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1 Introduction

A number of models are being developed for the traffic, service and queu-
ing in the emerging telecommunication networks. The task is rather dif-
ficult because the traffic is bursty and correlated. These models include
the compound Poisson process (CPP), the Markov modulated Poisson pro-
cess (MMPP) and self-similar traffic models such as the Fractional Brownian
Motion (FBM). The CPP and the S 1, C PP, traffic models often give a
good representation of the burstiness (batch size distribution) of the traffic
from one or more sources, but not the auto-correlations of the inter-arrival
time observed in real traffic. Conversely, the MMPP models can capture the
auto-correlations but not the burstiness. Self-similar traffic models such as
the FBM can represent both burstiness and auto-correlations, but they are
analytically intractable in a queuing context. The traffic arriving to a node
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is often the superposition of traffic from a number of sources (homogeneous
or heterogeneous), which further complicates the analysis of the system.

The MMCPP/GE/c queue and the MMCPP/GE/c/L G-queue serve as
models for communication nodes with bursty arrivals and batch services,
in the Markovian framework. In these queues, the steady state balance
equations are highly complicated and hard to solve. The method of suc-
cessive simultaneous weighted subtractions (SSS) was used on the balance
equations in order to transform them to a computable form (the QBD-M
—Quasi simultaneous-bounded-multiple Births and simultaneous-bounded-
multiple Deaths)

Recently, we have introduced and proposed a new queuing model the
MM K CPP./ GE/c¢/L G-queue with homogenous servers (the sigma
queue) and with heterogenous servers (the het+sigma queue). We also devel-
oped some transformations which, when applied on the steady state balance
equations, result in QBD-M type computable form. These models, in the
Markovian framework, do provide a large flexibility to accommodate geo-
metric as well as non-geometric batch sizes in both arrivals and services, and
hence are capable of emerging as generalized Markovian node models.

We present the application of the sigma queue to the performance evalu-
ation of some problems in telecommunications networks. We propose the use
of negative customers, in an innovative way, to accommodate in the queuing
model, the phenomenon due to the limitations of technology.

We also provide new ideas (concerning the BMAP+sigma and
gBMAP+sigmaqueue), in this area, that we are actively pursuing. More-
over, some proposals for the application of the new queues will be provided
at the presentation of this tutorial.

2 The sigma queue

In this section we present a methodology to analyze the MM

K
Z CPP,/GE/c/L G-queue (which we name as the sigma queue).
k=1

2.1 The arrival process

The arrival and service processes are modulated by the same continuous time,
irreducible Markov phase process with N states. Let () be the generator
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matrix of this process, given by

- 412 --- 1N

21 —q¢2 ... Q2N
Q= . . . ,

gn1 gN2 - —4N

where ¢; (i # k) is the instantaneous transition rate from phase i to
phase k, and ¢; = Zjvzl ¢, , (i=1,...,N). Let r = (ry,rq,...,rn) be
the vector of equilibrium probabilities of the modulating phases. Then, r
is uniquely determined by the equations, r@Q = 0 ; rey = 1, where ey
stands for the column vector with NV elements, each of which is unity.

The arrival process, in any given modulating phase, is the superposition
of K independent CPP arrival streams of customers (or packets, in packet-
switched networks) and an independent CPP of negative customers. Cus-
tomers of different arrival streams are not distinguishable. The parameters
of the GE inter-arrival time distribution of the k™ (1 < k < K) customer
arrival stream in phase i are (0,4, 6;%), and (p;,d;) are those of the nega-
tive customers. That is, the inter-arrival time probability distribution func-
tion is 1 — (1 — 6,3)e~9%*!  in phase i, for the k' stream of customers and
1 —(1—4;)e ?" for the negative customers. Thus, all the K + 1 arrival point-
processes are Poisson, with batches arriving at each point having geometric
size distribution. Specifically, in phase ¢, the probability that a batch is of
size s is (1 — Qiyk)ﬁzgl for the k™ stream of customers, and (1 — §;)6:~" for
the negative customers.

Let 0; , 0, be the average arrival rate of customer batches and customers
in phase ¢ respectively. Let 0,7 be the overall average arrival rate of batches
and customers respectively. Then,

K K o N
_ ik _ _
0;,. = E Ok 0;,. = E N o= E 0;.T5 0= E 0;.7;
9 (1 _ el k)? ‘ 9 ‘
k=1 k=1 ’ i=1 =1

2.2 The GE multi-server

The service facility has ¢ homogeneous servers in parallel, each with GE-
distributed service times with parameters (u;, ¢;) in phase i. The service
discipline is FCFS and each server serves at most one positive customer
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at any given time. Negative customers neither wait in the queue, nor are
served. The operation of the GE server is similar to that described for the
CPP arrival processes above. L denotes the queuing capacity, in all phases,
including the customers in service. L can be finite or infinite. We assume,
when the number of customers is j and the arriving batch size of positive
customers is greater than L — j (assuming finite L), that only L —j customers
are taken in and the rest are rejected.

However, the batch size associated with a service completion is bounded
by one more than the number of customers waiting to commence service
at the departure instant. For queues of length ¢ < j < L + 1 (including
any customers in service), the maximum batch size at a departure instant
is j — c+ 1, only one server being able to complete a service period at any
one instant under the assumption of exponentially distributed batch-service
times. Thus, the probability that a departing batch has size s is (1 — ¢;)¢; ™"
for1 <s<j—cand gbg_c for s = j — ¢+ 1. In particular, when j = ¢, the
departing batch has size 1 with probability one, and this is also the case for
all 1 < j < ¢ since each customer is already engaged by a server and there
are then no customers waiting to commence service.

