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Abstract

Beamforming with adaptive antenna arrays is the most promising means for increasing data rates of wireless systems,

since it enables channel reuse by several users in a cell through space division multiple access (SDMA). In SDMA, multiple

beams are formed towards different users, each beam by a dedicated transceiver. However, the use of adaptive antenna

arrays at the physical layer mandates significant modifications for higher layers. Joint consideration of beamforming and

higher layer issues is required in order to fully exploit the benefits of SDMA. Moreover, adoption of the popular

orthogonal frequency division multiplexing (OFDM) technique creates additional challenges when the number of beams

that can be formed at the transmitter is bounded. This issue is attributed to transceiver resource limitations and gives rise

to a coupled resource allocation problem, that of assigning transceiver hardware units and OFDM subcarriers for

transmission to users. Different users can be served either with the same beam from a transceiver and different subcarriers

or with different beams and the same subcarriers. We characterize the problem and propose meaningful heuristic

algorithms for beamforming and assignment of subcarriers and transceivers to users. The objective is to increase achievable

system rate and ensure QoS in the form of minimum rate guarantees. The criteria for resource assignment and beam

formation are based on spatial separability properties of users, beam vector cross-correlations and induced interference.

Numerical results quantify the performance benefits of these cross-layer techniques and provide useful insights and design

guidelines for realistic systems.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The fundamental challenge in wireless networks is
to satisfy stringent and diverse quality of service
e front matter r 2005 Elsevier B.V. All rights reserved
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(QoS) requirements of users in the volatile transmis-
sion medium by using limited available resources.
QoS can be perceived as (i) an acceptable signal-to-
interference and noise ratio (SINR) or bit error rate
(BER) at the receiver at the physical layer or (ii)
minimum rate or maximum delay guarantees at
higher layers. The ability of the system to provide
QoS depends on mechanisms employed at several
layers, such as scheduling and channel allocation,
modulation level or power control and use of
.
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adaptive array antennas for space division multiple
access (SDMA) [1].

When combined with a connection-oriented or
connectionless access scheme, SDMA allows chan-
nel reuse by several spatially separable users. Within
a channel, multiple beams are formed by the
transmitter or receiver antenna array, with the main
lobe of each beam steered to the direction of the
desired user and nulls placed to directions of
interferers. The objective is to separate co-channel
users, that is to ensure acceptable SINRs. At the
receiver, this is achieved by separately computing
the beam of each user. At the transmitter, however,
user separation is cumbersome, because (i) each
beam affects interference at all receivers and (ii)
receivers are not collocated so as to perform joint
signal detection, even if they have multiple anten-
nas. In [2] an iterative algorithm for transmit power
control and receive beamforming is proposed for
the up-link of a set of co-channel links under a
minimum SINR requirement at each receiver. The
algorithm converges to a feasible solution if there
exists one and this solution minimizes total transmit
power. In [3] the corresponding problem for down-
link is transformed to an equivalent problem for up-
link and is solved with the method of [2]. Beam
direction identification and power control are
decoupled in [4]. In [5], an iterative algorithm for
down-link beamforming and power control is
presented, which always converges to the maximum
common scaled SINR (scaled by SINR targets). The
intense interest in SDMA is manifested by several
companies aiming at SDMA commercial products
and ongoing standardization efforts towards inclu-
sion of adaptive antennas in the IEEE 802.11n
standard for high throughput [6].

The employment of antenna arrays introduces
new challenges at higher layers and recent works
begin to address them. For a TDMA/SDMA
system, heuristics for time slot assignment and
scheduling subject to packet deadlines are proposed
in [7,8]. In [9], the problem of subcarrier allocation,
modulation control and beamforming was ad-
dressed for an OFDMA/SDMA system. An algo-
rithm for constructing co-channel user sets with
large subcarrier rate was outlined for the case where
channel reuse is allowed. Beamforming was also
viewed as an additional dimension to enhance user
SINR in the case of no channel reuse. A unified
treatment of time, code and orthogonal frequency
division multiple access and their implications in
SDMA is considered in [10].
Orthogonal frequency division multiplexing
(OFDM) [11] is a signaling and access technique
that is included in IEEE 802.11a [12], 802.11g and
ETSI HIPERLAN/2 WLAN standards and is
considered for personal area networks and fixed
broadband wireless access. In OFDM, the wide-
band spectrum is divided into orthogonal narrow-
band subcarriers as in frequency division multi-
plexing and the bit stream is split into subsets, the
subsymbols. Each subsymbol modulates a subcar-
rier and different subsymbols of a user are
transmitted in parallel over subcarriers. Appropri-
ate subcarrier spacing preserves channel orthogon-
ality and leads to high spectral efficiency. OFDM
transmission reduces the effective symbol transmis-
sion rate and provides increased immunity to inter-
symbol interference (ISI). For a single-cell multi-
user OFDM system, the authors in [13] formulate
the discrete subcarrier allocation problem as an
integer programming one and find a suboptimal
solution with its continuous relaxation. A similar
approach is followed in [14] for the dual problem of
finding the subcarrier allocation that minimizes
total transmitted power subject to a minimum rate
constraint for each user.

An issue that remains unexplored in adaptive
antenna array literature is that of limited transcei-
vers. This is an inherent feature of wireless LANs
and PANs when large implementation complexity
and cost, inadequate physical space or specifications
on maximum induced interference impose limita-
tions on the number of transmit beams that can be
formed. Since each beam is formed by a dedicated
transceiver, the number of available transceivers will
be limited. In single-channel multi-user systems with
M antennas at the transmitter, at most M transcei-
vers are needed so that a beam is formed for each
user in the co-channel user set [2,4]. The same holds
for multi-user TDMA systems with the scheduled
co-channel user set changing from slot to slot [7].
However, in an OFDM system with N subcarriers,
each subcarrier has, in general, different quality for
a user due to different impact of frequency on user
spatial and multi-path characteristics. Thus, a
different beam may be needed for each subcarrier.
For a single-user OFDM system, at most N

transceivers per slot are required and this is implied
in [15]. In a multi-user OFDM system, a separate
beam may be needed for each user in the co-channel
user set of each subcarrier and N �M transceivers
may be needed in a slot. This is of the order of some
hundreds and may not comply with transceiver
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limitations stated above. Note that our work in [10]
implies unlimited transceiver resources. A different
line of work appeared in [16], where power
allocation and user routing to satellite beams is
studied at the packet level. The objective is to serve
a subset of user queues at each slot in the presence
of queue and channel dynamics so as to guarantee
stability and maximize throughput.

