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Abstract

In [1] Optimal Control methods over re-parametrization for curve and surface design were introduced. The
advantage of Optimal Control over Global Minimization such as in [17] is that it can handle both approximation and
interpolation. Moreover a cost function is introduced to implement a design objective (shortest curve, smoothest one
etc...). The present work introduces the Optimal Control over the knot vectors of non-uniform B-Splines.

An interesting aspect is that the interpolation or the approximation matrix might become singular due to invalid
knot vector values with respect to the current parametrization (violation of Schoenberg-Whitney condition). This
situation is dealt naturally within the Optimal Control framework. A geometric description of the resulting null space
is provided as well.

1 Introduction

1.1 Motivation

Recall that a spline curveC(s) is defined by control points (also known as de-Boor points)di and a knot vectort in
the following way:

C(s) =
n−1∑

i=0

diNi,k(s) (1)

wherea ≤ s ≤ b, Ni,k(s), the spline basis functions [7], is defined over the knot vectort i.e. Ni,k = Ni,k(t, s).
The following design problems will be examined:

Given a set of pointsP = P 0, . . . , P m ∈ Rd, d = 2, 3 , generate a piece-wise-polynomial curveC(s) that will solve
one of the two design objectives:

• Interpolation : Interpolate through the given points (For a given parametrizations = (s0, . . . , sm), createC(s)
s.t.

C(si) = P i (2)

• Approximation : Find a curve thatC(s) that will pass as close as possible to the given set of points. The distance
is measured at the parameter valuess = (s0, . . . , sm). The closest spline is defined by:

min
t,s

D(t, s) (3)

where

D(s, t) =
m∑

i=0

‖C(si)−Pi‖2 (4)

Both design problems have several degrees of freedom (d.o.f) - changing the knot vectors and the parameter values
will create a different curves that will solve the design problem. The problem studied here is how to exploit these d.o.f
in order to optimize a certain fairing goal such as to create an interpolating curve which’s curvature is minimal, or to
reduce the approximation error of the curve.
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2 Previous Works

The quality of the approximation and/or interpolation of a set of pointsP j ∈ Rd, (d = 2, 3) by a parametric curve
C(s) depends on the choice of parameterss. Additional degrees of freedom in the case of spline curves are given by
the knot vectort.

The optimal parametrization problem has been extensively studied, see for instance Hoschek [13] and Speer et.
al. [17] The placement of the knot vector has not been treated as an optimization problem, but rather as a local
geometrical one, see Hoffman [12], Piegl [15] and Farin [6]. A global optimization problem where all parameters
(d, s, t) are treated at once together is given in the pioneer work of Gengoux and Mekhilef [10]. A different approach
is introduced in Alhanaty and Bercovier [1] where the problem is defined in the setup of optimal control. This allows
the separation of the state variable (for instance the control polygon) from the control variable (the parametrization).
Moreover the algorithm deals with the classic case of control points and generation of the discrete parametrization
defined at those points - the case of knot vector variations is not considered.

3 Overview

In this paper a novel, unified, framework that is able to solve all the above problems in an efficient way, for all
non-uniform splines curves of any order is developed.

The Optimal Control framework for curve design that was introduced in [1] is extended to use the knot vector,t of
the spline as a control variable,u, in addition to the parametrization of the curve. Matlab’s constrained minimization
routine,fmincon, is used to minimize the cost function instead of the projected-gradiend method [8] suggested in [1].

During the optimization process the optimizer might try to evaluate an invalid configuration. i.e. a configuration
of the knot vector,t, and a parametrization,s, that violates the Schoenberg-Whitney condition (a description of this
condition appear in section 4.2 and in [3] and [16]. This evaluation must be completed anyway since without it the
optimizer will not be able to carry on the optimization process. Using the optimal control framework again in this case
enables the evaluation of the curve in this invalid configuration in a meaningful way.

The main contributions of the present work are:

• Usage of the knot vector,t, as a control variable,u, for the optimal control process together with the parametriza-
tion, s.

• Handling singular cases during the optimization process to provide better results and improved robustness of the
algorithm.

• Explaining for the first time, to our knowledge,a geometric description of the null space of the collocation matrix
in cases of violation of the Schoenberg-Whitney’s condition.

