SV. Then

ŨSH��ASV� �ASV� ŨS� �29�

ecomposes SH from the S-wavefield, and

ŨSV��ASH� �ASH� ŨS� �30�

ecomposes SV from the S-wavefield.
Three-dimensional inverse Fourier transforms of Ũx

P, Ũy
P, and Ũz

P

n equation 25 give the 3D, 3-C decomposed P-wavefield in space.
hree-dimensional inverse Fourier transforms of the decomposed
omponents of equations 26–30 give the corresponding 3D, 3-C de-
omposed UP, US, USV, and USH wavefields in space.

The main steps involved in wavenumber-domain decomposition
re similar to those for a wavenumber-domain filter. The data are
ourier-transformed from the space domain to the wavenumber do-
ain, the transform is multiplied by the chosen decomposition oper-

tor, and then an inverse transform takes the decomposed data back
o the space domain. The fact that the waves are propagating is not
elevant to the decomposition because only the wavefield values and
heir �spatial� derivatives are used. The decomposition is of a fixed-
ime snapshot, so the time dimension plays no role. The wavefields
efore and after decomposition are at exactly the same spatial loca-
ions; there are no phase shifts or propagation factors between the in-
ut and output wavefields.

This method can be extended for inhomogeneous anisotropic
avefield decomposition. The anisotropic phase polarization is lo-

al, not global �Nistala and McMechan, 2005�, so the wavefield de-
omposition needs to be done separately for each region that has a
ifferent polarization distribution. Then the decomposed wavefields
n each region need to be joined into the composite wavefields for
ach wave type �P, SH, and SV� across the whole model.

Because wavefield displacements �and particle velocities� are
ontinuous, the boundary conditions are implicitly satisfied from re-
ion to region when decomposing P- and S-waves. At discontinui-
ies in the elastic tensor values, the boundary is assumed to be infi-
itely thin, so each grid point is either in one polarization distribution
r the other for the Christoffel equation 24. At a reflection point, a
avefront will have a change of sign of wavenumber so the incident

nd reflected contributions will correspond to different parts of the
ame decomposition operator.

Decomposition is based on polarization. Different parts of a
avefront may have different polarizations, but each will be treated

ndividually by its respective decomposition operator. If different re-
ions of a model have the same polarization distribution, one de-
omposition �and one inverse Fourier transform� is sufficient �Ap-
endix B�. This is the reason that the decomposition for an isotropic
edium is global and does not depend on local velocity distribution.

f polarization can be determined independently �for example, by di-
ect measurements from 3-C data� �Gomes et al., 2004; Agnihotri
nd McMechan, 2007�, then estimation of polarization via the
hristoffel equation is not required.
Decomposition becomes expensive if the medium has many re-

ions with different polarization distributions because the inverse
ransform needs to be done once for each decomposition operator in
ach polarization distribution. However, it may be possible to get ap-
roximate decompositions by treating groups of points with similar
olarization distributions as if they are the same �see Dellinger,
991� for an example of an approximate separation for an ortho-
hombic medium using a VTI separation operator�.

EXAMPLES

This section contains three elastic examples. They are for a 2D
eterogeneous isotropic model, a 2D heterogeneous anisotropic
odel, and a 3D heterogeneous anisotropic model.
The layer geometry in the 2D examples is shown in Figure 3 and

he elastic tensor elements are given in Table 1. For the isotropic ex-
mple, the P-wave velocities increase from 1500 to 4000 m /s from
ayer 1 to layer 6, and the S-wave velocities increase from
00 to 2000 m /s. For the anisotropic example, layer 1 is isotropic
nd the other six layers are transversely isotropic with a vertical
ymmetry axis �VTI�. The velocity anisotropy is about 10% for the
- and S-waves. The horizontal P and S velocities are the same as the
- and S-wave velocities, respectively, in the isotropic model.An ex-
losive source at the top of layer 1 �Figure 3� has a Ricker-wavelet
ime dependence for both isotropic and anisotropic models.

Two-component, 2D fixed-time snapshots are generated for the
sotropic and anisotropic versions of the model in Figure 3 using fi-
ite differences on a staggered grid with eighth-order differential op-
rators in space and second-order operators in time. The perfectly
atched layer-absorbing boundary condition �Komatitsch and Mar-

in, 2007� is applied to all four grid edges. The same algorithm is ap-
lied to generate the 3-C, 3D example below.