In this work, we address the problem of
transceiver and subcarrier assignment for an adap-
tive antenna array transmitter that employs OFDM
transmission with the objective to increase system
rate and provide minimum rate guarantees to users.
Our work contributes to the literature by: (i)
identifying the novel problem that stems from
transceiver limitations and its impact on beamform-
ing and OFDM channel allocation, (ii) studying the
structure of this coupled resource (channel and
transceiver) allocation problem with limitations on
both kinds of resources and formulating it as an
optimization problem, (iii) presenting heuristic
algorithms that capture essential quantities in the
problem such as spatial properties of users, beam
cross-correlation and induced co-channel interfer-
ence, (iv) assessing the impact of bandwidth and
hardware limitations on performance. The coupling
of subcarrier and transceiver assignment emerges
from the fact that a beam can serve different users
only if they use different subcarrier sets, while users
that use the same subcarrier must be served from
beams of different transceivers. Furthermore, a user
in a subcarrier experiences co-channel interference
from beams of other transceivers that use the same
subcarrier. Our proposed algorithms consist of two
stages. First, the assignment is performed under no
transceiver limitations and then the allocation is
adjusted to these limitations with beam unification.
We adopt a snapshot model on a user session basis.
Our approach can also be viewed as an instance of
cross-layer design in the sense that physical and
access layer parameters are jointly controlled and
constraints at both layers are considered.

The rest of the chapter is organized as follows. In
Section 2 we provide the model and in Section 3 we
present the problem, outline the rationale of our
approach and describe the proposed algorithms.
Section 4 contains numerical results and Section 5
concludes the paper. A few words about the
notation. Vectors and matrices are set in boldface.
The cardinality of setX is jXj. Superscripts ð�ÞT, ð�Þ�,
ð�Þ

H denote transpose, complex conjugate and
conjugate transpose, Rð�Þ is the real part of a
complex number and kuk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i¼1 juij
2

q
is the ‘2-

norm of complex vector u ¼ ðu1; . . . ; unÞ
T. The

dominant generalized eigenvector of matrix pair
ðA;BÞ, umaxðA;BÞ is the normalized eigenvector that
corresponds to the largest positive eigenvalue of
problem Ax ¼ lBx. When A;B are symmetric and
positive-definite, the above is equivalent to Cy ¼ ly,
with C ¼ L�1AðL�1ÞH and y ¼ LHx, where L is a
non-singular lower-triangular matrix from the
Cholesky decomposition of B as B ¼ LLH (see [17]).

2. System model

We consider down-link transmission from an
access point (AP) to K users. The AP has a uniform
linear antenna array with M elements and uses
single-rate OFDM transmission with N data-carry-
ing subcarriers. Each user has an omni-directional
antenna receiver. At the AP, packetized data of each
user arrive from higher layers and are decomposed
into bits that are transmitted in consecutive time
slots of duration T s. A fixed number of symbols S is
transmitted in a slot and the symbol (signaling)
period is T. Channel quality for a user remains
constant for a slot duration and may change
between slots.

The bit stream of each user is divided into bit
groups, each of which constitutes one OFDM
symbol for the user. If OFDM symbols do not
overlap in time, it suffices to focus on one OFDM
symbol of each user. The bits of one OFDM symbol
are divided into bit subgroups of the same size b0,
due to single-rate transmission. The bits of each
subgroup will modulate a subcarrier for that user.
The block diagram of an OFDM/SDMA transmit-
ter is depicted in Fig. 1 and consists of the following
modules:
1.
 Subcarrier allocation module. It determines the
co-channel user sets at different subcarriers by
identifying subcarriers that are allocated to each
user.
2.
 Beamforming and transceiver allocation module. It
forms a beam for each user that is allocated to a
subcarrier. A beam is formed by a dedicated
transceiver (beamformer) hardware unit and we
assume there exist C such units available. Fig. 2
shows C transceivers. For reasons that will
become obvious later, we assume that
MoCoNM. Let C denote the set of transcei-
vers. Transceiver c 2 C forms a unit-power beam
uc ¼ ðu

1
c ; u

2
c ; . . . ; u

M
c Þ

T, kuck ¼ 1, where vector
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Fig. 1. Block diagram of an OFDM/SDMA transmitter with transceiver assignment.
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elements fum
c g

M
m¼1 are complex numbers that

denote beam direction. Power control is not
considered. Within this module, users and sub-
carriers are then allocated to transceivers. Users
that are assigned to the same transceiver (i.e.,
covered by the same beam) must use different
sets of subcarriers. If some users need to reuse
one subcarrier, these must be assigned to
different transceivers. Modules 1 and 2 co-
operate in deriving their decisions and they also
take into account user minimum rate require-
ments and channel state information (CSI)
available at the transmitter.
3.
 M parallel modules of N modulators. A modulator
modulates the corresponding subcarrier with b0

bits of each user that is allocated to that
subcarrier. The complex subsymbol at the output
of each modulator is formed with a QAM
constellation with b0 bits per subsymbol. We do
not consider modulation level adaptation. In that
case, the number of bits per user per subcarrier is
different depending on subcarrier quality for the
user.
4.
 Inverse discrete Fourier transform (IDFT) mod-

ules. All subsymbols of each user are fed in and
transformed into N time domain samples that
form an OFDM user symbol.
5.
 Cyclic prefix, D=A and Base-band-to-RF modules.
These add cyclic prefix and perform D/A
conversion and up-conversion to carrier fre-
quency f c before the continuous user signals are
transmitted from the M antennas.

If user k receives its useful signal through
transceiver c and all N subcarriers, the transmitted
base-band signal corresponding to k from the mth
antenna can be expressed as xm

k ðtÞ ¼
PN�1

n¼0 dn;kum
c

exp½j2pnt=T �, 0ptpT , where dn;k is the unit-power
complex subsymbol of user k at subcarrier n. The
pulse-shaping filter is taken to be 1.

Since channel quality is constant within a slot,
each of the S symbols of a user is split into
subsymbols over the same set of subcarriers. Thus,
if a user k occupies xk subcarriers, it achieves rate
ðb0=TÞxk bits=s in a slot. Depending on the sup-
ported application, a user k can have a minimum
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rate requirement of rk bits=s over a time interval
ð0; tÞ, which denotes rate that the access layer
requests from the physical layer. For single-rate
transmission this is mapped to a minimum number
of required channels lk.