It is assumed that the first positive customer in a batch arriving at an
instant when the queue length is less than ¢ (so that at least one server is
free) never skips service, i.e. always has an exponentially distributed service
time. However, even without this assumption the methodology described in
this paper is still applicable.

2.3 Negative customer semantics

A negative customer removes a positive customer in the queue, according
to a specified killing discipline. We consider here a variant of the RCE
killing discipline (removal of customers from the end of the queue), where the
most recent positive arrival is removed, but which does not allow a customer
actually in service to be removed: a negative customer that arrives when
there are no positive customers waiting to start service has no effect. We
may say that customers in service are immune to negative customers or that
the service itself is immune servicing. Such a killing discipline is suitable
for modeling e.g. load balancing, where work is transferred from overloaded
queues but never work, that is, actually in progress.

When a batch of negative customers of size [ (1 < [ < j — ¢) arrives, [
positive customers are removed from the end of the queue leaving the re-
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maining j — [ positive customers in the system. If [ > j —c¢ > 1, then j — ¢
positive customers are removed, leaving none waiting to commence service
(queue length equal to ¢). If j < ¢, the negative arrivals have no effect.

pi, the average arrival rate of negative customers in phase ¢ and p, the
overall average arrival rate of negative customers are given by,

N
P 5 N
=il P=2_rm (2)

i=1

2.4 Condition for stability

When L is finite, the system is ergodic since the representing Markov process
is irreducible. Otherwise, i.e. when L = oo, the overall average departure
rate increases with the queue length, and its maximum (the overall average
departure rate when the queue length tends to co) can be determined as,

N
A=c), 1“—”;{ )

=1

Hence, we conjecture that the necessary and sufficient condition for the ex-
istence of steady state probabilities is,

c<p+i. (4)

2.5 The steady state balance equations

The state of the system at any time ¢ can be specified completely by two
integer-valued random variables, I(t) and J(t). I(t) varies from 1 to N,
representing the phase of the modulating Markov chain, and 0 < J(t) < L+1
represents the number of positive customers in the system at time ¢, including
any in service. The system is now modeled by a continuous time discrete state
Markov process, Y (Y if L is infinite), on a rectangular lattice strip. Let I(t),
the phase, vary in the horizontal direction and J (), the queue length or level,
in the vertical direction. We denote the steady state probabilities by {p;},
where p; ; = limy_.o, Prob(I(t) =1, J(t) = j), and let v; = (p14,...,DnN,j)-
The process Y evolves due to the following instantaneous transition rates:

(a) ¢;, — purely lateral transition rate — from state (i, j) to state (k, ), for
all j >0and 1 < i,k <N (i # k), caused by a phase transition in the
Markov chain governing the arrival phase process (¢;; = 0);
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(b) Bijjts — s-step upward transition rate — from state (i, j) to state (i, j+
s), for all phases i, caused by a new batch arrival of size s positive
customers. For a given j, s can be seen as bounded when L is finite
and unbounded when L is infinite;

(c) Cijj—s — s-step downward transition rate — from state (4, ) to state
(i,j — ), (j —s > ¢+ 1) for all phases 7, caused by either a batch
service completion of size s or a batch arrival of negative customers of
size s;

(d) Cjctse— s-step downward transition rate — from state (¢, c+s) to state
(7, ¢), for all phases i, caused by a batch arrival of negative customers
of size > s or a batch service completion of size s (1 < s < L — ¢);

(€) Cic—14s,c—1 — s-step downward transition rate, from state (i,c — 1+ s)
to state (z,¢ — 1), for all phases ¢, caused by a batch departure of size
s(1<s<L—-c+1);

(f) Cij+1,; — 1-step downward transition rate, from state (i, j + 1) to state
(1,7), (¢ 2 2;0 < j < ¢—2), for all phases i, caused by a single
departure;

where

K
iiesg = O (1=00)0 0 (Vi3 0<j—s<L—2;j—s5<j<L)

B
k=1
K o) K '
Bijo = Z Z (1— 0i,k>057;10'@'71g = Zefa,;]*lai,k (Vi; j < L—1);
k=1 s=L—j k=1

Cijisi = (1= tepi+ (1= 6;)0 " p;
(Vi; c+1<j<L-1;1<s<L—j)
= (1—¢)¢S e +67p; (Vis j=c¢ 1<s<L-—c)
o5 e, (Vis j=c—1;1<s<L—c+1);
=0 (Mi;¢c>22,0<j<c—2; s>2);
= (+Du; (Vi;c>2,0<j<c—2;s=1).
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Define,

Diag[Bij-sj, Baj-sjs-- s Bnj-sjl (1 —s<j <L)

J—5.J
By = Bjs; (<L)
K
= Diag|... ,Zai,k(l — Qi,k)(?f;l, I
k=1
Zk = Diag[017k70'27k,...,0']\[7k] (]{]21,2,,[(),
@k = Dlag [61&,927]{,...,9]\77]{] (]{]I 1,2,...,K);
K
Y = sza R:Diag[plap%'“ap]\/]; A :Diag[617527"'75]\7];
k=1
M Diag[,ula,u%“'a,u]\/v]; (I):Diag{(blaqﬁ%“'a(bN];
C; = M (0<j <o)
= M=C (j=zo)
Cirs; = DiaglCujisj, Cojrsgs - COnjrsgl; B = Diag(e;v).
Then, we get,
K K
B, = Y O, (E—-0y)%; Bi=B=)Y (E—0;)%;
k=1 k=1
K
Br_s1. = Z@i_lEk;
k=1
CjJrs’j == C(E — (I))q3871 —|— R(E — A)ASil

(c+1<j<L-1;,s=12,...,L—7j);
= C(E—-®)®* '+ RA* (j=¢ s5=1,2,...,L —c);
= Co*' (j=c—1,5=1,2,...,L—c+1);
=0 (c>22,0<j<c—2;s>2);
= Cj11 (22,0<j<c—2;5=1).