D isotropic elastic wavefield decomposition

Figure 4a and d shows the x- and z-components of the input 2D
particle-velocity� wavefields at time�0.7 s. Figure 4b, c, e, and f
ontains the decomposed wavefields obtained by using the proposed
ethod. The amplitude and phase of the decomposed x- and
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igure 3. This is the velocity geometry for both the 2D isotropic and
nisotropic models. The numbers 1, 2, 3…, 6 identify the layer prop-
rties in Table 1. S is the source location.
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D18 Zhang and McMechan
-components of the P- and S-waves are equal to those of input P-
nd S-wavefields. The decomposed P- and S-wavefields do not in-
lude each other. For comparison, Figure 5 shows the divergence
nd curl results �Sun and McMechan, 2001�. Because of the deriva-
ives in the divergence and curl operations, the waveform and phase
re changed, and more important, the physical unit is changed. For
xample, if the input wavefield is particle displacement, the spatial
erivatives are dimensionless �meters/meters�, and if the input
avefield is particle velocity, the spatial derivatives have units of

econds�1 �meters/�seconds·meters��. In Figure 5, the waves have

able 1. Tensor element values (in Pa) for each layer in the 2
odel, only C11 and C55 are used. For the 2D VTI model, on

ayers 1 through 4 are used. The vertical (3) axis is the symm

Elastic te

Layer 1 Layer 2 Laye

C11 5.0E�09 7.0E�09 9.0E�

C13 1.0E�09 1.3E�09 2.1E�

C33 5.0E�09 8.0E�09 9.9E�

C55 2.0E�09 3.8E�09 3.9E�

C12 1.0E�09 1.2E�09 2.0E�
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igure 4. Wavefield decomposition in the isotropic 2D model of Fig
osed method. �a,d� are the x- and z-components of the input wavefi
nd z-components of the decomposed P-wave. �c,f� are the x- and z
ecomposed S-wave. Decomposition is good; the components are
hase, amplitude, and physical units are correct.
been separated by divergence and curl operations
and thus have a 90° phase shift �see the “Discus-
sion” section below�.

Alternatively, the x- and z-components of the
P-wave can be obtained by subtracting the de-
composed x- and z-components of the S-wave
from the original input x- and z-component wave-
fields. Similarly, the x- and z-components of the
S-wave can be obtained by subtracting the de-
composed x- and z-components of the P-wave
from the x- and z-components of the original in-
put wavefield. The difference between the sub-
tracted S-wave �or P-wave� and the decomposed
S-wave �or P-wave� components is negligible.

2D anisotropic elastic wavefield
decomposition

Wavefield decomposition in the wavenumber
domain depends on the orthogonality of the dif-
ferent wave types. The wavefield-polarization
distribution in an isotropic medium is global;
however, the polarization direction in anisotropic
media is local. Thus, wavefields that have differ-
ent polarization distributions need to be decom-
posed separately using their different Christoffel
eigenvectors.

For this example, the six-layer geometry is the
same as the previous isotropic example �Figure
3�. Table 1 contains the values of the elastic tensor
elements. Because the anisotropic polarization is
local, the wavefield is divided into six isolated
zones, one within each layer. The wavefield
present within each layer is decomposed using its
local anisotropic polarization distributions and

ecomposition operators. Therefore, six local wavefield decomposi-
ions are performed for this example. The full decomposition in-
olves 24 2D inverse Fourier transforms �six layers � two opera-
ors �one for P-waves and one for S-waves� � two components
x and z��. The number of inverse transforms is reduced to 12 if only
-waves are decomposed and then wavefield subtraction is used to
roduce the S-waves �or vice versa�. Then the P portions of the six
ecomposed wavefields are combined to construct a complete de-
omposed P-wavefield. Similar, all the S portions are combined into

opic, 2D VTI, and 3D VTI models. For the isotropic 2D
, C33, C13, and C55 are used. For the 3D model, only

xis.

lements
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2.2E�09 1.9E�09 2.1E�09
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2.0E�09 N/A N/A
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Vector wavefield decomposition D19
he single composite S-wavefield. This method is also applied to the
D wavefield decomposition in inhomogeneous anisotropic media
n the next section.