Section 4 describes the mathematical aspects of this paper, Section 5 is devoted to the implementation details. Some
results and examples are shown in section 6 followed by conclusions and future work in sections 7 and 8.

4 Mathematical Formulation

4.1 Optimal Control in CAGD

Optimal control in CAGD was previously presented in [1], here is a review of the formulation. (In all subsequent
sections, a vector or a matrix will be denoted by a bold character).

A control system is a system which is described by a variablex, called thestate variable. The variablex depends
on somecontrol variable u. Different values ofu define different states of the system, where the relation betweenx
andu is given by the solution to a given linear equation that could involve differential equation

A(x,u) = 0 (5)

This is thestate equation.
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Thecost functionJ(x, u) is a real-valued function describing some quality of the pair(x, u). It is often given by
an integral functional. Theoptimal control problem is to find a control̄u such that any statēx for whichA(x̄, ū) = 0
will minimize the cost functionJ(x, u), i.e.,

J(x̄, ū) = min(x,u){J(x,u) : A(x,u) = 0}.
This work deals with non-uniform B-Spline curves:

C(s) =
n−1∑

i=0

diNi,k(s),

wheredi ∈ Rd are de-Boor points andNi,k are B-spline basis functions over the knot sequence;n is the number
of basis functions used for the spline andk is the order of each spline. Two kinds of state equations are considered,
each with several cost equations.

4.1.1 State Equations and variables

The state equation 5 is either the interpolation equation or the approximation equations, both have the form:

M(t, s)× d = P (6)

WhereM is the collocation matrix that provides the least squares fit of the curveC(s) to the input pointsP =
P 0, . . . , P m ∈ Rd, d = 2, 3, (see equations 3 and 4) in the case of approximation or exact fit (see equation 2) in
case of interpolation. Finally,d = d0, . . . , dm ∈ Rd, d = 2, 3, is the matrix of the de-Boor points that define the
curve.

The state variablesx are the variables that define the shape of the curveC(s). d, the de-Boor points act as the
state variable in this work.

4.1.2 The Control Variables

In [1] , the control variableu, was chosen to bes. In this workt is introduced as the control variable and experiments
with alternating betweent ands in this role are conducted. Choosing the knot vectort as the control variable was
never done before since it results in a non-linear problem with possible singularities.

4.1.3 Remarks on geometry of the parametrization and geometry of the knot vector:

The classical “optimal“ parametrization problem consider afixed basis of spline curves, based on a fixed basis of
spline functions - consider for instance the approximation problem, the non-linearity of the parametrization problem
is actually due to the least square norm (equation 4), based on the parametrization nodes (t). If the least square is
performed on a large number of nodes, their influence diminishes as one gets to be close to the actual continousL2

norm. Since the basis functions are fixed, this continous norm is independent of the choice oft.
By contrast the knot vector geometry determines a given spline curve basis, changing the knots (up to a scaling

factor) modifies the actual basis and as a consequence, it changes the functional space where the approximation
(respectively the interpolation) is performed. This is equivalent to the idea of optimal node placement in the Finite
Element Method ([18]) where the geometry defines the basis. Here the optimum will be related to the data, even for
continuous norms such asL2 andL1.

In practice one can use both the knot vector and the parametrization sequentially to achieve better results than
either one of them alone. In addition to improving the optimization results there are more advantages for using the
knot vector as a control variable:

1. There are situations in which the parametrization is fixed and therefore it cannot be used in order to achieve a
design criteria.

2. Low dimension: In global reparametrization the control points (de-Boor points (d)) were incorporated in solving
the problem, while here the knot, (t) is the control variable. The advantage of the present approach is that the
dimension of the search space is lower - 1D vector instead of 2D/3D vector yielding two or three times more
variables to optimize.
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3. Efficiency: In approximation problems, there areN given points andn de-Boor points andN ¿ n, the size of
the classical re-parametrization problem isN compared ton when using the knot vector.

4.1.4 The Cost Function

The cost functionJ(x, u) is actually the design objective that we wish to apply to the curve. In this paper, the
following cost functions were implemented:

1. Minimal approximation error : In this case the same equation for both the state equation and the control equa-
tion is used. The objective is to find the the parametrization and knot vector that will minimize the approximation
error (equations 3, 4).