The steady state balance equations are,

L
Z Vi—sBr—s1+vp[Q —C — R =0; (5)

s=1
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J L—j
Z ijsBs + \Zi [Q -X - Oj - RIj>C] + ZVjJrstJrs,j = 0; (6>
s=1 s=1
0<j<L-1)

L
ZV]'GN =1. (7)
j=0

where, I;5. = 11if j > celse 0, and ey is a column vector of size N with all
ones.

2.6 Solution methodology and technique

When L < ¢+ K + 4, then the number of the states of the Markov process
Y is not large and can be solved by traditional methods [10]. However, when
L is large, computationally more efficient other methods are available.

In this section the balance equations are essentially transformed into a
computable form of QBD-M type. The necessary mathematical transforma-
tions are based on profound theoretical analysis and proofs [5]. Moreover,
they are convenient for software implementation.

Let the balance equations for level j be denoted by < j >. Hence,
<0> <1>,...,<j>, ..., <L > are the balance equations for the lev-
els 0,1,...,7,..., L respectively. Substituting B, = Zszl ©;7'%), and
B, =1 O E —0,)% in (5, 6), we get the balance equations for level
L and for all the other levels as:

<L>":
S S VO S 4 v [Q - C — R =0 (8)

<g>
i:l Zszl Vj—s@i_l(E — Op) %k +
Vi Q=X —Cj— Rl + Y07 vitsCiysj =0
(j=L-1,...,0). (9)
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Define the functions, Fy;, (k=1,2,...,K ;1 =1,2,...,k), recursively as,

k
Foo = E, Foe=]]0n (k=1,2,...,K);

n=1

Fr, = 0 (k=1,2,...,K;1<0);

Fopo =0 (k=1,2,...,K;1>k);

Fiop = FE; Fil,=0;

Fry = Foi+60ufioy1 2<E<K,1<I<k-1). (10)

Transformation 1 Modify simultaneously the balance equations for lev-
els j(L—1>j > K), by the transformation:

<j>0  — <>+ (-1)<j-l>Fg (K<j<L-1);
<j>W  —<j> (j=Lorj<K).
Apply the following transformation to the resulting equations.

Transformation 2 Modify simultaneously the balance equations for levels j
(L—3>j>c+ K+1), by the transformation:

<j>@ <> i 150@+A) +<j+2>D0A
(c+K+1<j<L-3)
<j>@  —<ji>0 G>L-30rj<c+K+1).

After these two transformations, the transformed balance (< j >®)) equa-
tions for the rows (c+ K +1 < j < L — 3), will be of the form (refer to [5]
for the proof):

Vi_gQo +Vj—g41Q1 + ... +Vj2Qk12 =0
(j=L—-3,L—4,....c+ K+1), (11)

where, Qg, Q1,...,Qk+o are K + 3 number of j-independent matrices and
can be easily derived and computed (refer to [5]).

Thus, the resulting equations (11) corresponding to the rows from ¢ +
K + 1 to L — 3, are of the same form as those of the QBD-M processes
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and hence have an efficient solution by several alternative methods such as
the spectral expansion method, Bini-Meini’s method or the matrix-geometric
method with folding or block size enlargement [7].

The set of equations (11) concerning the levels ¢ + K + 1 to L — 3 have
the coefficient matrices Qg, @1, - . ., @k 12 that are independent of j and hence
have an efficient solution by the spectral expansion method [9]. These Q;’s
(l=0,1,..., K+2) can be obtained quite easily following the computational
procedure in [5].

2.7 Other killing disciplines

Apart from the killing discipline that was used above, there are two other
popular killing disciplines, the RCE-inimmune servicing and the RCH killing
disciplines. The applicability of the killing disciplines rather depends on
the situation and the purpose, and hence depending on these, many more
killing disciplines are theoretically possible. Our methodology can easily be
extended to many other killing disciplines also, this is explained briefly in
this section.

2.7.1 The RCE-tnimmune discipline

In the RCE-inimmune servicing, the negative customer removes the most
recent positive arrival regardless of whether it is in service or waiting; thus
a negative arrival has no effect only when it encounters an empty queue
and all servers idle. This is the traditional killing discipline, suited to the
modelling of killing signals in speculative parallelism, for example. It can
also be used to model cell losses caused by the arrival of a corrupted cell or
one encountering a full buffer, when the preceding cells of a packet would
be discarded. In this case, the later and the upward transitions remain as
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before, but the downward transition rates become [6]:

Ciys; = C(E—®)* '+ R(E—A)A*!
(c<j<L-1;s5=1,2,...,L—7)
= CO '+ R(E—A)A™! (c>1;j=c—1;1<s<L—-c+1)
= Co* '+ RA*! (c=1;j=c—1=0;1<s<1)
= Cjn+R(E—-A) (1<
= R(E—-A)A"! (1<j<e—2;2<s<L—7j)
= RA*™! (e>1;7=0;2
Ci+R (j=0;s=1)

Thus, after obtaining the required transition rates, e.g. lateral, upward and
downward, and the balance equations in this case, the same procedure as in
Section 2.6 can be used, perhaps with slight appropriate modifications, to
transform the balance equations to a suitable form (QBD-M type equations)
for solving by the existing methods.