Figure 6 contains the same information as Figure 4 but for the
avefields in the 2D VTI model at time�0.7 s. The decomposition

s successful because the amplitude and phase of the decomposed P-
nd S-wave components are equal to those of P- and S-waves in the
nput wavefield. For comparison, Figure 7a and c shows the diver-
ence and curl results, in which the separation is not complete. The
-wave part �Figure 7a� has S-wave artifacts, and the S-wave part
Figure 7b� has P-wave artifacts. Figure 7b and d shows the diver-
encelike and curllike results, using Dellinger
nd Etgen’s �1990� algorithm. These results are
etter than those shown in Figure 7a and b be-
ause the P- and S-waves are separated, but they
ave a residual � /2 phase shift.
The proposed method �Figure 6� not only sepa-

ates the P- and S-waves �the polarization is cor-
ect, and P and S do not include each other� but
lso has correct phase, amplitude, and physical
nits �see the “Discussion” section below�. In two
imensions, SV is the only S-wave present. Simi-
ar to the wavefield decomposition in isotropic

edia, the x- and z-components of the P-wave
an be obtained by subtracting the x- and
-components of the S-wave from the original in-
ut x- and z-component wavefields, and vice ver-
a. Dellinger �1991� uses this as a key part of his
pproach to obtain the S-waves.

D anisotropic elastic wavefield
ecomposition

The wavefield decomposition also works in
D, heterogeneous, VTI anisotropic structure. As
or the wavefield decomposition in 2D, heteroge-
eous, anisotropic structure, the wavefield de-
omposition in three dimensions needs to be done
eparately for each region that has a different po-
arization distribution. Then the pieces are com-
iled into the composite P-, SV-, and SH-wave-
elds for the whole model.
Consider the 3D geometry in Figure 8. The

ymmetry in all four layers is VTI. The anisotro-
ies of the P- and S-wave velocities are about
0%. Table 1 contains the elastic tensor values.
he finite-difference algorithm used to generate

he synthetic test data is a 3D version of that used
or the 2D model in the previous section. A force
ource with orientation �1,1,1� that has a Ricker
ime dependence is located in the center of the

odel �Figure 8�.
Figure 9 shows snapshots of the 3-C input

avefield and the decomposed x-, y-, and z-
omponents of P, SV, and SH �using equa-
ions 25–27� on a vertical y-z slice through the
ource, all at time�0.35 s. The decomposed
-components of P, SH, and SV do not include
ne another, and their sum equals the x-compo-
ent of the input wavefield; the same is true for
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Figure 6. Wav
od. �a,d� are
z-components
composed S-w
their phase, am
he y- and z-components. As expected, the z-component of SH is
ero everywhere �because the SH-wave-polarization direction is
erpendicular to the z-axis�, and the x-�transverse� component of the
irect P-wave is close to zero �the theoretical value for this model� in
he layer in which the source is located.

The snapshots in Figure 10 are located on a vertical x-z slice,
hich is perpendicular to that in Figure 9, and goes through the

ource at the same time. The layout of Figure 10 is the same as that of
igure 9. As in Figure 9, the x-components of the decomposed P-,
H-, and SV-waves do not include one another, and their sum is
qual to the input x-component wavefield; the same is true for the y-
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divergence and curl of the wavefield of Figure 4a and d. Phase, am-
units are not correct �Sun and McMechan, 2004�.
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and z-components of the input wavefield. �b,e� are the x- and
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D20 Zhang and McMechan
nd z-components. Again, the z-component of SH is zero every-
here, and the y-component of P is close to zero �the theoretical val-
e for this slice�. The decomposed P-, SH-, and SV-waves are well
eparated; none includes the others, and they have the correct ampli-
ude, phase, and physical units. The alternative sequence of equa-
ions 21 and 28–30 was also performed, and it produced identical re-
ults. Thus, the 3-C, 3D anisotropic wavefield decomposition is suc-
essful.

The examples above show the ability to handle crossovers by en-
orcing continuity of polarization. For 3D VTI media, there is a kiss
ingularity in S1 and S2 at Kz��1 �Figure 2� as a result of the coin-
idence of the longitudinal and transverse polarizations. These sin-
ularities continue to exist in the x- and y-components of SV and SH
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igure 7. Panels �a,c� are divergence and curl of the input wavefiel
b,d� are the corresponding divergencelike and curllike separations
ethod and �c� curl method cannot separate the wavefield in ani
-wave includes some S-wave energy, and vice versa. The �b� div
urllike operators can separate P- and S-waves, but their phase, wav
nits are not correct.