2. Length estimation: Find the curve that approximates (or interpolates) the set of given points and has the shortest
length. In practice we used the following equation to to approximate the length of the curve:

J1 =
∫ b

a

‖C ′(s)‖2ds

3. Curvature estimation: Find the curve that approximates (or interpolates) the set of given points and has the
lowest curvature. In practice the simpler functional was used.

J2 =
∫ b

a

‖C ′′(s)‖2ds

4. Elastic energy: According to D. Bernoulli (1742) the elastic energy stored in the thin elastic beam is propor-
tional to the integral (see [2]:

J3 =
∫ b

a

κ2‖C ′(s)‖ds

4.2 Schoenberg-Whitney’s Condition

The Schoenberg-Whitney condition [16] requires that each parametersj ∈ s, 0 ≤ j < n will satisfy the following
condition:

tj ≤ sj ≤ tj+k

wherek is the order of the spline andt is the spline’s knot vector. This is a necessary and sufficient condition for the
interpolation and approximation to exist and to be unique.

4.3 The Collocation Matrix - and its Null Space

The collocation matrix maps between the De-Boor points and curve points that serve as Interpolation/Approximation
points. Consider the collocation matrix created for interpolation: given a parametrizations and a knot vectort define
a curve passing through a given set of points i.e.

P i = C(si) =
n−1∑

j=0

Nj,k(si)dj

Since there aren basis function andn parameter values one can organize the above equation in ann × n matrix
M , whereM i,j = Nj,k(si) and another twon × d matrices that contains the de-Boor pointsd = d0, . . . , dn−1 and
the interpolation pointsP = P 0, . . . , P n−1. The interpolation problem can be written as

M × d = P

Note thatM is totally positive and banded with a semi-bandwidth less thank. An example of a simple, non singular
collocation matrix is displayed at figure 1(a) (this is the initial interpolation matrix). When this matrix is singular the
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


1.000 0 0 0 0 0 0 0 0 0 0
0.112 0.515 0.329 0.043 0 0 0 0 0 0 0

0 0.102 0.551 0.347 0 0 0 0 0 0 0
0 0 0.118 0.699 0.183 0.000 0 0 0 0 0
0 0 0 0.161 0.669 0.170 0.000 0 0 0 0
0 0 0 0 0.166 0.668 0.166 0 0 0 0
0 0 0 0 0.000 0.170 0.668 0.161 0 0 0
0 0 0 0 0 0.000 0.183 0.699 0.118 0 0
0 0 0 0 0 0 0.000 0.347 0.551 0.102 0
0 0 0 0 0 0 0 0.043 0.329 0.515 0.112
0 0 0 0 0 0 0 0 0 0 1.000




(a) a non-singular matrix




1.000 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0.622 0.356 0.022 0.000 0 0 0
0 0 0 0 0.112 0.570 0.294 0.023 0 0 0
0 0 0 0 0.001 0.276 0.578 0.144 0 0 0
0 0 0 0 0 0.047 0.527 0.419 0.006 0 0
0 0 0 0 0 0.000 0.241 0.667 0.091 0 0
0 0 0 0 0 0 0.051 0.606 0.333 0.009 0
0 0 0 0 0 0 0.002 0.329 0.561 0.109 0
0 0 0 0 0 0 0 0.099 0.495 0.396 0.008
0 0 0 0 0 0 0 0.012 0.186 0.582 0.219
0 0 0 0 0 0 0 0 0 0 1.000




(b) a singular matrix with null space of size 3

Figure 1: A singular interpolation collocation matrix

state equation cannot be evaluate and the optimization process cannot continue. Since the collocation matrix maps
between De-Boor points and curve points its null space is spanned from vectors of one dimensional De-Boor points.
Therefore one can visualize the null space of the matrix as 1D B-Splines. Figure 2(a) is an example of a violation of
the Schoenberg Whitney’s condition. The resulting collocation matrix is displayed in 1(b). It can be easily seen that
the null space size of this matrix is 3. In figure 2(b) the 3 vectors that span the null space of the collocation matrix are
visualized as splines. While in the present example finding the null space of the collocation matrix is trivial, and using
SVD may seem like an ’overkill’, it is not always the case, and one has to remember that SVD is calculated anyway,
in order to obtain the least squares solution.