2.7.2 The RCH discipline

Another popular killing discipline is the RCH (Removal of customers from the
head of the queue) killing discipline. This is appropriate for modelling server
breakdowns, where a customer in service will be lost for sure and may be also
a portion of queue of waiting customers. Here too, the A matrices and the B
matrices remain unchanged, however the C' matrices would be different and
can be determined. For example, to obtain Cj, ;, consider the system (say, a
single server system with ¢ = 1) in state (i, j 4+ s), where j 4+ s < L. The rate
at which a batch of [ negative customers arrives is (1—6;)6' 'p; (1 = 1,2,...).
If I > j+s all the jobs will be removed by the negative customers. If | < j+s,
then the job in service, then the job in service plus [—1 jobs waiting for service
would be removed, leaving only 7 + s — [ jobs. However, due to the nature
of the generalised exponential service times, a certain number of customers
may be ’leaked out’, i.e. serviced instantaneously just after the killing takes
place. Alternatively, if we redefine the operation of the system such that this
leakage does not occur, i.e. immediately after a negative arrival, the next
customer in the queue (if any) cannot skip service, then the equilibrium state
probabilities would be same as in the case of the RCE-inimmune servicing.
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Assuming leakage, the rate matrices C; can be derived as [6],

Civsj = (E—®)® "M+ (E—A)R(E — ®){PA}, 4
(1<j<L-1;s52>1);
= &M+ (E—-A)R{®PA}; 1+ RA* (j=0;5>2);
= M+R (j=0;s=1);

where,

s—1
{PA}1 = ) @ FAR (s >2);
k=0
= F (s=1).

This case also can be modelled following the previous procedures, perhaps
with minor modifications.

2.8 Application

In this section the application of the proposed queue is demonstrated by
carrying out the performance analysis of an OBS multiplexer and storage.

OBS core node architecture typically includes structures with multiplex-
ers and FDL’s and Turner [11] suggests the analysis of a rather simplified
model of the same in order to predict the performance boundaries. In what
follows, a similar OBS multiplexer that assigns incoming bursts to one of ¢
wavelengths that are available for transmitting data bursts into the outgoing
link and an optical storage that comprises L — ¢ storage locations for bursts,
are considered. All storage locations are assumed to be implemented with
FDL’s of equal size. The OBS multiplexer receives traffic from K sources,
where a source may represent traffic coming from a group of subscribers.

Our model assumes the superposition of traffic from all sources following
the MM Zszl CPP,, arrivals. The service times of data bursts are assumed
to be of GE distribution. The resulting queue, which is an approximate
model, is then used to predict the performance of the multiplexer and the
storage locations, where the servers represent the wavelengths.

It is clearly discussed by Yoo et al. [12] that due to the explained proper-
ties and technology limitations of FDL’s structure, the OBS system cannot
be accurately modeled as a classical queue. We now introduce the use of the
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Figure 2: Simulation and analytical results with negative customers: total
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negative customers to account for the loss of bursts due the technology lim-
itations of the FDL’s, which is specific to the optical storage solution using
FDL’s.

Figure 1 demonstrates that the loss of bursts caused by the effect of FDL’s
technology constraints versus number of FDL’s. This is fairly well accounted
in the queuing model by the use of negative customers. Figure 2 depicts the
total loss which also includes the loss of bursts due to buffer-overflow. Our
model estimates are very good for larger values of the number of FDL’s used
(for more details in the used parameters value see [5]). However, for smaller
values of FDL’s, the total loss estimates are rather higher, never lower.

3 The het+sigma queue

3.1 The extension of the sigma queue

The het-sigma queue is the extension of the sigma queue, where the service
facility has ¢ heterogeneous servers in parallel, numbered just as their ser-
vice priorities, i.e. 1,2,...,c. Their respective GE-distributed service time
parameters are (; ,, ¢ (n =1,2,...,¢) in phase 1.

The service discipline is FCF'S and each server serves at most one positive
customer at any given time. When the number of customers j is less than
¢, only the first j servers (i.e. servers numbered 1,2,...,7j) are occupied
and the rest are idle. Negative customers neither wait in the queue, nor
are served. The operation of the GE server is similar to that described for
the CPP arrival processes above. However, the batch size associated with a
service completion is bounded by one more than the number of customers
waiting to commence service at the departure instant. For queues of length
¢ < j < L+1 (including any customers in service), the maximum batch size
at a departure instant is j — ¢ 4+ 1, only one server being able to complete
a service period at any one instant under the assumption of exponentially

distributed batch-service times. Thus, the probability that a departing batch

Mi,n(l_qﬁi,n)(bf;ll . c Mi,n¢
Tforlgsgj—candznzl -

s =j—c+ 1, where p; = > _ ftin. In particular, when 1 < j §Z ¢, the
departing batch has size 1 with probability 1.0 since each customer is already
engaged by a server and there are then no customers waiting to commence
service.

It is assumed that the first positive customer in a batch arriving at an

Jj—c
i,mn

for

is of size sis > ,_,
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instant when the queue length is less than ¢ (so that at least one server is
free) never skips service, i.e. always has an exponentially distributed service
time. However, even without this assumption the methodology described in
this paper is still applicable.