y

V1
x

V2

V3

V4

z

igure 8. The 3D VTI model used to illustrate wavefield decomposi-
ion in arbitrarily heterogeneous structure. The dimensions of the
omputational grid are 250�250�250 points �1500 m�1500 m
1500 m�. The horizontal P-wave velocities �V1 to V4� vary from

500 m /s to 3000 m /s, and the S-wave velocities vary from
000 m /s to 1500 m /s.
Figures 9 and 10�. If these points are avoided �e.g., Dellinger, 1991�,
hen the present approach is still viable. In the z-components of SV in
igures 9 and 10, there is no kiss singularity because the SH compo-
ent is zero in this direction. Finding the solution of the singularity
roblem is a challenge for future work; it is not solvable at this time.

The polarization directions of the SH- and SV-waves cannot be
dentified from the S-wave at a kiss singularity point. Even though
he number of grid points in the kiss singularities is a small part of the
hole wavefield for the example in Figures 8–10, each singular
oint affects many more points in the wavefields because the inverse
ourier transform is global �Figures 9 and 10�.

DISCUSSION

Several related topics have not been discussed
above because they are not central to the current
goals, but they can add to the overall understand-
ing of the larger subjects of wave separations and
singularities. Two of these topics, which have
been described by Dellinger �1991�, are �1� that
there are no singularities in two dimensions be-
cause there is only one P-wave and one �in-plane�
S-wave, which have nonoverlapping slownesses,
and �2� shear-wave singularities are necessary in
three dimensions because it is not geometrically
possible to have globally continuous particle mo-
tions. Dellinger �1991� also shows his separation
operators in the space domain and shows an ap-
proximate orthorhombic separation operator. The
following subsections contain a series of other
observations that define still unanswered ques-
tions that are salient topics for future research.

Relation to and differences from
previous methods

Appendix C contains a summary of the key re-
lations among the various previous, current, and
possible future approaches. Here we highlight

nly previous methods. P- and S-wave separation, using divergence

U� P� � ·U �31�

nd curl

U� S� � �U �32�

n isotropic media has been done by Sun and McMechan �2001�. The
nderlines indicate the wavefields separated by this �traditional�
ethod �seeAppendix C�. This is a special case of wavefield separa-

ion �in fact, a wavefield transformation, not a decomposition� in
hich propagation direction is parallel or perpendicular to polariza-

ion direction. In general, in anisotropic media, wave-propagation
irection is not parallel or perpendicular to wave-polarization direc-
ion. If the original wavefield is a particle-velocity vector wavefield
, U� P is a scalar with units of s�1, and U� S is a vector, also with units
f s�1. More important, there is a 90° phase shift in the output rela-
ive to the input �Sun et al., 2001�.

Dellinger and Etgen �1990� take advantage the perpendicular re-
ationship of P and SV in VTI media to separate P- and SV-waves in
he wavenumber domain and then do inverse Fourier transforms to

)
3.0

re 6a and d�;
� divergence
c media; the
elike and �d�
and physical
ion (km
2.0

d �Figu
. The �a
sotropi
ergenc
eform,



o
m

a

T
i
a
w
3
c
t

m

a
t
m
o
q

�
m
m
g
r
t
e
a
c
m
p
w
s
t

F
�
y
1
i
z
a
w
f

F
�
x
9
T
z
a
w
f

Vector wavefield decomposition D21
btain the separated P- and S-wavefields in the space domain. Their
ethod �for anisotropic media� is

Ũ� P� iAP · Ũ �33�

nd

Ũ� S� iAP� Ũ . �34�

his method, based on divergence and curl, extends their concept
nto anisotropic wavefield separation. We call these divergencelike
nd curllike wavefield separations. Similar to the isotropic, the
aves separated by divergencelike and curllike operator equations
3 and 34 have lost their original physical meaning, and the units are
hanged by the spatial derivative. The multiplication by i in equa-
ions 33 and 34 corresponds to a 90° phase shift.

The amplitudes of the separated wavefield in the wavenumber do-
ain, obtained by the divergence and curl methods, keep the correct
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igure 9. Snapshots on the y-z profile through the source at time
0.35 s; the arrows in the upper three panels point to the

-coordinate of the source and the location of the x-z profile in Figure
0. All of the panels have the same coordinates and amplitude scal-
ng. The vertical columns from left to right are the x-, y-, and
-components. The rows from top to bottom are the input wavefield
nd the decomposed P-, SV-, and SH-wavefields. No decomposed
ave component includes the others. In the SV and SH panels, arti-

actsAare associated with singularities S.
mplitude �equations 31 and 32 and equations 33 and 34�. However,
he 90° phase shift changes the energy distribution in the space do-

ain; the waveforms after separation are different from those of the
riginal wavefield. Dellinger and Etgen �1990� discuss the conse-
uences of the 90° phase shift.