The time-invariant (within a slot) channel be-
tween antenna m and user k has impulse response

hm
k ðtÞ ¼

XL

‘¼1

bk;‘dðt� tk;‘ þ tm
k;‘Þ, (1)

where L is the number of paths and bk;‘, tk;‘ are the
complex gain of the ‘th path of user k and its delay
with respect to a reference antenna element. Gains
bk;‘ are modeled as complex Gaussian random
variables with zero mean and variance s2k;‘ and
delays tk;‘ are uniformly distributed in ½0;T �.
Different paths of a user are correlated and this
implies absence of scatterers around the AP. Close
spacing between antennas is also assumed, so that
multi-path characteristics of a user are similar
across antennas. The term tm

k;‘ ¼ ðd=c0Þðm�

1Þ cos yk;‘ captures the delay caused by the spacing
between the mth antenna and the reference one,
where d is the spacing between two successive
antennas, yk;‘ is the angle of the ‘th path of user k

with respect to the antenna array and c0 is the
electromagnetic wave propagation speed.

Consider now the received signal at receiver k. Fix
attention to one OFDM symbol, since OFDM
symbols do not overlap. The signal is down-
converted and then A/D-converted by being sampled
at times fiT=N for i ¼ 0; . . . ;N � 1g. The time sam-
ples are fed into the DFT module. By using the DFT
summation formula and the orthogonality of sub-
carriers, the nth subsymbol of user k turns out to be

y0
n;k ¼

XM
m¼1

um
c

XL

‘¼1

dn;kbk;‘ exp �j2p f c þ
n

T

� �
tk;‘

h i

� exp j2p f c þ
n

T

� �
tm

k;‘

h i
. ð2Þ

This can be written as y0
n;k ¼ ða

H
n;kucÞ dn;k. Vector

an;k ¼
XL

‘¼1

xk;‘ðnÞvnðyk;‘Þ (3)

is called spatial signature of user k at subcarrier n.
The factor

xk;‘ðnÞ ¼ b�k;‘ exp j2p f c þ
n

T

� �
tk;‘

h i
(4)

captures the impact of delay of path ‘ on subcarriers
of user k and vnðyk;‘Þ is the M � 1 antenna steering
vector at subcarrier n and direction yk;‘, whose mth
component is

vm
n ðyk;‘Þ ¼ exp �j2p f c þ

n

T

� �
tm

k;‘

h i
. (5)

Clearly, the spatial signature an;k captures the
angular and multi-path properties of user k at
subcarrier n. The expected useful received power is
Efjy0

n;kj
2g ¼ EfjaHn;kucj

2g ¼ uHc Hn;kuc, where the M �

M matrix Hn;k is defined as

Hn;k9
XL

‘1¼1

XL

‘2¼1

Efxk;‘1ðnÞx
�
k;‘2
ðnÞgvnðyk;‘1 Þv

H
n ðyk;‘2 Þ

(6)

and is called spatial covariance matrix of user k at
subcarrier n. In general, we have that rankðHn;kÞ41.
If paths are uncorrelated, i.e., if Efxk;‘1 ðnÞx

�
k;‘2
ðnÞg ¼ 0

for ‘1a‘2, we have Hn;k ¼
PL

‘¼1 s
2
k;‘vnðyk;‘Þv

H
n ðyk;‘Þ.

If in addition paths are identically distributed,
namely they have the same variance s2k in their
gains, then rankðHn;kÞ ¼ 1.

In practice, deterministic CSI at the transmitter
cannot be obtained easily, since this implies
resolvable paths and known angular and multi-path
characteristics to the transmitter. Statistical CSI
with knowledge of spatial covariance matrices is
more common. The matrix Hn;k can be estimated
by sampling the received up-link vector signal xn;k at
the antenna array for Ns times in a slot for each
subcarrier n and user k with the help of transmitted
known pilot symbols. The estimate of Hn;k is
obtained by sample averaging as Ĥk;‘ ¼

ð1=NsÞ
PNs

q¼1 xn;kðqÞx
H
n;kðqÞ. Assuming reasonably

small channel variation rate and a time duplexing
scheme, the AP can use this estimate to adjust
down-link beams.

Different forms of CSI at the transmitter regard-
ing the spatial signature a of a user can be captured
by modeling a as a complex Gaussian vector
random variable, i.e., a�Nðl;RÞ. Depending on
the quality of feedback, CSI can take one of the
following forms:
�
 Perfect CSI, where either a is non-random or
a�Nðl; 0Þ. The optimal strategy in the sense of
maximizing capacity entails beamforming to-
wards direction a or l [18].

�
 Mean feedback. Then a�Nðl; aIÞ, where l is the
channel estimate and a is interpreted as the
variance of estimation error. The optimal strat-
egy is beamforming along l, if the quality of



ARTICLE IN PRESS
I. Koutsopoulos, L. Tassiulas / Signal Processing 86 (2006) 1879–18951884
feedback ðklk2=aÞ exceeds a threshold, otherwise
M-diversity is optimal [19]. In the latter case,
power is distributed with water-filling between l

and the rest of M � 1 orthogonal directions, each
of which receives equal power.

�
 Covariance feedback, where a�Nð0;RÞ. This
models rapid channel variations. The channel
mean cannot be tracked and the geometry of
propagation paths is modeled by R. Beamform-
ing in the direction corresponding to the largest
eigenvalue of R is asymptotically optimal for low
SNRs [18] and close to optimal in general [19].

�
 No CSI. Then, a�Nð0; aIÞ and transmission in
orthogonal directions is optimal [20].
We assume an interference-limited system model,
so that co-channel interference prevails or noise
level is not known. Apart from practical implica-
tions, this approach eliminates the need for transmit
beamforming total power constraints per subcarrier.
The SINR is then approximated by the signal-to-
interference ratio (SIR). We consider average SIR
as our performance metric, since this is mapped to
average bit error probability and since it represents
a measure of long-term achievable rates, averaged
over all fading states. We note that for given
distribution of fading, average SIR can be mapped
to other performance metrics, such as the outage
probability (pp. 169–170 in [21]). The expected SIR
at the output of the matched filter receiver of user k

that receives useful signal from transceiver c at
subcarrier n is

SIRc
n;k ¼

uHc Hn;kucP
b2CðnÞ;bac u

H
b Hn;kub

. (7)

Co-channel interference depends only on the set
of transceivers CðnÞ other than c that use the same
subcarrier n and not on individual co-channel users
to which transmissions are made. CSI and sub-
carrier assignment are sent to the user in a separate
down-link control channel and are used for bit
detection at the receiver. The BER at the output of
the detector of a user in a subcarrier should satisfy
BERp�, where � is a predefined value. The
minimum required SIR so that BERp� is given by
threshold g ¼ �½ln ð5�Þ=1:5�ð2b0 � 1Þ as in [22].