3.2 Condition for stability

When L is finite, the system is ergodic since the representing Markov process
is irreducible. Otherwise, i.e. when the queueing capacity is unbounded,
the overall average departure rate increases with the queue length, and its
maximum (the overall average departure rate when the queue length tends
to co) can be determined as,

c N
EDI) D v (12)

n=1 i=1

Hence, we conjecture the necessary and sufficient condition for the existence
of steady state probabilities is

oc<p+n. (13)

3.3 The steady state balance equations

The instantaneous transition rates of the process can be written as follows:

[M] =

B (1=00)0; o (Vi; 0<j—s<L—-2;j—s<j<L);

1,5 —8,]
k=1
K 9] K
— s L—j-1 L .
Bijr = > Y (1=0)0 o => 057 o (Vi; j<L—1);
k=1 s=L—j k=1
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Cijsi = Zum — G+ (1= 8)8:

(Vi; c+1<j<L-1;1<s<L-—7j)

= Z,uzn ¢zn 58 lpz (VZ,]:C,]_SSSL—C)
= Z 2 i (Vi; j=c—1;1<s<L-—-c+1)
n=1
= 0 Vi;c>2;0<j<c—2;s>2)
1
= > min  (Vi;c22;0<j<c-2;5=1);
n=1
Define,
B;_,; = Diag[Bi;_sj, Bajsj, -, Bnjs;l (j—s<j<L);

By = Bj (<L)

K K
= Diag | ous(l—= 00055 D> onw(l—On)0a |
k=1 k=1
Y, = Diagloik, 00k .-, 0Nk (k=1,2,...,K);

@k = Dlag [61&,927]{,...,9]\77]{] (k: 1,2,...,K) )

K
o= Sk
k=1

R = Diaglpi,p2,.-.,pn] ;

A Diag [01,02,...,0n] ;
M, = Diaguin, flon,---s INn) n=1,2,...,¢);
¢, = Dlag [(bl,na ¢2,n7 R (bN,n] (n =1,2,... 70) )

J
C; = Y M, (1<j<c);

e e
n=1

Cirsj = DiaglChjisj, Cojtsgs- - CONjtsgl
E = Diag(ey) .
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Then, we get,

K K
B, = > Oy E-0p)%Sk; Bi=B=) (E—6,)%;
k=1 k=1
K
Bi_op = » O '%;
k=1

Ciraj = Y Mu(E—@,)0 " + R(E—A)A™!
n=1

(c+1<j<L—-1;5=1,2....L—j);

= Y M,(E—®,)®;" + RA™! (j=c;s=1,2,....,.L—c¢);

n=1

=0 (c>2;0<j<c—2;s8>2);
= Cjn (c>2;0<j<c—2;s=1).

The steady state balance equations are,

(1) For the L™ row or level:

L
Z Vi-sBrsp+vL[@—C—R]=0; (14)
s=1

(2) For the j™ row or level:

J L—j
Y VisBeAv; Q=8 = C = R+ viiCirg; =0 (0<j < L-1);
s=1 s=1 (15)
(3) Normalisation
ivjeN =1. (16)
=0
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where, Ij5. = 1if j > celse 0, and ey is a column vector of size N with all
ones.
Define the functions H., (n =1,2,...,c) recursively as,

Hpo = E, Hywm=][® (m=12,...,0)
i=1

Hy,, = 0m=1,2,...,¢;n<0)

Hpn 0(m=1,2,...,¢;n>m)
Hy E 5 Hip=®;
Hm,n = Hm—l,n+¢)mHm—1,n—1 (2§m§c, ]-Sngm_]-) : (17)

Transformation 3 Modify simultaneously the balance equations for lev-
els j(L—2—c>j>c+ K +1), by the transformation:

K

<j>® <>+ ()< 1>Fglc+ K+1<j<L—2—0)
1=1

<j>V o <j> (j>L—2—corj<c+K+1)

Apply the second transformation to the resulting equations.

Transformation 4 Modify simultaneously the balance equations for lev-

elsj(L—2—c>j>c+ K+1), by the transformation:

<j>®  —<j>O>y (1)< j+n>H,,
n=1

(c+K+1<j<L—-2-¢)
<j>®  — <j>® (j>L—2—corj<c+K+1)

Apply the third and final transformation to the resulting equations.

Transformation 5 Modify simultaneously the balance equations for lev-
els j(L—2—c>j>c+ K +1), by the transformation:

<j>® —<j>®_jr1>BA (c+K+1<j<L-2-¢)
<j>®  — <j>® (jJ>L—-2—corj<c+K+1);
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With these above three transformations, the transformed balance equation,
< j>Bs for the rows (c+ K +1<j < L —2— ¢), will be of the form:

ViegQo +Vi—g41Q1 + ...+ Vit 1@k qer1 =0
(j=L—-2—c¢,L—1—c¢,...,c+ K+1) (18)

where, Qo, Q1,...,Qkicr1 are K + ¢+ 2 number of j-independent matrices
which can be easily derived algebraically from the system parameters by
following the above mentioned transformation procedures in [3].

Thus, the resulting equations (18) corresponding to the rows from c+K+1
to L — 2 — ¢, are of the same form as those of the QBD-M processes [5]
and hence have an efficient solution by several methods such as the spectral
expansion method, Bini-Meini’s method [1], the matrix-geometric method
with folding or block size enlargement [7], the logarithmic reduction method

8].

4 The BMAP-+sigma queue

4.1 The customer arrival process

The arrival and service processes are modulated by the same continuous time,
irreducible Markov phase process with NV states. The arrival process is the
superposition of an arrival stream associated with the phase transitions, K
independent CPP arrival streams of (positive) customers and an independent
CPP of negative customers.