An alternative separation operator is presented by Yan and Sava
2009�, who use local pseudoderivative operators in the space do-
ain. The space-domain equivalents of the separation operators are
ore compact when they have a derivative in them. Thus, an analo-

y can be drawn between the space- and wavenumber-domain sepa-
ations and the space- and wavenumber-domain derivative calcula-
ions. Yan and Sava’s �2009� algorithm is analogous to finite-differ-
nce calculations, and Dellinger and Etgen’s �1990� algorithm is
nalogous to pseudospectral calculations. The former can handle lo-
ally smooth changes in polarization but is a less accurate approxi-
ation, whereas the latter is more accurate but is less efficient when

olarization changes rapidly in space. The latter also applies to our
avenumber-domain decomposition. There is no known decompo-

ition that operates in the space domain �other than the Helmholtz in-
egral solution, which is very inefficient;Appendix C�.
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igure 10. Snapshots on the x-z profile through the source at time
0.35 s; the arrows in the upper three panels point to the

-coordinate of the source and the location of the y-z profile in Figure
.All of the panels have the same coordinates and amplitude scaling.
he vertical columns from left to right are the x-, y-, and
-components. The rows from top to bottom are the input wavefield
nd the decomposed P-, SV-, and SH-wavefields. No decomposed
ave component includes the others. In the SV and SH panels, arti-

actsAare associated with singularities S.
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D22 Zhang and McMechan
ecomposition of SV and SH in 3D anisotropic media

In a 2D VTI medium, there are only two types of waves �Pand SV�
Figure 6�. Thus, there are no singularities because only one S-wave
xists, and the S-polarization is unique. In a 3D anisotropic medium,
he S-wave splits into SV and SH �Figures 9 and 10�. In any vertical
D slice containing the symmetry axis through the 3D polarization
istribution, both kiss and crossover singularities are present �Figure
�. In other 2D slices, the kiss singularity will not be present, and
rossovers may or may not be present �visualize planes cut through
he origin of the 3D polarization distribution in Figure 1�. Dellinger
nd Etgen �1990� avoid singularities by considering only 2D VTI
edia. Dellinger �1991� shows only the z-component of the 3D re-

ponse �in which there is no SH-wave �Figures 9 and 10� and thus no
ingularity�. Yan and Sava �2009� also consider only 2D VTI exam-
les and therefore also avoid singularities.

Here we use the wave polarization �Figure 2� rather than fast or
low �S1 or S2� S-waves �Figure 1� to define SV and SH. The polar-
zation gives continuous SH and SV polarization surfaces �Figure 2�
xcept at the kiss singularities at Kz��1 �Dieulesaint, 1974; Čer-
ený, 2001; Carcione, 2007; Tsvankin, 2005�. One of the polariza-
ion surfaces �SV or SH� can be faster or slower than the other, de-
ending on the propagation direction. SV and SH are more physical-
y meaningful than S1 and S2. The pairs of equations 26 and 27 and
9 and 30 use this concept to do the S-wave decomposition.

The examples above are for VTI media only. The P-wave decom-
ositions are easy to obtain because the velocity of the P-waves is al-
ays faster than that of the S-waves �so it is easy to extract the
-wave-polarization distribution� for any kind of anisotropy �Del-

inger, 1991�. The S-waves can be obtained by subtracting the
-waves from the total wavefield �Dellinger, 1991� or, for VTI, by
sing equation 22. Further decomposition of the S-waves can be
one by equations 29 and 30 for VTI and triclinic media if singulari-
ies are avoided �V. Grechka, personal communication, 2009�. How-
ver, for media with lower symmetries, the slowness surfaces be-
ome more complicated, and it is more difficult to systematically
dentify and extract S-wave polarizations �Dellinger, 1991�. Decom-
ositions of such wavefields have not yet been done and may not be
ossible. In any case, that is beyond the scope of this paper.