The problem is addressed on a session basis for
delivering connection-oriented traffic to users.
Maintaining a user session requires allocation of
transceivers and subcarriers to a user. Thus, our
model does not capture bursty traffic in which only
a subset of users is active at each time instant.
Instead, a constant-bit-rate traffic pattern is implied
with all K users being active during the algorithm.
Resource allocation algorithms are provided for one
time slot, within which channel quality remains
constant during transmission of all S symbols. The
algorithm can be executed periodically with a period
of one or more slots depending on CSI update rate
and channel variation rate. The channel coherence
time is assumed to be sufficiently large so as to allow
the transmitter to make adjustments.

3. Resource assignment for an OFDM/SDMA

system

3.1. Problem statement

Consider down-link transmission with C trans-
ceivers and N subcarriers to K users, where each
transceiver forms one beam. The antenna array has
M elements. For a given user k, a resource assign-

ment strategy is specified by a C �N matrix AðkÞ

whose ðc; nÞ-element is

AðkÞ½c; n� ¼

1 if user k receives service from

transceiver c and subcarrier n;

0 otherwise.

8><
>:

(8)

A system resource assignment strategy is specified by
a collection of matrices fAðkÞ : k ¼ 1; . . . ;Kg under
the following constraints:
1.
 A user k can receive useful signal in a subcarrier
n from at most one transceiver, i.e.,

XC

c¼1

AðkÞ½c; n�p1 for all n ¼ 1; . . . ;N. (9)

Obviously, a user can receive signal from
different transceivers in different subcarriers.
2.
 Each user k should satisfy its minimum rate
requirement. That is,

XC

c¼1

XN

n¼1

AðkÞ½c; n�Xlk for all k ¼ 1; . . . ;K .

(10)
3.
 If two or more users are allocated to the same
transceiver, they must use different subcarriers.
4.
 Two or more users that are served by different
transceivers may be eligible to use the same
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subcarrier, i.e., if it happens that
AðkÞ½ck; nk� ¼ 1, for k ¼ 1; 2; . . . ;K0, K0pM,
then it may be possible that nk ¼ n, for k ¼

1; 2; . . . ;K0 for some n ¼ 1; . . . ;N. The number
of co-channel users that are served by the same
subcarrier cannot exceed M.
Interference from beams comes into play with
constraint 4. For a subcarrier n, consider a set of
K0pMoC users, where each user k receives useful
signal from a different transceiver ck, k ¼ 1; . . . ;K0.
User k also receives co-channel interference from
beams formed by transceivers other than ck that
serve other users. The co-channel set of users in
subcarrier n is called spatially separable if there exist
K0 beamforming vectors, fun;k : k ¼ 1; . . . ;K0g, each
corresponding to one transceiver, such that a
SIRn;kXg for all users. Spatial separability in a
subcarrier depends on spatial covariance matrices of
users, which in turn capture angular and multi-path
channel characteristics of users at that subcarrier
frequency. It is also affected by the specific
subcarrier n, so that users that are separable in
one subcarrier may not be separable in another
subcarrier. In addition, spatial separability depends
on beamforming vectors fun;k : k ¼ 1; . . . ;K0g from
the serving transceivers, since these determine the
amount of induced co-channel interference. Lastly,
spatial separability depends on the system resource
assignment strategy as well. An illustrative example
with N ¼ 2 subcarriers, C ¼ 2 transceivers and K ¼

2 users is depicted in Fig. 3. The resource assign-
ment matrices of users Að1Þ, Að2Þ are merged into
one matrix for brevity. In cases (A) and (B) spatial
covariance matrices and beams enable reuse of both
Trans.1

Trans. 2

Trans.1

Trans. 2

Sub

Su

(A)

(C)

AP

Use

Use

Us

Us

Beam from

Beam from
Transceiver 2

Transceiver

Fig. 3. Illustrative example of subcarrier allo
subcarriers by both users, while in (C) and (D) reuse
is allowed for only one or no subcarrier.

The arising problem is to find the joint resource
assignment and beamforming strategy that max-
imizes the achievable system rate and satisfies
minimum rate requirements of users. This can be
formally stated as the following constrained opti-
mization problem:

max
fAðkÞ½c;n�g
fucg

XN

n¼1

XC

c¼1

XK

k¼1

AðkÞ½c; n�, (11)

subject to:

XC

c¼1

AðkÞ½c; n�p1 for all k ¼ 1; . . . ;K ,

and n ¼ 1; . . . ;N ð12Þ

XN

n¼1

XC

c¼1

AðkÞ½c; n�Xlk for all k ¼ 1; . . . ;K (13)

XK

k¼1

AðkÞ½c; n�p1 for all c ¼ 1; . . . ;C,

and n ¼ 1; . . . ;N ð14Þ

XC

c¼1

XK

k¼1

AðkÞ½c; n�pM for all n ¼ 1; . . . ;N (15)

SIRn;kðfucg; fAðkÞ½c; n�gÞXg

for all k : AðkÞ½c; n� ¼ 1 for some n. ð16Þ

AðkÞ½c; n� 2 f0; 1g,

where constraints correspond to requirements 1–4
above. For given beamforming vectors and the
Trans.1

Trans. 2

. 1 Sub. 2

Sub. 2

Sub. 2

Sub. 2

Sub. 1

b. 1 Sub. 1

(B)

(D)

User 1

User 1

r 1 User 1

Trans.1

Trans. 2

User 1

r 2 User 2User 2

User 2

User 2

User 2

er 2 − −

− −

− −

er 1
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constraints (13)–(15) relaxed, the problem reduces
to identification of spatially separable co-channel
sets of maximum cardinality for each subcarrier,
which is a hard combinatorial optimization pro-
blem. In the presence of all constraints and
controllable beamforming vectors, the problem
clearly becomes more difficult.