Essentially when there is a transition in the modulating process from
phase i to phase k, during the transition (at the transition epoch) a batch of
customers is released. The size of that batch varies from 0 (minimum size)
to m (maximum size). w;x(l) (i,k =1,2,..., N and [ = 0,1,2,...,m) is the
transition rate from phase ¢ to phase k generating a batch customers of batch
size [. The total transition rate from phase ¢ to phase k is Y ;= u; k().

Matrices U; (I = 0,1,2,...,m) are given by U; = [u;x(l)] (N % N square
matrices) for [ = 0,1,2,...,m. For the convenience define U; = 0 for [ > m.

The positive customers of different K arrival streams are not distin-
guishable. The parameters of the GE inter-arrival time distribution of the
k(1 < k < K) positive customer arrival stream in phase i are (o;,6;.),
and (p;, 0;) are those of the negative customers. That is, the inter-arrival time
probability distribution function is 1 — (1 — 6;;)e~#*!, in phase i, for the k"
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stream of positive customers and 1 — (1 —0;)e ”i* for the negative customers.
Thus, all the K 4 1 arrival point-processes are Poisson, with batches arriving
at each point having geometric size distribution. Specifically, the probability
that a batch is of size s is (1 — Qi,k)ﬁigl, in phase i, for the k™ stream of

positive customers, and (1 — §;)05"! for the negative customers. Thus, in

phase i, the average batch size for the k%" stream of customers, is ﬁ, and
. :

o for the negative customer stream.
Let o; , 0, be the average arrival rate of customer batches and customers
in phase 7 respectively. Let 0,7 be the overall average arrival rate of batches

and customers respectively. Then,

K K
S Ok
[ i ; i, = —_— 19
PP M )

_ k=1
N N m N N N m

o= E oiri + E g g wi k(1) : o= E o+ u; k(1)1
i=1 i=1 k=1 [=0 i=1 i=1 k=1 (=0

4.2 The steady state balance equations

The state of the system at any time ¢ can be specified completely by two
integer-valued random variables, I(¢) and J(t). I(t) varies from 1 to N,
representing the phase of the modulating Markov chain, and 0 < J(t) <
L + 1 represents the number of positive customers in the system at time ¢,
including any in service. The system is now modelled by a continuous time
discrete state Markov process, Y (Y if L is infinite), on a rectangular lattice
strip. Let I(¢), the phase, vary in the horizontal direction and J(t), the
queue length or [evel, in the vertical direction. We denote the steady state
probabilities by {p;;}, where p; ; = lim; o, Prob(I(t) =1, J(t) = j), and let
Vi = (Prjs-- - PNg)-

The process Y evolves due to the following instantaneous transition rates:

(a) u;x(0) — purely lateral transition rate — from state (i, j) to state (k, j),
forall j >0and 1 <i,k <N (i # k), caused by a phase transition in
the Markov chain governing the arrival phase process;

(b) BM, . jj+i — l-step upward transition rate — from state (i, j) to state
(k,j+1) caused by a new batch arrival of size [ associated by the phase
transitions
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(c) Bijj+s — s-step upward transition rate — from state (¢, j) to state (¢, j+
s), for all phases i, caused by a new batch arrival of size s positive
customers. For a given j, s can be seen as bounded when L is finite
and unbounded when L is infinite;

d) C;;i_s — s-step downward transition rate — from state (¢, 7) to state
v J
(i,j — ), (j —s > ¢+ 1) for all phases 7, caused by either a batch
service completion of size s or a batch arrival of negative customers of
size s;

(€) Cjctsc— s-step downward transition rate — from state (¢, c+s) to state
(7, ¢), for all phases i, caused by a batch arrival of negative customers
of size > s or a batch service completion of size s (1 < s < L — ¢);

(f) Cic—14+sc-1 — s-step downward transition rate, from state (i,¢ — 1+ s)
to state (z,¢ — 1), for all phases ¢, caused by a batch departure of size
s(1<s<L—-c+1)

(g) Cij+1; — l-step downward transition rate, from state (4, j + 1) to state
(1,7), (¢ 2 2;0 < j < ¢—2), for all phases i, caused by a single
departure;

where
BMZ'J?J*LJ' = Uk(l) (VZk 0<]—Z<L 2 j—l<j<L)

BMigjr = Y w (Vik: j<L—1);

l=L—j

(1 =000 0 (Vi; 0<j—s<L—2;j—s<j<L);

Z’vj*svj

[M] =

bl
Il
-

BijL = (1—0:r)0 kUzk—ZQLJ1< (Vi; j<L—-1);

J

T
A
»

M)~
ol
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Cigrsi = (1= 000 eui + (1= 8)5 "y
(Vi:e+1<j<L—-1;1<s<L—7j);
= (1=¢0)¢i eps + 6" ps
(Vi; j=c; 1<s<L—c);
= ¢l (Visj=c-1;1<s<L-ct1);
=0 Vi;c>2;0<7<c—-2;522);
= G+ Vi; c>2;0<j<c—2;s5=1).