taggered grid

In a regular nonstaggered grid, all of the elastic tensor element and
eld variables are defined at the same grid locations. In a staggered-
rid design, the variables that are used to do the decomposition are
ot all located at the same points, so we cannot do the wavefield de-
omposition directly. We need to do some interpolation to estimate
he needed values at common grid points. For example, if variable u
s defined as u��n�1 /2��x� �there is no definition of u at �n�x��,
e use the average 0.5*�u��n�n�1 /2��x��u��n� ��n
1 /2��x���x�� to estimate u�n�x�. Dellinger and Etgen �1989�

lso use the analog of staggered differencing in their separation oper-
tors.

ummary

The key results of this paper are equations 16 and 18 for decom-
osing isotropic wavefields, and equations 21 and 22 for decompos-
ng anisotropic wavefields. The approach in both cases is the same;
e have shown derivations, examples, and how to understand and
nterpret the procedure. In doing this, we have verified the ideas pre-
ented by Dellinger and Etgen �1989, 1990� by independently deriv-
ng similar relations in a more rigorous way and extending them into
more complete theoretical framework �seeAppendix C�. The latter
rovides the formalism for decomposing SV and SH from S �except
or the kiss singularities�, which had not been done previously.

Finally, it is important to reiterate the practical motivation for de-
eloping this topic. For a prestack elastic migration to produce accu-
ate images of P, S, and converted P-S and S-Preflection coefficients,
t is necessary to have all the P- and S-waves decomposed in both the
ource and receiver wavefields at the image locations before apply-
ng the image condition. For example, elastic extrapolation of a re-
orded common-source wavefield containing P and P-S converted
eflections will result in spatial and temporal coincidence of these re-
ections at the image time. The resulting migrated image amplitudes
re an interfering mixture of the P and P-S reflection coefficients un-
ess they are explicitly decomposed. The vector decomposition is
lso a prerequisite to full-wavefield inversion for elastic tensor ele-
ents, as described by Tarantola �1988� and by Caricone �2007�. Be-

ause the wavefield components and hence propagation directions
re available after wavefield decomposition, common-angle gathers
re directly available for AVA analysis. The wavefield-propagation
irection can also be obtained by applying Yan and Sava’s �2009�
seudoderivative operators to equations 21, 22, 29, and 30 �Ma and
hu, 2003; Jianlei et al., 2007�.
Surface and interface waves will also have their corresponding

olarizations and thus can be decomposed if they can be defined in
erms of polarization. For example, Love-wave polarization is the
ame as SH and thus is expected to be decomposed along with SH-
aves. Propagation of inhomogeneous waves involves complex
avenumbers.

CONCLUSIONS

A new vector decomposition based on polarization is derived.
wo sequential vector �dot or cross-product� operations produce the
ecompositions of the P- and S-wavefields, respectively, as implied
y Helmholtz’s theory. The decomposed P- and S-wavefields have
he same amplitude, phase, and physical units as the input wave-
elds, regardless of what the original wavefield was �displacement,
elocity, or acceleration�. This method is extended for decomposing
wavefield in inhomogeneous VTI media into vector components of
-, SH-, and SV-waves. The key to decompose SV and SH waves is

o define SV and SH surfaces based on polarization rather than defin-
ng S1 and S2 �fast and slow� velocities based on the eigenvalues of
he Christoffel equation. Because the polarizations are local rather
han global, decompositions are done separately for each region that
as a different polarization distribution. The P-, SV-, and SH-waves
n each region are combined into the composite P-, SV-, and SH-
avefields that span the model. Decomposition works well in VTI
edia except at the singular points at Kz��1.
Future potential applications include two key aspects of reverse

ime migration. The first is decomposition of overlapped P and
-to-S converted reflections at the image time �because they satisfy

he same image condition�. The second is that incident and reflected
ngles can be easily calculated from the decomposed vector compo-
ents of the source and receiver wavefields as part of the image con-
ition. Other possible applications include estimation of the orienta-
ion of symmetry axes and amounts of shear-wave splitting.
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APPENDIX A

USING WAVEFIELD POLARIZATION FOR
WAVEFIELD DECOMPOSITION: A PHYSICAL

INTERPRETATION

In an anisotropic medium, the original wavefield Ũ is a linear su-
erposition of the polarized P-, SH-, and SV-waves �equation 21�,
hose polarizations are perpendicular to each other. The Christoffel

quation defines the relationships between the wave-propagation di-
ection and the polarization directions of the P-, SH-, and SV-waves.
hese allow an anisotropic wavefield to be decomposed; the vector
ecompositions are illustrated in Figures A-1 andA-2.