4.4 The Least Squares Solution and Another use of the Optimal Control framework

When the state equation has no exact solution, the least squares solution will be used, in figure 3(a) the least square
solution of the matrix from figure 1(b) is displayed. SinceAx 6= b for all x, the least squares solution is computed
instead: the vectorx that minimizes‖Ax − b‖2. Singular Value Decomposition (SVD) [11] gives the least squares
solution of the state equation:

[U ,Σ, V ] = SV D(M) (7)

The pseudo inverse ofM the collocation matrix with rankr < n , M+ is obtained by:

M+ = V ×Σ−1 ×UT

WhereV andU are orthonormal matrices andΣ is a diagonal matrix for which the lastn − r values are zeros. The
least squares approximation for equation 6 now becomes:

P = M+ × d̃ (8)
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(a) The violation of Schoenberg-Whitney condition (see section 4.2) is visible in the left side of the
above figure. The knot vectort is marked with circles, while the paramtertization values are marked
with ’x’.

(b) The null space vectors than span the matrix in figure 1(b) visualized as spline basis curves

Figure 2:The result of the violation of the Schoenberg-Whitney condition creates a singular matrix (figure 1(b)). This matrix has a non-trivial
null space of size 3. Its null space is visualized as a spline curve is figure 4.3.

This solution is not unique: any combination of the least square solution and a linear combination of the vectors that
span the null space of the collocation matrix,M , the lastn− r rows ofV

Null(M) = [V n−r..V n]

will yield an algebraic equivalent solution, in terms in terms the of equation

‖M × d̃− P ‖ = ‖M × (d̃ +
r∑

i=0

αiV (n−r)+i)− P ‖

However, using different linear combinations of the null space will create different geometric solution i.e. different
curves - each with a different cost value. In order to remain consistent with the optimal control framework one would
like to find the coefficients (αi, 0 ≤ i < r) that will minimize the control equation among all least squares solutions.
For this reason the optimal control framework is applied again: this time the control variables are the coefficients,αi,
of the null space vectors, the state variables as before, the control equations, of course, stays the same. This way one
can generate an evaluation even under a singular configuration. This evaluation is needed for the optimizer and it is
usually used for numerical evaluations of the gradient of the cost function. By supplying this evaluation the optimizer
is able to continue the evaluation process and ’step out’ of the singular configuration and terminate the optimization
process with a non-singular configuration. Empirically, using the optimal control framework to find the best least
squares solutions (instead of ignoring the null space) yields better optimization results but at certain cost of running
time, figure 3(b) displays the same curve as in figure 3(a), after the a linear combination of the null space of the matrix
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(a) The Curvewithout the null space vectors
added. cost value is: 4833.46

(b) The Curvewith the null space vector added.
cost value is: 1446.07

Figure 3: In this experiment the state equation was the interpolation equation and the cost function wasJ2,i.e. minimal curvature.
During the optimization process the optimizer stepped into a singular configuration. Since the state equation cannot be solved,
see figure 1(b), the best thing to do is to find the least squares solution, i.e. figure 3(a). In a geometric sense the least square
solution can be improved by using a linear combination of the null space vectors with the least square solution: figure 3(b)

from figure 1(b) was added to it. Note the local effect of the addition of the null space and the actual decrease in the
cost evaluation.

The limitation of this technique is the performance - on our Matlab implementation convergence can take several
minutes even for curves with about ten control points, when stepping into a singular configuration (which happens
quite rarely).

5 Implementation

5.1 Algorithm Description

Input: method

1. Get the inputs pointsP = P 0, . . . , P n ∈ Rd(d = 2, 3) from the user.

2. Create initial knot vector - uniform or ’optimal’ knot vector:t

3. Create initial parametrization (uniform / chord length / centripetal):s

4. While there is an improvement (in the cost function evaluation) do:

(a) Optimize the cost function with respect to the knots.

(b) Optimize the cost function with respect to the parametrization.