Define,

j—sj Dlag [Bl,j*&j? BQ,]’*S,]” ey BN,jfs,j]
(J—s<ji<l);
B, = Bj; (<L)

K
— Diag Zalk — 010055 Y ona(— On)On |

k=1
BM;_s; = [BMi,k,j—s,j] (j—s<j<L);
BM, = BM,_,, (j <L)
US’
¥, = Diagloik, 024, 0Nk (k=1,2,...,K);
@k; = Diag[€17k,¢927k,...,¢91\[7k] (k’: 1,2,...,K) )

K
o= > N
k=1

R = Diaglp1,p2,...,pn] ;
A = Diaglédy,ds,...,0n] ;
M = Diagu, pta, -, iN] ;
o = Dlag[Cb ¢2,...,¢ ]7
C; = jM  (1<j<o);
= cM=C (j>0¢);
Cj-l—S,j = Dlag [Cl,j+s,ja OZ,j-‘,—s,ja R CN,j-i-&j] )
E = Diag(ey) .
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Then, we get,

K
B, = > O 'E—0;)%;
k=1
K
Bi = B=) (E—0)%;
k=1
K
Biop = » 075
k=1

Ciys; = C(E—®)0 '+ R(E—A)A*!
(c+1<j<L—-1;s=1,2...,L—7);
= C(E—®)0* ' + RAS! (j=c;s=1,2,...,L—c¢);
= CP*! (j=c—1;s5=1,2,....L—c+1);
=0 (c>2;0<j<c—2;5>2);
= Cjn (c>2;0<j<c—2;s=1).

The steady state balance equations are,

(1) For the L™ row or level:

L
ZVL—S[BL—S,L +U])+vy[Uy—Df —C—R| =0; (20)

s=1

(2) For the j% row or level:

Zvj LB, + U] +v, |Ug—Df => DY — % —C; - RI..

s=1

Zvj-l—scj-f—&j =0 (O < ] <L- 1) ; (21)
=1

(3) Normalisation

L
ZvjeN =1. (22)
j=0
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where, Ij5. = 1if j > celse 0, and ey is a column vector of size N with all
ones. DY is the diagonal matrix whose diagonal element is the sum of the
elements in the corresponding row in Us.

In what follows we present a solution method that faster and its compu-
tational complexity does not depend on L. First we transform this system
of equations by certain transformations to the QBD-M (Quasi simultaneous-
multiple births and simultaneous-multiple deaths) form. The resulting equa-
tions can then be solved using known efficient methods.

Transformation 6 Modify simultaneously the balance equations for lev-
els j(L—1>j > K), by the transformation:
K
<j>W = <j> 4D (-D)'<j-1>Fk, (K<j<L-1)
1=1
<j>M  —<j> (j=Lorj<K)
Apply the second transformation to the resulting equations.

Transformation 7 Modify simultaneously the balance equations for lev-
els j(L—3>j>c+ K+ 1), by the transformation.:

<j>®@  —<js>W o <jr1>0@+A) +<jr2>MdA
(c+ K+1<j<L-3)
<j>@  — <j>W (j>L—3orj<c+K+1)

With these above transformations, the transformed balance equation,
< j >®@s, for the rows (c+ K +1 < j < L — 3), will be of the form:

Viik-mQo + Vj_k1Q1+ ... + Vi 2Qr im2 =0
(j=L—2-m,L—1—m,....m+ K+1) (23)

where, Qg, Q1, - - ., QK 1mi2 are K +m+ 3 number of j-independent matrices

which can be easily derived algebraically from the system parameters by
following the above mentioned transformation procedures in [2]
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5 The gBMA P+sigma queue

5.1 The customer arrival process

The arrival process is the superposition of an arrival stream associated with
the phase transitions, K independent CPP arrival streams of (positive) cus-
tomers and an independent CPP of negative customers.

e Essentially when there is a transition in the modulating process from
phase ¢ to phase k, during the transition (at the transition epoch)
a batch of customers is generated. The size of batches follows the
modified geometric distribution with parameter v, (i # k;i =
1,2,...,N;5 = 1,2,...,N; v;; = 0). That is, the probability that
a batch is of size s (s > 0 is (1 — vix)v],. Define the N x N ma-
trix T as Y(i,5) = ¢;jv;; and N = N matrices Q; (s = 0,1,...)) as
Qs(i, k) = qip(1 — Ulk)’l)fk

e The positive customers of the K arrival CPPs and those that arrive at
the modulating phase transition epoch (gBMAP) are not distinguish-
able.

Let 0; , 0, be the average arrival rate of customer batches and customers
in phase ¢ respectively. Let 0,7 be the overall average arrival rate of batches
and customers respectively. Then,

K K o
_ ik
o = g oix i 0p = E 1= 6.0 (24)
k=1 k=1 ik
N N N N N N Gt
— — i,k Vi k
o= E ;.7 + E T E 4i.k ; o= E 0;,.T; + E T
1— Vik
i=1 =1 k=1 =1 i=1 k=1

5.2 The steady state balance equations

The state of the system at any time ¢ can be specified completely by two
integer-valued random variables, I(t) and J(t). I(t) varies from 1 to N,
representing the phase of the modulating Markov chain, and 0 < J(t) <
L + 1 represents the number of positive customers in the system at time ¢,
including any in service. The system is now modelled by a continuous time
discrete state Markov process, Y (Y if L is infinite), on a rectangular lattice
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strip. Let I(t), the phase, vary in the horizontal direction and J(t), the
queue length or level, in the vertical direction. We denote the steady state
probabilities by {p;;}, where p; ; = lim; o, Prob(I(t) =1, J(t) = j), and let
Vi = (Prjs- - DN y)-

The process Y evolves due to the following instantaneous transition rates:

(a)

A; — purely lateral transition rates — from state (i,j) to state (k, j),
forall j >0and 1 <i k < N (i # k), caused by a phase transition
in the Markov chain governing the arrival phase process (A; are the
transition matrices);