Although several heuristic algorithms can be
devised, we focus on a class of two-stage greedy
heuristics in an attempt to capture the impact of
transceiver resource limitations on performance.
For unlimited transceiver resources, the maximum
spatially separable set of users must be found for
each subcarrier and appropriate beamforming
vectors that ensure acceptable SIRs for users must
be computed. The maximum number of beams at all
subcarriers is NM if M users are separable in each
subcarrier. Since SIR of a user depends on beams of
all co-channel users, the identification of the
maximum spatially separable co-channel user set is
of exponential complexity and requires enumeration
of all possible co-channel user sets. Even for a given
co-channel user set, the computation of beams that
lead to acceptable SIRs is not straightforward.
When transceiver limitations come into play, the
system is forced to use a beam for more than one
subcarriers of a user or for several users and
subcarriers. The idea is to reduce the number of
initial (at most NM) beams to CoNM by
sequentially unifying two or more beams into single
beams until the desired number of C beams is
reached.

3.2. Proposed approach

First, subcarrier assignment and beamforming
are performed under no limitations on transceivers.
Next, these beams are sequentially unified into new
beams.

3.2.1. The first stage of the algorithm

The basic idea of the algorithm at the first stage is
to create large and spatially separable co-channel
user sets in each subcarrier. In order to maintain
reasonable complexity, we consider algorithms
where users are sequentially inserted in the sub-
carrier and no user reassignments are performed.
Let UðnÞ denote the set of users that are assigned in
subcarrier n and let un;j be the beamforming vector
of user j 2 UðnÞ.

Fix attention to user assignment in subcarrier n.
Potential insertion of a new user k creates new
interference to users in UðnÞ. Thus, beamforming
vectors of existing co-channel users need to be
readjusted, so that all SIRs remain above g. Ideally,
inserted users should cause the least interference to
users that are already assigned in the subcarrier and
should receive least interference from them. For
user j 2 UðnÞ, we define the ratio of received useful
signal power at receiver j over undesired power that
is caused by beam un;j to other co-channel users,
including the potential new user k. More specifi-
cally, we consider the maximum value of this ratio,
CðkÞn;j over all eligible beam directions un;j,

CðkÞn;j ¼ max
un;j

uHn;jHn;jun;j

uHn;j Hn;k þ
P

i2UðnÞ;iaj Hn;i

� �
un;j

subject to kun;jk ¼ 1. ð17Þ

The vector u�n;j that maximizes the ratio above is
known to be the dominant generalized eigenvector
of matrix pair ðHn;j ; ðHn;k þ

P
i2UðnÞ;iaj Hn;iÞÞ and

can be found with the method outlined at the end of
the first section. Observe that u�n;j is also the receive
beamforming vector that maximizes SIR of user j in
an equivalent system considered at the up-link. We
also compute the corresponding ratio Cn;k concern-
ing user k,

Cn;k ¼ max
un;k

uHn;kHn;kun;k

uHn;k
P

j2UðnÞHn;j

� �
un;k

subject to kun;kk ¼ 1 ð18Þ

in a similar manner. Next, using beamforming
vectors u�n;k and fu�n;j : j 2 UðnÞg, we compute the
SIR of user k and users j 2 UðnÞ. If all SIRs exceed g,
we compute a preference factor Fn;k that charac-
terizes the potential assignment of user k in
subcarrier n. This factor captures the requirement
that k should have high useful signal power and
should cause and receive small interference to or
from other users in n. Thus,

Fn;k ¼
u�Hn;kHn;ku

�
n;k

max u�Hn;k

P
j2UðnÞ Hn;j

� �
u�n;k;

P
j2UðnÞ u

�H
n;j Hn;ku

�
n;j

n o .

(19)

Such a preference factor is computed for all
candidate users that have not satisfied minimum
rate requirements and for subcarriers n for which
insertion of a user maintains acceptable user SIRs.
The pair ðn�; k�Þ with the maximum Fn;k is selected
and user k� is assigned in subcarrier n�. When a user
reaches minimum rate requirements, it is not
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considered for further assignment until all users
reach their minimum rate requirements. A subcar-
rier is not considered for allocation if M users are
already assigned to it. The algorithm terminates
when no further user assignments are possible to
any subcarrier. At the end of the first stage, there
will be

PN
n¼1 kn beams, where knpM is the number

of users allocated to subcarrier n. A pictorial view of
the situation is given in Fig. 4.

3.2.2. The second stage of the algorithm

In the second stage, the goal is to reduce the
number of beams to C while maintaining as high
subcarrier reuse as possible. The assignment criteria
of the previous stage imply high subcarrier reuse
and low co-channel interference for beams
fun;k : k 2 UðnÞg, for n ¼ 1; . . . ;N. If those beams
are unified to new ones, the latter can essentially
inherit those desirable features of old beams.
Clearly, only beams from different subcarriers can
be unified to a new beam, since the new beam
cannot serve users using the same subcarrier. In
order to reduce complexity, we consider only pairs

of beams for unification. At each iteration of the
unification algorithm, the idea is to select an
appropriate pair of beams from different subcarriers
and replace it with one new beam that will serve the
users located in the initial beams. Two issues arise:
(i) selection of the appropriate pair of beams for
unification and (ii) computation of direction of the
new beam that replaces this beam pair.

Consider beams ðbk; b‘Þ � ðk; ‘Þ that belong to
subcarriers n and m, respectively, and have beam-
forming vectors un;k and um;‘. For now assume that
each of these beams serves one user as is the case at
the end of the first stage. Thus, let k and ‘ denote
the users that are served by beams bk and b‘. The
goal now is to replace beams un;k and um;‘ with a
user 2
user 1

user 1 ...

Subcarrier 1 Subcarrier 

user k1

Fig. 4. Beams for users in each subcarrier at th
new beam uc. The rationale for the selection of a
beam pair is: unify two beams of different sub-
carriers with most similar directions, so that desir-
able features of old beams are more likely to be
maintained in the new beam. It may also happen
that bk and b‘ serve the same user in subcarriers n

and m. Our algorithm implicitly favors this case as
well, since the beams serving the same user in two
neighboring subcarriers are likely to have rather
similar directions due to similar spatial covariance
matrices of the user. The algorithm selects the pair
of beams ðk�; ‘�Þ with the minimum Euclidean
distance, namely pair ðk�; ‘�Þ ¼ arg minðk;‘Þkun;k�

um;‘k
2. For normalized beams, this is equivalent to

ðk�; ‘�Þ ¼ arg max
ðk;‘Þ

R ðrk‘Þ, (20)

where rk‘ ¼ uHn;kum;‘ is the cross-correlation of beam
vectors un;k and um;‘.