5. Return the resulting curve.

5.2 Numerical solution

To optimize the optimal control equations Matlab’sfminconfunction was used. This function finds a constrained
minimum of a scalar objective function of several variables starting at an initial estimate. Its medium scale optimization
algorithm does not need to compute the gradients explicitly. Medium scale optimization uses a Sequential Quadratic
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Sub-figure Curve order Initial knot vector Cost Function Initial cost Final cost
(a) 4 optimal J1 3.53 2.18
(b) 5 uniform J1 2.29 0.583
(c) 6 optimal J1 2.39 1.22
(d) 4 uniform J2 137.28 4.49
(e) 5 uniform J2 1564.46 41.92
(f) 5 optimal J2 765.86 125.85

Table 1: Configuration of the curves in figure 4 and their optimization results. In the columnInitial knot vector,
uniform refers to uniform knot vector and optimal refers to optimal knot configuration as defined in ([4], [14] and [9])

Programming (SQP) method. In this method, a Quadratic Programming (QP) subproblem is solved at each iteration.
An estimate of the Hessian of the Lagrangian is updated at each iteration using the BFGS formula (see [5]) and
Matlab’s documentation. Matlab’s spline toolbox [3] was used for all the spline related operations.

The objective function was an implementation of respective cost functions (see section 4.1.4). The control variable
was either the knot vector or the parametrization a more detailed discussion of this issue is in 4.1.2.

5.2.1 Linear Constrains

Both the knot vector,t, and the paramterizaion,t, were represented by their intervals (instead of the actual value of
each entry in the vector) i.e.

t1 − t0, . . . , tm − tm−1

s1 − s0, . . . , sn − sn − 1

In order to have a valid parametrization or valid knot vector the following constrains were applied:

0 < εmin ≤ ti − ti−1 ≤ εmax < T

0 < δmin ≤ si − si−1 ≤ δmax < T
n∑

i=0

(ti − ti−1) = T

n∑

i=0

(si − si−1) = T

WhereT is the curve’s (parametric) length, which remained constant during the optimization.

5.2.2 Initial Guess

Several initial guess were tried: For the parametrization centripetal, uniform and chord length parametrizations were
used as initial guess. For the knot vector uniform knot vector andoptimal knot selection([4], [14] and [9]) which
provides the ’best’ knot selection for a given parametrization to be used for interpolation. Experiments show that our
algorithm achieved similar results regardless of the initial gusess.

6 Results

Figure 5(a) displays a turbine blade’s cross section. The cross section contains 140 points and is approximated by 28
de-Boor points. The cost function used wasJ3. In figure 5(b) the curvature,κ, of the initial and the resulting curve is
evaluated. The decrease in the curvature is quite noticeable. To prevent the curve from increasing the approximation
error to an unacceptable values, the maximal allowed error is constrained to be less than twice the initial approximation
error.

Figure 4 contains results for the interpolation. sub-figures (a)-(c) used cost functionJ1 while sub-figure (d)-(f) use
cost functionJ2. It can be seen that the optimization works well for higher order curves, as well as for different initial
knot vectors.
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(a) Initial curve: optimal knot
vector, cubic spline

(b) Initial curve: uniform knot
vector, 5th order spline

(c) Initial curve: optimal knot
vector, 6th order spline

(d) Initial curve: uniform knot
vector, cubic spline

(e) Initial curve: uniform knot
vector, 5th order spline

(f) Initial curve: optimal knot vec-
tor, 6th order spline

Figure 4: Interpolation experiments:J1, is applied on sub-figures(a)-(c).J2, is applied on sub-figures(d)-(f). The
initial curves are the dashed curves while the final result is drawn in black. The optimization results and the initial
configurations are summarized in table 1.

7 Conclusions

We have presented a unified framework that efficiently solves optimal design problems for both approximating curves
and interpolating curves by automatic changes both in the parametrization and the knot vector.
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(a) Turbine blade cross section: initial cost -
62,309. final cost - 23,854. initial approxi-
mation error - 0.0831 final approximation error
0.117
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Paramter value

(b) Absolute value of the curvature,κ, distri-
bution along the curve’s parameter values, the
dashed line represents the initial’s curve’s cur-
vature, while the black line represents the final
curvature.

Figure 5: In this experiment the 140 Turbine’s blade cross section points are approximated using 28 de-Boor points. The cost
function used wasJ3. The curvature has been reduced considerably while the approximation error did not increase too much.

8 Further Work

The present method extends naturally to the case of tensor non-uniform B-spline surfaces. Another interesting step is
to apply the method to NURBS. This extension is especially challenging because of the complexity of optimizing the
NURBS’s weights. Genetic algorithm for the minimization step is currently being developed.
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