BM, j j j+1 — l-step upward transition rate — from state (i, j) to state
(k,j+1) caused by a new batch arrival of size [ associated by the phase
transitions;

B; j j+s — s-step upward transition rate — from state (i, j) to state (¢, j+
s), for all phases i, caused by a new batch arrival of size s positive
customers. For a given j, s can be seen as bounded when L is finite
and unbounded when L is infinite;

Cijj—s — s-step downward transition rate — from state (7,7) to state
(i,j — ), (j —s > ¢+ 1) for all phases 7, caused by either a batch
service completion of size s or a batch arrival of negative customers of
size s;

Cicts.c — s-step downward transition rate — from state (i, c+s) to state
(7, ¢), for all phases i, caused by a batch arrival of negative customers
of size > s or a batch service completion of size s (1 < s < L — ¢);

Cic—1+s.c—1 — s-step downward transition rate, from state (i,c — 1+ s)
to state (i,c¢ — 1), for all phases i, caused by a batch departure of size
s(1<s<L—-c+1)

Cij+1,; — 1-step downward transition rate, from state (i, j + 1) to state
(4,7), (¢ > 2;0 < j < ¢—2), for all phases i, caused by a single
departure;

where

A;i(i, k) = qip(l — vig)
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BMkaJ*lh]

BM; ;1L

Define,

BM,

J=s.J

BM,

Ok

= qzk(l—vzk) y (Vik; 0<j—I<L-2;j—-1l<j<L);
= Zqzk —vivig = Gy’ (Yik; j<L—1);

K

(L= 0)05 0k (Vi3 0<j—s<L—2;j—s<j<L);

k=1
K

D

k=1 s
(1- )ﬁbs feps + (1= 6)0;~ lﬂi

Vi; c+1<j<L—-1;1<s<L-—j);
(1= 007 eps + 6 ps

Vi;j=c; 1<s<L-—c);
¢ ep (Vi ; 1<s<L—-c+1);
0 Vi; c>2;0<j<c—2;8>2);
(J+ D (Vi;c>2;0<j<c—2;

(1— 0:1)05 alk—ZOLJ Yoin (Vi; j<L—1);

&Mg

j=c—1;

s=1).

= Diag [Bl,j—s,j, By j_sjs.--, BN,j—s,j]
(j—s<j<L);

= Bj_s,; (j <L)

K K
= Diag | Y orx(1— 010053 > ons(l— Oni)Oit |
= [BMi,;j-s;] (J—s<j<L);
= BM;_;; (1 <L)
= Dlag[am,az,k,...,a]\ﬂk] (kzl,Q,,K),
= Diag[QLk,Gz,k,...,GN,k] (kzl,Q,,K) 3
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Then, we get,

R = Dlag (p1, P2, -, PN] ;

A (01,09, ...,0N] ;

M = Diaglp, pi2, ..., pun| ;

® = Diag|p1, da,...,0N] ;

C; = jM (1<j<0o);

= cM=C (j=0o);

= Diag[C s, Cojssjs- - ONjtsyl
E = Diagley) .

K
B, = Z@Zfl(E — Op) Xk ;

k=1

K
B = B=) (E—0,)%;
k=1

Br_s1. = Z@Z_lEk;

C(E — @)1 + R(E — A)A*™
(c+1<j<L-1;s=12...,L—j);

C(E — ®)®* ' + RAS! (j=c; s=1,2,...,
Cos! (j=c—1;s=1,2,...,.L—c+1);

0 (c>2;0<j<c—2;5>2);
Cj (c>2;0<j<c—2;s=1).

The steady state balance equations are,

(1) For the L™ row or level:

EVLS

By sL+ZQ

l=L-s
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(2) For the j* row or level:

Zv]s s+ Q)+ vy | Ay — ZDQ S —C;— Rl +  (26)

s=0

D VipsCipay=0 (0<j<L—1); (27)

(3) Normalisation
L
Z Vien = 1. (28)
=0

where, I;5. = 1if j > celse 0, and ey is a column vector of size N with all
ones. DY is the diagonal matrix whose diagonal element is the sum of the
elements in the corresponding row in U.

Transformation 8 Modify simultaneously the balance equations for lev-

els j(L—1>j > K), by the transformation:

<j>W = <j> 4D (-D)'<j-1>Fk, (K<j<L-1)

<j>  —<j> (j=Lorj<K)
Apply the second transformation to the resulting equations.

Transformation 9 Modify simultaneously the balance equations for lev-
els j(L—3>j> K +1), by the transformation:
<j>®  —<j>W_<cj+1>W@+A) +<j+2>VPA
(c+K+1<j<L-3)
<j>@  — <j>W (j>L—3o0orj<c+K+1)
Transformation 10 Modify simultaneously the balance equations for lev-
els j(L—3>j>c+ K+ 1), by the transformation.:
<j>® i@ _j_1>@7
(c+K+1<j<L-3)
<j>®  —<j>® (j>L—-3orj<c+K+1)
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With these above transformations, the transformed balance equation,
< j>Bs for the rows (K +1 < j < L — 3), will be of the form:

Vik 1Qo+VikQi+.. . +Vj2Qr3=0 (j=L-3,L-1,..., K+1+¢)
(29)
where, Qo, @1, ..., Qi3 are K +4 number of j-independent matrices which
can be easily derived algebraically from the system parameters by following
the above mentioned transformation procedures. This is dealt with in [4].
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