The next issue is the computation of the new
beam uc that will replace beams un;k and um;‘. We
propose two approaches for this purpose.
3.2.2.1. Approach A: maximum cross-correlation of

old and new beams. According to a first approach,
the new beam vector uc should have the least
Euclidean distance from old beams un;k and um;‘ or
equivalently, it should be maximally correlated with
those beam vectors. Therefore, we compute uc by
solving the following constrained optimization
problem:

max
uc

R½uHc ðun;k þ um;‘Þ� subject to uHc uc ¼ 1. (21)

By applying the Lagrange multiplier method, we
find the new beam

u�c ¼
un;k þ um;‘ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þRðrk‘ÞÞ

p . (22)
... ...

...

user 2user 2

user 1

Subcarrier N2

user k2

user kN

e end of the first stage of the algorithm.
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Then, we (tentatively) replace un;k and um;‘ with u�c
and evaluate SIRs of users k, ‘ and of all other users
in UðnÞ and UðmÞ which are influenced by this beam
replacement. If SIR4g for all those users, we
perform the replacement above and proceed with
the selection of the next beam pair. If some SIRs do
not exceed g, some other beams in subcarriers n and
m (and therefore users served by those beams) must
be removed, so that co-channel interference in n and
m is reduced and SIRs increase. Since each removal
of such a beam in subcarrier n or m leads to rate
decrease by b0 bits, beams for removal must be
selected so that the incurred rate reduction is as low
as possible.
Let V ðn;mÞ 	 ðUðnÞ [UðmÞÞ be the set of users in

subcarriers n and m (served initially by beams k and
‘) with SIRog after replacement of beam pair ðk; ‘Þ
with u�c . Suppose user k 2 V ðn;mÞ with k 2 UðnÞ is
removed together with its beam. Then, SIRs of users
j 2 UðnÞ will be

SIRk
j ¼

uHn;jHn;jun;j

u�Hc Hn;ju�c þ
P

i2UðnÞ;iafj;k;kg u
H
n;iHn;jun;i

.

(23)

Note that beam of user k is not included in the sum
above since its beam un;k has already been removed
and replaced by beam u�c . Similarly, if user k 2 UðmÞ

is removed, the SIRs of users j 2 UðmÞ are affected.
We select to remove beam bk� (with user k�) that
leads to maximization of the minimum SIR of
remaining users in the two subcarriers. Namely we
remove user k� such that

k� ¼ arg max
k2V ðn;mÞ

min
j2UðnÞ[UðmÞ

jak

SIRk
j . (24)

By eliminating the user that maximizes the
minimum SIR of remaining users, we intend to
keep SIRs high enough and maintain a larger
number of users with SIR4g. The process of beam
elimination according to criterion (24) continues
until SIRs of all users exceed g. Then, the algorithm
proceeds to selection of the next pair of beams for
unification with criterion (20) and the procedure
terminates when the total number of beams is C.
In order to consider minimum rate requirements of

users, we note that users must satisfy minimum rate
requirements after each beam elimination. If tk is
the rate of user k before beam elimination,
condition tk4lk must be added to (24). Thus, rate
reduction of user k by one subcarrier due to its
elimination will not cause rate to fall below lk.
3.2.2.2. Approach B: maximum ratio of signal

strength to induced interference. According to the
second approach, the new beam u�c from unification
of beams un;k and um;‘ must lead to large useful
signal power for users k and ‘ that were covered by
the original beams and should also incur low
interference to other users in UðnÞ and UðmÞ. Thus,
the beam u�c is found by solving the problem

Cðk;‘Þ ¼ max
uc

uHc ðHn;k þHm;‘Þuc

uHc
P

j2UðnÞ;jak Hn;j þ
P

j2UðmÞ ;ja‘Hm;j

� �
uc

subject to kuck ¼ 1. ð25Þ

With the computed u�c , the SIRs of users are
evaluated and users are sequentially eliminated
based on criterion (24) until acceptable SIRs for
the remaining users are ensured.
After selecting beams for unification based on their

cross-correlation, the new beam is computed with
approach A or B. A more efficient but computa-
tionally more intensive method for beam calculation
would be as follows. Assume that a new beam u�c is
computed with (25). If SIRs of some users are below
g, some users must be removed. After removing a
user with criterion (24), we can compute a new beam
û�c using (25). Clearly, û�c is different from u�c , since
the denominator of (25) would not include the
removed user. If SIRs are not satisfied, another user
is removed and a new beam is computed. This
iterative procedure will continue until acceptable
SIRs are ensured for all users.
3.2.3. Description of the algorithm

The main steps of the algorithm outlined in the
previous sections are as follows:
�
 Step 1: Run the first stage of the algorithm and
derive spatially separable co-channel user sets for
each subcarrier n and beams un;k for all k 2 UðnÞ.

�
 Step 2: For each pair of beams ðk; ‘Þ of different
subcarriers, compute cross-correlations rk;‘. Se-
lect the beam pair ðk�; ‘�Þ with maximum cross-
correlation.

�
 Step 3: Compute new beam u�c with approach A
or B above.

�
 Step 4: If not all user SIRs exceed g, perform the
beam elimination process based on (24) until all
SIRs exceed g. Unify beams k and ‘.

�
 Step 5: If number of beams is C, terminate the
algorithm. Else, go to step 2 and repeat the
procedure.
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A note about complexity is due here. The computa-
tional complexity of finding generalized eigenvec-

tors of a M �M matrix is OðM3Þ. The first stage
involves such a computation for co-channel users
for K possible assignments and for at most NM user
insertions and thus has complexity OðNKM4Þ. The
second stage involves the selection of the pair of
beams with maximum cross-correlation (of com-
plexity OðN2M2Þ), computation of new beam (of
complexity Oð1Þ for approach A and OðM3Þ for
approach B), elimination of users (of complexity
OðM2Þ) and beam unification (of complexity
Oðlog ðNMÞÞ). Thus, the second stage has complex-
ity OðN2M2 log ðNMÞÞ for approach A and
OððN2M2 þM3Þ log ðNMÞÞ for approach B. Given
the small value of M, the complexity is not
prohibitively high.

3.2.4. Unifying beams with several users

In order to maintain the flow of presentation of
the algorithm in the previous sections, we restricted
ourselves to the scenario of one user per beam
before beam unification. However, as the algorithm
progresses, one or both of the beams that are
identified for unification may have several subcar-
riers of one user or even several users in different
subcarriers. These beams are generated in a
previous step of unification in the algorithm. The
algorithm should be modified to include these cases
as well. Consider a beam pair ðk; ‘Þ with vectors uk

and u‘ and let beam k contain users k1; . . . ; kt, where
user ki resides in subcarrier ni, i ¼ 1; . . . ; t and let
beam ‘ contain users ‘1; . . . ; ‘s, where ‘i uses
subcarrier mi, i ¼ 1; . . . ; s. In step 3 of the algo-
rithm, we need to find the new beam u�c .