The domain in Figures A-1 and A-2 is wavenumber �Kx,Ky,Kz�.
t a location K, which defines the wave-propagation direction, there

s an input wavefield-polarization vector Ũ with components ŨP,
˜ SV, and ŨSH. The eigenvectors of the Christoffel equation give the
irections of ŨP, ŨSV, and ŨSH. In isotropic media, the P-wave’s po-
arization and K are in the same direction, but in anisotropic media,
hey are not.

Figure A-1, corresponding to equation 21, gives the physical pro-
edure for the two-step decomposition of the P-wave. In the first
tep, the input wavefield polarization Ũ projects onto the P-wave’s
olarization AP and gives the P-wave’s scalar amplitude �ŨP�� �Ũ� P�.
he second step is to redistribute this scalar �by multiplying it by the
ector components of the P-wave-polarization direction AP� to re-
over the vector which has the correct phase and amplitude and,
ore important, the same physical units as input wavefields.

Similarly, Figure A-2, corresponding to equation 22, shows the
-wave decomposition by the two-cross-product method. The polar-

zation direction of the S-wave is perpendicular to that of the
-wave. The first cross product AP � Ũ in the wavenumber domain
which is Dellinger and Etgen’s �1990� method, except for the phase
hift� gives the remaining �S� wavefield �N�. The second product

AP �N recovers the correct amplitude, phase, and direction of ŨS

n the wavenumber domain.

APPENDIX B

WAVEFIELD DECOMPOSITION OPERATORS DO
NOT CHANGE IF Cijk� IS MULTIPLIED

BY A SCALAR

Consider a P-wave with polarization distribution AP�Kx,Ky,Kz� in
he wavenumber domain, where Kx, Ky, and Kz are the coordinates of
point in the normalized 3D wavenumber domain. If the polariza-

ions of different elastic tensors have the same distribution in the
avenumber domain, they will have the same decomposition opera-
ors in the wavenumber domain �equations 21 and 22�.

Thus, if a model is composed of different elastic tensors at differ-
nt spatial locations but all of them have the same polarization distri-
ution, they can be decomposed with the same decomposition oper-
tors and be restored into the space domain with a single inverse 3D
ourier transform for each decomposition operator. This has a major

mpact on the cost of the decomposition compared to doing an in-
erse Fourier transform for points that have different velocities, so
e need to define under what conditions this is true.

Consider the relation between an eigenvalue � and its eigenvec-
or A, for matrix �0:

P
U~

P
A

xK

zK

yKK

P

xU%
P

yU%

P

zU% U~

igure A-1. The procedure for decomposing the P-wave. In the first
tep, Ũ projects onto the P-wave’s polarization AP to give the
-wave’s amplitude �UP�, which is a scalar �and is the same as Del-

inger and Etgen’s �1990� procedure, except for the phase shift�. The
econd step is to redistribute to the scalar by multiplying �UP� by the
omponents of AP, to recover the vector, which has the correct phase
nd amplitude and, more important, the same physical meaning as
he input wavefield.

U A N− = × S

P

SH

SV

PA

SVA

SHA
PN A= ×

P

yK

xK

zK

K

S

U~

U~

U~

U~

U~U~
~

igure A-2. The procedure for ŨS decomposition. The S-wave’s
olarization direction ŨS is perpendicular to that of the P-wave ŨP.
herefore, the cross product of Ũ with ŨP extracts the S-wave’s curl-

ike vector (N); this is Dellinger and Etgen’s �1990� method except
or the phase shift. The cross-product vector N is perpendicular to
he correct S-wave polarization. The second step is to recover the de-
omposed vector ŨS by �AP �N.
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�0A��A, �B-1�

here � ik
0 �Cijk�

0 KjK�. Let an inhomogeneous elastic tensor
ijk��x,y,z��g�x,y,z�Cijk�

0 , where g�x,y,z��0 is any constant coef-
cient at the grid point �x,y,z�. Then the elements � ik in the Christof-
el equation 24 change with position �x,y,z� as