With approach A, the new beam u�c that replaces
beams k and ‘ depends only on vectors uk and u‘ and
not on individual users that reside in the beams.
Therefore, the new beam is still computed by (22).
However, some modification is required in approach
B. More specifically, the computed ratio Cðk;‘Þ must
consider that new beam u�c should yield high desired
power for all ðtþ sÞ users in beams k and ‘ and cause
low interference to all other users in subcarriers ni,
i ¼ 1; . . . ; t and mi, i ¼ 1; . . . ; s. Thus, the following
modifications need to be made in Cðk;‘Þ:

Hn;k and Hm;‘ become
Xt

i¼1

Hni ;ki

and
Xs

i¼1

Hmi ;‘i
X
j2UðnÞ;jak

Hn;j becomes
Xt

i¼1

X
j2Uðni Þ;jaki

Hni ;j

X
j2UðmÞ;ja‘

Hm;j becomes
Xs

i¼1

X
j2Uðmi Þ;ja‘i

Hmi ;j.

Then, SIRs for users in beams k and ‘ are
computed. If all SIRs exceed g, we replace uk and
u‘ with u�c and proceed to selection of the next beam
pair. Otherwise we need to eliminate users with
SIRog as in step 4. Define X as the set of users in
beams k and ‘, i.e., X ¼ f

St
i¼1 U

ðniÞg [ f
Ss

i¼1 U
ðmiÞg

and let V ðk; ‘Þ be the set of users with unacceptable
SIR in those beams. Let SIRk

j be the SIR of user
j 2 X if user k 2 V ðk; ‘Þ is removed. The criterion for
removal of a user is again maximization of minimum
SIR of remaining users. Thus, user

k� ¼ arg max
k2V ðk;‘Þ

min
j2X;jak

SIRk
j (26)

is removed. At each step users and not beams are
removed. However, if all users that belong to a beam
are eliminated so as to create acceptable SIRs, that
beam vanishes.

3.2.5. Optimal solution for a special case

Consider the simple case of C ¼ 2 transceivers
and known, fixed beams u1 and u2. There exist N

subcarriers to be allocated to K users and a user k

must use xk subcarriers. We assume that subcarriers
constitute a narrow enough sub-band, so that fading
is not frequency-selective and the spatial covariance
matrix Hk for each user k does not depend on the
subcarrier. The goal is to satisfy user requirements
by using the minimum number of subcarriers.

The set of users Ui covered by beam ui, i ¼ 1; 2 is
given. A subcarrier can be reused by at most two
users if these are served by different transceivers. In
order to minimize the number of required subcarriers,
we have to identify the maximum number of user
pairs, where each pair uses a subcarrier. The problem
is equivalent to finding a maximum matching on a
bipartite graph G ¼ ðU [ V ;EÞ that is constructed as
follows. First, one node for each required subcarrier
of a user is added to the graph. Thus, jU j ¼

P
i2U1

xi

and jV j ¼
P

i2U2
xi. An edge ði; jÞ is added between

nodes i 2 U and j 2 V (which denote subcarriers of
users a 2 U1 and b 2 U2, respectively), if SIRs of
these users exceed g, namely if

min
uH1 Hau1

uH2 Hau2
;
uH2 Hbu2

uH1 Hbu1

� �
Xg. (27)
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A matching M in a graph G is a subset of edges of
G, such that no two edges in M share the same
node. Each edge of M is called matched edge. A
maximum matching M� is a matching of maximum
cardinality. The assignment that minimizes the
number of required subcarriers is as follows. We
start by finding M�. Each edge in M� corresponds
to a pair of co-channel users. Assign each such pair
to a separate subcarrier. Then, for each user
corresponding to a node that is not incident to a
matched edge, consider a new subcarrier and assign
the user to it. The minimum number of required
subcarriers to satisfy requirements of users is jM�j

plus the number of nodes that are not incident to a
matched edge.

4. Simulation results

We simulate operation of one AP and K ¼ 15
users that are uniformly distributed in the coverage
area. An antenna array with M elements and
element distance d ¼ l=2 is used. The AP uses
OFDM transmission at 5GHz. In order to illustrate
intuition of the results, we consider a system with
N ¼ 10 subcarriers. The received power decays with
distance d as d�4. A link between an antenna and a
user includes multi-path fading that is simulated
with an L-ray model. The angle of each path is
uniformly distributed in ½0;p�, while the relative
delay among paths is uniformly distributed in ½0;T �.
The complex gain of each path is a log-normal
random variable with standard deviation s ¼ 6 dB
that captures shadow fading. Results were averaged
over 100 random experiments with different channel
conditions and user locations. The objective is to
evaluate and compare the performance of proposed
methods as well as to quantify the impact of
different parameters on system performance. First,
we do not consider minimum rate requirements of
users and evaluate performance in terms of achiev-
able system rate. The following approaches are
simulated:
�
 Approach A: After the first stage, beam pairs for
unification are selected based on criterion (20).
The new beam is computed with (22). Then, users
are sequentially eliminated according to (24) or
(26), until SIRs of all remaining users exceed g.

�
 Approach B: The first stage of the algorithm is
executed. The selection of beam pair for unifica-
tion is performed with (20) and the new beam is
computed with (25). After user elimination with
(24) or (26), a new beam is computed with (25).
The iteration of user elimination and new beam
computation terminates when SIR4g for all
users.

The performance metric is average subcarrier
throughput in terms of average number of allocated
users per subcarrier. This is illustrated in Fig. 5 as a
function of number of available transceivers (beam-
formers) for M ¼ 4 antennas, multi-path scenarios
with different number of paths L and SIR threshold
g ¼ 10 dB. For given multi-path conditions, ap-
proach B always performs better than A. This is
attributed to (i) the iterative nature of approach
B, in which beam vectors are updated in each
iteration, as opposed to approach A where
beam vectors are computed once, (ii) the different
criteria for computation of the new beam. For L ¼

1 (one line-of-sight path), the difference in perfor-
mance between the approaches is approximately the
same and is independent of the number of
transceivers. Approach B yields almost 25%
higher rate than approach A. For L ¼ 2, the
performance difference decreases significantly with
increasing number of transceivers. For relatively
small number of transceivers, approach B outper-
forms A by almost 20%, while for larger values of C

approach B is better than A by 4%. Furthermore,
the resulting subcarrier rate with L ¼ 2 paths is
larger than that for L ¼ 1 for each of the
approaches A and B due to the diversity effect of
multi-path.

It can also be deduced that system performance is
characterized by a number of transceivers C�,
beyond which no further improvement is observed.
This means that the system has reached its spatial
separability performance limits and cannot accom-
modate more users in the same subcarrier. For
example, for approaches A and B and one path, we
have values of C�A ¼ 17 and C�B ¼ 13, respectively,
with corresponding limiting throughput of about
1:9 and 2:18 users per subcarrier. For L ¼ 2 paths,
the corresponding transceiver values become C�A ¼

12 and C�B ¼ 9 with limiting throughput of 2:4 and
2:5 users per subcarrier, respectively.

Similar conclusions can be drawn from Fig. 6 for
M ¼ 8 antennas. The limiting throughput values
increase and the number of transceivers for reaching
this limit also increases, as compared to the case
with M ¼ 4. Thus, for approaches A and B and
L ¼ 1, we have C�A ¼ 26 and C�B ¼ 22 transceivers
and limiting throughput of 2:25 and 2:7 users per
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subcarrier. For L ¼ 2, the exact values of C�A and
C�B cannot be deduced from the figure, but the
limiting throughput is approximately 3 and 3:5 users
per subcarrier, respectively. The performance ben-
efit of approach B over A increases as M increases
but it decreases with increasing L. In addition, the
number of transceivers beyond which no perfor-
mance improvement is observed increases almost
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proportionally to M. We also depict results for M ¼

8 antennas and L ¼ 3 and L ¼ 5 paths in Fig. 7,
where the diversity effect of multi-path is more
notable.

When the minimum rate requirements of users
come into play, another meaningful performance
metric is the residual throughput (rate) in terms of
additional needed channels so that users satisfy their
minimum rate requirements. An algorithm is
efficient if it yields low total residual user rate.
The minimum number of required subcarriers by a
user is taken to be uniformly distributed in
f1; 2; 3; 4; 5g. In Fig. 8, the total residual throughput
is shown as a function of C for M ¼ 4 antennas,
g ¼ 10 dB and L ¼ 2. The residual throughput for
both approaches A and B reduces with increasing C.
It can be deduced that approach B performs better
than A when Co15. For C415, both approaches
have the same performance and no further reduc-
tion in residual throughput is observed, which again
implies that the system has reached its separability
performance limits. For M ¼ 8, the corresponding
limit was C ¼ 31. These numbers are in agreement
with those in Figs. 5 and 6.

Finally, we evaluate the performance of the
greedy assignment at the first stage under no
transceiver limitations. The achievable rate at this
stage serves as an upper bound for the performance
for limited number of transceivers. In Fig. 9, we plot
the average number of assigned users per subcarrier
as a function of SIR threshold g for different multi-
path scenarios. A higher value of g corresponds to a
more stringent BER requirement. For L ¼ 1, the
throughput decays with an almost exponential rate
as g increases, while for L ¼ 2 the rate of decay is
smaller. This is yet another evidence that perfor-
mance is improved for rich multi-path. For L ¼

3; 4; 5 or 6, only minor differences in performance
are observed. However, performance for L41 paths
is superior to that for L ¼ 1 when g410 dB. In the
limit of large g and for L ¼ 3; 4; 5, the average
spatial separability amounts to two users per
subcarrier.

Although in a realistic system the numbers N and
K will be larger, the performance is still determined
by subcarrier reuse and depends on spatial and
multi-path properties of propagation channels,
beamforming and resource assignment. As a result,
similar trends to those illustrated in the figures
above are anticipated in a system with several
subcarriers and users. Our results manifest the need
for a sophisticated system design in order to
improve performance. For a given SIR threshold
g, given number of AP antennas M and multi-path
scenario captured by number of paths L, there exists
a crucial number of transceivers C�ðM ;L; gÞ,
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the end of the first stage of the algorithm.

I. Koutsopoulos, L. Tassiulas / Signal Processing 86 (2006) 1879–1895 1893
beyond which no further performance improvement
can be anticipated. Viewed differently, the number
of transceivers can be made as small as C� at the
system design phase with no incurred performance
loss.
5. Discussion

In this paper we addressed a joint resource
assignment problem that arises in OFDM/SDMA
systems with transceiver resource limitations. A
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transceiver was perceived as a hardware unit
that can set up a beam. The additional challenges
in the problem stem from the coupling between
transceiver and subcarrier assignment and from
the need to identify spatially separable co-channel
user sets for each subcarrier. We presented a
framework of greedy heuristics that lead to satis-
factory performance in terms of total number of
provided channels to users. Results indicate that
the iterative method of beam computation and
user elimination performs remarkably well. The
impact of transceiver resource limitations on
performance is quantified by incurred rate loss at
the second stage of the algorithm. We also found
that there exists a crucial number of transceivers,
beyond which system performance cannot be
further improved. The policies can serve as bench-
marks and the plots provide useful design guide-
lines.

There exist several directions for future study. A
first issue is to establish a theoretical framework for
determining the limiting system performance. This
would enable comparison of the performance of our
heuristics with the optimal or limiting performance.
A fluid model where frequency allocation is
captured by continuous variables could facilitate
the study. A more general treatment of the topic
could also include power adaptation. The issue of
modulation adaptation with different number of
bits per subcarrier is another extension. Here, there
exists an inherent tradeoff between rate and
sustainable co-channel interference, since higher
rates render spatial separability more difficult.

We conclude the paper with the analogy between
the addressed snapshot assignment problem at the
user session level and the corresponding scheduling
problem at the packet level. In the latter one,
packets arrive at K user queues from higher layers
and need to be transmitted to users. Each of the C

transceivers is perceived as a server that serves
packet transmissions. The following procedures are
equivalent: (i) for each of the S OFDM symbols
transmitted in a slot, allocate b0 bits to each one of
N0 subcarriers and (ii) transmit N0 packets of
reference length b0S in a time slot. At each slot, a
scheduling policy should identify feasible co-chan-
nel user sets subject to the resource assignment
constraints. Since activation of certain user sets
influences the amount of transmitted bits from user
queues, queue lengths need to be considered as well.
In that context, several ideas and stabilizing
scheduling policies that have been proposed in the
literature can be used to tackle such generalized
scheduling problems.
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