0.0 1.0
0.0

0.6

1.2

S

Position (km)
2.0

2.3

1.0

g(
x

z),

D
ep

th
(k

m
)

igure B-1. This is a representative g�x,z� distribution �equation
-2� used to illustrate the 2D result. The distribution g�x,z� scales

he elastic tensor Cijk�
0 and hence the relative velocities from point to

oint. Thus, the boundary at 0.6-km depth is a velocity discontinuity
hich produces reflections �Figure B-2�. However, the VTI polar-

zation distribution does not change, and thus the decomposition op-
rators are the same at all grid points.
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igure B-2. �a,d� Input and decomposed �b,e� P and �c,f� S snapshots
lastic VTI model composed of the single elastic VTI tensor for layer
�x,z� distribution in Figure B-1.
� ik�g�x,y,z�Cijk�
0 KjK�, �B-2�

nd equation B-1 becomes

�A�g�A . �B-3�

hus, � in equation B-3 and �0 in equation B-1 have the same eigen-
ector A for a given �Ki,Kj� pair because they have the same coordi-
ates in the normalized wavenumber domain. The eigenvalue � for
0 becomes g� for �. From equations B-2 and 24, it is concluded that
ny medium that satisfies Cijk��x,y,z��g�x,y,z�Cijk�

0 will have a sin-
le unique polarization distribution, regardless of the variation in
�x,y,z�. Because Cijk�

0 is the same for all �x,y,z�, this defines a medi-
m in which the symmetry of the anisotropy is the same from point to
oint but values of all the velocities may change subject to keeping
he relative values prescribed by Cijk�

0 . A VTI medium with spatially
ariable velocities satisfies this requirement, as do isotopic and tri-
linic media.

Figure B-1 shows the g�x,z� distribution for a 2D, heterogeneous,
lastic anisotropic model with a single Cijk�

0 but variable g. The corre-
ponding x- and z-components of the wavefield produced by the
ource S in Figure B-1 are shown in Figure B-2a and B-2d. The re-
ulting decomposed P- and S-waves are in Figure B-2b and B-2e and
igure B-2e and B-2c, and B-2f, respectively. These decompositions
ere produced with one inverse 2D Fourier transform for the
-waves and a second one for the S-waves because all points in the
odel have the same polarization and the same eigenvector.

APPENDIX C

RELATIONS AMONG DIFFERENT
APPROACHES TO WAVEFIELD

TRANSFORMATIONS,
SEPARATIONS, AND
DECOMPOSITIONS

Figure C-1 illustrates the connections �or lack
thereof� among the various options for wavefield
separation �or transformation� and decomposi-
tion. Boxes �a� and �b� define the P- and S-wave-
fields in terms of the potentials � and 	 �Morse
and Feshbach, 1953�. Calculation of the poten-
tials involves triple integrals, which are not cost
effective compared to Fourier transforms. In ad-
dition, these are rigorous for isotropic media but
are not defined for anisotropic media.

Box �c� works in both isotropic and anisotrop-
ic media; boxes �b� and �c� give the same results
for isotropic media. Box �c� is the most significant
new conceptual step in this paper because it can
be extended to anisotropic media and it provides
the theoretical basis and physical interpretation
�see Appendix A� for all the wavefield transfor-
mations/decompositions from boxes �d� through
�i�.

From box �b�, we see that box �d� defines only
a part of the integration kernels. The consequence
is that box �d� delivers wavefield transforms �the
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Vector wavefield decomposition D25
ivergence and curl�, but they are incomplete in terms of rigorous
avefield separation/decomposition Prior to the derivation of the
perators in box �c� and Appendix A, the rationale for why box �d�
orks �or how to interpret it physically� was not understood. De-

omposition is reversible; separation is not. Box �c� is the previously
issing link, and it also provides the mathematical basis for exten-

ion to anisotropic media.
Boxes �d�, �e�, and �f� form a natural series whose connections

re well understood. Boxes �e� and �f� are equivalent representations
n the space and wavenumber domains. With the addition of the
hristoffel equation, boxes �e� and �f� are applicable to anisotropic
edia. Similarly, boxes �c�, �g�, and �h� form the equivalent vector

ecompositions. Box �i� has the same result for P-waves as box �g�
equation 21 in the text� but has no equivalent to the second equation
for ŨS� in box �g� �equation 22 in the text�.

In box �f�, the composite operators A� and A� are as defined by
an and Sava �2009� �compare with box �g��. In box �h�, L and M are
efined via the procedure of Yan and Sava �2009�.
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igure C-1. Relations between wavefield separations �or transformat
ecompositions on the right. The underlines in �d�, �e�, and �f� indic
elds are obtained by separation rather than by decomposition.
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